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A. B. BopobiioBa, acnipaum

Odecvruti nayionasvrutl yrisepcumem imens 1. 1. Meunuxosa
rkagedpa aneebpu, eeomempii ma OuPBEPEHUIAALHULT PIBHAND
eya. 3mienka Becesoaoda, 2, m.Odeca, 65082, Yrpaina

e-mail: alla.vorobyova@stud. onu.edu.ua

ORCID iD: hitps://orcid.org/0009-0009-7664-3399

ACUMIITOTNYHI BJIACTNBOCTI IIOBIJIbHO SMIHHUX
PO3B’4A3KIB /IN®EPEHITAJIbBHUX PIBHSIHbBb APYTOI'O
IMOPSAKY 3 HEJIIHINMHOCTIMM BJIN3bKUMMUI 10
ITPABNJIBHO 3MIHHUNX

YV pobortax B. M. €BTyxoBa 6y/I0 3aMI0YATKOBAHO METOIUKY MOC/IIIZKEHHST aCUMIITOTHIHUX
BJIACTHBOCTEH PO3B’SI3KiB MIMPOKHUX KJIACIB iCTOTHO HesiHINHUX AudepeHIiaIbHuX DIBHSIHD
3 HEJIHIHHOCTIMHA PI3HUX THIIB, 30KPE€Ma MPABUILHO 3MIHHHUX B OKOJI OCOOJIMBOI TOYKH.
Y npezcrapiieHiii crarTi e miaxia 3acTOCOBAHO I JAOC/IXKEHHS ACAMIITOTAYHOI IIOBe-
ninku P, (Yo, Y1, Ao)-po3s’a3kis kiacy ictorno meniniiinux nudepenuiagbHux piBHAHD ADY-
roro mopsiaky. OCHOBHY yBary MpUIIIEHO 3HAXOKEHHIO ACUMITOTHIHAX 300parKeHb IHX
PO3B’sI3KiB Ta TX MOXiJHUX MEPIIOTO MOPAAKY y CKIAJHUX BHIQIKAX, Koun Ao = 0. 3a takux
YMOB PO3B’s3Ku a0 IX MOXi/HI BUSABIISIOTHCS MTOBLIHHO 3MiHHNMEU GYHKIiAMY Tpu ¢ T w, 110
ICTOTHO yCKJIQIHIOE IIPOIIEC JOCIIKEHHs ITOPIBHAHO 31 CTAHIAPTHUMHA BUIAAKAMA. Y POOOTI
OTPMMAHO ACUMIITOTHYHI 300parKeHHsl 1T OCOOIMBOrO KJIACY TOBIIHLHO 3MIHHMX PO3B’SI3KIB
icroTHO HemiHIMHUX mudepeHiaJIbHIX PIBHAHL APYroro MOPSAKY, IO MICTSTh HOBI KJIacH
HeJIHITHOCTe! OIM3bKUX 10 IpaBUIbHO 3MiHHUX. KpiM Toro orpumaro HeobOximmi i mocTaTHi
YMOBH iCHYBaHHS TaKUX PO3B’SI3KiB.

MSC: 2000: 34C41, 34A10.

Karuosi caosa: dupepenyianvhi pieHAHHA 0pY2020 NOPAOKY, ACUMNMOMUYHUT, NOBLALHO

BMIHHT PO36°A3KU, NPABUAOHO 3MIHHT HeatHitnocms, P, -po3e’asxu.
DOI: hitps://doi.org/10.18524,/2519-206X.2025.1(45).352809

BcTvn

Y mpamgx B.M. €sryxoBa Ta UNCIEHHWX TPEICTABHUKIB HOTO HAYKOBOT
mkosn (jue., Hanpuksiais, [1]-[3],[4]) Gyro chopmosano uinicuuii mixxiy g0
aHai3y MMUPOKUX KJIACIB PO3B’S3KiB PIBHAHDL i3 MPABUIBHO 3MIHHUMHU HEJi-

mitHocramu. Ilpm pocmimxkenni Beegennx B. M. €BTyxoBuM BiZOMHX KJIAciB

Haditiwna 07.04.2025 (©) BopoGiiosa A. B., 2025
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PO3B’a3KiB icTOTHO HemiHITHNX AudepeHiaJbHIX PiBHIHL 0COOIUBI CKJTaIHO-
Il BUHUKAIOTD M1 9aC PO3T/SAY CIennpidHmX BUIAIKIB, 30KpEMa TaKUX, dKi
€ MOBLJIBHO 3MiHHUMU (DYHKIISAMU [IPU IPSIMYBaHHI apryMeHTy 10 0CcoOJIUBOL
touku. s kmacy pudpepenriaibHuX PiBHIHD 3 HEJTIHINHOCTIMHU HOBUX THIIIB

IOCTIIZKYETHCA CaMe TaKWil KJIac PO3B’d3KiB.

OCHOBHI PE3VJIBTATHU

Posrnsggaerbest audepentiiaibie piBHIHHS

y" = aop(t)eo(y)e1(y) exp(R(| In |7 (t)yy'l])) (1)

ne ap € {—1,1},p : [a,w[—]0, +o0[(—00 < @ < w < +00), @;: Ay, —]0, +00]
— menepepsni bynkmii, V; € {0,4+o00}, Ay, — mpowmixok abo [y, Yi[,* abo
1Yi, 9] (st komnoro i € {0,1}), a R — nenepepsro judbepeniiiiosHa, 3 Mo-
HOTOHHOIO MTOXI/IHOI0, TPABUJIBHO 3MiHHA HA HECKIHYEHHOCTI (DYHKITS TTOPSIIKY
0,0 < p <1

Kpim roro, BBaxkaeThcs, mo KokHA 3 GyHKUi ¢;(2) (st koxkHOTO i €
{0,1}) € npaBunbro 3MiHHOW0 dyHKIe npu z — Y; (2 € Ay;) nopsijky oj,
oo+ o1 # 1.

Takoxk OymeMo BBaXKaTH

t Ipu w = 00, _
Tolt) = b Oi(2) = i(2)|2[™ (i € {0,1}).
t—w 1puw < 400,

Osnauvenns 1. Posp’sazok y pisasinns (1) 6ygemo nasusaru P, (Yo, Y1, \o)-

PO3B’SI3KOM, SIKINO BiH 3ajaHuit Ha [to, w|[C [a,w| Ta 11 xoxkaoro ¢ € {0, 1}
) / t))2

iy () =¥, lim L\ 2

iR OO R )

Posrustnemo Lo : Ay, —]0, 400[, L1 : Ay, —]0, +00[ — neckinuenno gude-

PEeHIIifioBHI TOBLIBLHO 3MIHHI IPH NPSIMYBaHHI apTyMeHTyY 10 Y, Y] BiAmoBiIHO

dbyukIii Ta Taki, mo ansa koxuoro i € {0,1}
zL(z
Li(z) =0(z)[L +o(1)] upu z = Y; (2 € Ay;), lim i2)

y; Li(z
2 Lilz)

=0. (3

*TIpu Y; = +oo (Y; = —o0) BBazkaemo yy > 0 (y9 < 0) pimmosizmo.
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Osnauvenns 2. Byjemo rosopuru, mo dyHkuisa ¢;, ae ¢ € {0,1}, 3an0B0sb-
Hsie yMOBY S, gKITO g Oyab-sikol HemepepBHO JgudepeHmiiioBuol yHKITT
L;: Ay, —]0,400] Taxoi, mo

2Ll(2)
. i _ 4
ZGAYi
MalOTh MICIe CITIBBITHOIIIEHH S
©i(zLi(2)) = Oi(2)[1 + 0o(1)] upu z = Y; (z € Ay;). (5)

BeeneMo neobxinni mosHadenng

t a, gaxmo [ p(r)dr =400,
1= [ pryir, Au= Ju ()
A w, akmo [*p(T)dr < 400,
. sign y}
VY Bunajky, koau lim =Y,
W2 o)

w : 0 1—o
w, SKIIO / I(1)©0, <81gn yl) Ldr < +00,
\ b

Mage miciie HaCTyIHA TEOPEMA.

Teopema. Hexat y pisnanni (1) o1 # 1, pynxuia o1 3adosoavhac ymosy S i

LGN ROTED

o O )7 (©)

Todi, dan icnysanna y pienanna (1) B, (Yo, Y1,0)-pose’askis, dasa axux icnye

CRIHYEHHG YU HECKIHYEHHO 2PaHUYUA

o Ty (1)
tw  y(t)
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HEOOXIOHO T JOCTAMHBO BUKOHAHHA YMOS
. 0 _ 1= ) 0 1
hmyo‘J(t)‘l—rro—Ul = Y07 hmylu'(t)‘l—crl — Y17
ttw thw

w1t ()T
o 10 S o Ry T

1 HepieHocmel

I(t)
y (1 —o1)

Kpim mozo, dasa £K00icH020 MaKk020 P03 AIKY MANOMH MICYUE HACTNYNHE ACUM-

Yoyt (1 — 01)J (1)

>0 nput €la,w[. (8)
1—09g—01

>0 npu t €la,w],

nmomushi 306pascenns npu t T w

y(t) _l-oo—0y
|exp(R(| In [me, (£)y () y (D)) po(y(t))[ 1= 1=

y(t) _ (1= 00— o))
YO T - o) )

1= oy J(B)[1 + o(1)],

14 o(1)].
(9)
Hosenenns. Heobxionicmoe. Hexait y: [tog, w[— Ay, — P, (Yo, Y1, 0)-po3s’s3ok

piBusians (3.1). I3 ymos va dynkuiro R 3 ypaxysauusm [6] (po3ain 5, nyHkr

1, cr. 116) BummBae, 1o

R (2) =pu, lim R'(2)=0. (10)

z—o0 R(z) 200

Beegemo dyukiil Lo, L, siki Busnadeni B (3) i po3rigHeMo piBHICTH

< Y (8)]y(8)| =70y (£)| = ):
Lo(y(E) L1 (' (2)) exp(R{| n [ra By )y O])

_ VOl @] , |
= Lo®)Li(y/(0) exp(B(] In s () (t)y/(t)H))X(PUPR('IH‘W”(”Z’ Wib=

_YOLE®) Y R(|In |y, (t)y(t)y' (#)])—

Li(y'(t)) Ww(t)y’(t)
y'(1)” <t>> , ,
y ()yt <U°+ ) T Fnim®yty (t)y)+)>). (11)

Ockinbku mipn ¢t T w
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y' Oy ly' @O~ _
©o(y ()01 (y'(1)) exp(R(| In |7 ()y (t)y' (1)]1))
y' OOy @177 1 + o(1)]
Lo(y(£)) L1 (v (1)) exp(R(| In [m ()y () (1)]1)”

TO, 3 BUKOPUCTAHHSIM TBepizKerb 112 3 [6] (po3ain 5, §1, c1. 115), BpaxoByoun

Bubip A, orpumaemo i3 (11)

y'(t)
po(y()ly' ()|7+ - ©1(y/ (1)) exp(R(| In | (£)y (£)y' (t)]]))

= (1=o1)I(t)[140(1)].
(12)

Baysazxkumo, 1o (12) moxke 6yTu mepenucano npu t T w y Bl

Y (t)sign y7 =|1- gnﬁu(t”ﬁx
o (y ()01 (¥ (£))| o1

x exp(R(|In |mu()y(0)y (D)]) T [+ o(1)]. (13)

Kpim Toro, 3 ypaxysauusaM BuIy piBHsHHS (1), MaeMo

y//(t) .
OO 01/ 0) exp R @uy@m)
a posaismsimm (14) wa (12) orpumaemo npu t 1w
y'(t)  aop(t)
/(t) (1—01)I(t) [1+0(1)]. (15)
3Bijcu, Tak gK icHye ckiHueHHA ab0 HeCKiHYEHHA I'DAHUIHA ltlTIB O 7

ska B cuty gemu 10.6 i3 [4] mopisaioe (—1), orpumaemo apyry i3 ymos (7) i
neprry i3 ymos (8). Kpim Toro, ockinbku dbyHKIis 1 3370B0BHAE YMOBY S,

3 (15) BumuBae, mo npu t T w

sien /¥
01/ (1)) = & (fé’)‘) 14 o(1)]. (16)

3 mepioi 3 HaBeeHNX YMOB (8) BUILIMBAE, 110 ICHYE TaKa MOBLIHLHO 3MiHHA

nenrepepeHo andepenniiosra Gyuknia K : Ay, —]0, o0, mo y'(t) = KSTZ“(S)).

Tomy, 3 ypaxyBanugMm BjacTuBocreit jiorapudmianoi pyurmil i pysxmil R,

30kpema, (10), maemo mpu ¢ T w

R(|1n |m (8)y(t)y' (D]]) = R(121n |my ()I))[1 + o(1)]. (17)
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Hexait

W(t) = /B J(r) exp(R(| In | (P)y(r)y' (7)) dr,
lim 7 (1) = Jo.

[Tokazkemo, 110 PYHKITisT

exp(R(| In |7, (J7H(2))y (T (2))y' (T (2))]])),

ne J ! — ¢ynkuis, obeprena 110 J, € HOBLIBHO 3MiHHOW0 (byHKIIE0 IpH 2 — Jp.

Hiticro, 3 ypaxysanusaM ymos (6) i (17) maemo

iy 2RI (T )y @) T EDID)Y
0 exp(R(|In |y (J- <>>y<J ) )
2R(|n (T ()T ()Y (T I
R(|In o (J-12)u(- 1)y (T 1))

R(|n |y (T (2))u(T~ () (T (D))
ro(J1(2) 7 (T-1(2)
ro(T )Y (TNE) | mlT W T )]
X(” y(71(2)) F(T1(2) >]‘O‘

3Bijcu, 3 BUKOPUCTAHHSIM TEOPEM IIPO IHTErPYBAHHS MPABUIBHO 3MIHHUX

= lim

z—)Jo

X

dbyukuiit (rBepmxkennst 112 3 [6] (po3ain 5, §1, ct. 116)), Bunausae, mo
, W (t)
lim ;
ttew exp(R(| In|m, (t)y(t)y' (t)]]))J (t)

Towmy, i3 (13) 3 ypaxysanusm (16) BUILIHBAE mepIe 3 aCHMITOTHIHUX 30-

=1.

Opaxkensb (9), a 3Biacu oTpuMaeMo apyry i3 ymos (8) i mepry i3 (7). 3 meprroro
s06pakenns (9) 3 Bukopucranusam (13) orpumaemo japyre 3o0b6paxenns (9) i
apyry i3 ymos (7). Takox 3 nepmioro 3 306paxens (9), (13) ta (2) orpumaemo
gerBepTy 3 yMOB (7).

Hocmammnicms. [lpunycrumo, mo dyHKIIS @1 33J0BOJIBHSE YMOBY S, a
TAKOXK BUKOHYETHCst yMOBa (6). Tloznaunmo
g(t,vo,v1) = exp(R(| In |7, (t)vov1]||)) Lo(vo) L1 (v1), ne Lo, L1 Busuadeni B (3) i
pOBTATHEMO (DYHKITIO

sof T
1

F(so,s1) = | 97771 (s0,51) |,
51

50
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saKa 3agaHa Ha MHOXKuUHI Ay, X Ay,. IIpu nsomy nnsg dysxuil g Marors Micie

TpaHWYHE CITiBBITHOIITEHHS

. Ui%(tﬂj(bvl)
lim ————

v; =Y g(tvv(%vl)
viEAyi

=0 pisromipno 1o v; € Ay;, j # i, Vi, j € {0,1}.

(18)

Moskra subparn muoxuan Ay, C Ay, (Vi € {0,1}) Tak, mo6

Tw (t)%(ta Vo, Ul)
g(t7 Vo, Ul)

< C, (VZ € {0, 1}) npu (1)0,1)1) S AYO X Ayl, (19)

Ui(%?i(t? Vo, Ul)

ot v0,01) < (¢, (Vie{0,1}) mpu (vg,v1) € AYO X AYU (20)

e 0< (< W, ¢ — JOCTaTHLO MaJIo.

TToktamemo

y(B)ly(B)]7T — =2+ z(2),
lexp(R(| In |[m(t)y(t)y' (1)) @0 (y(1))| o1 € (21)
y(t) _1J@)
y(t) cJ)

[1+ zo(2)],

e

1—0‘1 _1
c=—"—"—, a=|[l-ol,
1—0’0—01

1, akmo limI(t) = 400, (22)

v =B, 5= e
-1, skrmo hTm I(t)=0.
tTw
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3BejleMo piHsiHHs (1) j10 cucremun

" c L Gl(x,zl,zQ)R/(pln|7Tw(33)H) %
1+ 2 (1 —01)- H(z)

cH(z) , Golr.21,22) ) -

1+ 2 1—-0y
-Gy, 21, 29) >
10’1>
(23)

1 (x) = BH(x)[1 + 2] (

1+ 2
1+ 2

X (Gg(x, 21, 22) +

(1 — 0'1){]_ + 2’2]
cH(z)
14 29

1+ 2o
142

_ Go(z, 21, 22)

+ K(z) — H(z)

1—0’1

zh = B[1 + z2] (

\

ae

_ i fa (t(x))
Uy (2,21, 29) = F ! <CJ(t(x))[1 + z1], Tt @) 1 +z2}) ;
_01(W (2,21, 22)) _ I
GO(CC,Zl,Zz) =1 L2 G3($721722) = ma

o (i)

R'(|In | () Wo(x, 21, 22) U1 (, 21, 20)]|)
R/(|21n |my, (t(2))]]) ’

Gl(:Ea 21, ZQ) —

Wo(z, 21, 22) Lo (Yo(z, 21, 22))
Lo(¥o(z, 21, 22)) 7

Ga(z, 21, 22) =

lim Yo(z,21,22) = Yy, lim ¥y(z,21,22) =1
r—r00 Tr—r00

piBHOMIpHO O 21, 22 : |2j| < %,Vj € {1,2}.

lim Ga(z,z1,22) =0, piBHOMIDHO TIO 27, 22
T—-+00
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. 1 1
lim_ Go(, 21, 22) = 1, Jim Gs(z,21,22) = s

Taxk sk R — mpaBwibHO 3MiHA (DYHKIlS TPU OPAMYBAHHI apTyMeHTy 10 0O
MOPSJIKY [4, TO
lim Gi(z,z1,20) = 1.
Jm 1(z, 21, 22)
Posrmsremo cucremy mudepeniiaabaux piBHAHD (23) Ha MHOXKMHI

Q= [$07+OO[XD7 Ae xozﬂln’I(t)’,

D=d(m): sl < Lie oyl
{ yictaf

ITepenumewmo cucremy (23) y Bugi

dz
chl = (A1121 + A1229 + Ri(z, 21, 22) + Ra(z1, 22)) H (),
(24)
dZQ
o A1z1 + Agazo + R3(x) + Ry(z1, 22),
e
A1 =0, App=-cB8, An=p5, An=(1-¢)p,
G1(@, 21, 22) R'(|2In |7 (2)]])
= p3|1
Ri(z, 21, 22) = B[l + 2] ( (1 —o1)- H(z) x
cH(z) Golz,z1,2) [1+ 2|77 c- Ga(z, 21, 22)
X<G3($72’172’2)+1+22+ 1o 1+ 2, +(1—01)[1+22] ’
Ry(z1,22) = BL — A
2 1,%2) — 1"‘22
cH(x) 1
R3(z, 21, 22) = B[l + 22] <1+22 + K (z) (2) 1o
1+ 29 1=o
X <1+(G0(l‘,2’1,22)_1)‘1+21 ))’

1 1+ 27
Ry(21,22) = B (’ 2

11+ 2|0 (2—01)z2+ (1 —01)z1 — 1)> :

1—o0;
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Ba tperboto 3 ymos (7)

xlgrolo H(z)=0, (25)
a 3BlIcCH .
e

Omxke, 3 ypaxysauusam (23)

lim Ri(.’f,Zl,ZQ) =0 (Z S {1,3})

T—r+00

PIBHOMIpHO 1O 271, 22 : (21, 22) € D,

Rj(z1,22) =0 (Vj € {2,4})

im
|z1|+]22|—0

PiBHOMIpHO 10 & : T € [xg, +00[.

SayBakKuMO, M0 XapaKTEPUCTUYHE PIBHSIHHS MaTPUI

0 —cf
B (1-0)p
Ma€ BUITJIA
p? = (1—c)Bu+cs* =0. (26)

VY 1IbOTO PIBHSHHS HEMAE KOPEHIB 3 HYJIBOBOIO JIIICHOI0 9acTUHO. OTpUMYy€EMO,
10 Y TIUX BUTIAIKAX JIJIst CUCTEMU JuDEePeHIiiaThanX PiBHAHb (23) BUKOHAHO BCi
ymoBu Teopemu 3 [4]. Bignosigro j0 uiei reopemu cucrema (23) mae po3s’si3ku
{2:}2, : [z1, +oo[— R? (21 > x0), aKi npAMYIOTH 10 HyIs Ipu & — +00. Llum
posB’si3kaM y cuity 3amin (21), (22) BiamoBimaTs po3s’s3ku y pisHaHHA (1),
IO JOTYCKaTh Tpu ¢t T w acuMnrornani 300pazxkenns (9).

Teopemy moBejieHO.

BUCHOBKU

Hnst nucbepentiiagbHuX piBHAHB JAPYroro MOPHJIKY 3 HeJiHIHHOCTSMU 3a-
TJILHOTO BUTJISY, 110 € OJU3BKUME JI0 MPABUIBHO 3MIHHUX, 0y/I0 OTPUMAHO
HeobximHi Ta JOCTATHI yMOBM iCHYBaHHS JOCTATHRO IIMPOKOTO KJIACY TMOBIIBHO
3MIHHUX po3B’sa3kiB. Kpim Toro, 3HaiifieHo acuMITOTHYHI (DOPMYIN JJIs X

PO3B’A3KIB Ta X MOXIIHUX MEPIIOTrO HOPAIKY.
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Vorobiova A. V.

ASYMPTOTIC PROPERTIES OF SLOWLY VARYING SOLUTIONS TO SECOND-
ORDER DIFFERENTIAL EQUATIONS WITH NONLINEARITIES CLOSE TO
REGULARLY VARYING

Summary

The works of V. M. Evtukhov initiated a methodology for studying the asymp-
totic properties of solutions for wide classes of substantially nonlinear differen-
tial equations with various types of nonlinearities, specifically regularly varying
ones in the neighborhood of a singular point. In the presented article, this ap-
proach is applied to study the asymptotic behavior of B, (Y, Y1, Ag)-solutions
for a class of substantially nonlinear second-order differential equations. Main
attention is paid to finding asymptotic representations of these solutions and
their first-order derivatives in complex cases when Ag = 0. Under such condi-
tions, the solutions or their first-order derivatives turn out to be slowly varying
functions as t 1 w, which significantly complicates the research process com-
pared to standard cases. The paper obtains asymptotic representations for a
special class of slowly varying solutions of substantially nonlinear second-order
differential equations containing new classes of nonlinearities close to regularly
varying ones. Furthermore, necessary and sufficient conditions for the exis-
tence of such solutions are obtained.

Keywords: second-order differential equations, asymptotic, slowly varying so-

lutions, regularly varying nonlinearities, P,-solutions.
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MATEMATHUNYHE MOJEJIFOBAHHA4 BIIJINBY PO3MIPY
YACTNHOK HA ITVMHAMIKY TEIIJIOMACOOBMIHY TA
IF'OPIHHZA BYTI'JIEHEBOI'O TA30O3ABUCY

V cTaTTi BUKOHAHO MATEeMATUYIHE JOCIIIKEHHST TEIIOMACOOOMIHY Ta JUHAMIKN TOPIHHS MO-
HOJWCIIEPCHOTO Ta303aBUCY MOPYBATUX BYTIJIEINIEBUX YACTHHOK 3 YpaxXyBaHHSM B3a€MO/Ii Xi-
MigHUX, TemwioBuX i audysiiaux mporeciB. [Io6ymoBano y3romkeHy HeIiHINHY MOIEb, 110
BKJIIOYA€ PIBHSHHS TEILUIOBOTO Ta MACOBOTO OAIAHCY YACTHHOK, €BOJIIOIIIO iX TeOMeTPUIHUX
napamerpiBs, a Takox eneprerudHuii i qudysiiiauit 6anancu razosol dasu. Ocobuusy ysBary
MPUIiJIEHO aHAJI3y BIIABY MOYATKOBOTO JiaMeTpa YaCTUHOK HA XapaKTep PEKUMHUX Tiepe-
XOZiB: IHAYKOIfHOrO Iepiomy, 3aiiMaHHS, CTAI[lOHAPHOTO TOPiHHA Ta 3aTyXaHHd. ducesbHa
peastizamnis Mozesi 3xaificaena merogom Pynre—Kyrra werseproro nopsaky. Orpumano ga-
COBI 3a/IE2KHOCTI TeMIIEpaTypH, TYCTUHU, AlaMeTPa Ta HIBUIKOCTI TEIJI0MaCOOOMIHHUX IIPO-
LIECIB, 110 JA03BOJINJIO ieHTU(dIKYBaTH KPUTUYHI [TapaMeTpu cucTeMu. BUusiBjeHO KOJIEKTHUBHL
edexTn ra303aBuCY, SKi IPU3BOIATH 10 3MIHU TeMIepaTypHUX IpodiiB i 31718/ K yBaHHS Te-
I0BuX OipypKariiii, XapaKTePHUX JJIs TTOOJUHOKUX YACTUHOK. Pe3y/ibTaTn MaioTh 3HAUEHHS
J7IS TIOJTAIBIIIOTO PO3BUTKY MATEMATUIHUX MO/Iejell MUCIIePCHIX PEaKTUBHUX CEPEeTOBUII i

OIITUMI3alil TEIIOTEXHIYHUX IIPOIIECIB.

Hadvwana 21.03.2025 © Kopenkosa I'. B., Opnosceka C .I'., 3yit [I. B., 2025
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BcTyn

T'azo3aBuc ByryeneBux 9aCTUHOK — Il JUCIEPCHA CUCTEMA, JIe TBEP/l da-
cTUHKM (Caxka, MHJI, BYTIJLIS) 3HAXOJATHCA y 3BAXKEHOMY CTaHI B Ta30BOMY
cepegoBuii. Taki cucremu momMpeHi B €HEPreTulll, MPOMUCIOBOCTI Ta IIpu-
POIHUX sBUINAX. BuBUeHHs IXHBOT MOBEIIHKN € KPUTHIHUM I TEXHOTEHHOI
6esmeku Ta exosorii. MareMaTudHe MOJIETIOBAHHS X IIPOIIECIB JO3BOJISIE 10~
CJIIIKYBATH MEXaHI3MU 3afiMAaHH, TOPIHHS T4 3racaHHs 0e3 MPOBEeIEHHS T0PO-
rosapricuux excuepumentis [1; 2]. Ie 3abe3iedye TouHe HPOrHO3YBAHHS TEM-
IIepaTypHUX IIOJIB Ta OMIHKY IIOBHOTH 3ropsiHng. Mera poborn: dncenbHMit
aHaJTi3 BIUIMBY KOJEKTUBHOI B3aE€MOJil 9aCTUHOK HA TEIJIOMaCOOOMIHHI Xapa-
KTEPUCTUKN Ta KPUTUYHI YMOBUW TOPIHHA Ta303aBUCY NPH BapilOBAHHI MOda-

TKOBOT'O ﬂiaMeTpa YaCTHUHOK.

OCHOBHI PE3VYJIBTATHU

1.ITocTanoBKa 3a4adi Ta MaTeMaTUYHA MOAEJb. IIpouec ropinug ra-
303aBHUCY XapPaKTEPU3YETHCA CKJIAQTHOIO B3AEMOIICI0 HECTAIIOHAPHOTO TEILIO-
macoobminy (TMO) ra ximiuaux peaxmiit (I) Ta (II) ma moBepxni Ta B mopax
YHYaCTUHOK:

C+0,=C0y (I), 2C+0y=2C0O (II).

3ajiaua 3BOIUTHCS JI0 PO3B 3aHHS CUCTEMHU JTU(EPEHIIATbHUX PIBHIAHD 115
BusHAUenHa QYHKINH TeMuepaTypu gacTuaku 1, miamerpa d, TYCTHHHU p, TEM-
neparypu rasy T, Ta KOHLIEHTPall KMCHIO 1.0, .

OcuoBsHi piBHsHHS Oamancy (mpu B; < 1).

1. PiBHaHHS TeTnJIOBOTO 6ajIaHCY YaCTUHKU:

ped OT
o o b —aw,  TO0)=Tp (1)

Jie ¢ — IUTOMa TeIJIOEMHICTh 9acTUHKY; t — 9ac; T, — moJaTkoBa TeMiepa-
TYPA; gcp, — CYMapHa TYCTUHA XiMITHOTO TETTOBU/ILIEHHS Ha TTOBEPXHI 1 B TTOpax

YACTUHKH; @) — TEIJIOBUI MOTIK, 0OYMOBJIEHUN MOJIEKYJISIPHO-KOHBEKTHUBHIM
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MeXaHI3MOM TIEPEHECEHH;, ¢y — PaJlialliifHa CKIaJ0Ba TYCTUHU TEIJI0BOTO MO-
TOKY, CIIPSIMOBaHAa BiJl YaCTUHKH JO CTIHOK PEaKINfHOI yCTaHOBKH.
XimigHe TemnoBU/ILICHHS gcn BPAXOBy€ PeaKIil Ha 30BHIIIHIA IOBEPXHI (eh

Ta, BHYTPIIIHE pearyBaHHsd B HMOPaX (ch,y:

Qch = qchw + Geh,s)
qen = (k1q1 + k2g2) Py pg 10, s,

kv (2)
P=14 "
k1 + ko
E; .
ki—kOieXp<—RT> y 1= 1,2.

ne P, — BeqwunHa, sika BPaXOBYE€ BHYTDIIIHE pearyBanHs |3]; mpu iforo Bij-
cyruocri P, = 1; g1, gy — tmroma remtora ximiunnx peakmiit (1) ra (II); k; —
KOHCTAHTH IBuAKocTedl ximivanx peakiit (I) i (IT); p, — rycruma rasosoi cy-
MiImi; no,,s — BIIHOCHA MacOBa KOHIIGHTpaIlis KMCHIO Ha TMOBEPXHI ByTJIeNeBol
qacTuHKY; ko; — mepeaexcionentiaabul Maokauky mist (1) i (II) peaxmiit; E;
— eneprii akrusanii s (I) i (IT) peaxniit; R — ynisepcasbua ra3osa craga,;
k, — edexTuBHA KOHCTAHTA BHYTPINTHbOTO pearyBanus. [liabHicTs TemoBo-
r'0 TIOTOKY Ha TMOBEPXHI YaCTUHKHU (), 1O OMUCYE MOJIEKYIIPHO-KOHBEK THBHIH

MeXaHi3M, BU3HAYAETHCS CITIBBITHOITEHH M

Nudy

=T - Tg) = (T - Tg) 3)

7e Ag- KoeiIieHT TeIIoIpOoBiHOCTI Ta3y;a- KoedilieT Tera000Miny JacTHH-
ku; Nu — kpurepiit Hycenbra. Pajgianiftanii remioobmin g, [1]: Termosunii norik
BUIIPOMIHIOBAHHSM 3 OJMHUII TTOBEPXHI YACTUHKH /10 CTIHOK PEaKIIHOI ycTa-

HOBKHU BU3HAYAECTHCA y BI/IFJ’[H,Z[iZ
qu = co(T" = T1). (4)

2. Kinervka 3minu reoMmerpudHux Ta hizwaHUX mapamerpis: 3MiHa niamerpa

YaCTUHKU:
1 dd Mc
— P35, = a5 2 sFg» l= = :
3791~ Mo, (k1 + 2k2)n0,,5pg,  d(t = 0) = dp (5)
BMiHa TyCTUHU Y9aCTUHKU:
1 a(p) Mc Ky
—2dEE = 2 (k4 2k no,.s—t—pg,  p(t=0) =
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Mc, Mo,- 3ragenns moasipaux mac syrierio (C) i xucuio (O); pg - Tycruna
ra30BO] CYMIIII.
3. Pipuanns myis razosoi daszu: 3MiHa TeMieparypu ra3y (BpaxoBye Terio-

0OMIiH 3 YaCTHHKAMU Ta CEPEJTOBUINEM ):

oT,
Cgpgaitg = aSON(T = Ty) — agFy(Ty — Tyeo), Tyt =0) = Tyeo
_Nw, S, (7)
R

7e: g — KoedilieHT TenI000MiHy Ta303aBUCY 3 HABKOJIMIIHIM CEPEIOBUINEM; Cq
— IUTOMA TeIJIOEMHICTh Ta3y; Cy — ducesbHa KOHIEHTPAIlid; Sy — MOBepXHs
razozasucy; I, — muroma moBepxHsa razozaBucy; V, — 00’eM razozaBucy.

Bmina KoHIEHTpaIllil KucHiO (6aJaHC BUTPATH Ha peakii Ta mudy3iiHoro

HAJIXO/I7KEHHST ):
ono,
- 3t = CNSTLOQ,S(kl +k2+kv) _Fg/Bg(nOQ,OO _n02)7 nOQ(t: 0) :n02700
(8)
ShyD, Ag
=979 p =9 9
By= 22, D=L )

JIe: MOy, 00 — BIIHOCHA MaCOBa KOHIEHTPAIld KACHIO B CEPEJOBUII, MO OTOYYE
razosasuc; [ — KoedimienT mudysiiinoro oOMiHy Maco0 MiXK Ta303aBUCOM i
HaBKOJIAIIHIM TazoBuM cepemosumnenM; Shy — Kpurepiit [llepsya.
Posp’st3anng cucremu 3Buvaiinnx gudepenniaabuux pisuaas (31P) (1),
(5)—(8) € unceapHO HETPUBIAJBHUM 3aBIAHHAM [4], OCKIIBKY BOHA HATEKUTH
0 KJIaCy KOPCTKuxX cucteM. ZKOpCTKicTh 06yMOBJIEHA 3HAYHOIO PI3HUTICIO B

9aCcOBUX MACITTa0aX IIPOIECiB, IKi OMMCYE MOIE/Ib:

1. IToBinbHi mpomecu: remmomacoobmin (TMO).

2. IIeuaki mporecu: XiMidHa KiHeTHKa, 9Ka Ma€ CUJIBHY €KCIOHEHIIiiHY 3a-
JeXKHICTh Big Temmeparypu T Ta 3mima makponapamerpis (miamerp d,

IYCTHHA ).

[Ia pisHUIS BAMara€ BUKOPHUCTAHHS CTIfIKMX Ta TOYHUX YHCEIBHUX METO/IB
JUTS IHTerpyBaHHS.

Jlnst ancenprOl peasiizailii BUKOpucToByBaBcs Meron Pyrre—Kyrra 4-ro mo-
psiaky [2]. Hessazkaroum Ha Te, 110 [T KOPCTKUX CHCTEM YaCTO 3aCTOCOBY-

OTh HesIBHI CXeMH, YCHiIlTHa IHTerpallis JI0CATae€TbCs 3aBIAKN aJallTUBHOMY
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KepPYBaHHIO KpPOKoM iHTerpyBanHs. [louarkoBuwii Kpok imTerpysanns Aty =
1076...1075. IIpu iHTeHCHBHOMY PO3BUTKY IPOIIECY, OCOBIUBO TIiJT Uac 3aiiMaH-
Hs1 (KOJIU MIBHIKICTD % 3POCTAE eKCIIOHEHIIIITHO), CHCTeMa ABTOMATHIHO 3MEH-

ITyBaja KPOK.

[TobynoBa maremarTudHol MO 6a3yeThCd HA TAKUX MPUIYIIEHHAX:
® YACTUHKH € MOHOJIUCIEPCHUMU Ta C(HEPUIHUMU;
® BHYTDIIIHS TeMIeparypa 9acTuHKM piBHOMIpHa (KpuTepiit Bi < 1);

e razosa daza ogHOpigHa, 11 TEMJIONPOBIAHICTD 1 TEIIOEMHICTH BBAXKAIO-

ThCHA CTAJIMMU;

e ximiuni peakriii BinOyBalOThCA 9K HA 30BHINIHIHM MOBEPXHI YACTUHKM, TAK

i B 117 mopax;

e pajiarniitauil TermmoobMiH onucyerbes yzaragbHeHuM 3akoHOM Creda-

Ha-DBosbiMmana;

® YACTHHKH HE B3AEMO/IIOTH MEXAHITHO MizK CO00I0, & BIIMBAIOTDL OJIHA Ha

OJIHY JIIIIE U€PE3 TeIJIO- Ta MACOOOMIH 3 ra30BUM CEPEIOBUIIEM.

ITi npunyenss 103BONAIOTH CPOPMYBATH y3Toj2KeHy (DIZUKO-MaTEMATHYHY
MOJEh, IOCTATHBO TOUHY I aHAMI3y NUHAMIKW 3aliMaHHsd, aKTUBHOTO TOPi-

HHA Ta PEXKUMIB 3aTYXaHHS Ta303aBUCY.

IIpm MomenroBaHHI BPaXOBYBAJNCS TTOYATKOBI YMOBH:

T(t=0)=T,
Ty(t = 0) = Tyeo
d(t = 0) = dy
p(t =0) = ps
no,(t = 0) = 10,00
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Tosii cucrema HaAbDyBa€ BULVISLY:

‘;T AT Ty d,pmo,),
g;l) = fo(T,d, p),

%o) _ f3(p; T, no,),
g; fo(T,Ty,n0,),
aﬁno? = f5(no,,T,d, p).

2.AHani3z guHaMikm 3afiMadHg Ta TopiuHs. Ha 0cHOBI uncembHOTO MO-
TeJTIOBAHHS TIPOBEIEHO TTOPIBHAILHIH aHAI3 TOBEIIHKN TOOIMHOKO! YaCTHHKHU
Ta ra303aBUCY (CYKYMHOCTI YACTUHOK).

Ha puc. 1 naBeneno gacosi mpodiyi TemMmepaTyp 9acTUHOK i Ta3y, & TAKOK
3MIHW TTOXITHOI TeMTIEPATYPH, AlaMeTpa Ta TYCTUHM JJIS OKPeMOl YaCTHHKM it
JaCTUHOK Ta3033aBUCY.

ExcrpemyMu Ha KpUBHX TOXITHOI TEMIIEPATYPH CBIIYATH PO 3MIHY PEXKH-
MiB TEIIOMAaCOOOMIHY Ta KIHETHKHU PEAKINH, BU3HAYAIOUN MOMEHTHU 3AMAHHST
i sracanHs gacTuHOK [5; 6.

OcHoBHI BesmunHu s criocrepekentst: [lepion iHayKii (t,q): Le Toii
Jac, KOJM YaCTUHKA MOYHHAE CTIfiKO # pi3ko HArpiBaTHCS, TOOTO MEPEXOINTH
BiJl TOBIIBHOrO HATPIBY 70 IMIBUIKOTO 3POCTaHHS Temreparypu. Moment 3a-
8T7(t). Bona mae

ot

JIOKAJIbHIY MaKCUMYM TIepes CTIfiKuM TMiaioMOM TeMIepaTypyu YacTUHKH.

WMaHHS BU3HAYAIOTH 33 MOBEJIHKOIO TTOXITHOI TeMTIepaTypHu

Jlast Bu3HaUeHHSI Jacy 3aifiMaHHsI, OepeThcd iHTepBaj dacy Bil MIOYaATKY
poItecy 0 MAKCHMAJILHOTO 3HAUEHHS TOXiAHOI TemmepaTrypu 3a gacom. Ha
IBOMY iHTEPBaJIi MIYKAIOTh YacC, KOJU IMBUAKICTh HArPIBY HAWOIIbIIA, 11ei Jac
— i € MmomenT 3aiimManns (puc. 1, Touka I). To6To: MOMEHT 3aiiMaHHsT TOPIBHIOE

qacy, KOJIM TeMIepaTypa PocTe HaHIBHUIIe TTepe]] MIKOM MOX1THOI TeEMIIepaTy-

or

ot’
t dT(t)  dT T <0
g = arg max — = T2
ind gt<tmax dt ’ dt t=tina 7 dt2 t=tind 7
dT (1)

Je tmax = argmax — Y9ac MaKCUMyMY TeMIepaTypH.

dt
aT(t)
ot

Jltsg mpakTuuHOI peasizariii J0Jaf0Th TOPIT &: > g, mob YHUKHYTH
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Puc. 1: Banexuocrti: T', d, p, % Big 1acy; dp = 100 um, Tyoo = Ty = 1200 K,
Cn =1,9-10"Tu3, = 2,8, Cpo = 0,0144xr/v>, Fy = 3-107 L. Ymosni
mo3HaYeHHA Ha rpadikax:

1 - Tra303aBuUC YACTHHOK; 2 - MOOJUHOKA YacTHHKa; 1* - Ty razozasucy; 2% - T,

TOOJMHOKOI YaCTHUHKH.

GanbII-miKiB Bl IUCEIBHOrO IIyMy. ¥ PEAJTHHUX MaHWX MOXiTHA MOXKE Ma-
TH MaJIEHbKI KOJMBAHHS, (DAJBII-TIIKA Ye€pe3 IIyM, 9uCeabHy TOoXuOKy. Tomy
BBOJISAITH MOPIT € (JIy2Ke MaJleHbKe MO3UTHUBHE YHCIO0), M6 irHOpyBaTu Api6Hi
CILTECKU, SIKI He € CIIPaBKHIM 3aifiMaHHIM.

Mepioq immykmii ¢ti,q — iHTepBaa 9acy, SKuit BiAIOBi1a€ TPOMIXKKY Bif mO-
qaTKy IMPOrPIBAaHHA YaCTUHKM 0 11 3afiMaHH4.

Amnariz 3amexxHocTell, momanux Ha puc. 1 a i 6, mokasye, Mo 3afiMaHHg i30-
<

, TIe BUJHO #K JiiBimre po3TammoBanuit indekcifiuuii mepios Ha Kpwu-

TIOOAMHOKA

JIbOBAHOI YaCTUHKH BLIOYBa€TbCd INBH/IIE, HiK y razosaBuci: t; .

ra303aBHC
ind
Biit 2.

st razozasucy Ty(t) (xpuBa 1%) 3HMMKyeTbCs B IOYATKOBi# ¢asi depes
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BiAGIp TEmJI0TH BEJIWKOI0 KiJBKICTI0 YaCTUHOK — MATEeMaTWYHO Ie CJIimye 3
pisuanng ana Ty (7). Tobro 36imbmennsa Cy crpusie 0XOJIOIXKEHHIO razy Ta
36LJIBIIIEHHIO Yacy iHEPTHOTO PO3irpiBaHHsS YAaCTHHOK, SKWI SIBJISIETHCH CKJa-
JIOBOIO 9aCTUHOO nepiofy iHmykiii (1o t*, puc. 1, a). Maremarnune nosicaennst
BILIUBY KOJIGKTMBHOrO edekTy: 3Mmenmenns Ty Ha paxuiit ¢gasi sBigdyBaeTbcs
Jepe3 BiAOip TemaoTu GararbMa YaCTHHKAMH, OTKe BiIOYBAETHCS 3POCTAHHS

IHepTHOI CKJIAJIOBOI Tepiony iHIyKILii.

Tina me
tind = / dT 10
7 qen(T) —ax(T,Ty) — qu(T,T,) (10)

3MeHIIeHHd Ty POOUTHh 3HAMEHHUK MEHIINM, OTzKe iHTerpaJ OLIbImmii.
Bucokoremneparypra cramia (thy): dac ropiaasg (thyy) — 1€ TPUBAIICTH

Mix 3afimaHHsaM (ti,q) 1 3aryxanasm (tg). Tobro: ckinbku yacy 4acTuHKa pe-

aJIbHO rOpLIa, Bl MOMeHTY 3aiiManis (Touka I, t;,4) 70 MOYATKY IHTEHCHBHOTO

oxosokenns: (Touka E, tg):
tour = tE — tind (11)
BucokoremmnepaTypHa cTa s y Ta303aBUCI TPHUBAE JTOBIIIE:

tlr)?la;osalmc ~ tg?lg,ZLHHOKa + At’

me 3a rpadikom At &~ 40 Mc — 1€ 3yMOBIEHO "KOIEKTUBHAM edekToM " : i BI-
IMEeHHAM TeMIIepaTypu Ta3y (Tg) 1 BiITIOBIJIHO MiJIBUITIIEHHAM XiMIYHOTO TEILI0-
BuiIeHHs (gch) Ta 3MenmennsM rpajienta (T'— T, ), 10 3HIKYE TeIITOBTPATH
Ta J03BOJIAE YaCTHHKAM TOPITH JOBINIE TPU MEHII iHTeHCUBHOMY OKWCHEHHI.

Cawme mij 9ac BUCOKOTEMIIEPATYPHOT ¢Tail BiI0YBAETHCS IHTEHCUBHE 3MEH-
niennst rycruan p(t) Ta giamerpa d(t) wacruaok. Y razozasuci 1 napamerpu
(puc. 1, B, 1) 3MEHIIYOTHCs CHIIbHIMIE (KprBa 1), HIXK y TOOJAWHOKOI 9aCTHHKA
(kpuBa 2) 3a Toil camuit mpomixkok gacy. Lle o3nauae, o iHTerpasbHa MBUI-
kicTs Butpar nammsa (inrerpan [ R(T,no,)dt) 3a Beck nepioa ropinss Glabma
Y ra303aBUCI.

Pexxnwm 3aryxanns (Extinction):

Mowent 3aryxants (tp) — meprmii 4ac, KOJM MBUAKICTH 3MIHH TeMIIe-

aT(t)

paTypu 49acTHHKHA <

ot

) nicng miky safiManHga (t;,q) moYMHAE MATATH #
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IOCATAE JIOKAJBHOTO MIHIMyMY 13 Biji'€MHUM 3HAYUEHHHAM, IO BiJIOBiIae Hal-

IHTEHCUBHIITIOMY OXOJIOIZKEHHIO:

. <6T(t)>
tp = arg min ,

t>tind 8t
or O*T
- =0 ——5 >0
ot t—tp ot t—tp
Kpurnani 3nadenHs: Ipu 3aTyxXaHHI:
dg =d(tg), pe=p(ts) (12)
L T( L
Ha pwuc. 1,6 — rmbokuit MiHiMyM y o (rouka E) Bimnosizae MOMeHTY, KO-
JIW TEIJIOBTPATH MEPEBUIYIOTh TEIJIOMPUXIT; 16 MATEMATHIHO BUPAKAECTHCS
YMOBOIO:
oT
— <0
ot

1 MIBUJKICTD OXOJIOJPKEHHS B I[iif TOYI MaKCUMAaJIbHA.

st onHiel YaCTUHKY BiIOYBA€THCA UiTKUN «CTPUOOKS Y MOXiAHIM IIBUIKO-
cri BuTpaTH (3MiHA PEKMMY OKUCHEHHS ), 10 Bigobpaskae nepexiy y audysiitao-
O00MEXKEHUIT PeXUM — 1€ MATEMATUYIHO MPOSBJSETHCS K 3MiHA XapaKTEPy
sanexnuocti R(T,no,) Bigx T 1 no, (3 ximermuynoro Ha mudysifinuii obme-
xKysad) (puc.l, B, T). BigcyTHicTh KIaCH9IHOI «TOYKM MEpPEXOly» y ra3o3a-
BUCI MOXKHA IIOACHUTH TuM, 1o komu 1" ~ Ty na xinnesiit crafii, ynkiis
Qef(T) = geh — @1 — qu BKe He 3MiHIOE 3HAK PI3KO, TOMY He BiOyBa€ThCs ABHO-
ro moTyXaHHs (BOHA «BHPOIZKEHA» ): 3 MATEMATUIHOI TOUKN 30PY 1€ 03HAYAE,
10 PiBHOBATa MEPETBOPIOETHCA TTOCTYTIOBO, 063 MepeTuHy depes (. f(T )=103
BEJIMKOIO MOXI1THOIO.

Brms nmouarkosoro posmipy (dp): 36inbIeHs mo4aTKOBOTO JiaMeTpy [a-
CTUHOK dp 1a303aBUCY, TPU3BOAUTE JI0 3MIHA HapaMerpiB 3ajadi B PIBHIHHIX
ropinag. 30KpeMma, s cucreMu JudepeHiaIbHuX PIBHSHB, 0 OMNUCYE €BO-
JIOIILIO: TeMIepaTypu 9acTUHOK 1', Temneparypu rasy 1y, JlaMerpa JaCTHHKH
d ta ryctuam p (puc.2) CHoCTepiraeThCst, MO BiAMIHAICTL XapAKTEPUCTUK TO-
PIHHS YaCTHHOK B YMOBaX I'a303aBHCY 1 OKPEMO B3ATOI YaCTHHKU 3POCTAE.

3i 361ABITIEHHAM TTOYATKOBOTO JiaMerpa dy, MAaKCHMAJIbHA TeMIIepaTypa da-
CTUHOK 3MEHIYEThCsT: Tax . Beanki vacTuHKU HArpiBalThCd MOBLIBHIIIE,

TOMY IX TeMIeparypa MeHIma. AJie Jac JTOCATHEHHS MAKCUMYMY 3POCTAE TPH
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Puc. 2: 3anexuocrti: T, d, p, % Big uacy; dp = 140 um, Tyo = Ty = 1200 K,
Cn=1,9-10"u3, = 1,026, Cyno = 0,0395 kr /v, F, = 3-107 v~ L. Ymosni
no3HaveHHd Ha rpadikax:

1 — ra303aBuUC YaCTUHOK; 2 — IIOOJUHOKA YacTuHKa; 1* — Ty rasosasucy; 2*

— T}, mOOJMHOKO! YaCTHHKHU.

3pocraHHi dp. 3poCcTae XapaKTEePHUI Yac TOPIHHS, 1€ 03HAYAE, 110 IPOIEC To-

PIHHS Ta303aBUCY TPUBAE JOBIIE st OLIBITUX YACTHHOK.

Ha crazgii akTuBHOTO TOpiHHA TA303aBUC XAPAKTEPUIYETHCST 3HUIKEHHIM
MBUJAKOCT] XIMIYHOTO pearyBaHHS TMOPIBHAHO 3 TOOAWHOKOI YaCTUHKOIO, IO
MTOSICHIOETHCST KOJIEKTUBHUME epeKTaMU B3ae€MO/Iil YacTUHOK MiXK c0oO010 Ta 3

HaBKOJINIITHIM Ta30M.

ITpu 36iabIIeHH] MOYATKOBOTO AiaMeTpa YacCTUHKH, 301AbIIYEThCA IaC TO-
PIHHSI, TaK 9K BEJWKI YaCTUHKW TOPATH JIOBIIE i He JIOCATAIOTH PIBHOBAXKHOI

TeMIIepaTypu 3 ra3oM, IO BIUIMBAE Ha e(EKTUBHICTL MIPOTIECY.
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BucHOBKU

Peanizaniss nobyoBanol HemiHiiiHOT Momem Temnomacoobminy (1)—(8) mo-
3BOJIMIA 1eHTUdIKYBaTH XapaKTepH] JAUHAMIYHI peXXKUMU €BOJIOII] CUCTEMHU:
3aliMaHHs, TOPIHHYA Ta 3racaHHd.

36ibIIeHHS Yacy 3aliMaHHs TOSCHIOETbCS X KOPCTKUM 3B I3KOM MiXK PiBHS-
uHsgvn Temmeparyp sactuakn (1) ta razy (T,). ¥ pisuasni axa rasy gowi-
Hy€ Big'emMHUi 101aH0K (fzKepesio Brpar), axuii ebeKTUBHO 3MEHIITY€e MOXiTHY

T(t)

TEMIIEPATypPH 332 4aCOM () Ile croBlIbHIOE CHCTEMY, He JO3BOJISIOUN Tt

dt

IIBUJIKO JIOCSTTH KPUTUIHOI TOUKH, JI€ BMUKAETHCS CUJIbHA HEJIHIHHICTE (eKc-
noHeHTa Appeniyca) i TOUHHAETHCST CTPIMKE 3POCTAHHST TEMIIEPATYPH.

Bussmeno 3Miny Tomosoril po3s’a3ky Ha crafil 3racanusd. Ha Biaminy Bix
MOOIMHOKOI YaCTUHKH, sIKa Ma€ TOUKY Oidypkaril (TemioBoro 3puBy ), s Ta-
303aBUCY CIIOCTEPITAETHCST «BUPOYKEHHTY KPUTHIHOTO PEXKUMY: TEMTIEPATYPA
YACTUHOK ACHMITOTUIHO HAOIMKAETHC 10 TEMIIEPATYPHU ra3y, 3a0e3meTy0yun
CTIfIKiCTB TIPOITECY JIO TIOBHOTO BUTOPAHHS MAaCH.

Berarosneno, o 361/1bIIeHHES TTOYATKOBOTO iaMerpy 4acTuHOK (dp) mpu-
3BOJUTH J0 3MEHIIeHHS aMIUITYAd TEeMIEePATYPHOIO MaKCUMYMY, aJle CYyTTEBO
PO3IINPIOE 9acOBY 06JIACTb ICHYBAHHS PO3B’S3KY, ITPOJIOHTYEOUH BUCOKOTEMITE-

PATYPHY CTa/Iifo.
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Korenkova H., Orlovska S., Zui D.

MATHEMATICAL MODELING OF THE EFFECT OF PARTICLE SIZE ON THE HEAT
AND MASS TRANSFER DYNAMICS AND COMBUSTION OF A CARBON GAS
SUSPENSION

Summary

The paper presents a mathematical study of heat and mass transfer and the
combustion dynamics of a monodisperse gas suspension of porous carbon par-
ticles, taking into account the interaction of chemical, thermal, and diffusive
processes. A consistent nonlinear model is developed, incorporating the ther-
mal and mass balance equations of the particles, the evolution of their geomet-
ric parameters, as well as the energy and diffusion balances of the gas phase.
Special attention is given to analyzing the influence of the initial particle di-
ameter on the nature of regime transitions, including the induction period,
ignition, steady combustion, and extinction. The numerical implementation of
the model is carried out using the fourth-order Runge—Kutta method. Time-
dependent profiles of temperature, density, particle diameter, and the rates
of heat and mass transfer were obtained, allowing the identification of critical
system parameters. Collective effects specific to gas suspensions were revealed,
including modifications of temperature profiles and the smoothing of thermal
bifurcations characteristic of isolated particles. The results are significant for
advancing mathematical models of dispersed reactive media and for optimizing
thermal engineering processes.

Keywords: mathematical modelling, gas suspension, porous particles, heat and
mass transfer, combustion kinetics, thermal bifurcations, dispersed reactive sys-

tems.
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TloGymoBani TBipHi (DYHKIHI CHCTEM OCHOBHHX TOJIIHOMIAJIbHMX BJIACHUX (DYHKIIH JHHIAHUX
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TBipHI GYHKII BIAMOBIIHUX CHCTEM ITOIHOMIAJIbHUX BIACHUX (DYHKIIH BHOKPEMJIIOIOTH OD-
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BcecTyn

Bimmykyrorbca nominomiansai racui Gyrknii (TIBD) mudepenmiatbsaoro

PiBHSIHHS
(A122 + Biz+ Ch)yn(2) + (A2z + Ba)yh (2) —n(As + (n — 1) A1) yn(2) = 0, (1)

Jle z — KOMILJIEKCHA 3MiHHa, Koedimientn Ay, By, C1, As, Bs MOXyTb TpuiiMaTu
MOBLILHI mificHi ab0 KOMILTEKCH] 3HATEHHSI.

Pipastans (1) MOYXKHA 3BECTH J0 CAMOCIIPSIZKEHOTO BHUIJISILY
[(A12% + Bz + C1)p(2)yn(2)]) = n(As + (n = 1) A1) p(2)yn(2) = 0,

ne dbyHKIist p(z) 3a10BOJIbHSIE PIBHSIHHST

p/(z) _ (A2—2A1)Z—|—BQ—BI (2)
p(z) A122+Biz+C;

Haditiwaa 26.02.2025 © Kpyrnos B. €., 2025
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Hng aificuol 3minuol z = x dbyHkiig p(x), dka 3a71aHa HA J€IKOMY IHTEp-
BaJi (a,b), mob6 cTaTu BaroBoto, MOBUHHA 33/I0BOJILHITH CJIIYIOUAM yMOBAM

lim [p(z)(A12* 4+ Biz + C1)] = lim [p(z)(A12® + Biz + C1)] = 0. (3)

z—a+0 z—b—0

Skito, HampUKIaI, TapamMerp b = 0o, To OTPibHO, 1100

lim [p(x)(Ale + Bz + C’1)xk] =0, k=0,1,....

T—00

[cHyrOTH HACTYIIHI METOIM 3HAXOKEHH MOJIHOMIAJBLHUX PO3B'SI3KIB Yp(2)
piBasians (1): METOJ PEKyPEHTHHUX CHIBBIJIHOIIEHD MizK KOE(DIMIEHTAMY OO
pisastaHEs, dopmysia Poapira ta meToa TBipHUX (DYHKITIH.

B niit poboti po3rigmaeThess MeToI TBipHAX QyHKINHA. Teoperwdany ocHOBY
HOr0 MeTo/1a B3sTo 3 MoHorpadii [1.ct.33].

Oyuxuis @(z, t) mazusaerbes TBipHOWO M5t cucrem [IBD y,(2),n = 1,2, ...,
SKITIO BOHA PO3KJIATAECTLCA B PAM MO CTENEHSIM ¢ B JIOCTATHBO MAJIOMY OKOJI1

Touku t = 0:

o0 tn
®(z,t) = Zyn(z)m. (4)
n=0
[licoa nesgxux nepersopensb dgopmysu Pojpira

p(s) 1

n\%) = y 5
yn(2) p(2) 1= (2A1s + B1)t | ¢, () (5)

ne s = &1(z,t) Toi KOpiHb PIBHSHHS
s—2z— (A5 + Bis+ Cp)t =0, (6)

sruit npu t — 0 HabuKaeTbes 1o z, lim & (z,t) = 2.
t—0
Jlpyruit KOpiab, GKIO BiH iCHy€, HAOINKAETHCS 0 HECKIHIEHHOCTI pu ¢ —
0. Psig (4) 36iraerbea B gocuth MagoMmy okosti Touku t = 0 mpu dikcoBanomy

zZ.

OCHOBHI PE3VJIBTATH

Vci mobynoBani TBipHI (PYHKITT CTOCYIOTHCA CUCTEMU HECTAHIAPTUB0BAHUX
IBD y,(z), n = 1,2,..., 3 oguanuHuM cTapmuM KoedIlieHTOM, a A0BiIbHY
MyJIBTUILIIKATHBHY KOHCTAHTY, sIKa BHHUKAE TPU 3HAXOMKEHHI QyHKIIT p(z),

BBasKa€MO PIiBHOIO TOTOXKHIN OJTWHUATI.
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1. B piBu=aani (1) C; = 0.

Dynukuis p(z) popisHIOE
p(z) = 2%(A1z + B1)P/M, o= By/By — 1, /A1 = Ag/A; — By/By — 1, (7)

aHAJTITUYIHA Ha KOMIIJIEKCHIH TIJTOMWHI 3 pO3pi3oM Bif ToUkH z = 0 gepe3 2 = o0
1o toukn z = —Bj/A;. Posp'sisok s = &i(z,t) pisasabga (6) npu C1 = 0
BU3HAYAETHCH (POPMYJIOI0
1 —Bit—T(z,t) 2z

241t 1 —Blt—{-T(Z,t)’

s=¢&(z,t) = (8)

ae

T(z,t) = \/(1 — Blt)2 —4Aqtz,

1 pO3yMieTbCsT IK TOJIOBHE 3HAUEHHSI KBAJIPATHOTO KopeHs, lim &1(z,t) = z
t—0

Tom

&<z’t>)‘“ <A’5+B>‘” !
1—(

P(2,t) = .
(27 ) < z Az + By 2A1£1 + Bl)t

Cupocrumo neii Bupas. 3 kpagparnoro pisasaasas (6) npu C; = 0 Mmaemo
A&+ Br = (1—2/&)/t = [L+ Bit — T(z,1)] /2,

1-— (2A1€1 + Bl)t =1+ Byt — 2t(A1§1 + Bl) = T(Z,t).
Taxknm arHOM,

1 [1+(Bit —T(z, 1)/
T(z,t) [L— (Bit —T(z,1))]*

D(z,t) = 27PN [H( A2 + By)) P

[IB® pisasaust (1) npu C7 = 0 mogani hopMyIow0

(B —-1)B B —k)B
_Z+ch 2t (- DBy (Bt (M =K)BY) e gy

(A2 + (20— 2)A,) .. (A2—|—(2n—k—1)A1)Z ’

ko nepeiitu 10 AificHoT 3MiHHOT 2 = 2, i BCi KoedinienTn B piBHarH] (1)

TAKOXK JIHCHI umciia, 1O

p(z) = 2%(A1x + By)PA,
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i sxkmo Bo/By > 01 Ay/A; — By/B1 > 0, 10 p(x) — Barosa dyHkiia ajst
mosliHOMIB Yy () Ha Bimpisky (—Bj/A1,0).

2. B piBusiani (1) B; =0, A; #0, C1 # 0.

Maemo gudepenttiaabHe PIBHAHHS
(A12% + C1)yn(2) + (A2z + Ba)y,(2) — n(Az2 + (n — 1) A)ya(z) =0, (9)

2.1. Hexait A; < 0, C7 > 0. Toxui 11e piBHsIHHS y3arajpHIOE gudepeHIiaibHe
PIBHSIHHS, PO3B’A3KaMHU SIKOT'0 € MOJiHOMHI KOOI,

Dynukuis p(z) popisHIOE

p(z) = (VO = V=A12) 1 (VC1 = /= A12)%, (10)

ze

01 = |:(A2 —241)/v/ A1+ Bz/\@} /2 —Au,
6= [Ba//C1 — (4s — 241)/v/= 41| 2/~ A1,

Dynkuis p(z) aHagiTHaHa Ha KOMIJIEKCHIR TIOMMHI 3 PO3PI30M Bij TOUKM

z = —y/—C1/A1 4epes3 Touky z = 00 10 Toukm z = y/—C4/A;.

Pipusnans (6) mMae BUIAT

s—z— (A18> +C)t = 0. (11)

Ilozmagnmo

R(z,t) = /1 — 4A1t(z + Cit), (12)

e TiJ KOpeHeM PO3yMieThCd HOTO TOJIOBHE 3HAYEHHS.TOI PO3B’I30K § =
&1(z,t) piBasans (9) mopisHIOE
1 —R(z,t) 2(z+ Cit)

S0 =—ar TirRE ImaE =2 (13)

Tsipua dyukitis

@(Zt)_<m—x/7—A1§1>_5l(\/Ci1+\/—71411>52 1
AV - VAL VO + VA2 ) T-246t
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3pobumo HacrynHi nepersopentsi. 3riguo 3 (9) Ta (11)

&1 — 2 =t(VO1 — V=A41&) (VO + V=A1&1), 1 - 2416t = R(t, 2),
(VC1 —V—=412) = (VC1 — V-A1&1) + (V-A1&1 — VA1z) =

= (VC1 — V=A161) + V-A1t(VC1 — V=A:16) (VO + V=A1&1) =
= (VO —vV=A4:1&)1 +tV/—A1C1 —tA1&) =

= (VO — V=A161)[(1 + R(2,1)) /2 + t/— A1 C1).

Awnajorigro

Cr+vV—412) = (VC1 + vV —A1&1) 1+R (z,1)/2 -t —Alcﬂ.

TakuM 9rHOM,

®(z,t) = [R(z, )] [(1 + R(z,1)) /2+t\/—A101} [ (1+ R(z,1))/2 —t\/—Alcl}
(14)
Tsipnua dyukmis (12) criBmagae 3 TBIpHOIO (DYHKITE 51 HECTAHIAPTH30-
BaHWX noJinomis fko6i [2, c.69], a came: jus nudepennianbroro pisHsauus (7)
3 koedinienramun Ay = —1,Cy =1, Ay = —(a+F+2), By = 8 — a (audepen-
nianpue pipnsaag Axo6i), R(z,t) = V1 + 42t + 412, 6, = —a, §y = 3 TBipHA
dyHKITIST

B(z,t) = R(i’t) [1+R;(z’t> +t] h [H};(z’t) —t] .

2.2. Hexait A1 > 0, C7 > 0. Toni dyuxmis

& arct gz:
VALICy 8 V Ay

BU3HAYEHA JI/Ig KOKHOIO 3HAaUeHHs 2, o = Ag /247 — 1.

p(z) = (A12% + C1)%exp

3a dopmymo (5), BpaxoBylOUH eJleMeHTapHl il 3 apKTAHTeHCAMH, OTPH-

MYEMO
2 _
Do t) = (Alfl + 01> exp P aretg | VA& =) 1
A12’2 + Ol \/AlCl 1 + Alzfl/C’l 1-— 2A1t€1

ne s = &1(z,t) BusHawaeTbesa dopmynamu (9)-(11).

Haui, 3a dopmymnoro (9)

A +Cr= (& —2)/t,
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A+ C =A1( =)+ A +Cr = (G —2)[1 — Ait(z + &)/t
Tomi
A&+ Oy 1 1

A12’2+Cl N 1—A1t(Z+§1) [1+R(t, z)}/Z—Altz.

Cupoctumo Bupas
Cr+A126=C1+ A12(& — 2) + A1Z2 = (& — 2)(1 — Ait&)/t,

A1t§1 == [1 - R(Z,t)]/Q.

Takum anHOM,

51 —Z - 201t
1+ A126/0C1 14 R(z,t)
Ta
1 R(Z, t) +1 @ By 2/ A1C1t
P(z,t) = — Aqt t _— .
(z,t) R0 5 1 z] exp [ T arctan <1 n R(z,t))}

(15)
[Tpu 3minHil gificHiil z = x yHKIIS p(r) HE MOXKe CTaTH BATOBOI, 00 He
BUKOHYEThCsI yMOBa (3) mpu & = oo.

Hagenemo mpuxnamm [IB® pisnsang (7):

_ Bs 2 2B, B2 oy
yi(2) =2+ 35 12(2) = 2° + oa? + A (A T G

y3(z) = 2% + 2B 24 3 B oy)z+ 53 +
3 Ay +aA; Ay+3A1 \ Axt4A; 1 (A2 +4A1)(A2+3A1) (A2 +247)

Cq B 2Bo
+A2+2A1 (A2+3A1 + A2+4A1> ’

ITpu A1 > 0, Cy > 0 gna nobygosu [IBD y,(2), n=1,2,... piBaguang (7)
BUKOPUCTOBY€EThCs TBipHa dyukis (13), a mpu A; < 0, C1 > 0 — tBipHa dQyH-
kiist (12). mpoanasizyemo gerasbHine Bunaaok, koo Ay < 0, Cp > 0. dxmo
3MiHHA z 3MIHIOETHCs Ha AiifcHiit oci z = x, To dyHkiis p(x) 3 (8) Takox BuU-
3HAYEHa Ha BCil 0OCi, OKPiM, MOXKJINBO, IBOX TOYOK Ili€l oci, i TBipHA (DyHKITis
O(x,t) 3 (12) 6yaye [IB® y,(x), n = 1,2,..., gxi TaKoXK BU3HAUEHI HA BCiii
mificHii oci, 1 3a7exkaTh Bif dikcoBannx mapaMerpis A1, As, Be, C. Sadikcy-
€MO TIi mapamMeTpu TaKUM YHHOM, 00 ducaa 01 i 2 3 (8) 3a70B0BHAIM yMOBI
81 < 1, 63 > —1, mo piBrHozHAUHO yMOBam Ag /A1 > 0, By > Agy/—C1A;. Bas-
JSKU UM yMoBaM (bYHKINsT p(z) cTae BaroBoro [3| st mobymoBaHOi cucTeMu

[IB® ma npomixkky (—/—C1A1,v/—C147).
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Takum awmrOM, 00J71aCTH BU3HAYEHHOCTI TOOYIOBAHMUX ITOJIIHOMIB TOIi/IAE-

ThCst Ha TPH Biapizku: (—oo, —/—C1 4], (—v—C1 41, vV—C1 A1), [V—C1 A1, 00),

B KOXXHOMY 3 {KHX JIi€ ojHa # Ta K cucreMa [IB®, i TiipKH Ii ITOJIHOMHI

YTBODIOIOTH OPTOTOHANBHY 3 Barol p(x) cucremy HONIHOMIB Ha IPOMIKKY

(—V—C1A1,V/—-CiAy).

3. B piBusani (1) Ay =0, By #0, C; # 0.

Maemo audepentiiaabHe PIBHAHHS
(Bis + Cuyl(=) + (Aaz + Ba)y () — nogn(z) =0. (16)
Dyukiist p(z) TO0piBHIOE
p(z) = (Biz + C1)%exp(Azz/By), a = (By/Bi — Ay/C1)B? — 1

1 arayiiTHYHA Ha BCiit KOMILTEKCHIi TUToTuHl 3 po3pizom Bijg Toukn z = —C /By
10 TOYKHU 2 = 00.

Pigasausa (6) B nboMy BUMAIKY JiiHIHE 1 TOMY
&i(2,1) = (2 + C1t)/(1 = Bit), lim&(2,1) = 2

Teipna dynkitis

1 Bi& +Ch
o —
(2:1) 1— Bt ( Biz+ Cy

)a eXp[Ag(fl — Z)/Bﬂ

Jlerko 3700yTH
Bi&6+Cr 1

Blz+C1 N 1—Blt’

1 TAKAM YHHOM
D(z,t) =(1— Blt)*o‘*1 exp{Agt(B1z + C1)/[B1(1 — Bit)]}.

3a ymoBm giiicHol 3MmiHHOI 2z = x dyHKIUA p(x) crae Barosow s [IBD
yn(x), n = 1,2,... wa Bigpisky (—C/By,00) npu By/By — Ay/C1 > 0,
Ay/By <0 [4].

3.1. B piBuanni (14) B; =0, C; # 0.
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B mromy Bunagky maemo pisusguug Ty Epmita
Cyp(2) + (A22 + Ba)y,(2) — nday,(z) = 0.
Dyukiis p(z) TOpiBHIOE
p(z) = exp [(Agz + B2)2/2A201:| ,
1 BOHA aHAJITUYHA Ha BCiit KoMTaekcHii mommmi. Jdai
i(z,t) = z + Cit,

TOA1
D(z,t) = exp[t(Aaz + Ba + A2C1t/2)].

Jla miticaol 3MinHOT 2 = x yHKITis
p(x) = exp [(Agx + 32)2/2A201}
¢ Barosoio npu A>Cp < 0.

3.2. B piuanni (14) C, =0, By # 0.

B mpomy Bunagky maemo piBugHHs THITY Jlarrepa
Bizy, (2) + (A2z + Ba)yp(2) — nAays(2) = 0.
Dyukiis p(z) mopisHIOE
p(z) = 2P2/B1= L exp(Agz/ By).

Bona amaniTrana mHa BCilt KOMIUIEKCHIN TJIOMINAHL 3 po3pi3oM Bif ToUukn z = 0

JI0 TOUKH 2z = 00.
&1(z,t) = z/(1 — Bqt).

Toi
®(z,t) = (1 — Byt) P2/ Brexp[Agtz/(1 — Byt)].

dAximo 3minHa 2 AificHa, 2 = T, TO
p(x) = 2P2/B1 exp(Agz ) By)

i s dyHkist 6y/1e Barosoro 3a ymosu Bo /By > —1, As/ By < 0 Ha TpOMIiXKKY
(0,00).
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4. B piBususi (1) B; = 2/A,Ch, A1 >0, C1 > 0.

Maemo gudepenttiaabHe PIBHAHH
(V A1z + /Oy (2) + (Azz + Byl (2) — n(As + (n — 1) Ay)yn(z) = 0.

DyukItis
= (VA1 + VC1)* exp[-5/ (VAL +V/C1)],

ne a = (Ay — 2A1) /Ay, B = (Bav AL — Asy/C1) /A1), ananitnuna Ha KOMILIE-
KCHIl mormuHi 3 pospizom Bij Touku z = —4/C1 /A1 10 TouKM z = o0.

s—z—(V/Ais+/C1)*t =

3 pisustaHg (6)

3HAXO/ITMO KOPiHb

&1(2,t) = [1 = 2VAC1t = V1= 4VAH(VCr + VA2 | /241t =
= 2(C1t + 2) [1 — QVALCht + /1 — 4/ A (VT + \/Aﬁz)} -

gl_%gl(zat) =

B(ot) (me) exo [ VAL~ &) | 1
SV rEaN/ o (VAEL + VO (VAT + /O | 1= 2/ At(/AEs + V/Cr)
Jari
z=& _ — (VA& + V)t _ —(WVAG + VGt
(VAL +VO)VAz+ V0 (VAIG + V) (VA + V) VAiz+Cr
[Tozuaunmo

2t) = /1 - 4V/Ait(VArz +V/Cr).

IIin KopeHeM KBaJIpaTHUM PO3YMi€MO TOJIOBHE HOTO 3HAYEHHS.

Tom

VAL + VO = VA1 - 2/ A C1t — M(z,t))/2A1t + /O =
= VAI(1 = M(z,1))/2A1t = 2(V A1z + VC1) /(1 + M (2, 1)),

1= 2y/A1(VAi&r +V/C) = Mzt
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Takwum auHOM, OTPUMAJIH

(zt) = M(lz,t) L m ﬁ(z,wrem <%> |

Cucrema 110J1iHOMIB Yy, (2) He € oproroHaabHO0, 60 dyHKIA p(T) HE € Ba-

T'OBOIO.

BNCHOBKU

[Mo6yaosani Teipai dysxuii mis [IBO y,(x), n = 1,2,... pisaux aude-
PEHIIABHUX PIBHSHB APYTOTO TOPSIKY. 3HaAM/IeH] YMOBH, IPK SKUX Il TBipHI

dyuKIl yTBOpo0TH oproroHasbii [IB® nmux piBHAHD.
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Kruglov V. E.
(GENERATING FUNCTIONS FOR SYSTEMS OF POLYNOMIAL EIGENFUNCTIONS
OF SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS

Summary

Generating functions are constructed for the main systems of polynomial eigen-
functions of second-order linear differential equations. Conditions are found
under which the constructed generating functions from the corresponding sys-
tem of polynomial eigenfunctions select orthogonal systems.

Keywords: generating functions, self-conjugated  differential equation,
polynomial eigenfunctions.
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ALGORITHMS FOR CONSTRUCTING A SET-VALUED MAPPING
IN R3

In many applied problems, there is a need to construct convex sets, but if these sets are
obtained as a solution to a mathematical model, then the concept of a support function
is most often used. Although this function is defined only for convex sets, it can also be
constructed for convex hulls of compact sets. With the help of this function, it is possible

to introduce the concepts of differentiation and integration in the space of convex compact
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sets. The problem arises of constructing a convex hull of a set if the values of its support
function in some directions are known. Three algorithms can be used for this. The first
uses the property of the support function and constructs the set through the intersections of
hyperplanes defined by the support function. The second algorithm uses the values of the
Minkowski functional, which is related to the support function. The third constructs the set
according to the meaning of the deformation function, which is also related to the values of
the support function. In this article, the task is to compare the construction speed for these
three algorithms. The Intel Core i5-13450HX processor was used for calculations. Also in
this article, a numerical method for constructing a solution for equations with a set-valued
right-hand side, similar to the Euler method, is implemented.

MSC: 34A60, 34A99, 68W25.

Keywords: support function, deformation function, Minkowski functional, convez sets, ini-
tial problem with a multivalued right-hand side.

DOI: hitps://doi.org/10.18524,/2519-206X.2025.1(45).352818

INTRODUCTION

Differential equations with a multivalued right-hand side are widely used
as mathematical models of processes and phenomena of various nature.

The solution of such an equation is a multivalued mapping in the space
compR™. Studies of the existence of solutions and their properties can be found,
for example, in works [1-10]. At the same time, the issue of constructing so-
lutions by numerical methods is actual. Since the solution of a differential
equation with a multivalued right-hand side is a convex set, first of all, algo-
rithms for constructing a set in space are needed. This can be done using the
support function of the set [11-13|, the deformation function [14; 15| or the
Minkowski functional [15-19]. Secondly, it is necessary to construct an algo-
rithm for constructing a sequence of sets that are solutions of the considered
differential equation with a multivalued right-hand side at successive moments
of time. An analogue of the Euler method is one of the most widely used
numerical methods applied to this type of equations. In [20] was presented an
estimate for the Hausdorff distance between the set of solutions of a differential
inclusion and the set of solutions of its Euler discrete approximation, using an
averaged modulus of continuity for multifunctions.

This article presents an algorithm for constructing solutions to differential
equations with the Hukuhara derivative: in three-dimensional space by numer-
ical methods that are based on the Euler method, but differ in the methods of
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constructing the boundary points of the convex set - using support functions,

deformation functions, and the Minkowski functional.

MAIN RESULTS

1. CONSTRUCTION OF A CONVEX HULL USING THE INTERSECTION
OF SUPPORT HYPERPLANES

Let’s construct the boundary of a convex set in three-dimensional space
F € comp(R?). To construct it, we will use the value of the support function
for the three-dimensional set.

The support function is determined
c(f,¥) = maz(f, ). (1)
fer

The maximum on the right-hand side is achieved because the scalar product

(f, %) is continuous in f and the set F' is compact.

1.1. ALGORITHM FOR CONSTRUCTING THE CONVEX HULL OF A SET
USING SUPPORT FUNCTION

Let’s introduce the support vector

sin 0 * cos ¢
Y = | sinf xsingp (2)

cos

is the set of all vectors of unit length expressed in spherical coordinates relative
to two angles 6, p, where 6 € [0,7] ¢ € [0,27]. Let us take N/2 uniformly
distributed points from first interval 6; € [0,7],7 = 0, N/2 and N points from

second one, i.e. p; € [0,27],5 =0, N.
There are vectors ¢ on the sphere are arranged in rows, and the poles are
represented by vectors ¢ with 8 = 0, # = 7. For first row we can construct the

matrices with the values of vectors:

M = (¢1, %9, 93)T

There is 11 = ¢|p=0 and 23 = 1/"9:247

~ =027’
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Further, for each angles 6 =0 + QW”, m— %’r we construct two matrices M,

M. These matrices contain rows of points on a two-dimensional sphere that

are the vertices of triangles from sphere triangulation.

M1 = (¢17¢27¢3)T

sin ; * cos @; sin ;41 * cos @, sin @; 41 * cos ;11
Y1 = | sinb; xsing; |, Y2 = | sinb;1; *sing; |, ¥3 = | sinb;i41 *sinp;q |,
cos 0; cos 611 cos 611

sin ; * cos ;11
M2 = (31, 9,13)T where g = | sin ; * sin ©j+1
cos 0;

where 0; € [O+2W”,7T— QW”] ;5 € [0,27].

Respectively, for the lower pole we have

M = (¢1, %9, 93)T

There is 1 = ¢|p—r and o3 = We:w—%,@:o?r
For all matrices for each row, we calculate the value of the support function

and we solve the systems of linear equations

(03 x1 c(F, 1)
o T2 | = C(Fv ¢2)
V3 T3 c(F,v3)

After solving the system of linear equation, we obtain a vector x that lies on
the boundary of the convex hull of the set F. These points are the intersection

points of hyperplanes with normal vectors 11, 19, ¥3.

1.2. NUMERICAL CALCULATIONS FOR SUPPORT FUNCTION

Construction of the convex hull of a set, using the support func-
tion. For which of the sets we use N=60. That means we have the
1800 support vectors for each set.

The sphere F' = S3(5,—5,5) are built
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Puc. 1: ¢(F,v¢) = 3||¢]| + 5y1 — 5o + 5ips.

The time it took to calculate all the points to construct the convex hull of the
set is 0.2328968048095703.
The cube F = K33 3(5,—5,5) are built

Puc. 2: c(F,v¢) = 3(|¢1] + [a| 4 [13]) + 51p1 — 592 + 5eh3

The time it took to calculate all the points to construct the convex hull of the
set is 0.2111680507659912.
Let us construct the convex hull of the sum of two sets S3(5,—5,5) and

K333(0,0,0) using the intersection of the supporting hyperplanes
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Puc. 3: ¢(F, 1) = 3[|9[| + 3(|[¢1] + || + [¢3]) + 591 — 5eha + 513

The algorithm time working is 0.2328968048095703.

2. CONSTRUCTION OF A CONVEX HULL USING THE DEFORMATION
FUNCTION

The deformation function of a convex set F' € conv(R"),0 € intF is called
the function
d(F,¢) =supfA>0: Mp e A}, € S

The deformation function coincides with the inverse Minkowski functional
on the unit sphere.
Using the deformation function, the set F' € conv(R"™) can be represented

in the form

A= U {z eR": 2= AP, A € [0,d(F,¢)]}; S—the unit sphere (3)
peS
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2.1. ALGORITHM FOR CONSTRUCTING THE CONVEX HULL OF A SET
USING THE DEFORMATION FUNCTION

1. Generate a set of directions 1 uniformly distributed on the unit sphere.
We set the values of the angles 0, ¢, where 6§ € [0,7] ¢ € [0,27] to

determine the support vectors (2) in the spherical coordinate system.

2. Next we define the area of space in which the given set lies. This area is
a rectangle for which we find the center. To do this, we find the values of
the support function ¢(F, ) from support vectors (2) with 6 =0, 0 =7
and (0 = 550 =0), 0 =F0=m) (0 =F50=13) (0 = 50 =),
then we obtain the center point with the arithmetic mean of the values

of the support function from opposite support vectors.

3. We use the algorithm for finding the deformation function. It calculates
vector length in each given direction, so that it still remains inside the

figure.

4. Next, for each support vector ¥ we calculate values of support function

minus support function from center point.

5. Fix the support vector ¢; € 1 and for each other support vector 1 if the
(1i,1) > 0 calculate A = mlzn { c(F) } . This lambda guarantees us that

[CXD)
the vector will satisfy all conditions and will not go beyond the boundary

of the convex hull in any direction.

6. We construct a vector A - ¢ + ¢ that lies on the boundary of the convex

hull, where c is a center vertor.

2.2. NUMERICAL CALCULATIONS FOR DEFORMATION FUNCTION

Construction of the convex hull of a set, using the deformation
function. For which of the sets we use N=60. That means we have
the 1800 support vectors for each set.

The sphere F' = S3(5,—5,5) are built
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Puc. 4: C(F,Q/)) = 3“@/)“ + 51 — HYo + HuYs.

The time it took to calculate all the points to construct the convex hull of the
set is 9.219122409820557.
The cube F' = K33 3(5, —5,5) are built
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Puc. 5: ¢(F,v¢) = 3(|¢1] + 12| + |¥3]) + 591 — 5epa + 53

The time it took to calculate all the points to construct the convex hull of the
set is 9.053423881530762.
Let us construct the convex hull of the sum of two sets S3(5,—5,5) and

K333(0,0,0) using the deformation function
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Puc. 6: ¢(F,¢) = 3[|v]l + 3(|¢n] + [v2] + [¢3]) + 5¢b1 — Seba + 5eb3

The algorithm time working is 9.10199236869812.

Also, we construct the convex hull of the tetrahedron

5 2.5 2.5
co T2 5 |3]25
0 0 0 5

using the deformation function

Puc. 7: c(F,v) = max {11 + 1b2; 5P1 + 23 2.591 + 5e2; 2.50h1 + 2.5¢p3 + 51p3}

The algorithm time working in this case is 9.07657241821289.
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3. MINKOWSKI FUNCTIONAL

The Minkowski functional of a convex set F' € conv(R"),0 € intF is the
function

m(:c,F):mf{A>o:§eF}. (4)

Using the Minkowski functional, the set F' € conv(R") can be represented in
the form

F={zeR":m(z,F)<1}. (5)

It follows that it is necessary to check the inequality (x,v) < ¢(F,v), for a

certain set of points.

3.1. ALGORITHM FOR CONSTRUCTING THE CONVEX HULL OF A SET
USING THE MINKOWSKI FUNCTIONAL

1. We set the values of the angles 6, ¢, where 6 € [0,7] ¢ € [0,27] to

determine the support vectors (2) in the spherical coordinate system.

2. We define the support function ¢(F, ) of the set F' € R™ we are con-

structing using a formula.

3. Next we define the area of space in which the given set lies. This area is
a rectangle for which we find the center. To do this, we find the values

of the support function in the directions (2) with § = 0, § = 7 and

O=%59=0),0=5¢=m @=%5p=3) (0=75¢=7) then
add 1 to each of the values found in the corresponding directions.

4. Next, we construct a grid of points lying between the planes defined by
these constraints; this grid is specified using the step parameter. This

parameter specifies the splitting step.

5. Next, for each direction 1, we subtract the value of the support function
of the center in this direction of the rectangle found earlier from the value

of the support function of the set in this direction.

6. For each point z, we check for which support vecotrs 1 the inequality(x, 1) <
c(F, 1), if it is satisfied, and points with a value of the Minkowski func-

tional less than or equal to one are saved for further construction.

7. We construct the resulting points.
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3.2. NUMERICAL CALCULATIONS FOR THE MINKOWSKI FUNCTIONAL

Construction of the convex hull of a set, using the Minkowski
functional. For which of the sets we use N=60. That means we have

the 1800 support vectors for each set.

The sphere F' = S3(5,—5,5) are built using the step =0.24, nearly 18000

points

Puc. 4: ¢(F, ) = 3||¢)|| + 51b1 — 5t + 51bs.

The time it took to calculate all the points to construct the convex hull of the
set is 7.376594305038452.

The cube F' = K3 33(5,—5,5) are built using the step —=0.24, nearly 18000

points
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Shesevevenani

Puc. 5: c(F, ) = 3([t1] + || + [13]) + 591 — 52 + 5¢h3
The time it took to calculate all the points to construct the convex hull of the

set is 10.607192277908325.
Let us construct the convex hull of the sum of two sets S3(5,—5,5) and

K333(0,0,0) using the step =0.7, nearly 18000 points

Puc. 6: ¢(F, ) =3[9l + 3([¢1] + [v2] + [¥3]) + 51 — 5¢ba + 593

The algorithm time working is 12.864967107772827.
Also, we construct the convex hull of the tetrahedron

1 5 2.5 2.5

co 1l:11]:;1 5 |:]25

0 0 0 5
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using the Minkowski functional with step =0.24, nearly 18000 points

Puc. 7: ¢(F,v) = maz {¢1 + 12; 51 + 2; 2.5¢1 + 5iha; 2.5¢1 + 2.5¢9 + 5ihs}

The algorithm time working in this case is 12.810363054275513.
But we can’t see the upper point in this graphics, and we calculate some
special case. It is 2016000 points (step=0.05) and for each we use the 60

support vectors

Puc. 8: ¢(F,v) = max {11 + 12; 511 + a; 2.5¢1 + 5ibg; 2.5¢1 + 2.5¢9 + 5ihs}

The algorithm time working in this case is 1249.7926468849182.
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4. CONSTRUCTING OF THE SOLVE OF THE HUKUHARA INITIAL
PROBLEM

We define Hukuhara derivative as the setvalued mapping X : R! —
comp(R™) which we call the Hukuhara derivative at the point ¢, € R! if
there exist differences X (tg + At)2X (tg) and X (to)2 X (to — At) for all small
At > 0 and there exists an element Dy X (¢o) € conv(R™) such that

. X (to + At) 2 X (tg)
A%lg(lnh ( At DX (to) | =
o X (to) 2 X (to — At)
N AP—I}%JF h ( At DX (to)

Let’s introduce the initial problem with a set-valued the right-hand side

Dypx = A(t)x(t) + F(1),
(6)
x(0) = xo-

In the problem (6) the last term we take as: A(t) € R"*", F(t) — setvalued
convex mapping, t € [0,7] C R.
We divide the interval into k subintervals and represent the solve in integral

form as

T
Vi1 () = xo + /0 [AW)X(t) + F() ds, k=0,1,...

xo(t) = Xxo-

Using the properties of the support function and applying Euler’s method,

we obtain

where we define the second term as

0 if AT (t1,); =0,

C\Xm ,AT i) = T ; .
Oem(t), AT (1) 1) {HAT(tk)wiHc(xm(tk),HQTE?%;”) if AT (t4) v # 0.

Also, that AT (t3)1); # 0 we obtain

c(Xm (tr+1)s i) = c(xm(tr), i) +0 [HAT (t) i| cOm (th), i) + ¢ (F (t) i) | -
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where ?ﬁ;k we find from the condition

Let solve the example of this type of initial problem

AT () s

Vik T AT (8) 6]

Y;

AT () v H
TAT (t2) i

= min

DpX = A(t)X + F(t)
2 01
with A(t) = |0 1 0/[; Xo = 5||¢| is the initial set and F(t) = t[|¢|| is a
1 01
set-valued mapping. In algorithm we use the value of parameters t=0.2, delta

=0.2. In first case we use the 1800 support vectors for building a set in every

step.

Puc. 9. The solution of initial problem using methods of intersection of

support hyperplanes.

The algorithm time working in this case is 721.9192731380463.

Also, was built the case with 595 support vectors.
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Puc. 10. The solution of initial problem using methods of intersection of
CONCLUSION support hyperplanes.

Thus, sets were constructed using three methods. The first used sequen-
tial hyperplane intersections, the second used the values of the Minkowski
functional, and the third used the deformation function. Also, in the case of
hyperplane intersections and the deformation function, solutions to the initial
problems with a set-valued right-hand side and Hukuhara derivative were con-
structed using the Euler method and the scheme presented in the article by

Plotnikov and Skripnik, only generalising it for the three-dimensional case.

REFERENCES

1. Hukuhara M. Integration des applications mesurables dont la valeur est un compact
convexe Funkc. ekvacioj. 10 (1967) 205—223.

2. de Blasi F. S., Iervolino F. Equazioni differentiali con soluzioni a valore compatto
convesso, Boll. Unione Mat. Ital., 2, 45 (1969) 491-501.

3. Plotnikov V., Plotnikov A., Vityuk A. Differential equation with multivalued right-
hand side: Asymptotic methods, AstroPrint, Odesa (1999). [in Russian]



Algorithms for constructing a set-valued mapping in R® 61

10.

11.

12.
13.

14.

15.

16.

17.

18

19.

20.

Plotnikov A. V., Skrypnyk N. V. Differentsial’'nye uravneniya s “chetkoy” i nechetkoy
mnogoznachnoy pravoy chast’yu. Asimptoticheskie metody. Odesa: Astroprint, 2009.
[in Russian].

Lakshmikantham V., Granna Bhaskar T., Vasundhara Devi J. Theory of set
differential equations in metric spaces, Cambridge Sci. Publ. (2006).

Martynyuk A. Qualitative analysis of set-valued differential equations, Springer Na-
ture Switzerland AG, Birk-haeuser, Cham (2019).

N. A. Perestyuk, V. A. Plotnikov, A. M. Samoilenko, N. V. Skripnik. Differ-
ential equations with impulse effects: multivalued right-hand sides with discontinuities,
De Gruyter Stud. Math.,40, Walter De Gruyter GmbH& Co, Berlin;Boston (2011).

Komleva T. A., Plotnikov A.V., Skrypnyk N. V. Differentsial’nye uravneniya s
mnogoznachnymi resheniyami // Ukr. Mat. Zh., 60, No. 10 (2008), 1326-1337. [in Rus-

sian].

Brandao Lopes, Pinto A. J., de Blast F. S., Iervolino F. Uniqueness and existence
theorems for differential equations with compact convex valued solutions // Ibid. 1970.—
# 4.— P. 534— 538.

O. Carja, T. Donchev, A.I. Lazu Generalized Solutions of Semilinear Evolution
Inclusions. // SIAM Journal on Optimization / Vol. 26, Iss. 2 — 2016.

R. Schneider Convex Bodies: The Brunn-Minkowski Theory / Springer, 2nd edition
— 2014.

P.M. Gruber Convex and Discrete Geometry — Springer — 2007.

A. Bronstein Approximation of Convex Sets by Polytopes / Mathematics of Compu-
tation, Vol. 45, 1985 — c. 241-256.

A. Giannopoulos, V.D. Milman Convex Bodies: The Brunn—Minkowski Theory and
Applications / Lecture Notes — 2000.

E. Lutwak Selected Affine Isoperimetric Inequalities // Handbook of Convex Geome-
try/ Vol. A —1993.

R.J. Gardner Geometric Tomography / Cambridge University Press, 2nd edition —
2006.

Szilard Révész, Y. Sarantopoulos The Generalized Minkowski Functional with Ap-
plications in Approximation Theory // Journal of Convex Analysis / Vol. 11 (2004), No.
2 —c. 303-334.

. H. Hadwiger H. Vorlesungen uber Inhalt, Oberfliche und Isoperimetrie - Springer.
1957.

V. Milman, G. Schechtman Asymptotic Theory of Finite Dimensional Normed
Spaces / Springer Lecture Notes in Mathematics, Vol. 1200 — 1986.

Dontchev, A.L., Farkhi, E.M. Error estimates for discretized differential inclusions.
// Computing 41, 1989 — pp. 349-358.



62 Bondarenko K. S., Tairova M. S., Kichmarenko O. D., Verbitsky: V. V.

Bondapenro K. C., Taiposa M. C., Kiumapenxo O. /., Bepbiyvkuti B. B.
AJNTOPUMU TIOBY/IOBH MHOYKUHHO3HAYHOTO BIJIOBPAYKEHHA B R®

Pestome

V GaraTbox IPHK/IAJHUX 33/Ja9aX BHHHKAE 110Tpeba OyayBary OIyKJI MHOMKUHU, aJle SKIIO
[l MHOXKWHI OTPUMYIOTHCH, 9K PO3B 30K MAaTEMATHUIHOI MO/IEJIl, TO HA9aCTine BUKOPUCTO-
BYETHCSI MOHATTSI OMOpHOT GyHKIHI. Xova s (DYHKINST BU3HAYAETHCS TIIHKHU TS OIYKJIUX
MHOXKWH, 1T MOKHA TOOY/TyBATH TAKOXK 1 JJIS OIMYK/JINX O0DOJOHOK KOMIIAKTHHX MHOMKUH. 3a
JOMTOMOTOIO Tii€l (bYHKII MOXKHA HA TPOCTOPL OMYKINX KOMITAKTIB BBOJWUTHU MOHATTS Jude-
PeHIiioBaHHSA Ta iHTerpyBaHH:. BunHuKae 3a1a4a mMOOYIOBH OIYKJIOI ODOJIOHKHM MHOXKWHH,
AKIO Bimomi 3HaveHHd 11 onmopHOI dyHKHil v megkux HanpaMiax. [[os 1p0ro MoxyTs OyTu
3aCTOCOBaHI Tpu ajaroputMu. Ilepmmii BUKOPUCTOBY€E BIACTUBICTH omopHOl dyHKMIT i Oymxye
MHOXKHHY Iepe3 IIePeTH BU3HAYMEHUX OMOPHO0 (YHKIIE rinepromuH. pyruil asropurm
BHUKODUCTOBY€E 3HadYeHHs QyHKIOHATY MIHKOBCHKOrO, SKHU TMOB’'S3aHUIN 3 OMOPHOIO
dyukmiero. Tpertiit Oymye MuHOX)HHY 10 3HadeHHAM GyHKO mgedopmamii, sSKa TAKOXK
nos’#3aHa 31 3HaYeHHAMU OHOPHOI yHKmil. Y miif crarTi CTAaBUTHCA 337a49d IIOPIBHATH
IIBUIKICTH MOOYIOBM OMyKJIOl [JIst X TPHOX AaJaropuTMiB. Jljsi pO3paxyHKIB BUKODH-
croByBagBcs mporecop Intel Core i5-13450HX. Takox y miit cTarTi peasi30BaHO YHCIOBHUI
MeTosT TOOYIOBH PO3B'SA3KYy /[Isi PIBHAHb 3 MHOXKWHHO3HAYHOIO IMIPABOI0 YACTHUHOIO,
arasorigauii 1o merony Eitnepy.

Karowosei caosa: onopna dynruyisa, Gynkyia dedpopmanii, pynxuyionas Minkoscvrkozo, onyxai
MHONHCUHU, UPEPEHULANLHT PIBHAHHA 13 MHONCUHHOZHAYHON NPABON “ACTMUHONW, NOTIOHA

Xykyxapu, anzopumm Eltsepa.
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ALGEBRAIC IMPLEMENTATION OF BINARY
OPERATIONS ON GRAPHS

Graph theory is widely used from a practical point of view. Graphs play an important role
in scientific research (for example, electrical diagrams), and also surround us in everyday life
(for example, roads and paths maps). For everyday use, the geometric implementation of
graphs is certainly the most convenient. But for computer processing of information, this is
not rational. In these cases, an algebraic, namely matrix representation of graphs is used.
Therefore, studies devoted to this topic are gaining more and more importance. This article
considers the possibility of algebraic performing operations on adjacency matrices that rep-
resent graphs. These methods have their own characteristics and limitations.
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INTRODUCTION

When studying a system of objects connected by some arbitrary types of
relationships, both directed and undirected graphs can be used. Fach such
system is an ordered collection of elements with which certain changes can

occur. FEach such specific system can be represented graphically as a graph or
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in digital format as an adjacency matrix or incidence matrix of such a graph.
In any case, changes in system elements or the results of the interaction of
different such systems are reflected by operations on the vertices or edges of
the corresponding graphs. The geometric implementation of such operations
has already been well studied and described [1]. But computer processing of
information involves its digital representation in matrix form. Algebraic ma-
trix apparatus is also widely represented in mathematical research [2]. This
article aims to establish a correspondence between known operations on matri-
ces and operations on elements of an arbitrary graph or operations that reflect
the interaction of multiple graphs. In this way, a transition from a geomet-
ric to algebraic method of not only representing, but also processing various

information can be made.

PRELIMINARY RESULTS

If the matrices are Boolean, then with them it is possible to perform both
ordinary algebraic operations on matrices and two-valued logic operations de-
scribed in [3; 8]. If the matrices are not Boolean, then in order to perform the
logical operations of disjunction and conjunction with them, it is necessary to
use the apparatus of multi-valued logic. In this case, the operations of dis-
junction and conjunction of matrix elements are performed according to the
following rules [4]:

xVy=max{x,y} (1)
r Ay =min{z,y} (2)

But both logical and arithmetic operations on matrices require certain con-
ditions regarding their dimensionality. Different systems represented by geo-
metric implementations of graphs do not always have the same number of
objects (nodes). Therefore, the graphs corresponding to them will have a
different number of vertices. This implies a different dimension of their adja-
cency matrices. Neither logical nor arithmetic operations can be performed on
such matrices. This obstacle can be avoided by reducing both matrices to the
same dimension by introducing additional identically named all-zero rows and
columns into them. According to the characterization of graphs by their adja-
cency matrices, such pairs will correspond to isolated vertices [5; 9]. The new

extended adjacency matrices of both graphs participating in the operation will
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have the same dimension. As is known, an isomorphism is a relation between

graphs that preserves the incidence relation up to the numbering of vertices.

Theorem 1. Graphs are isomorphic if and only if their adjacency matrices
can be obtained from each other by simultaneous permutations of the same-
named rows and columns (i.e., simultaneously with the permutation of the i-th
and j-th rows of the matriz, the permutation of the i- th and j-th columns of

the matriz also occurs).

Proof. Renumber the vertices of arbitrary graphs G; = (V1, E1) and
Go = (Va, E9)(|V1] = |Va| = p) by integers from 1 to p. If A'(Gy) = A”(G2)
then the statement of the theorem is true. In the opposite case, the graphs
G1 and Gy differ only in the numbering of the vertices. This means that there

exists a permutation S on the set of vertices V that preserves adjacency, i.e.
if eilj(vil, vjl) € E, then eg(ij)(s(vil), s(vjl)) € E5. Then we have a’s’(i)s(j) =da,

The theorem is proved.

g

This theorem implies that, using an isomorphism transformation for each
graph in the extended adjacency matrix, new isolated vertices will be assigned
row-column pair numbers that reflect vertices that are absent in one graph but

present in the other.

MAIN RESULTS

Let’s consider the basic operations on graphs.

Theorem 2. The adjacency matriz of the result of the graph union operation
corresponds to the disjunction of the adjacency maitrices of the graphs being

joined.

Proof. By definition, the graph H is the union of the graphs G; = (V1, F1)
and Go = (Vi, E9), if H = (V4 U Va, By U E»). If the graphs being joined have
the same number of vertices, then the set of vertices of the graph H coincides
with the sets of vertices of the graphs G and G, i.e. ViU Vo =V = Vo, In
this case, their adjacency matrices A(H), A(G1) and A(G2) will have the same
dimension, so any operations can be performed with them without additional
preliminary transformations. If the number of vertices in the graphs under
study is different or has a different semantic load and, as a result, different
numbering, then after introducing additional zero row-column pairs, we obtain

matrices of the same dimension. By permutations, each of these matrices,
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according to Theorem 1, can be reduced to matrices of graphs isomorphic to the
original ones, where all vertices have the same numbering, which corresponds
to their meaningful loading. The elements of the adjacency matrix correspond
to the number of edges connecting the corresponding vertices. Therefore, if in
at least one of the graphs the vertices are adjacent, i.e. connected by a certain
number of edges, then in the adjacency matrix of the union of these graphs
the specified vertices will be connected by the same number of edges. This
corresponds to the definition of the disjunction operation in its multivalued
sense according to formula (1). Thus, to calculate the adjacency matrix of
the result of the union of two arbitrary graphs, it is necessary to perform the
disjunction operation of the adjacency matrices of these graphs. The theorem

is proved.

We will illustrate the result of this theorem with an example. Consider the

two directed graphs shown in Fig. 1.

Figure 1: Directed graphs.

For both of these graphs, we can construct adjacency matrices in tabular

form
Final Final
V1| V2| V3| Vg| Vs |V | V7 V| V| V3| Vy| Vs | V6 | Vs
v (111 1 1 v (111 1
v, 1 v, 1
S| s 1 1 S| vs 1
AGy) =] 3 v 1 A(Gy)=| 3 - 2 1
- | Vs hell L2
S| vs 1 Slvs |1
Ve 1(1 Vg 1 1(1
Uy 2 1
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or in the usual algebraic form

A(Gh) =

o O O o o o =
o O =R O O =

0

These matrices are constructed assuming that the row number corresponds to
the starting vertex and the column number corresponds to the final vertex of
each edge. But these graphs can be defined by these matrices from the very
beginning. Performing operations on such graphs does not require reproduction
of their geometric implementation [6]. The graph G does not contain multiple
edges, so its adjacency matrix is Boolean. Graph G2 contains strictly parallel
edges e5(vq,v2) and eg(vg, v2). Therefore, its adjacency matrix contains the
element aqo = 2, i.e. it is not Boolean [3; 8]. But if we take into account that

the disjunction operation for multivalued logic is performed according to rule

o O O O

0

o o o = O

0

o O O o O

0

O = O = = O O

—_ = O = O

0

A(G2)

o = O O O =

0

S O N OO =

0

el ool S

0

_ o = O O O

0

_ o O O O O

(1), then the disjunction for these matrices takes the form [6; 7]:

A(G1) vV A(Gs) =

If the union operation of the specified graphs is performed geometrically,

o O O O O O

SO O O = O O =

o = O O O =

0

S O O O O = =

S O Nnv O O =

0

o O O o = O O

o O O O = =

0

o O O O O O

— O = = O O

0

0

S = O = = O

o O O o o =

1

O = = O = O =

_ O = Rk O O

0

then we will get the graph shown in Fig. 2.

— R O Rk O

0

S O = O O O =

S O O N O O =

el eleololhel e

S = O = O O O

_ o O O O O =

_ o O = O O

0

o = O O = O O

_ O O O O O

0

o = O O O O O
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Figure 2: Graph G1 U Gs.

It is easy to see that the adjacency matrix Ay corresponds to this graph.

Theorem 3. The adjacency matriz of the result of the graph intersection op-
eration corresponds to the conjunction of the adjacency matrices of the inter-

secting graphs.

Proof. By definition, the graph F is the intersection of the graphs
G1 = (V1,E1) and Gy = (Vo, Ey), if F = (V1 N Va, By N Ey). If the graphs
being joined have the same number of vertices, then the set of vertices of
the graph F' coincides with the sets of vertices of the graphs G; and Ga, i.e.
ViNVe =V = V. In this case, their adjacency matrices A(F), A(G1) and
A(G2) will have the same dimension, so any operations can be performed with
them without additional preliminary transformations. If the sets of vertices
in the graphs under study do not coincide, then, as in the case of unification
graphs, after introducing additional zero row-column pairs, we obtain matrices
of the same dimension, which are transformed into matrices of graphs isomor-
phic to the original graphs. The elements of the adjacency matrix correspond
to the number of edges connecting the corresponding vertices. Therefore, if in
at least one of the graphs any two vertices are connected by a smaller number
of edges than in the second graph, then in the adjacency matrix of the inter-
section of these graphs the specified vertices will be connected by the same
smaller number of edges. This corresponds to the definition of the conjunction
operation in its multivalued sense according to formula (2). Thus, to calculate
the adjacency matrix of the result of the intersection of two arbitrary graphs,
it is necessary to perform the conjunction operation of the adjacency matrices

of these graphs. The theorem is proved.
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Let us illustrate this theorem using the example of the graphs shown in
Fig. 1. As already noted, for multivalued logic the conjunction operation is
performed according to rule (2), so the conjunction for the matrices A(G1) and
A(G3) takes the form:

1110101 1110100
0010000 0010000
00071011 00000T10
AG)ANAG2)=]0 1000 1 0|A]0O 201000
000000 1 1000000
0000011 0001011
00000O0O0O 00007100
11107100
0010000
00000T10
=]010000 0]|=4n
00000O0O
0000011
00000O0O0O

If the intersection of the specified graphs is performed geometrically, we

will get the graph shown in Fig. 3.

Figure 3: Graph G N Go.

It is easy to see that the adjacency matrix An corresponds to this graph
[6].
Theorem 4. The adjacency matriz of the result of performing the ring sum

operation of graphs corresponds to the arithmetic subtraction of the adjacency
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matrices of the union and intersection of the graphs that participate in the

specified operation.

Proof. By definition, a graph R is a ring sum of graphs G; = (V1, F1)
and Gy = (Va, E») if it does not contain isolated vertices and consists of edges

belonging to either graph G or graph Go, but not to both simultaneously, i.e.

7]

Eg = {(EG1 U EGQ)\(EGI N EG’2)} (3)

The set of edges Eg, U Eg, is the result of the graphs union operation,
and the set Eg, N Eg, is the result of their intersection. This means that the

matrix

A(R) = Ay — An = (A(G1) V A(G2)) — (A(G1) AN A(Ga)) (4)

will contain complete information about all edge-connected vertices of the
graph R, i.e. will be its adjacency matrix in the extended sense. The theorem
is proved.

By the definition of a ring sum of graphs, the graph obtained as a result
of this operation cannot contain isolated vertices. Therefore, if they appear,
they must be deleted from the resulting graph. Deleting a vertex from the
graph entails deleting all edges incident to it, that is, deleting all connections
of this object or node with other objects or nodes [7; 10]. This means that
when deleting the vertex v; from the adjacency matrix, it is necessary to delete
the i-th row and i-th column. In this regard, the algorithm for performing the
operation of deleting the vertex v; from the graph in the matrix representation
is similar to the algorithm for constructing the minor M;; for the adjacency
matrix of this graph. Let, for example, it is necessary to delete the vertex vy
from the graph Ga. Let’s construct for the matrix A(G2) the minor Mo [1]:

1 101 00
00 0 010
021000
Mao(A(Ge)) = 10000 0
0 01 01 1
0O 0 01 0O
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110100
000010
M2(A(G2))=10 0 0 0 1 0
100100
001010

Therefore, the following adjacency matrix will correspond to the new graph

Goy = Ga\{v2}

110100
000O0T1O0
AGY)=|[1 00 0 1 0
100100
001010

The algorithm for deleting rows and columns from the matrix is already
computerized. In this case, the software implementation will provide two shifts:
for rows and columns [6; 7]. A sign of an isolated vertex in the adjacency matrix
is the presence of a row and column of the same name that are all zero [5].
According to the described algorithm, this zero row-column pair should be
removed from the extended adjacency matrix of the ring sum of graphs if such
a pair appeared as a result of the procedure described in Theorem 4. The final
matrix obtained as a result of these actions will be the adjacency matrix of the
ring sum of the graphs under study.

Let us illustrate the result of Theorem 4 using the example of the graphs
shown in Fig. 1. For these graphs, the matrices Ay and An have already been

obtained. Therefore,

1110101 1110100
001 0O0O0GO 001 0O0O0O
0001011 0 00 0O0T1FQO
Ay —A~r=10 2 01 0 1 0]—-]0 1 00000
100 00O01 000 O0O0OO0OTO
0001011 00 00O0T11
000O0OT1O0TPO 0 00 0O0O0O
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0000O0TO0 1
0000O0TO0O
0001001

=lo101010]|=4s
1000001
0001000
0000100

This matrix does not contain all zero row-column pairs. This means that the
ring sum operation did not result in any isolated vertices that would be sub-
sequently deleted from the resulting graph. Therefore, the obtained adjacency
matrix does not require further processing by constructing its corresponding
minor. Thus, the resulting matrix is the final adjacency matrix of the ring sum
of the considered graphs. If we perform the ring sum operation of graphs G

and G geometrically, we obtain the graph shown in Fig. 4.

Figure 4: Graph G1 @ Ga.

For this graph, it is also easy to see that the adjacency matrix Ag corre-

sponds to it.

Theorem 5. If two graphs do not contain multiple edges, or their number
between corresponding vertices in these graphs differs by no more than one,
then the adjacency matriz of the ring sum of these graphs can be obtained as a

result of the sum modulo 2 operation of their adjacency matrices.

Proof. Asin the cases of graph union and intersection, first, if necessary,
it is necessary to construct extended adjacency matrices for both graphs in or-
der to achieve their same dimension. After that, using the isomorphism trans-

formation, they should be reduced to matrices corresponding to the graphs
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under study. After that, the following situations are possible for the obtained

adjacency matrices.

A). If the graphs do not contain multiple edges at all, then their adjacency
matrices are Boolean. In this case, if two vertices are adjacent in both graphs
(in the case of a directed graph, the vertices in both graphs are connected
by the same directed edge), then in both matrices there will be ones at the
corresponding place. But the given edge is not included in the result of the
ring sum of these graphs. Therefore, in the adjacency matrix of the result, the
corresponding element must be equal to zero. If two vertices are adjacent in
only one graph, then such an edge will be an element of the ring sum of these
graphs, that is, the corresponding element of the adjacency matrix of the result
will be equal to one. If the vertices are not adjacent in any graph, then the
result of the ring sum will also not be adjacent, i.e. the corresponding element
of the result’s adjacency matrix will be equal to zero. All this corresponds to

the sum modulo 2 as an elementary Boolean operation.

B). In general, the sum modulo 2 is defined as the remainder of dividing
the sum of the corresponding numbers by 2. If two vertices in both graphs are
connected by the same number of g-multiple edges, then the sum of these edges
will be equal to 2¢, which is an even number. The remainder of dividing such a
number by 2 will always be zero, i.e. the corresponding matrix element will be
equal to zero. This means that no multiple edge common to both graphs will
be an element of the ring sum of graphs, which corresponds to the definition

of this operation.

C). If any two vertices in both graphs are connected by multiple edges,
and the number of these edges differs by more than one, then the number of
multiple edges between the vertices when performing the ring sum of graphs
must be equal to this number. This means that the corresponding element of
the adjacency matrix of the result of this operation must be greater than one.
But such a number cannot be the result of the sum modulo 2 operation. In
this case, to calculate the adjacency matrix of the ring sum of graphs, we must

use the formula (4) proposed by Theorem 4.

D). If the number of multiple edges connecting two vertices in both graphs

differs by exactly one, then these numbers can be denoted as k and k& + 1. It
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follows from this that
(k+k+1)mod2=(2k+1)mod2=1

So, in this situation, the result of the sum modulo 2 is indeed equal to the
number of edges that are different among the multiple edges between the two
vertices. Incidentally, situation A) can be considered a special case of this
situation. The theorem is proven.

Let us illustrate the result of Theorem 5 with an example. Let us perform
the sum modulo 2 operation with the given matrices A(G1) and A(G2), keeping
in mind its general definition as the remainder of dividing the corresponding
sum by 2 [6]. The indicated matrices correspond to situation D) described in
Theorem 5.

1110101 1110100
001 00O0O 001 0O0O0O0
00010171 000 O0O0OT1FPO
AG1)®AG2)=[0 1.0 0 0 1 0l®]0 2 0 1 0 0 0f=
00 0O0O0O01 1000000
000 O0O0T11 0001011
0 00 0O0O0O 0 00O01O0PO
0 00 0O0O01
00 0O0O0OO0OOQO
0001001
=01 010 1 0]|=A4g
1000001
00 0100O00O0
000O01O00O0

This matrix coincides with the matrix Ag for the ring sum of graphs G and Ga,
calculated by formula (4), that is, the adjacency matrix of the graph obtained
as a result of the ring sum of two graphs can be calculated in the this way. The
results of Theorem 4 and Theorem 5 clearly shows that for matrix execution
of operations on graphs, the simultaneous use of both arithmetic and logical

operations is permissible.
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CONCLUSION

In the graphs considered as example, each edge is given a serial number.
In practical application, these numbers may mean a certain content load. But
with matrix display, this content can be lost. The matrix reflects the pres-
ence or absence of an edge, that is, the presence or absence of a connection
between objects. Therefore, if in two graphs between two vertices the same
edge has a different content load (for example, a road and a dirt road), then
the adjacency matrix will only show the presence or absence of this connection
without explaining its nature. But usually, in practical applications, infor-
mation about the presence of a connection is sufficient, therefore, for binary
operations on directed graphs [7], the use of elementary multivalued logic op-
erations on adjacency matrices is an effective mathematical tool. The same
algorithms have differences depending on whether directed or free graphs are
involved in the considered operations. Depending on the types of graphs, there
are also restrictions on the display of meaningful information by the matrices
of these graphs. But in practical applications, these restrictions are usually
insignificant. Therefore, for each operation on graphs and each type of graph,
it is possible to propose a combination of algebraic operations (arithmetic and
logical) that allow obtaining the matrix of a new graph, or a clear, easily pro-
grammable algorithm for transforming the matrices of the initial graphs [6; 11].
None of the considered operations on graphs is impossible in the matrix imple-
mentation. The proposed algorithms can significantly simplify the computer

processing of graphs.
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Sximosa H. A., Ilapati H .B.
AJITEBPATYHA THTEPHPETAIIISI BIHAPHUX OMNEPAINN HAJl TPA®AMU

Pestome

Teopisi rpadiB Mae MUPOKe PO3MOBCIOMZKEHHS 3 HIPAKTUIHOI TOUKU 30Py. ['padu Bimirparorn
BAXK/MBY DOJIb B HAayKOBUX JOCJIKEHHAX (HAIPHUK/IAJ, €JEKTPOCXEMH), & TAKOXK OTOTy-
I0Th HAC Y TOBCAKIEHHOMY XKWUTTI (HATIPUKJIAI, KApTH JOPIr Ta nursxis). s moGyToBo-
ro 3aCTOCyBaHHs, 0€3yMOBHO, HAN3PYUYHINIO € reoMeTpudHa peaisamia rpadis. Aje as
KOMIT' I0TepHOI 00po0Kku imdopmarii e He € parioHaabHUM. B 1inx BUMMaKax BUKOPUCTOBYE-
Thcd asrebpaidne, a came mMarpudne nomanas rpadis. Tomy Bce Oimpuroro 3madenns HaOy-
BAIOTh JOCJI/I2KEHHS, IIPUCBAYEH] caMe 1l Temi. B ganiit crarti po3risaerbCa MOXKJIMBICTD
arebpaiTHOTO BUKOHAHHS OIEPAIiil HA/T MATPUIIMU CyMiKHOCTI, sknMu nogano rpadu. Ii
MEeTOAY MaIOTh CBOI OCOOJIMBOCTI Ta OOMEZKEHHS.

Kat0v06i croa: opienmosanul ma HEOPIEHMOBAHUT 2Pafd, MAMPUUA CYMINCHOCTNI, ONEPa-

uit nad zpagamu, esemenmapri A02iuHE onepayil, 6yseea mMampuus, 6a2aMO3HANHA A02TKG.
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no nepeqikis BAK Vkpaiaus sig 15.01.2003 p. Ne 7-05/1, 106710 HEOOXiTHO
BUJLTUTH BCTYI, OCHOBHY YacTHHY 1 BUCHOBKU. OCHOBHA YACTHUHA TTOBUHHA
MICTHTH TTOCTAHOBKY MPOOJIEMH B 3arajibHOMY BUIUIAL Ta 11 3B’430K 13 BaXKIH-
BUMHN HAYKOBUMHU YN MPAKTUIHUMH 3aBIAHHAME; aHAJTI3 OCTAHHIX JOC/IiTKEeHb
i my0Osikamiit, B 9KAX 3aII0YaTKOBAHO PO3B d3aHHS maHOl mpobsemu i Ha gki
CITUPAETLCA aBTOP, BUJILJIEHHSI HEBUPIMIEHUX PpaHillle YacTHH 3arajbHOI po-
byieMu, KOTPUM MIPUCBIAYYETHCA TOMAHA CTATTs; POPMyaIOBaHHY Iijeil crarTi
(mocTaHOBKA 3aB/IAHHHA ); BUKJIA OCHOBHOTO MaTepiaJly TOC/I/I?KEeHHST 3 TIOBHUM
OOr'pyHTYBAHHAM OTPUMAHUX HAYKOBUX PE3Y/IbTATIB; BUCHOBKH 3 IHOTO JOC/Ti-
JI2KeHHs 1 TEPCIeKTUBY MOJAJIBINNX PO3BIIOK v IboMy HanpsaMi. [locnnanas ma
JATEPATYPY B TEKCTI MOJAI0ThCA HOPAIKOBUM HOMEPOM Y KBJIPATHAX JIyKKaAX;

— CIIHCOK JITEPATYPHUX JIZKEPeJT YKJIAJIAEThCd B HOPSJKY IMOCUIaHb abo B
ahaBiTHOMY TOPSIAKY Ta 0OPMITIOETHCA BIAMOBIMHO 10 JlepKaBHOTO CTaH-
mapty Yxpainun JCTY 7.1:2006 «Biomgiorpadiunuit 3amuc. Bibmiorpadpiammit
omnuc. 3arajbHi BUMOTH Ta IpaBIja CKJIaJaHHsg» Ta Biamoeimae sumoram BAK
Ykpaiuu (qus. Hakas Ne 63 Big 26.01.2008);

— aHOTAIlls 1HIIOI MOBOIO ITOBUHHA MICTUTH HA3BY, CITMCOK aBTOPiB, Pe3f0-
me obcarom me mentre 100 ¢1iB Ta CIIUCOK KIIOYOBUX CJIiB;

— IOJATKOBO, IKITO CTATTS HANCaHa YKPAIHCHKOIO MOBOIO, MiCJId aHOTAIII]
AHT/TIICHKOI0 MOBOIO JIOJAE€THCS CIUCOK JIITEPATypH y TpaHcaiTepartii, opopm-
JIeHuit y BiAMOBIMHOCTI 10 MikHapOHOTO cTannapty Harvard (3pa3ok Ta mpa-
Buia 0bOPMIIEHHST MOXKHA 3HAlTH B maba0Hi crarri Ha caiiri).

Vei magicaani cTaTTi TPOXOAATL aHOHIMHE PEIEeH3yBAHHS.

Penkoneria mMae mpaBo BLAXWJIATH PYKOMUCH, SIKITIO BOHU HE BIANOBIIAIOTH
BUMOTAM KypHaay «Jlocaimxkenns B MaTeMaTHIl i MEXaHiTT ».

B oxmomy HOMepi kypHasy myOaiKyeThCs TIIBKH OJHA CTATTH aBTOPA,
30KpeMa i y CIIBaBTOPCTBI.

Pedaxuiting xonrezia scyprasy
«Jocaidocenna 6 MaMEMAMUYT § METAHIULS
Onecbkuit Harionaabuuil yaisepcuter imeni 1. I. Meunukosa
Bys1. 3miernka Bceepomoga, 2
M. Ogeca, 65082



YEpaincokoro ma aH2Allicbko10 MOBAMU

3rigmo 3 Pimennam Hamionanbmol pagn YKpaiHu 3 TUTaHL TeaebadeHms
i pagiomorenna Ne 1407 Big 26.06.2025 p. xkypHAJ 3apeecTpOBaHNL

JK JpyKoBaHe Mezia 1 BHecenmit 1o PeecTpy cyb’ekTiB v cdepi memia

3 inentudikaropom R30-06164

3aTBepKEHO 0 JAPYKY BUEHOI PaIofo
Opmecvkoro HarioHa bHOTO yHiBepcuTeTy imeni I. I. Meunukosa
ITporokon Ne 4 six 25 aucromama 2025 p.

Bignosiganbuuit 3a Buityck O. 0. Maxcumos
3asigysauka pemakiii 7. M. 3abanosa
Texuiunwmit pegakrop M. M. Bywun

Hakmrax 100 mp. Bam. Ne 346(69).

Apeca peakosterii:
ByJ1. 3mienka Bceesosoma, 2, M. Ogeca, 65082, Ykpaina
Onecbknit HanioHadbHuil yHiBepcuTeT imeni I. 1. Meunukopa

BugasaunTBo i gpykapHs «ACTpornpuHT»
By/1. Pazymoserka, 21, m.Oneca, 65091, Ykpaina
Tea.: (0482) 37-07-95, 37-14-25, 33-07-17, (048) 7-855-855
astro_ print@ukr.net
CeimonTso cy6’ekta Bugapaudol cipasu JK Ne 1373 six 28.05.2003 p.

Hocnimxennst B maremarnry i mexamini. — 2025. — T. 30, sum. 1(45). —
C. 1-83.



