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ALGEBRAIC IMPLEMENTATION OF BINARY
OPERATIONS ON GRAPHS

Graph theory is widely used from a practical point of view. Graphs play an important role
in scientific research (for example, electrical diagrams), and also surround us in everyday life
(for example, roads and paths maps). For everyday use, the geometric implementation of
graphs is certainly the most convenient. But for computer processing of information, this is
not rational. In these cases, an algebraic, namely matrix representation of graphs is used.
Therefore, studies devoted to this topic are gaining more and more importance. This article
considers the possibility of algebraic performing operations on adjacency matrices that rep-
resent graphs. These methods have their own characteristics and limitations.
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INTRODUCTION

When studying a system of objects connected by some arbitrary types of
relationships, both directed and undirected graphs can be used. Fach such
system is an ordered collection of elements with which certain changes can

occur. FEach such specific system can be represented graphically as a graph or
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in digital format as an adjacency matrix or incidence matrix of such a graph.
In any case, changes in system elements or the results of the interaction of
different such systems are reflected by operations on the vertices or edges of
the corresponding graphs. The geometric implementation of such operations
has already been well studied and described [1]. But computer processing of
information involves its digital representation in matrix form. Algebraic ma-
trix apparatus is also widely represented in mathematical research [2]. This
article aims to establish a correspondence between known operations on matri-
ces and operations on elements of an arbitrary graph or operations that reflect
the interaction of multiple graphs. In this way, a transition from a geomet-
ric to algebraic method of not only representing, but also processing various

information can be made.

PRELIMINARY RESULTS

If the matrices are Boolean, then with them it is possible to perform both
ordinary algebraic operations on matrices and two-valued logic operations de-
scribed in [3; 8]. If the matrices are not Boolean, then in order to perform the
logical operations of disjunction and conjunction with them, it is necessary to
use the apparatus of multi-valued logic. In this case, the operations of dis-
junction and conjunction of matrix elements are performed according to the
following rules [4]:

xVy=max{x,y} (1)
r Ay =min{z,y} (2)

But both logical and arithmetic operations on matrices require certain con-
ditions regarding their dimensionality. Different systems represented by geo-
metric implementations of graphs do not always have the same number of
objects (nodes). Therefore, the graphs corresponding to them will have a
different number of vertices. This implies a different dimension of their adja-
cency matrices. Neither logical nor arithmetic operations can be performed on
such matrices. This obstacle can be avoided by reducing both matrices to the
same dimension by introducing additional identically named all-zero rows and
columns into them. According to the characterization of graphs by their adja-
cency matrices, such pairs will correspond to isolated vertices [5; 9]. The new

extended adjacency matrices of both graphs participating in the operation will
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have the same dimension. As is known, an isomorphism is a relation between

graphs that preserves the incidence relation up to the numbering of vertices.

Theorem 1. Graphs are isomorphic if and only if their adjacency matrices
can be obtained from each other by simultaneous permutations of the same-
named rows and columns (i.e., simultaneously with the permutation of the i-th
and j-th rows of the matriz, the permutation of the i- th and j-th columns of

the matriz also occurs).

Proof. Renumber the vertices of arbitrary graphs G; = (V1, E1) and
Go = (Va, E9)(|V1] = |Va| = p) by integers from 1 to p. If A'(Gy) = A”(G2)
then the statement of the theorem is true. In the opposite case, the graphs
G1 and Gy differ only in the numbering of the vertices. This means that there

exists a permutation S on the set of vertices V that preserves adjacency, i.e.
if eilj(vil, vjl) € E, then eg(ij)(s(vil), s(vjl)) € E5. Then we have a’s’(i)s(j) =da,

The theorem is proved.

g

This theorem implies that, using an isomorphism transformation for each
graph in the extended adjacency matrix, new isolated vertices will be assigned
row-column pair numbers that reflect vertices that are absent in one graph but

present in the other.

MAIN RESULTS

Let’s consider the basic operations on graphs.

Theorem 2. The adjacency matriz of the result of the graph union operation
corresponds to the disjunction of the adjacency maitrices of the graphs being

joined.

Proof. By definition, the graph H is the union of the graphs G; = (V1, F1)
and Go = (Vi, E9), if H = (V4 U Va, By U E»). If the graphs being joined have
the same number of vertices, then the set of vertices of the graph H coincides
with the sets of vertices of the graphs G and G, i.e. ViU Vo =V = Vo, In
this case, their adjacency matrices A(H), A(G1) and A(G2) will have the same
dimension, so any operations can be performed with them without additional
preliminary transformations. If the number of vertices in the graphs under
study is different or has a different semantic load and, as a result, different
numbering, then after introducing additional zero row-column pairs, we obtain

matrices of the same dimension. By permutations, each of these matrices,
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according to Theorem 1, can be reduced to matrices of graphs isomorphic to the
original ones, where all vertices have the same numbering, which corresponds
to their meaningful loading. The elements of the adjacency matrix correspond
to the number of edges connecting the corresponding vertices. Therefore, if in
at least one of the graphs the vertices are adjacent, i.e. connected by a certain
number of edges, then in the adjacency matrix of the union of these graphs
the specified vertices will be connected by the same number of edges. This
corresponds to the definition of the disjunction operation in its multivalued
sense according to formula (1). Thus, to calculate the adjacency matrix of
the result of the union of two arbitrary graphs, it is necessary to perform the
disjunction operation of the adjacency matrices of these graphs. The theorem

is proved.

We will illustrate the result of this theorem with an example. Consider the

two directed graphs shown in Fig. 1.

Figure 1: Directed graphs.

For both of these graphs, we can construct adjacency matrices in tabular

form
Final Final
V1| V2| V3| Vg| Vs |V | V7 V| V| V3| Vy| Vs | V6 | Vs
v (111 1 1 v (111 1
v, 1 v, 1
S| s 1 1 S| vs 1
AGy) =] 3 v 1 A(Gy)=| 3 - 2 1
- | Vs hell L2
S| vs 1 Slvs |1
Ve 1(1 Vg 1 1(1
Uy 2 1
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or in the usual algebraic form

A(Gh) =

o O O o o o =
o O =R O O =

0

These matrices are constructed assuming that the row number corresponds to
the starting vertex and the column number corresponds to the final vertex of
each edge. But these graphs can be defined by these matrices from the very
beginning. Performing operations on such graphs does not require reproduction
of their geometric implementation [6]. The graph G does not contain multiple
edges, so its adjacency matrix is Boolean. Graph G2 contains strictly parallel
edges e5(vq,v2) and eg(vg, v2). Therefore, its adjacency matrix contains the
element aqo = 2, i.e. it is not Boolean [3; 8]. But if we take into account that

the disjunction operation for multivalued logic is performed according to rule

o O O O

0

o o o = O

0

o O O o O

0

O = O = = O O

—_ = O = O

0

A(G2)

o = O O O =

0

S O N OO =

0

el ool S

0

_ o = O O O

0

_ o O O O O

(1), then the disjunction for these matrices takes the form [6; 7]:

A(G1) vV A(Gs) =

If the union operation of the specified graphs is performed geometrically,

o O O O O O

SO O O = O O =

o = O O O =

0

S O O O O = =

S O Nnv O O =

0

o O O o = O O

o O O O = =

0

o O O O O O

— O = = O O

0

0

S = O = = O

o O O o o =

1

O = = O = O =

_ O = Rk O O

0

then we will get the graph shown in Fig. 2.

— R O Rk O

0

S O = O O O =

S O O N O O =

el eleololhel e

S = O = O O O

_ o O O O O =
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0
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_ O O O O O

0

o = O O O O O
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Figure 2: Graph G1 U Gs.

It is easy to see that the adjacency matrix Ay corresponds to this graph.

Theorem 3. The adjacency matriz of the result of the graph intersection op-
eration corresponds to the conjunction of the adjacency matrices of the inter-

secting graphs.

Proof. By definition, the graph F is the intersection of the graphs
G1 = (V1,E1) and Gy = (Vo, Ey), if F = (V1 N Va, By N Ey). If the graphs
being joined have the same number of vertices, then the set of vertices of
the graph F' coincides with the sets of vertices of the graphs G; and Ga, i.e.
ViNVe =V = V. In this case, their adjacency matrices A(F), A(G1) and
A(G2) will have the same dimension, so any operations can be performed with
them without additional preliminary transformations. If the sets of vertices
in the graphs under study do not coincide, then, as in the case of unification
graphs, after introducing additional zero row-column pairs, we obtain matrices
of the same dimension, which are transformed into matrices of graphs isomor-
phic to the original graphs. The elements of the adjacency matrix correspond
to the number of edges connecting the corresponding vertices. Therefore, if in
at least one of the graphs any two vertices are connected by a smaller number
of edges than in the second graph, then in the adjacency matrix of the inter-
section of these graphs the specified vertices will be connected by the same
smaller number of edges. This corresponds to the definition of the conjunction
operation in its multivalued sense according to formula (2). Thus, to calculate
the adjacency matrix of the result of the intersection of two arbitrary graphs,
it is necessary to perform the conjunction operation of the adjacency matrices

of these graphs. The theorem is proved.
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Let us illustrate this theorem using the example of the graphs shown in
Fig. 1. As already noted, for multivalued logic the conjunction operation is
performed according to rule (2), so the conjunction for the matrices A(G1) and
A(G3) takes the form:

1110101 1110100
0010000 0010000
00071011 00000T10
AG)ANAG2)=]0 1000 1 0|A]0O 201000
000000 1 1000000
0000011 0001011
00000O0O0O 00007100
11107100
0010000
00000T10
=]010000 0]|=4n
00000O0O
0000011
00000O0O0O

If the intersection of the specified graphs is performed geometrically, we

will get the graph shown in Fig. 3.

Figure 3: Graph G N Go.

It is easy to see that the adjacency matrix An corresponds to this graph
[6].
Theorem 4. The adjacency matriz of the result of performing the ring sum

operation of graphs corresponds to the arithmetic subtraction of the adjacency
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matrices of the union and intersection of the graphs that participate in the

specified operation.

Proof. By definition, a graph R is a ring sum of graphs G; = (V1, F1)
and Gy = (Va, E») if it does not contain isolated vertices and consists of edges

belonging to either graph G or graph Go, but not to both simultaneously, i.e.

7]

Eg = {(EG1 U EGQ)\(EGI N EG’2)} (3)

The set of edges Eg, U Eg, is the result of the graphs union operation,
and the set Eg, N Eg, is the result of their intersection. This means that the

matrix

A(R) = Ay — An = (A(G1) V A(G2)) — (A(G1) AN A(Ga)) (4)

will contain complete information about all edge-connected vertices of the
graph R, i.e. will be its adjacency matrix in the extended sense. The theorem
is proved.

By the definition of a ring sum of graphs, the graph obtained as a result
of this operation cannot contain isolated vertices. Therefore, if they appear,
they must be deleted from the resulting graph. Deleting a vertex from the
graph entails deleting all edges incident to it, that is, deleting all connections
of this object or node with other objects or nodes [7; 10]. This means that
when deleting the vertex v; from the adjacency matrix, it is necessary to delete
the i-th row and i-th column. In this regard, the algorithm for performing the
operation of deleting the vertex v; from the graph in the matrix representation
is similar to the algorithm for constructing the minor M;; for the adjacency
matrix of this graph. Let, for example, it is necessary to delete the vertex vy
from the graph Ga. Let’s construct for the matrix A(G2) the minor Mo [1]:

1 101 00
00 0 010
021000
Mao(A(Ge)) = 10000 0
0 01 01 1
0O 0 01 0O
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110100
000010
M2(A(G2))=10 0 0 0 1 0
100100
001010

Therefore, the following adjacency matrix will correspond to the new graph

Goy = Ga\{v2}

110100
000O0T1O0
AGY)=|[1 00 0 1 0
100100
001010

The algorithm for deleting rows and columns from the matrix is already
computerized. In this case, the software implementation will provide two shifts:
for rows and columns [6; 7]. A sign of an isolated vertex in the adjacency matrix
is the presence of a row and column of the same name that are all zero [5].
According to the described algorithm, this zero row-column pair should be
removed from the extended adjacency matrix of the ring sum of graphs if such
a pair appeared as a result of the procedure described in Theorem 4. The final
matrix obtained as a result of these actions will be the adjacency matrix of the
ring sum of the graphs under study.

Let us illustrate the result of Theorem 4 using the example of the graphs
shown in Fig. 1. For these graphs, the matrices Ay and An have already been

obtained. Therefore,

1110101 1110100
001 0O0O0GO 001 0O0O0O
0001011 0 00 0O0T1FQO
Ay —A~r=10 2 01 0 1 0]—-]0 1 00000
100 00O01 000 O0O0OO0OTO
0001011 00 00O0T11
000O0OT1O0TPO 0 00 0O0O0O
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0000O0TO0 1
0000O0TO0O
0001001

=lo101010]|=4s
1000001
0001000
0000100

This matrix does not contain all zero row-column pairs. This means that the
ring sum operation did not result in any isolated vertices that would be sub-
sequently deleted from the resulting graph. Therefore, the obtained adjacency
matrix does not require further processing by constructing its corresponding
minor. Thus, the resulting matrix is the final adjacency matrix of the ring sum
of the considered graphs. If we perform the ring sum operation of graphs G

and G geometrically, we obtain the graph shown in Fig. 4.

Figure 4: Graph G1 @ Ga.

For this graph, it is also easy to see that the adjacency matrix Ag corre-

sponds to it.

Theorem 5. If two graphs do not contain multiple edges, or their number
between corresponding vertices in these graphs differs by no more than one,
then the adjacency matriz of the ring sum of these graphs can be obtained as a

result of the sum modulo 2 operation of their adjacency matrices.

Proof. Asin the cases of graph union and intersection, first, if necessary,
it is necessary to construct extended adjacency matrices for both graphs in or-
der to achieve their same dimension. After that, using the isomorphism trans-

formation, they should be reduced to matrices corresponding to the graphs
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under study. After that, the following situations are possible for the obtained

adjacency matrices.

A). If the graphs do not contain multiple edges at all, then their adjacency
matrices are Boolean. In this case, if two vertices are adjacent in both graphs
(in the case of a directed graph, the vertices in both graphs are connected
by the same directed edge), then in both matrices there will be ones at the
corresponding place. But the given edge is not included in the result of the
ring sum of these graphs. Therefore, in the adjacency matrix of the result, the
corresponding element must be equal to zero. If two vertices are adjacent in
only one graph, then such an edge will be an element of the ring sum of these
graphs, that is, the corresponding element of the adjacency matrix of the result
will be equal to one. If the vertices are not adjacent in any graph, then the
result of the ring sum will also not be adjacent, i.e. the corresponding element
of the result’s adjacency matrix will be equal to zero. All this corresponds to

the sum modulo 2 as an elementary Boolean operation.

B). In general, the sum modulo 2 is defined as the remainder of dividing
the sum of the corresponding numbers by 2. If two vertices in both graphs are
connected by the same number of g-multiple edges, then the sum of these edges
will be equal to 2¢, which is an even number. The remainder of dividing such a
number by 2 will always be zero, i.e. the corresponding matrix element will be
equal to zero. This means that no multiple edge common to both graphs will
be an element of the ring sum of graphs, which corresponds to the definition

of this operation.

C). If any two vertices in both graphs are connected by multiple edges,
and the number of these edges differs by more than one, then the number of
multiple edges between the vertices when performing the ring sum of graphs
must be equal to this number. This means that the corresponding element of
the adjacency matrix of the result of this operation must be greater than one.
But such a number cannot be the result of the sum modulo 2 operation. In
this case, to calculate the adjacency matrix of the ring sum of graphs, we must

use the formula (4) proposed by Theorem 4.

D). If the number of multiple edges connecting two vertices in both graphs

differs by exactly one, then these numbers can be denoted as k and k& + 1. It
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follows from this that
(k+k+1)mod2=(2k+1)mod2=1

So, in this situation, the result of the sum modulo 2 is indeed equal to the
number of edges that are different among the multiple edges between the two
vertices. Incidentally, situation A) can be considered a special case of this
situation. The theorem is proven.

Let us illustrate the result of Theorem 5 with an example. Let us perform
the sum modulo 2 operation with the given matrices A(G1) and A(G2), keeping
in mind its general definition as the remainder of dividing the corresponding
sum by 2 [6]. The indicated matrices correspond to situation D) described in
Theorem 5.

1110101 1110100
001 00O0O 001 0O0O0O0
00010171 000 O0O0OT1FPO
AG1)®AG2)=[0 1.0 0 0 1 0l®]0 2 0 1 0 0 0f=
00 0O0O0O01 1000000
000 O0O0T11 0001011
0 00 0O0O0O 0 00O01O0PO
0 00 0O0O01
00 0O0O0OO0OOQO
0001001
=01 010 1 0]|=A4g
1000001
00 0100O00O0
000O01O00O0

This matrix coincides with the matrix Ag for the ring sum of graphs G and Ga,
calculated by formula (4), that is, the adjacency matrix of the graph obtained
as a result of the ring sum of two graphs can be calculated in the this way. The
results of Theorem 4 and Theorem 5 clearly shows that for matrix execution
of operations on graphs, the simultaneous use of both arithmetic and logical

operations is permissible.
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CONCLUSION

In the graphs considered as example, each edge is given a serial number.
In practical application, these numbers may mean a certain content load. But
with matrix display, this content can be lost. The matrix reflects the pres-
ence or absence of an edge, that is, the presence or absence of a connection
between objects. Therefore, if in two graphs between two vertices the same
edge has a different content load (for example, a road and a dirt road), then
the adjacency matrix will only show the presence or absence of this connection
without explaining its nature. But usually, in practical applications, infor-
mation about the presence of a connection is sufficient, therefore, for binary
operations on directed graphs [7], the use of elementary multivalued logic op-
erations on adjacency matrices is an effective mathematical tool. The same
algorithms have differences depending on whether directed or free graphs are
involved in the considered operations. Depending on the types of graphs, there
are also restrictions on the display of meaningful information by the matrices
of these graphs. But in practical applications, these restrictions are usually
insignificant. Therefore, for each operation on graphs and each type of graph,
it is possible to propose a combination of algebraic operations (arithmetic and
logical) that allow obtaining the matrix of a new graph, or a clear, easily pro-
grammable algorithm for transforming the matrices of the initial graphs [6; 11].
None of the considered operations on graphs is impossible in the matrix imple-
mentation. The proposed algorithms can significantly simplify the computer

processing of graphs.
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Sximosa H. A., Ilapati H .B.
AJITEBPATYHA THTEPHPETAIIISI BIHAPHUX OMNEPAINN HAJl TPA®AMU

Pestome

Teopisi rpadiB Mae MUPOKe PO3MOBCIOMZKEHHS 3 HIPAKTUIHOI TOUKU 30Py. ['padu Bimirparorn
BAXK/MBY DOJIb B HAayKOBUX JOCJIKEHHAX (HAIPHUK/IAJ, €JEKTPOCXEMH), & TAKOXK OTOTy-
I0Th HAC Y TOBCAKIEHHOMY XKWUTTI (HATIPUKJIAI, KApTH JOPIr Ta nursxis). s moGyToBo-
ro 3aCTOCyBaHHs, 0€3yMOBHO, HAN3PYUYHINIO € reoMeTpudHa peaisamia rpadis. Aje as
KOMIT' I0TepHOI 00po0Kku imdopmarii e He € parioHaabHUM. B 1inx BUMMaKax BUKOPUCTOBYE-
Thcd asrebpaidne, a came mMarpudne nomanas rpadis. Tomy Bce Oimpuroro 3madenns HaOy-
BAIOTh JOCJI/I2KEHHS, IIPUCBAYEH] caMe 1l Temi. B ganiit crarti po3risaerbCa MOXKJIMBICTD
arebpaiTHOTO BUKOHAHHS OIEPAIiil HA/T MATPUIIMU CyMiKHOCTI, sknMu nogano rpadu. Ii
MEeTOAY MaIOTh CBOI OCOOJIMBOCTI Ta OOMEZKEHHS.

Kat0v06i croa: opienmosanul ma HEOPIEHMOBAHUT 2Pafd, MAMPUUA CYMINCHOCTNI, ONEPa-

uit nad zpagamu, esemenmapri A02iuHE onepayil, 6yseea mMampuus, 6a2aMO3HANHA A02TKG.
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