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ALGORITHMS FOR CONSTRUCTING A SET-VALUED MAPPING
IN R3

In many applied problems, there is a need to construct convex sets, but if these sets are
obtained as a solution to a mathematical model, then the concept of a support function
is most often used. Although this function is defined only for convex sets, it can also be
constructed for convex hulls of compact sets. With the help of this function, it is possible

to introduce the concepts of differentiation and integration in the space of convex compact
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sets. The problem arises of constructing a convex hull of a set if the values of its support
function in some directions are known. Three algorithms can be used for this. The first
uses the property of the support function and constructs the set through the intersections of
hyperplanes defined by the support function. The second algorithm uses the values of the
Minkowski functional, which is related to the support function. The third constructs the set
according to the meaning of the deformation function, which is also related to the values of
the support function. In this article, the task is to compare the construction speed for these
three algorithms. The Intel Core i5-13450HX processor was used for calculations. Also in
this article, a numerical method for constructing a solution for equations with a set-valued
right-hand side, similar to the Euler method, is implemented.

MSC: 34A60, 34A99, 68W25.

Keywords: support function, deformation function, Minkowski functional, convez sets, ini-
tial problem with a multivalued right-hand side.
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INTRODUCTION

Differential equations with a multivalued right-hand side are widely used
as mathematical models of processes and phenomena of various nature.

The solution of such an equation is a multivalued mapping in the space
compR™. Studies of the existence of solutions and their properties can be found,
for example, in works [1-10]. At the same time, the issue of constructing so-
lutions by numerical methods is actual. Since the solution of a differential
equation with a multivalued right-hand side is a convex set, first of all, algo-
rithms for constructing a set in space are needed. This can be done using the
support function of the set [11-13|, the deformation function [14; 15| or the
Minkowski functional [15-19]. Secondly, it is necessary to construct an algo-
rithm for constructing a sequence of sets that are solutions of the considered
differential equation with a multivalued right-hand side at successive moments
of time. An analogue of the Euler method is one of the most widely used
numerical methods applied to this type of equations. In [20] was presented an
estimate for the Hausdorff distance between the set of solutions of a differential
inclusion and the set of solutions of its Euler discrete approximation, using an
averaged modulus of continuity for multifunctions.

This article presents an algorithm for constructing solutions to differential
equations with the Hukuhara derivative: in three-dimensional space by numer-
ical methods that are based on the Euler method, but differ in the methods of
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constructing the boundary points of the convex set - using support functions,

deformation functions, and the Minkowski functional.

MAIN RESULTS

1. CONSTRUCTION OF A CONVEX HULL USING THE INTERSECTION
OF SUPPORT HYPERPLANES

Let’s construct the boundary of a convex set in three-dimensional space
F € comp(R?). To construct it, we will use the value of the support function
for the three-dimensional set.

The support function is determined
c(f,¥) = maz(f, ). (1)
fer

The maximum on the right-hand side is achieved because the scalar product

(f, %) is continuous in f and the set F' is compact.

1.1. ALGORITHM FOR CONSTRUCTING THE CONVEX HULL OF A SET
USING SUPPORT FUNCTION

Let’s introduce the support vector

sin 0 * cos ¢
Y = | sinf xsingp (2)

cos

is the set of all vectors of unit length expressed in spherical coordinates relative
to two angles 6, p, where 6 € [0,7] ¢ € [0,27]. Let us take N/2 uniformly
distributed points from first interval 6; € [0,7],7 = 0, N/2 and N points from

second one, i.e. p; € [0,27],5 =0, N.
There are vectors ¢ on the sphere are arranged in rows, and the poles are
represented by vectors ¢ with 8 = 0, # = 7. For first row we can construct the

matrices with the values of vectors:

M = (¢1, %9, 93)T

There is 11 = ¢|p=0 and 23 = 1/"9:247

~ =027’
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Further, for each angles 6 =0 + QW”, m— %’r we construct two matrices M,

M. These matrices contain rows of points on a two-dimensional sphere that

are the vertices of triangles from sphere triangulation.

M1 = (¢17¢27¢3)T

sin ; * cos @; sin ;41 * cos @, sin @; 41 * cos ;11
Y1 = | sinb; xsing; |, Y2 = | sinb;1; *sing; |, ¥3 = | sinb;i41 *sinp;q |,
cos 0; cos 611 cos 611

sin ; * cos ;11
M2 = (31, 9,13)T where g = | sin ; * sin ©j+1
cos 0;

where 0; € [O+2W”,7T— QW”] ;5 € [0,27].

Respectively, for the lower pole we have

M = (¢1, %9, 93)T

There is 1 = ¢|p—r and o3 = We:w—%,@:o?r
For all matrices for each row, we calculate the value of the support function

and we solve the systems of linear equations

(03 x1 c(F, 1)
o T2 | = C(Fv ¢2)
V3 T3 c(F,v3)

After solving the system of linear equation, we obtain a vector x that lies on
the boundary of the convex hull of the set F. These points are the intersection

points of hyperplanes with normal vectors 11, 19, ¥3.

1.2. NUMERICAL CALCULATIONS FOR SUPPORT FUNCTION

Construction of the convex hull of a set, using the support func-
tion. For which of the sets we use N=60. That means we have the
1800 support vectors for each set.

The sphere F' = S3(5,—5,5) are built
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Puc. 1: ¢(F,v¢) = 3||¢]| + 5y1 — 5o + 5ips.

The time it took to calculate all the points to construct the convex hull of the
set is 0.2328968048095703.
The cube F = K33 3(5,—5,5) are built

Puc. 2: c(F,v¢) = 3(|¢1] + [a| 4 [13]) + 51p1 — 592 + 5eh3

The time it took to calculate all the points to construct the convex hull of the
set is 0.2111680507659912.
Let us construct the convex hull of the sum of two sets S3(5,—5,5) and

K333(0,0,0) using the intersection of the supporting hyperplanes
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Puc. 3: ¢(F, 1) = 3[|9[| + 3(|[¢1] + || + [¢3]) + 591 — 5eha + 513

The algorithm time working is 0.2328968048095703.

2. CONSTRUCTION OF A CONVEX HULL USING THE DEFORMATION
FUNCTION

The deformation function of a convex set F' € conv(R"),0 € intF is called
the function
d(F,¢) =supfA>0: Mp e A}, € S

The deformation function coincides with the inverse Minkowski functional
on the unit sphere.
Using the deformation function, the set F' € conv(R"™) can be represented

in the form

A= U {z eR": 2= AP, A € [0,d(F,¢)]}; S—the unit sphere (3)
peS
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2.1. ALGORITHM FOR CONSTRUCTING THE CONVEX HULL OF A SET
USING THE DEFORMATION FUNCTION

1. Generate a set of directions 1 uniformly distributed on the unit sphere.
We set the values of the angles 0, ¢, where 6§ € [0,7] ¢ € [0,27] to

determine the support vectors (2) in the spherical coordinate system.

2. Next we define the area of space in which the given set lies. This area is
a rectangle for which we find the center. To do this, we find the values of
the support function ¢(F, ) from support vectors (2) with 6 =0, 0 =7
and (0 = 550 =0), 0 =F0=m) (0 =F50=13) (0 = 50 =),
then we obtain the center point with the arithmetic mean of the values

of the support function from opposite support vectors.

3. We use the algorithm for finding the deformation function. It calculates
vector length in each given direction, so that it still remains inside the

figure.

4. Next, for each support vector ¥ we calculate values of support function

minus support function from center point.

5. Fix the support vector ¢; € 1 and for each other support vector 1 if the
(1i,1) > 0 calculate A = mlzn { c(F) } . This lambda guarantees us that

[CXD)
the vector will satisfy all conditions and will not go beyond the boundary

of the convex hull in any direction.

6. We construct a vector A - ¢ + ¢ that lies on the boundary of the convex

hull, where c is a center vertor.

2.2. NUMERICAL CALCULATIONS FOR DEFORMATION FUNCTION

Construction of the convex hull of a set, using the deformation
function. For which of the sets we use N=60. That means we have
the 1800 support vectors for each set.

The sphere F' = S3(5,—5,5) are built
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Puc. 4: C(F,Q/)) = 3“@/)“ + 51 — HYo + HuYs.

The time it took to calculate all the points to construct the convex hull of the
set is 9.219122409820557.
The cube F' = K33 3(5, —5,5) are built
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Puc. 5: ¢(F,v¢) = 3(|¢1] + 12| + |¥3]) + 591 — 5epa + 53

The time it took to calculate all the points to construct the convex hull of the
set is 9.053423881530762.
Let us construct the convex hull of the sum of two sets S3(5,—5,5) and

K333(0,0,0) using the deformation function
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Puc. 6: ¢(F,¢) = 3[|v]l + 3(|¢n] + [v2] + [¢3]) + 5¢b1 — Seba + 5eb3

The algorithm time working is 9.10199236869812.

Also, we construct the convex hull of the tetrahedron

5 2.5 2.5
co T2 5 |3]25
0 0 0 5

using the deformation function

Puc. 7: c(F,v) = max {11 + 1b2; 5P1 + 23 2.591 + 5e2; 2.50h1 + 2.5¢p3 + 51p3}

The algorithm time working in this case is 9.07657241821289.
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3. MINKOWSKI FUNCTIONAL

The Minkowski functional of a convex set F' € conv(R"),0 € intF is the
function

m(:c,F):mf{A>o:§eF}. (4)

Using the Minkowski functional, the set F' € conv(R") can be represented in
the form

F={zeR":m(z,F)<1}. (5)

It follows that it is necessary to check the inequality (x,v) < ¢(F,v), for a

certain set of points.

3.1. ALGORITHM FOR CONSTRUCTING THE CONVEX HULL OF A SET
USING THE MINKOWSKI FUNCTIONAL

1. We set the values of the angles 6, ¢, where 6 € [0,7] ¢ € [0,27] to

determine the support vectors (2) in the spherical coordinate system.

2. We define the support function ¢(F, ) of the set F' € R™ we are con-

structing using a formula.

3. Next we define the area of space in which the given set lies. This area is
a rectangle for which we find the center. To do this, we find the values

of the support function in the directions (2) with § = 0, § = 7 and

O=%59=0),0=5¢=m @=%5p=3) (0=75¢=7) then
add 1 to each of the values found in the corresponding directions.

4. Next, we construct a grid of points lying between the planes defined by
these constraints; this grid is specified using the step parameter. This

parameter specifies the splitting step.

5. Next, for each direction 1, we subtract the value of the support function
of the center in this direction of the rectangle found earlier from the value

of the support function of the set in this direction.

6. For each point z, we check for which support vecotrs 1 the inequality(x, 1) <
c(F, 1), if it is satisfied, and points with a value of the Minkowski func-

tional less than or equal to one are saved for further construction.

7. We construct the resulting points.
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3.2. NUMERICAL CALCULATIONS FOR THE MINKOWSKI FUNCTIONAL

Construction of the convex hull of a set, using the Minkowski
functional. For which of the sets we use N=60. That means we have

the 1800 support vectors for each set.

The sphere F' = S3(5,—5,5) are built using the step =0.24, nearly 18000

points

Puc. 4: ¢(F, ) = 3||¢)|| + 51b1 — 5t + 51bs.

The time it took to calculate all the points to construct the convex hull of the
set is 7.376594305038452.

The cube F' = K3 33(5,—5,5) are built using the step —=0.24, nearly 18000

points
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Shesevevenani

Puc. 5: c(F, ) = 3([t1] + || + [13]) + 591 — 52 + 5¢h3
The time it took to calculate all the points to construct the convex hull of the

set is 10.607192277908325.
Let us construct the convex hull of the sum of two sets S3(5,—5,5) and

K333(0,0,0) using the step =0.7, nearly 18000 points

Puc. 6: ¢(F, ) =3[9l + 3([¢1] + [v2] + [¥3]) + 51 — 5¢ba + 593

The algorithm time working is 12.864967107772827.
Also, we construct the convex hull of the tetrahedron

1 5 2.5 2.5

co 1l:11]:;1 5 |:]25

0 0 0 5
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using the Minkowski functional with step =0.24, nearly 18000 points

Puc. 7: ¢(F,v) = maz {¢1 + 12; 51 + 2; 2.5¢1 + 5iha; 2.5¢1 + 2.5¢9 + 5ihs}

The algorithm time working in this case is 12.810363054275513.
But we can’t see the upper point in this graphics, and we calculate some
special case. It is 2016000 points (step=0.05) and for each we use the 60

support vectors

Puc. 8: ¢(F,v) = max {11 + 12; 511 + a; 2.5¢1 + 5ibg; 2.5¢1 + 2.5¢9 + 5ihs}

The algorithm time working in this case is 1249.7926468849182.
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4. CONSTRUCTING OF THE SOLVE OF THE HUKUHARA INITIAL
PROBLEM

We define Hukuhara derivative as the setvalued mapping X : R! —
comp(R™) which we call the Hukuhara derivative at the point ¢, € R! if
there exist differences X (tg + At)2X (tg) and X (to)2 X (to — At) for all small
At > 0 and there exists an element Dy X (¢o) € conv(R™) such that

. X (to + At) 2 X (tg)
A%lg(lnh ( At DX (to) | =
o X (to) 2 X (to — At)
N AP—I}%JF h ( At DX (to)

Let’s introduce the initial problem with a set-valued the right-hand side

Dypx = A(t)x(t) + F(1),
(6)
x(0) = xo-

In the problem (6) the last term we take as: A(t) € R"*", F(t) — setvalued
convex mapping, t € [0,7] C R.
We divide the interval into k subintervals and represent the solve in integral

form as

T
Vi1 () = xo + /0 [AW)X(t) + F() ds, k=0,1,...

xo(t) = Xxo-

Using the properties of the support function and applying Euler’s method,

we obtain

where we define the second term as

0 if AT (t1,); =0,

C\Xm ,AT i) = T ; .
Oem(t), AT (1) 1) {HAT(tk)wiHc(xm(tk),HQTE?%;”) if AT (t4) v # 0.

Also, that AT (t3)1); # 0 we obtain

c(Xm (tr+1)s i) = c(xm(tr), i) +0 [HAT (t) i| cOm (th), i) + ¢ (F (t) i) | -
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where ?ﬁ;k we find from the condition

Let solve the example of this type of initial problem

AT () s

Vik T AT (8) 6]

Y;

AT () v H
TAT (t2) i

= min

DpX = A(t)X + F(t)
2 01
with A(t) = |0 1 0/[; Xo = 5||¢| is the initial set and F(t) = t[|¢|| is a
1 01
set-valued mapping. In algorithm we use the value of parameters t=0.2, delta

=0.2. In first case we use the 1800 support vectors for building a set in every

step.

Puc. 9. The solution of initial problem using methods of intersection of

support hyperplanes.

The algorithm time working in this case is 721.9192731380463.

Also, was built the case with 595 support vectors.
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Puc. 10. The solution of initial problem using methods of intersection of
CONCLUSION support hyperplanes.

Thus, sets were constructed using three methods. The first used sequen-
tial hyperplane intersections, the second used the values of the Minkowski
functional, and the third used the deformation function. Also, in the case of
hyperplane intersections and the deformation function, solutions to the initial
problems with a set-valued right-hand side and Hukuhara derivative were con-
structed using the Euler method and the scheme presented in the article by

Plotnikov and Skripnik, only generalising it for the three-dimensional case.
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Bondapenro K. C., Taiposa M. C., Kiumapenxo O. /., Bepbiyvkuti B. B.
AJNTOPUMU TIOBY/IOBH MHOYKUHHO3HAYHOTO BIJIOBPAYKEHHA B R®

Pestome

V GaraTbox IPHK/IAJHUX 33/Ja9aX BHHHKAE 110Tpeba OyayBary OIyKJI MHOMKUHU, aJle SKIIO
[l MHOXKWHI OTPUMYIOTHCH, 9K PO3B 30K MAaTEMATHUIHOI MO/IEJIl, TO HA9aCTine BUKOPUCTO-
BYETHCSI MOHATTSI OMOpHOT GyHKIHI. Xova s (DYHKINST BU3HAYAETHCS TIIHKHU TS OIYKJIUX
MHOXKWH, 1T MOKHA TOOY/TyBATH TAKOXK 1 JJIS OIMYK/JINX O0DOJOHOK KOMIIAKTHHX MHOMKUH. 3a
JOMTOMOTOIO Tii€l (bYHKII MOXKHA HA TPOCTOPL OMYKINX KOMITAKTIB BBOJWUTHU MOHATTS Jude-
PeHIiioBaHHSA Ta iHTerpyBaHH:. BunHuKae 3a1a4a mMOOYIOBH OIYKJIOI ODOJIOHKHM MHOXKWHH,
AKIO Bimomi 3HaveHHd 11 onmopHOI dyHKHil v megkux HanpaMiax. [[os 1p0ro MoxyTs OyTu
3aCTOCOBaHI Tpu ajaroputMu. Ilepmmii BUKOPUCTOBY€E BIACTUBICTH omopHOl dyHKMIT i Oymxye
MHOXKHHY Iepe3 IIePeTH BU3HAYMEHUX OMOPHO0 (YHKIIE rinepromuH. pyruil asropurm
BHUKODUCTOBY€E 3HadYeHHs QyHKIOHATY MIHKOBCHKOrO, SKHU TMOB’'S3aHUIN 3 OMOPHOIO
dyukmiero. Tpertiit Oymye MuHOX)HHY 10 3HadeHHAM GyHKO mgedopmamii, sSKa TAKOXK
nos’#3aHa 31 3HaYeHHAMU OHOPHOI yHKmil. Y miif crarTi CTAaBUTHCA 337a49d IIOPIBHATH
IIBUIKICTH MOOYIOBM OMyKJIOl [JIst X TPHOX AaJaropuTMiB. Jljsi pO3paxyHKIB BUKODH-
croByBagBcs mporecop Intel Core i5-13450HX. Takox y miit cTarTi peasi30BaHO YHCIOBHUI
MeTosT TOOYIOBH PO3B'SA3KYy /[Isi PIBHAHb 3 MHOXKWHHO3HAYHOIO IMIPABOI0 YACTHUHOIO,
arasorigauii 1o merony Eitnepy.

Karowosei caosa: onopna dynruyisa, Gynkyia dedpopmanii, pynxuyionas Minkoscvrkozo, onyxai
MHONHCUHU, UPEPEHULANLHT PIBHAHHA 13 MHONCUHHOZHAYHON NPABON “ACTMUHONW, NOTIOHA

Xykyxapu, anzopumm Eltsepa.
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