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O. . Kuumapeunko, A. A. IliioTHuKOB
Opnecckuit marmonanbubiil yaunsepcurer umenu 1. 1. Meanukosa

IIOIIIATOBOE YCPEJTHEHUE JINHENMHBIX
ANOPEPEHIINMAJIBHBIX BKJIFOYEHVN ITEPEMEHHOMN
PASMEPHOCTNA

Teopus muddepeHIaIbHbIX BKIIOYEHWH Havaja CBOe PA3BUTHE B HAYaJle TPUIIATHIX I'O-
1oB 20-ro Beka ¢ ny6aukanuit A. Mapmo n C. 3apemba. Opnako 6ypHOe pa3BUTHE JIaHHON
Teopuu Hadasaoch ¢ 60-x romos mpororo Beka Gsarogaps paboram T. Baxkesckoro u A.D.
Qunnmosa, KOTOpble 0OOCHOBAJIN €€ TECHYIO CBSI3b C TEOpPHEil ONTHMAJIbHOIO YIPABJIEH-
HUS U M dEPEHITNATBHBIMA YPABHEHUSIMU C PA3PBIBHON MPaBoil YacThio. MartemaTnaeckoe
000CHOBaHME METO/a YCPEIHEHUs JJIsi OOBIKHOBEHHBIX AU depeHInabHbIX YpaBHEHUN Oe-
per Hadango ¢ dynnamentaiabuoit padorsr H. M. Kprimosa u H. H. Boromobosa. B 70-e
rogsl B.A. IlnorHukoBBIM 6bli1a 060CHOBaHA BO3MOXKHOCTDH IPUMEHEHHE DAa3JIMIHBIX CXEM
MeTOo/a yCpeaHeHus it quddepeHInaJIbHbIX BKIodeHnil. B qanHO craThe 000CHOBBIBAET-
Csl BO3MOYKHOCTD TIPUMEHEHWUS MOIIArOBOM CXEMBI YCPEIHEHUST TIPU UCCJIEIOBAHNN JIMHEWHBIX
nuddepeHnnaIbHBIX BKIIOYEHNH C IePEMEHHON pa3MepPHOCTHIO.

MSC: 34C29, 34A60.
Karoueswie caosa: dugpdeperuyuanvroe exaronerue, ycpeonerue, AUHEUHAA CUCTEMA .

BBEAEHUE. Teopus muddepeHnuaaibHbIX BKIYEHN HaYaa CBOe Pa3BUTHE B
HavYase TpUANATHIX rojoB 20-T0 Beka ¢ mybnaukanuii A. Mapmo u C. 3apemba. Ox-
HAKO OypHOE pa3BUTHE JAHHON TeOpUH HAYAJIOCH ¢ 60-X TOMOB MPOIIIOro BeKka Oyiaro-
naps paboram T. Bazkesckoro u A.®. Quimniosa, KOTOpble 000CHOBAJIA €€ TECHYIO
CB$I3b C T€OpUEN ONTUMAJIBLHOIO yIpaBjieHHus U JuddepeHIInaIbHbIMA Y PABHEHUSIMHI
C pa3pbIBHOII mpaBoil dacTbio. OCHOBHBIE pe3y/IbTAThI Teopuu IuddepeHraaIbHBIX
BKJIIOYEHUlT u3J102keHbl B paborax [1-4] u cchliku B HUX.

Maremarndyeckoe 0OOCHOBAHIE METO/Ia YCPEIHEHHs Jisi OOBIKHOBEHHBIX Judde-
PEHITMAILHBIX ypaBHEHNH OepeT HadaJio ¢ pyHmaMenTaabHoi paborsr H. M. Kpoitosa
u H. H. Boromo6ora [5]. Boabyio posib B paspaboTKe METOa YCPEJIHEHUs! J1JIsl Pas3-
JINYHBIX KJIACCOB JIMHAMUYECKUX cucTeM chirpajiu paborel FO. A. Murponosbckoro,
B. . Apuosbia, B. M. Bosocosa, H. H. Mouceesa, H. A. Tlepectioka, B. A. ITior-
nukoBa, A. M. Camoitsierko, A. H. ®urarosa, O. I1. @unarosa, M. M. Xanaena, T.
Dontchev, M. Kisieliwicz, J. A. Sanders u mp. ( cm. [2,3,6,7] u ccbuikn B HEX).

B nannoit cratbe MbI paccMOTpuM AuddepeHnuaIbHble BKIIOUEHNs C TIepeMeHHOT
pasmepHocTbio. Takue auddepeHInaibHble BKIIOYEHHST OTHOCATCS K HUMITYJIbCHBIM
nuddepennuanbEbiM BKIOYeHnSM [3]. OZiHAKO B OTJIMYME OT paHee PaccMaTpUBa-
€MBIX MMITYJIbCHBIX I DEPEHIUATbHBIX BKIIOYEHUN, B JAHHOM CJIydae B MOMEHTBI
UMITYJIbCHBIX BO3/IEHCTBUI MEHSIETCSl pA3MEPHOCTD CHCTEMBI, 8 CaM UMITYJILC " CBS3bI-
Baer" pasHOpa3MepHBIE PEIeHNs B 9TH MOMEHTEI BpeMeHH. Takke K TAKUM CHCTEMaM
CBOJIATCS, HAIIPUMED, YIIPaBJIsSiEMbIe [IPOIECChl BOSHUKHOBEHUsS U Pa3BUTUsI OO'bEKTOB,
b depeHIPpOBaHHBIX 10 MOMEHTY co3janus [8-10] u yupasisieMble CUCTEMBI TIepe-
MeHHO# pasmeprocTH [11-13].

B 3roit crathe obocHOBaHA BO3MOXKHOCTH MPUMEHEHHUsI TIOIIATOBOM CXEMbI yCPeJl-
HEHUS JIJIT UCCJIeJIOBAHNST TAKUX JIMHEHBIX CHCTEM.

Hoayuena 11.04.2017 © Kuamapenxko O. /1., Ilnorankos A. A., 2017
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OCHOBHBIE PE3VJIbTATBI

1. OcHoBHbIe omnpenesieHust u obo3Hadenms. [lycrs 0 > 0 mpousBosbHOE
JeficTBuTeIbHOE Yncsio, N - MHOYKECTBO HATypaJbHbIX ances, a Nog = N 0.

O6o3naunm gepe3 Yg MuOXKecTBO dyHkimit n(-) : Ry — N, KOTOpbIe yJI0BJIETBO-
PSIOT CJIEIYIONIUM YCIOBUSM

1) n(-) - KyCOIHO-TIOCTOSIHHBIE W KYCOUHO-HEIIPEPHIBHBIE CIIPABA;

2) ecm n(t — 0) —n(t) # 0, To n(r) — n(t) = 0 aust Beex T € [t,t + 0].

OueBnjHA CIIPABEINBOCTD CJIEYIONIEH JIEMMBbI:

JIemma 1. [as wmobot dynkyuu n(-) € Xp noaynpamyro Ry mooicno pasbumo
He boaee wem Ha cuemmoe wucao muooceems I; = [titiy1), ¢ = 0,1,... maxuz, wmo
Ry =U,L uli(N1; =0, ecau i # j, 2de n(t) — n(t;) = 0 dan ecex t € I,.

O6o3zHaunm uepe3 P,, MHONKeCTBO GYHKIMH ¢(t,2), COOTBETCTBYIOMUX (DYHKIUN
n(-) € Ly Takux, 910

T, t =
wlte) = { W), n(t—0) £ nlt

e ¢ : R0 — R™(*) _ penpepbiBHast GyHKIM.
£),n(t—0
Hanpryiep, ¥(z) = M(n(t)n(t — 0))z, rae M(n(t)n(t — 0)) = (mi;)1 97
Marpuna pasMeproctu n(t) X n(t —0) npuHaeKaias HeKOTOpOMy MHOXKecTBY M =
{(mij)f’:ll,jzl}zo:’flzl marpur, pasmeprocreit (k X 1), k=1,2,....01 =1,2,....
Bozbmenm mponsgosbayto dbyakmmio n(-) € Xg u p(-,-) € D,

Onpenenenne 1. Oynxyuo z(-,n) nasosem Pynryuet ¢ nepemennoti pasmep-
nocmwio, ecau x(tn) € R™ das scex t > 0.

Onpepenenne 2. Bydem 2060pumv, wmo Gynryus ¢ nepemennoti pasmepro-
cmwto x(-,n) nenpepvisna na unmepease (t',t") C Ry, ecau ona nenpepuena 6 mo-
xax t € (t',t"), 2de n(t) —n(t — 0) = 0 u nenpepwena cnpasa 6 moukax t € (t',t"), 2de
n(t) —n(t —0) # 0.

Onpegenenue 3. Bydem zo6opumbv, wmo GyHruyus ¢ nepemernoti pasmepHo-
emwto z(-,n) abeoaromuo nenpepuena na ceemenwme [t',t"] C Ry, ecau oma wenpe-
puera 1a (1) u abcoarommno nenpepwiera na sobom ceemenme [/, 7] C [t/ t"], 2de
n(t) —n(t —0) =0 dan ecex t € [7/,7"].

Sameuanne 1. Anar02unno, ModCHO 66eCU ONPEIEACHUE USMEPUMOCTIU (Dud-
deperyupyemocmu, UHMEPUPYEMOCTIU, Aunwuyesocmu u 0p.) dynryuu x(-,n).

Ounpepenenue 4. Mrozosnaunoe omobpasicenue F(-,n) nazosem omobpasiceru-
em ¢ nepemennoli pasmeprocmoio, ecau mroxcecmeo F(tn) C R 0an ecext € R,.

Omnpenesnenne 5. Bydem 2060pumb, wmo MHO203HAMHOE 0MOOPANCEHUE C Nepe-
Mmennoti pasmeprocmoio F(-n) nenpepweno na unmepsane (t' ") C Ry, ecau owo
nenpepoieho 6 mowkax t € (t't"), 2de n(t) — n(t —0) = 0 u nenpepvisro cnpasa 6
moukax t € (t',t"), ede n(t) — n(t —0) # 0.
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PaccmoTrpuM cienyromyio cucTeMy ¢ IepEeMEHHOI pa3MepHOCTHIO
L(tn,p) € A(t,n)x(t,n,e) + F(tn), (0,n.¢) = xo, (1)

raet € Ry - Bpemst; n(+) € Xg; ¢(+,+) € @y x(t,n,) - dasoserit Bektop; A(t,n) : Ry —
R *n(t) - yarpuano-suadnas (hyHKIMS C IEPEMEHHOI Pa3sMepHOCTHIO; F (t,n) : Ry —
comp(R™Y)) - MHOrO3HAYHOE OTOGPAYKEHIIE C EPEMEHHOIT PA3MEPHOCTHIO.

Onpegnenenne 6. Abcoaommo nenpepuenai GYRKUUAL ¢ NepemenHoti pasmepHo-
emwio x(-,n,p) nasweaemea peulenuem cucmemvs (1) na ompeske [0,T], ecau

1) aft,
2) z(0,n,p) =
3) x(tnp) = <p( z(t — 0,n,p)) dan scex t € (0,77].

t,n,p) € A(t,n)z(t,n,e) + F(t,n) daa nowmu scex t € (0,1,

Sameuanue 2. Ecau n(t) = n, mo cucmema (1) 6ydem obviuHbIM AUHETHBIM
JupdeperuuasbHvM BKAIOUYEHUEM.

IIpennosioxkenne 1. ITycrs dyHKmst n(-) orpanuyeHa MOCTOSIHHON T > 1 Jyist
Bcex t > 0.
IIpeanosnoxkenue 2. IlycTh cripaBeiuBhl CJIEAYIONINE YCAOBUS:

a) A(-,n) - uamepuma o ¢t Ha Ry ;
b) F(-,n) - m3mepumo no ¢ Ha R ;

C) CyINeCTBYeT TaKasl IIOCTOsiHHAs £ > 0, uTo 1Jist Beex t € Ry

||A(t7n)|‘n(t) < K, hn(t)(F(tan)7{O}n(t)) <K

rzie {0},,(4) - Hy/IeBOIt BEKTOP B IPOCTPAHCTBE R™(®), |z —y|| gnc) - eBKIMIOBA MeTPHKa
B mpocrpancree R || A(t,n) Minge \/Z”(t ;L(tl a3;(tn), a hy(A,B) - meTpuxa

Xaycaopda B IpocTpaHCcTBe comp(R”(t ).

Teopema 1. [11] Ecau n(-) € Zg, ¢(-,-) € ®p, A(-,n) u F(-,n) ydosaemsops-
tom yeaosuam npednososcenuts 1 u 2, mo wa aobom ompesxre [0,T] y cucmemwv (1)
cywecmeyem pewenue T(-,n,p).

O6o3naunMm vepes X (t,n,p) cedeHne MHOXKeCTBa perteHnii cucreMsr (1) B MOMeHT
Bpement t € [0,7.

Teopema 2. [11]| Ecaun(-) € g, ¢(-,) € ®,, A(-,n) u F(-,n) ydosaemsopaiom
yeaosusam npednoaosicenuti 1 u 2, mo X (t,n,M) € conv(R™™®)) das ecex t € [0,T).

2. Metop, nomarosoro ycpeanenus. Ilycrs G; = {(t,z) : t € I;,x € M; C
"(t)}, rie I; coorBeTcTBYIOT JieMMe, M; - BBIIyKJIble MHOXKeCTBa, a G = UZ G;.
Temepb paccMOTPUM CIEAYIONIYIO CUCTEMY C MaJbIM ITapaMeTPOM

i(tmyp) € e[Altm)a(tingg) + F(tn)], (0n.) = o, (2)
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rae € > 0 - masbiii napamerp, t € Ry - Bpems; n(-) € Xg; p(-) € P z(t,n,p) -
dazoserit BekTop; A(t,n) : Ry — RMOxn(t) _ \rarprano-snadnas GYHKIES C Mepe-
MeHHo# pasmeproctbio; F(t,n) : Ry — comp(R™Y)) - muorosmaumnoe oroGpaskenue ¢
[epeMeHHON Pa3MEepHOCTHIO.

Bozbmem Hekoropoe w > 0. O6o3radnm depe3 ' MHOXKECTBO TOYEK ITPOCTPAHCTBA
R, makmx, 4ro v; = iw, ¢ = 0,1,..., a yepe3 T MHOXKeCTBO TOYEK T; TAKUX, UTO
n(t; —0) —n(m +0) #0.

O603HaIMM Yepe3 = MHOXKECTBO TOUeK t;,4 = 0,1,... Takux, uro ZE=TJ T.

OueBugno, uto ;41 —t; < w s Beex ¢ = 0,1,....

ITocraBuMm B cooTBeTcTBHE cuCcTEME (2) CJELYIONLYIO YCPEIHEHHYIO CUCTEMY

y(t,n,p) € e[A(tn)y(tn,e) + F(tn)], y(0,np) = xo, (3)
rie
o tit1
A(t,n) = {Ai(n) : A;j(n) = Mﬁ JA(s,n)ds, t € [titiy1), i =0,1,..},
ti 4)
tii (

F(t,;n) = {F;(n) : F;(n) = ﬁng(s,n)ds, t € [tistiz1), i =0,1,...}.

Teopema 3. [lycmo 6 obaacmu G 8bMOAHAIOMCA CACOYOULUE YCAOBUA:
1) ¢ynryus n(-) € Xy oepanuvena xoncmanmot m > 0 das ecex t > 0;
2) A(,n) - usmepuma no t na Ry;

3) F(-,n) - usmepumo no t na Ry;

4) cywecmesyem makas nocmosmunas k > 0, wmo das ecex t € Ry
[AE) ) S K5 ha@ (F(E0){0}n@) < &
5) cywecmeyem p € (0,1) maxoe, wmo das ecex 7; € T u mobwx x,x1,29 € M;_1
lo(7i,2) || grmy < plll| grcri-or, [lo(Ti21) —@(Ti,22) | Ry < pllzr =22 priri-o0);
6) Oan ecex xg € M) C My ut > 0 pewenusn cucmemvs (2) ¢ nexomopot p-

okpecmuocmvio npunadaesicam obaacmu G.

Tozda das mobozo L > 0 cywecmsyrom €o(L) > 0 w C(L) > 0 maxue, wmo daz
scex € € (0,e0] ut € [0,Le™1] enpasedausni caedyrowsue ymeepsicoenua:

1) daa mobozo pewenus x(-) cucmemvs (2) cyuecmeyem pewenue y(-) cucmemo
(8) maxoe, wmo

() = y(®)]

roy < Ce; (5)

2) daa nobozo pewenus y(-) cucmemor (3) cyuecmeyem pewenue z(-) cucmemot
(2) maxoe, wmo swvinosnsemca HEPABEHCME0 (5).
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JIOKABATEJIbCTBO. O4eBuiHO, 94TO U3 ycji0Buii 2)-4) TeopeMbl CJIeLyeT, 4To 0T06-
paxenus A(-,n) u F(-,n) KyCOYHO-TIOCTOSHHBIE U PABHOMEPHO OrPAHUYEHHBI KOHCTAH-
Toit Kk > 0.

Teneppb J1oKaxkeM BBITIOJIHEHHE TTepBOro yTBep:KaeHus. OOo3HAYNM 1depe3 =, =
[0,Le N ZEu Ye = [0,Le" N Y. Ouesnmno, uro MuOKecTBa =, n Y. KOHEUHBI 1
OyzeM cunTaTh, 9TO OHU cojepxkar k + 1 < [i] + 1 s1emeHTOB tg,t1,...,t u | < [5]
3JIEMEHTOB T1,...,T], COOTBETCTBEHHO. Tak ke 0bo3HaumM depes tyy 1 = Le L.

BosbmeM siro6oe pertienne z(-,n,p) cucremst (2). Torma

t

xwmw:ww%@+6/M@mﬂ@m@+f@mws (6)

t;

I Bcex t € [ti,ti+1), ecan ti4q1 € Tute [ti,ti+1], ecan ;41 € T7 i = 0,1,...,k,
rie f(-,n) - u3amepumas BeKTOp-DyHKIWMs Takast, aro f(t,n) € F(t,n) modarn juis Beex
t € [0,Le7 Y. A Tak xe x(0,n,0) = x¢ u z(ti;n,0) = @(ti,x(t; — 0,n,p)) a1t Beex
t; € e ﬂ T.

Temepb paccMoTpuM GYHKITAIO

t

y(t7n790) = y(tivn#’) + ‘5/ [A(sm)y(sm,go) + J?(Sﬂﬂ ds, (7>

t;

st Beex t € [ti,tiy1), ecmn tipy € Y mt € [ttia], ecm tiqy /€ Y, i = 0,1,....k, rie
f(-,n) - u3amepumas BeKTOP-DYHKIUSA TaKas, 9TO

tita
Ftm) = () = fin) = —— [ Tlomdds,t € [utis). i =01,

i

Owuesmno, uro f(t,n) € F(t,n) aas seex t € [0,Le™ ). A tak xe y(0,n,0) = 2o

y(tin,e) = @(ti,y(ti — 0,n,9)) mns Beex t; € E. (Y.
Bosbmem mipoussosbhoe t € (0,Le™1). Tora BOSMOKHBI CJIeIyIolIHe CITyqan:

1) t € (0,m1), rme 71 € Ye;
2) t e (15,Tj41), e 75,741 € Yo, 5 € {1,...,0l — 1}
3) t € (m,tps1), tne 7 € Yo
4) t=r1.,tne 7 € Te,r € {1,...,1}.
Paccmorpum nepsbiit coryuaii. Ipemnonoxum, aro [0,71] () Ze = {to,.ptm} u t €
(tj—1,t;),J =1,...m, tme tog = 0,ty, = 7. U3 (10) u (7), umeenm
lz(tn.0)|| < M, |ly(tn.e)| < M, (8)

riie M = (||zo|| + L)e E.
Temepb OILEHUM PA3HOCTD

||x(t,n,<p) - y(t”v%)”R"“” g
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<

sltrng) e [ Alsmla(sing) + fsn)ds

t
_y(tj*hnﬂ‘p) — € A(S7n>y(s7n79@) - f(san)ds

tj71

2(0,n,p) +€Z<

+e t A(s,n)z(s,n,p) + f(s,n)ds—

tj,1

0 n750 Z (/ (S,’ﬂ,,QO) + f(svn)d‘9> -

<

Rn(0)

A(s,n)x(s,n,p) + f(s,n)ds) +

ti—1

—¢ t A(s,n)y(snyp) + f(sn)ds

t]'71

<

Rn(0)

t t
A(s,n)x(s,n,p)ds — A(s,n)z(s,n,p)ds

t1'71 t1'71

+

Rn(0)

+e +

¢ t
/ A(s,n)xz(s,n,p)ds — / A(s,n)x(s,n,p)ds
ti—1 ti—1

Jj— Ji—

Rn(0)

+€ +

Rn(0)

/0 [A(s,n)z(5,n,0) — A(s,n)y(s,n,0)]ds

+€

/t [F(s.m) — Fls.m)]ds

j—

Rn(0)

OrmeHnM KaxKa0€ U3 CJIaraeMbIX:

N

ts ti
/ A(s,n)x(s,n,p)ds — / A(s,n)z(s,n,p)ds

ti— ti—

R7(0)

_|_
Rn(0)

1 t;
/ Alsm)a(s,nip)ds — / Alsn)a(tirn.p)ds
ti—1 ti—1

ti ti
A(s,n)z(t;_1,n,0)ds — A(s,n)x(s,n,p)ds

t171 ti—l

+ <

Rn(0)

/ A(s,n)[2(ti-1,m.9) +5/: A(rn)z(1,n,0) + f(1,n)dr]ds —

ti

— A(s,n)x(ti—1,n,p)ds

ti—1

t;
A(s,n)x(ti_1,n,p)ds—

ti—1

+

Rn(0)
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<

ti S
—/ A@mwm4%m+e/ A(rm)a(rng) + f(rm)drlds
ti1 ti—1 Rn(0)

/ti A(s,n) /S A(tn)z(i,n,0) + f(e,n)ddds N

ti—1 ti—1

<e

Rn(0)

i A(sm) ) A(e,n)z(e,n,p) + f(e,n)deds

ti—1 ti—1

+e <

Rn(0)

ti S
< 25/ /{/ (kM + k)duds < er(kM + K)w?,
ti—1 ti—1

<

B
Rn(0)

t
s/‘nA@m—A@mmwmw@@wmwmw<

G-

/75 A(s,n)x(s,n,p)ds — /t A(s,n)x(s,n,p)ds

tj71 tj71

t
< 26(||zo | gneoy + em'l)esk” / ds < 26Muw,
tj—1

<

/ [A(s,n)x(s,n,0) — A(s,0)y(s,n,0)]ds
0 Rn(0)

t
<H/Wm@m@—y@mwmwm@,
0

Rn(o) T+ H-f_(87n)HRn(0):| ds < 2Kw.

< [ s

Rn(0) tj—1

/"w@m—f@mws

tj71

Torma
||x(t,n,<p) - y(tanacp)HRn(U) <

t
<e(j — Der(kM + k)w? + e2rw(M + 1)—1—55/ |z (s,m,0) — y(5,0,0) || grioy ds
0

CrnenoBaresnbro, 1uist Beex t € [0,71) nmeem

||x(t,n,<p) - y(tanv@)‘ Rn(0) <
< ekw ||To|| grioy (Lk + 2)e* L + ewr(kLe™ + 1)(Lk + 2)e™" 9)

Eciu t = 71, 0 u3 (8) u (9) umeem
[2(r1,m,0) | grirny < il greor + KLY, ly(T1,m,0) | ey < |20l gnco) + KLY,
||x(7‘1,n,<p) - y(T17n?SD)||R"(Tl) =
= H<)0(7—17x(7-1 - Oanaw)) - @(Tlay(Tl - Oanzw)HRn("l) <

< Hw ||I(T1 - 07”7@) - y(Tl - Oanvcp)”R"(O) g
goo + KLY + 1} (LK + 2)e™. (10)

< perw{([[zol
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Tenepb, aHAJIOTMYHO, PACCMOTPUM CJIydail, Korja t € [T1,72) U HOIyYnM

2(t,n,0)| griry < pllzoll gneoy €5 + (u+ 1)k L e,

ly(t.n.9) || griro < pllToll gueoy €™ + (14 1)KL e,
[z (t,n,0) = y(Em.0) | g <
< 2epkw |70 || gucoy €2°F (Lk + 2) + e(p + Vwr(kLe™ + 1)(Lk + 2)e™t
Haee paccmoTpuM BTOpOil ciaydail, korga ¢t € (75,Tj41), ohe 7j,Tj4+1 € Ye,j €

{1,...,l — 1}. Torga mpoBesst aHAJIOTUYHBIE OIEHKH U UCHOJIb3Ys] METON MATEMATHIE-
CKOI MHTyKIIMY TIOJTyYAM:

2(t.n.@) || greryy < 1 (|20l gueoy €75 + (17 + ... + p+ 1)KL e,

(@)l ey < 17 ol gueoy €5 + (17 + oo+ + DR L™,
|z (t:n,0) — y(tn,@)| greey <
< jep? kw ||zo|| gnoy €25 (L + 2) + e(u? + ... + p+ DwrL(kLe™ + 1)(Lk + 2)et
CaenoBaresbho, eciu t € (7;,tk+1), TO

lz(t,n.0) = y(tn.0)l e < elpt’ kw20l ooy €5 (L + 2)+

+e(pl + ...+ p+ DwrL(kLe™ 4+ 1)(Lk + 2)e"*, (11)

TO ecTh Jyis Beex t € [0,Le™ 1),

Hl‘(t,?’l,@) - y(tan7@)”R"(t) g 06,

rae C' = y(p)kw |20l guoy € (L +2) + (1= p) ~twk L(sLe™ +1)(Lr+2)et, y(p) =
max{1,1,2142,...}. Tem camMbIM TepBOE YTBEPKIEHHEE TeOPEeMbl JOKa3aHO. AHATOTHTHO
JIOKA3BbIBAETCsI BTOPOE YTBEPKIEHIE TeOpeMbI. TeopeMa JT0Ka3aHa.

Sameuanmne 3. Ecau 6 ycaosuu 3) meopemos b = 1, mo ymeeporcderus meopemoi
OCTNAIOMCA CNPAGEINUBHIMU, ecat MHodcecmeo T Koneuro.

SAKJIIOUYEHUE. OueBHIHO, 9TO JaHHAsI TeopeMa 0OOCHOBBIBAET BO3MOXKHOCTD
[IPUMEHEHHUsI TIOMIArOBOr0 YCPEHEeHUsl JJIsl UCCJICIOBAHUS JIMHEIHBIX YIIPABJISEMbIX
CHCTEM C II€PEeMEHHOI Pa3MePHOCTHIO

z(t,n,p0) = e[A(t,n)z(t,n,p) + B(t,n)u(t)], =(0,n,p) = o, (12)

rjae € > 0 - masblii mapamerp, t € Ry - Bpems; n(-) € Xg; ¢(+,) € Pp; x(t,n,0) -
dazossiit BexTop; A(t,n) @ Ry — RM*"(®) B(tn) : Ry — R™*™ _ yarpuamo-
3HavYHble (DYHKIUM C llepeMeHHON pasmepHocTbio; u(t) € U € conv(R™) - BekTOp
yIIpaBJICHHS.
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Kiumapenxo O. /JI., ITrnomnixos A. A.
IIOKPOKOBE YCEPEIHEHHSA JIIHIMHUX JIUO®EPEHLIATBHUX BKJIIOYEHL 3MIHHOI PO3MIP-
HOCTI

Pesrome

Teopisa mudepeHIiaTbHUX BKJIIOYEHD MOYAJa CBilf PO3BUTOK HA MOYATKY TPHUIISITHX POKIB
20-ro crogitra 3 mybuikaniit A. Mapmo 1 C. 3apemba. Opnak OypxJuBuii pO3BUTOK Jia-
HOI Teopil nmovasiocs 3 60-x poKiB MHHYJIOrO CTOJTTS 3aBasaku poboram T. Baxkescbkoro i
O.D. Dininmosa, ki oOrpyHTYBa M 11 TICHUI 3B’S130K 3 TEOPI€I0 OMTUMAJIBLHOTO KEPYBAHHS
Ta audepeHIiaJbHIMA PIBHAHHSIMA 3 PO3PUBHOI MpaBol YacTuHoo. MaremaTndHe ob6rpyH-
TYyBaHHsI METOJIy YCEpeIHEHHsI il 3BUYaiHUX AudepeHIiaJbHIX PiBHSHL Gepe MovYaToK 3
dyunamenTaapHol pobor M. M. Kpunosa i M. M. Borosro6osa. ¥ 70-ti poku B.O. ITioTHi-
KOBUM OyJia OO PYyHTOBaHA MOXKJIMBICTH 32CTOCYBaHHS PI3HUX CXEM METOY YCEPEIHEHHS JJIst
nudepeHIiaJbHIX BKIIIOYEHb. Y JaHiifl cTaTTi OOTPYHTOBYETHCS MOXKJIMBICTH 3aCTOCYBAHHSI
TIOKPOKOBOI CXeMH YCEPEeIHEHHs TIPU JOCJIiI2KEeHH] JIHITHIX audepeHItiaJbHX BKIIOYEHD 3i
3MIHHOIO PO3MipHICTIO.

Karouosi crosa: dugeperuiasvhe 8KA0UeHHA, YcepeOHeHHA, AHITHA cucmema .

Kichmarenko O. D., Plotnikov A. A.
STEP AVERAGE LINEAR DIFFERENTIAL INCLUSIONS OF VARIABLE DIMENSION

Summary

The theory of differential inclusions began its development in the early thirties of the 20th
century with the publication A. Marsh and S. Zaremba. However, the rapid development
of this theory began with the 60s of the last century thanks to the work of T. Wazewski
and A.F. Filippov, which justified its close relationship with the theory of optimal control
and differential equations with discontinuous right-hand side. Mathematical justification of
the averaging method for ordinary differential equations stems from the fundamental work of
N.M. Krylov and N.N. Bogolyubov. In the 70s, V.A. Plotnikov was justified by the possibility
of the application of various schemes of the averaging method for differential inclusions.
In this article The possibility of the use of turn-averaging scheme in the study of linear
differential inclusions with variable dimension.

Key words: differential inclusion, averaging, linear system.
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FO. A. My3uuayk

JIbBiBChKUIT HamioHAMBbHMI yHiBepcuTeT iMeni IBana Ppamka

YNCEJIbHE PO3B’SI3YBAHHS 3AJIAUI HEMMAHA J1JISI
HECKIHYEHHOI 3TrOPTKOBOI CUCTEMU EJIINITUYHUX
PIBHAHb METOJOM I'PAHNYHNUX EJIEMEHTIB

Y TpuBuMipHEX 00JIACTSX 3 JIMIIAIEBOIO MEXKEI PO3IVISHYTO KpaitoBy 3amady Heitmana
JJ1s1 HECKIHYEHHOI 3rOPTKOBOI CHCTEMU EJIINTHYHUX PIBHAHD, K& BHHUKAE B PE3yJIbTATI 3a-
CTOCYBaHHsI [TIepeTBOPeHHS Jlarepa 3a 9acoBOIO 3MiHHOIO JI0 IOYATKOBO-KPANOBUX 33189 JJIsT
€BOJIIOIITHIX PIBHSAHDB. 3a& JIOIOMOIOIO (-3TOPTKHU HOCJiJOBHOCTEH OOYI0BAHO iHTErpajbHe
[TOJIAHHS y3arajJbHEHOI0 PO3B 3Ky 3a/1a4i i OTPUMAHO €KBIBAJIEHTHY CUCTEMY I'DAHHIHUX iH-
TerpaJibHUX PiBHsIHB. /[0BeI€HO ICHYBaHHS 1 €IMHICTH YNCEIBHOTO PO3B’sI3KY, SKUI IIYKAOTh
METOJIOM I'PAHUYIHUX €JIEMEHTIB, & TAKOXK JIOCJII2KEHO foro anpiopHy moxuOky. Hasemeno pe-
3yJIbTATU, OOYHCIIEH] IPU PO3B’sI3yBaHHI MOJIEIBLHUX 3aa4.

MSC: 35J25, 831B10, 65N38.
Karowosi caosa: memod epanuvhux eaemenmis, g-3zopmika, kpatiosa ymosa Hetimana, cu-
CMEMA eNENMUNHUL DIGHAHD .

Bceryi. Kpaiiosi 3amadi 1y HECKIHYEHHUX TPUKYTHUX CUCTEM, sIKi CKJIAJIAT0-
ThCS 3 eJTINTUYHUX PIBHAHb, BUHUKAIOTH y PI3HUX Ii/IX0J/IaX IIOJ0 BPAXyBaHHS 3aJjie-
2KHOCTI BiJT 7acoBOl 3MiHHOI B €BOJIIOIIITHUX 3a/la9aX, 30KpeMa, IIPH 3aCTOCYBaHHI /10
TAKWX 3a/1a4 IHTerpaJbHOro nepersopenns Jlarepa 3a wacowm [1,2,5]. V npami [11] mo-
JIaHO OIVIs[ poOiT, y AKUX BUKOPUCTOBYBAJOCS TaKe IEPETBOPEHHS IIPU PO3B’A3yBaH-
Hi MOYATKOBO-KPANOBUX 3aJ1ad JIJIsI OJTHOPITHUX €BOJIIOIINHUX PiBHSHDb, HAaCAMIIEPE]]
XBUJILOBOI'O, TEIJIONPOBiIHOCTI Ta TejerpadHoro. TpuKyTHa CTPYKTypa OTPUMAHUX
CHCTEM A€ 3MOTY HOOYIyBaTH iHTEerpaJibHe MOJAHHS IXHIX y3araJbHEHUX PO3B S3KiB.
OOr'pyHTYBAHHIO TAKOTO MOJAHHS, & TAKOXK JIOCIXKEHHIO TPAHUYIHUX IHTErpaJbHIX
pieusiab (I'IP), siKi € ekBiBaJIeHTHUMHI BUXITHIM KPAHOBUM 3a/189aM, IPUCBSTIEHO IIpa-
i [4,11,12].

Mertoto marol poboTn € duceabHe po3B’s3yBanms 3aaa4di Helimana mj1st J0CTiIKY-
BaHOI cucreMu. B meprmoMmy po3miii po3ryigHyTo (GOpMyIIOBaHHSA KpaoBoi 3ajadi,
JIAHO O3HAYeHHs y3araJibHEHOTO PO3B’sI3Ky i oTpuMaHo ekBiBasieHTHY cuctemy ['IP.
JJtst bOro BUKOPUCTAHO IHTErpaJibHe MOJAaHHS PO3B’SI3KY Y BUIVISII aHAJIOra ITOTEH-
IiaJry MOABIMHOrO MAapy, 3 AKUM MAIOTh CIPABY B €JINTUYHUX PIBHAHHAX. Y JIPYrOMYy
posaim cucrema '[P meperBopena gm0 Burisiy, sikuii Jae 3MOry eEeKTHBHO 3aCTO-
cyBaTu 710 Hel cxeMy meTonay Bybomrosa-l'ambopkina i oOrpyHTyBaTH 3012KHICTH HAOIT-
2KEHOT'O PO3B’s3KY, a TaKOXK PO3POOUTH YUCEILHY peasIi3alliio BiImMOBiIHO 10 METOIy
rpaanaanx esgemenTiB (MIE) 1 mocsizmrn moxubKy anmpokcuMalil IyKaHOro PO3B’si3-
Ky. Tperiit po3ia npucBsiaeHuil apobarlii po3pob/IEHOr0 METOLY Ha cepil MOJIEIbHUX
3ajad. B 3akirouniii cekiiil 3pobJIeHO BUCHOBKU CTOCOBHO 3AIIPOIIOHOBAHOIO METOJLY
9UCeJIbHOTO PO3B’si3yBaHH« 3aiadi Heiimana /it HECKIHYEHHUX CHCTEM €JIITHUIHUX
PIBHSHB, SKi MalOTh 3rOPTKOBY CTPYKTYDPY.

Haditiwna 12.04.2017 © Myswmayxk IO. A., 2017
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OCHOBHI PE3VJIBTATHU

1. V3arajbHeHHil po3B’a30K KpaiioBoi 3amaui. Hexait ) C R? — o6merkena
OJIHO3B’s13Ha 00J1aCTh 3 JINIIUIEBOIO Mexkero I'. Posristaemo B € HeCKIHYEHHY cucTeMy
eJIIITUYHUX PiBHSHD

Coup — AUO = 0,
crug + coup — Auy = 0,
colg + cru1 + cous — Aug = 0, (1)

Crug + C—1u1 + ... + coup — Aug, = 0,
J€ U, ULy «evy Uk, ... — HEBimoMi dywkil, cg,C1, ..., Cg, ... — 38JaHi cTami, cg > 0,
3

A = 3" 9?/0x? — oneparop Jlanyaca. Byemo mykatu po3s’si3oK 1€l cucteMu, sKuit
i=1
3a/I0BOJIbHAE Ha NMOoBepxHi I' KpaitoBy yMOBY

Opuk|r = gk, k € No := NU {0}, (2)

ne gr (k € Ng) — zagani va I' dynkuii, d, — oneparop HoxizHol 3a BEKTOPOM HOD-
Mmaii v(z) y Toukax x € I', sika € 3oBHimmbo0 BinHocHo . Hamani samaay (1), (2)
HasUBaTUMEMO 3ajadero Hefimana.
exait X — JIOBIIbHUI JIiHIATHAI TPOCTIP HAJI TTOJIEM JIHCHUX Yuces, 7 — MHOXKUHA,

Hexait X — 1 pOoCTip Haj b1 /A
nmx guces. [lozaaunvo X °° jiiHiliHAN mpocTip Bigobpakersb U : Z — X, I sIKUX
u(k) = 0 mpu k < 0. st noBinbHOrO enementa u € X *° maemo uy, = () := u(k), k €
Z, i macatumeMo U := (Ug, Uy,...,Ug,...) . Exementu mpocropy X HazHBaTHMEMO
TOCJTiTOBHOCTSIM.

.= = ~ T "

Hexait E(z) = (Eo(z), E1(z), ...) , 2z € R*\ {0}, - bynnamenranbamii poss’s3ok

cucremnu (1). 3azHaanmo, 1m0

efx/co\z\

EO(JU) = Tm7

a BUIVIsiJ IHIMMX KOMIIOHEHTIB JiuB., Hanpukiaa, [12]. Posrisaemo B obmacti ) moci-

nosricte WE(z) = (Wol(z), Wi(), ...)T, KOMIIOHEHTAMU STKOI € (DYHKITIT

Wit() = (Wé) (a /s v By (@ —y)dTy i € Noy € R, (3)

Jie £ — iHTerpoBHa 3 KBaJparoM Ha I dyHKuis, a nocaigosaicts E(z) = (Eo(x), Ey(z), ...

oTpuMaHa 3 DYHIAMEHTAJIBHOIO PO3B 3Ky 38 (DOPMYJIO0
Ei(x) = Ei(x) — E;i_1(z),i € N, Eo(z) = Eo(), v € R®. (4)

o6y myemo mocminosnicts u(z) = (uo(z), ui (), ...)T, ze

ZWAkJ JkeNg, zeQ, (5)
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a A= (Ao, A1, )—r — JIOBiJIbHA TIOCJIIOBHICTD 1HTEIPOBHUX 3 KBajparoM Ha [’ dyH-
kuiit. Bigomo [12], mo nobyaosana moctinoBHicTb € pos3s’a3koM cucremu (1) B obiacri
Q. ITTo6 u 6yna po3s’sskoM 3amadi Heitmana, mocTaTHbO 3HANTH TAKy IOC/IIIOBHICTD
A, o6 U 3370BONIbHSIA 1 KpaiioBy yMoBy (2).

Mosmaumvo wepes L2(Q) i H!(Q) npocropn, Bifmosimmo, Jlebera i Cobomnena dbyn-
KIIiif, siki HabyBaIOTH IIfCHIX 3HAYEHD, a Takox H /2 (") — upocrip cainis esemenTiB
H(Q) Ta 3a1aM0 B HUX 3BUYAiiHI CKAJAPHI 106y TKH i TOPO/zKeHi HUME HOpMHE. Y TTPO-
cropi H'(Q) posrisaarumenmo mimnpoerip H!(Q,A) := { ve HY Q)| Av e LQ(Q)} 3
HOPMOIO rpadiky

1/2
2 2
1ol @y = (1ol + 1800320) -

gk sigomo [6], 8 HY(Q,A) MoxkHa BU3HAUUTH JIiHIHEI HellepepBHUII onepaTop v, :
HY(Q,A) — H-Y*(T"), sixuii ma enementax u € H2(Q) ¢ HY(Q,A) crismazae 3 9,
3a IO fl0ro TAKOXK HA3HBAIOTH HOpMasbHOW noxianoo. Tyt H~1/2(T) = (H/? (F))/.
Haui (-,-)p o3mauarumMe BigHomenus asoicrocti arst mpocropis H~1/2(T) i HY?(T),
Yiua = ('YIUO; Y1U1, )T

Hexait X — rinpbepTiB npocTip 31 cKaJIstpHUM 00y TKOM (-, +) x 1 TOPOKEHO0 HUM
HOpMOIO || - || x. TTo3HaxmMO

P(X)={veX®| Y |k < +oo}
=0

rineGepris npoctip 3i ckangpauM g106yTKOM (V, W) i= > (v, w;j)x, v,w € [*(X), i
§j=0

o 1/2
wopsioo [[vllocs) = (£ sl ) v e )
7=0

Osznauenns 1. Hewati g € I>(H'/2(T)). Hocaidoswicmy u € 1(H'(Q,A)) 1a-
3UBAEMBCA Y342GALHEHUM P03 A3KOM 3adawi Hetimana, axuwo sona 3a008040HAC CU-
cmemy (1) 8 cenci poanodiais i kpatiosy ymosy

nu=gelP(H2(I)). (6)

Pozrngaemo mocmigosricte W= (WO, Wy, ... Wk, ...)T, K& CKJIQJIA€THCI 3
orteparopis Wy, : HY/2(T') — H'(,A), k € Ny, mo aitors 3a npasuioM (3), a Takoxk
nocigosuicts D 1= (DO, Dy, ... Dy, )T oreparopis Dy, : HY?(T) — H~Y?(T)
Takux, mo Dy := v1 0 Wy, k € Ny. Toxi, nigcrasnsioun (5) y kpaitoBy ymosy (6),
OTPUMAEMO HECKIHYEeHHY TPUKYTHY cuctemy ['IP

DoXg = go,
Do + DoAi = g1,
DsXo + DiAi + DoAa = g2,

Dk>\0 —+ Dk71>\1 —+ ...+ -DO)\k = Ok,
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Je KOKHY PiBHICTb TPAKTyeEMO B ceHci mpocTopy H -1/ ().
3 MeTOI0 KOMIIAKTHOTO 3AIIACY HABEJICHUX BUIE BUPA3iB OYIeMO BUKOPUCTOBYBATH
MIOHSATTS ¢-3TOPTKU IIOCJIiJOBHOCTEA.

Osnauenns 2 ( [11]). Hexat X,Y ¢ Z — dosinvhi mmoorcuru i q: X XY — Z —
desxe 6idobpasicenns. q-320pmxkoto nocaidosrocmeti u € X°° i v € Y°° nazusaemovces
nocaidosricms w € Z°°, KoMNOKEHMU AKOT BUSHAYEHT 34 NPAGUNOM

wi =Y q(uij,v;), i € No; (8)
=0

q-320pMKY U T V KOPOMKO 3ANUCYIOMD W = UO V.
q
Hexait X = L(Y,Z) — upocrip qiHiiiHux oneparopis, ki AioTh 3 npocropy Y y
upoctip Z, i q(Aw) := Av, A € L(Y,Z), v € Y. Toxi s KOMIOHEHTIB ¢-3rOPTKI
JIOBUIBHUX ITOCJIIOBHOCTEN A € (/J(Y,Z ))DO iv €Y marumemo opmyity

J
wj = ZAj—iUia J € No, ()

=0
i mucarumeMo w := A ov.
zZ

3 BUKOPUCTAHHSM TIOHATTS (-3TOPTKH MOCIIIOBHICTD, 3a1any dbopmydtowo (5), Mo-
JKHa IOJIATH Y BUIVIAI
ulz)=W o Az), z€Q. (10)
H1(Q)
3a aHaJIOri€EI0 3 TeOPi€Io eJiTUYHUX PIBHSAHB, ¢-3ropTKy (10) HazuBaTUMEMO noMEH-
uianom nodeilinozo wapy nis cucremu (1).
Mipkyroun anasoriuso, cucremy I'TP (7) MoxKHa 3amicaT Tak

D o A=g sl2(H YD) (11)
H-1/2(T)

Ipo cucremu Bugy (11), saKi MOKHA TOJATH 38 JOHOMOIOIO (-3TOPTKH, OYIEMO I'OBO-
PUTH, IO BOHU MAIOTh 3TOPTKOBY CTPYKTYPY 1 HA3UBATHMEMO 1X 320pmKxo6umu. JIerko
6aguTy, 10 CUCTEMa eJIINTUYHUX PiBHsHB (1) TAKOXK € 3rOPTKOBOIO, OCKIIBKU B Hiil
BUpas3y JiBol yacTuHu (10 He BIIHOCATHCS J0 onepaTopa Jlamiaca) € KOMIIOHEHTaMK
(-3rOPTKU MOCJiJOBHOCTEH € 1 U.

B npani [11] goBeseno eksiBasienTHicTh 33aui Heitmana i cucremu I'TP (11).

Teopema 1 ( [11]). Jlasa dosinvnoi nocaidosnocmi g € 12(HY/2(T')) icnye edunui
ysazarvhenul pose’asox sadawi Hetmana u € 12(H'(Q,A)). Hozo mosicra nodamu
3a donomozoto nomenyiany nodeitinozo wapy (10), eycmuna axozo X € 12(HY?(T)) e
pose’szkom cucmemu I'IP (11).

3ayBaxkents 1. 3anpononosaruti nidxid do pods’asysanns sadawi Helimarna 6i0-
Hocumbea 00 Mak 36aHUT Henpamux [10] memodis eparuvHuT IHMe2PaNvHUT Pis-
nano. B [11] ompumano maxooic i inwi dopmu nodanns poss’asky cucmemu (1),
30Kpema, anaroe Gopmyasu I'pina, AKY 6UKOPUCMOBYIOMb NPU PO3E A3YSAHHT KPatio-
8UT 30004 ONA eMINMUYHUL PIeHAHL. Kpim mozo, das nobydosu pose’ssky 3adavi 6
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00AGCTAL 3 NEBHUM MUNOM CUMEMPIT 3aMicMb PYHOAMERMANYHO20 DO3E AZKY CU-
cmemu (1) mootcna suxopucmamu 6idnogioni ynruyii I'pina. Taxud nidxio poseasmny-
mo & [3], 6in dae amoey edexmusro poss’szysamu 3a0a4i Y 6UNAIKAT, KOAU 2DAHUYHA
NOBEPTHA MAE Heobmedceri Ppazmenmu.

2. BuBenennst ocHoBuux ciiBBignomiens MI'E. Tpukytauii Burism cucreMu
T'IP (11) € maciigkoM 3ropTKOBOI crpyKTypu cucremu (1) i BUKOpUCTAHHSA (-3rOPTKH
y BU3HAYEHHI TOTEHIaay moaBifinoro mrapy. Temep CKOpPHMCTAEMOCS €0 BIACTUBI-
CTIO JJIsl OBYIO0BH [IOKPOKOBOI'O IIPOIECY YHCEJLHOIO pO3B’si3yBaHHsd cucremu (11).
It mozkna IIOJIATH Y BUIJISAJ] TIOCJIIJIOBHOCTI PiBHSHB

Do =g v H™V2(T), k€N, (12)
e
k=1
Jo:=go; Gk i=gr— Y Di-iXi, keN. (13)
i=0

Ak Gaammo, crucTeMy 3BEJIN JI0 TMOC/IIOBHOCTI PiBHAHD, IO MAlOTh BUTJISA,
Don=f B H'V(I). (14)

Bonu Bosto1ioTh iBOMa BaXKJIUBUMU JIJIT TUCETHHOTO PO3B’I3yBAHHS BJIACTUBOCTIIMH.
Ilo-niepire, ipu ycix 3nadenssx ingekcy k € N jiBa yacTuHa IHTErpajbHOTO PIBHSIHHS
(12) 3amama TUM caMMM IpaHUYHUM oneparopoM Dy, a IpaBa 3aJeKUTh BiJl JAHUX
3 KpailoBol yMOBH, a TaKOXK BiJl pO3B’S3KiB PIiBHAHD 3 MOMEPEIHIME HOMEPAMH i =
0,k — 1. BpaxyBamnus 1iux 06CTaBUH i YaC peastizalii MeTo/y Ja€ 3MOry IOOYIyBaTH
eeKTUBHI aJrOPUTMU JJIsT IUCEILHOTO PO3B’sI3yBaHHSA AK OTPUMAHOI ITOC/IiTIOBHOCTI
T'IP (12), Tax i o6uncsIeHHs: pO3B’sI3KiB KpaiioBoi 3a1ai.

Jpyroio BJAACTUBICTIO OTPUMAHUX CHUCTEM € Te, IO TPAHUYHI IHTErpaIbHI onepa-
TOPH y JIiBiif YacTWHI PIBHSHDb BIIMOBIIAIOTH einTudHOMY omneparoposi col — A, je
I — Toroxuiii oneparop, i € 700pe AOCIIKEHIMI B TEOPETHIHOMY ILIAHI. Y HAIIO-
My BUIAJKYy IIe JIa€ 3MOTY He JIMIlle OOIPYHTYBATH iCHYBAHHA Ta €IUHICTH PO3B’A3-
KiB orpumanol nociaigosaocti I'IP, a it orpumaTn BiAmoBiaHi 4mce bHI PO3B’SI3KU 34
npomomororo MI'E, sxkwit TyT posriisimaeMo sik mpeicTaBHUK ciM’i meromiB BybnoBa-
Tanpopkina [9]. Besuka kinbkicTb myGuikaiiil (IuB., HAIPUKIIA, OTJIA]] JITEPATypH
B [10, 13]) niarBepmkye edeKTUBHICTH Ta yHIBEPCAJIBHICTH IIHOIO METOMLY CTOCOBHO
9HUCEILHOTO PO3B’sI3yBaHHs KPAHOBUX 33144 /I PISHUX BUIB €JINTUIHUX PiBHIHD.

Hocmimxennst poss’siakis I'TP (14) ta anpokcumariii 3a cxemoro By6rosa-T'ambop-
KiHa CIIUPAETHCS HA eJIIITUIHICTh Ta OOMEXKEHICTh I'PaHUYIHOro oreparopa Dy:

(Don, mr = Cl||77||§11/2(r))7 [ Donl| gr-1/2(ryy < e2lnll g2y Yn € HY2(T)).

e cp > 01cy >0 — geski cradi.

Posrasinemo B H'/? (T') mocmioBHicTh cKimvenHO-BUMipHIX THtTpocTopis XM C
HY2(T'), M € N, mo e siniitiuvun obosonkamu bynkmiit {¢;}2,, saxi yreopiooTs
Gazuc y XM, Bignosingmo mo merony Bybrosa-Tamsopkina dmcersHmii po3s’s30K pis-

HsaHHs (14) mykaemo y BUIsAl JiHifiHOT KOMOIHAIT

M
’I7M = Zniqj)i S XM (15)

i=1



MI'E ons 3adavwi Hetimana 23

sIK PO3B’I30K TAKOI'O BapialliifHOroO piBHSHHS
(Don™ ,m)r = (f,n)r ¥y e XM, (16)

SIKIo B HBOMY B3ATH y POJIi TecToBUX (DYHKIIH eseMeHTH 0a3ucy ¢;, TO JJId 3HAXO-
JKeHHs BekTopa Heninomux koedimientis nMl = {n;}M € RM orpumaemo cucremy
JiHifiHUX asre6puunnx pisasiHb (CJIAP)

DIy = M), (17)

M. M R v 3
e D([) ][]72] = <D0¢i7¢j>f‘7 f][ ] = <f7 ¢j>F» 1,) = ]-7M
Biggnagmmo, 1mo MaTpuild OTpUMAaHOl CHCTEMH € CHMeTpHUYIHO0. KpiMm Toro, sk
nacmigox H'/?(I')-erintuamocti oneparopa Dy, BoHa € J07aTHBO-Bu3HAtUeH00. ToMy
upu JoBibHINA npasiit gacturi VM € N cucrema (17) marume e€quHMil PO3B’SI30K
i dbyukuiga, s3nafinena 3a dopmyio (15), Oyme HabIMKEHUM DPO3B’I3KOM DIBHAHHS
(14). 3a nemoro Cea (nuB., Hampukiag, [13, Teopema 8.1]) 1eit po3B’s30K 3a,10BOIbHSIE
HEPIBHICTH
M
™ N ar2@y < allflla-12y), (18)
1 /s 10TO TIOXUOKU CITPABEJJINBA OITiHKA

C

M 2 .
ln =02y < o gelf)l(fM 10 = &l gz (ry- (19)

BBigcn BummBae 36ixmicrs 8 H'Y/?(T) mabmmkenoro poss’szxy n™ — n € HY?(T)
upu M — oo, e 7 — pos3s’s30k Bianosigaoro I'IP y mocaigosrocri (12). 3aznauumo,
IO JIOCTATHBOIO YMOBOIO 3012KHOCTI € BUMOTa JI0 CKIHYeHHO-BUMIPHOTO IiIIIPOCTOPY
XM Gyt anpokcumyroanm st mpocropy H /2 (1).

IMonany Bume uncesbHy cxemy (17) KoHKpeTmsyemo, 3actocosytoun MI'E [9,13].

. M _ .
Hexait I'y; = J,Z, 71 — /lesike mabmmkenns nosepxui ', yTBopene 3 TPUKYTHHUX Ipa-

. M .
HUYHEX efeMenTis {7;},_, 3 BepimHaMu {xlh] g2l 2[]) | Bpaskaemo Taxox, mo yci

. . M* .
BEPIINHI TPUKYTHUKIB MalOTh I7106a/bHy HyMepaliifo {2y },_; i 3 KO2KHOIO TOUKOIO T,
nos’si3aHa MHOKuHA Z (k) HOMEpDIB THX TPUKYTHHKIB, B SIKHX Il TOYKA € BEPIINHOIW.

1/2

Besmmauny h := max. ( fn ds) POBIVIATAEMO K TTapaMeTpP alPOKCHMAILl.
1=1,M

3azHAUNMO, 1110 3 BUKOPUCTAHHSM JIAHUX PO BEPIINHU KOYKEH TPUKYTHUK MOXKHA,

)

BimoOpasuTn Ha “‘crTaHmapTHUI TPUKYTHHK
T={{=(6,L)ER*: 0<& <1, 0<b <1 —&)

Buxopucronyioun dbymkrii ¢}(€) = 1 — & — &, 63(6) i= & i $4(€) == &, sanani
JIOKQJIbHO Ha TPUKYTHUKY 7T, YTBOPUMO MHOXKUHY {‘le}j\il ,M = M*, aka MiCTUTH
niniitno-nezanexni wa I'y; dynxnii. s nobygmosu KoxKHOI 3 dyHKILi Lp} Oyiemo
BUKOPHUCTOBYBATH I10 OJIHII Bi/NOBIIHINA QyHKITT (bjl Ha, KO2KHOMY 3 TPUKYTHUKIB, HO-
MepHu 9KUX BXOJATH j10 MHOxkuHU Z(i) Tak, mo6 orpumarn “manouku’ Kypanrta. B

pe3ybraTi MaTuMeMO 0a31C 3 KYCKOBO-JIHIHUX 1 r100aIbHO-HEITepEPBHUX (DYHKITIH,

IIPUYOMY Supp <Pi1 = UleI(i) Ty =T
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Posrisnemo Terep nocinosricts TIP (12). Kommonentn A} (k € No) ii uncein-

T S R

HOT'O PO3B’A3KY A= (/\8 AR ) Oy/ieMo TIyKaTh y BUIVIS JIHIHHOT KOMOiHAIT
HEIEPEPBHUX KYCKOBO-JIIHIMHUX (DYHKITIH

M
A=Y Mool € 8H(D), ke N, (20)
=1

M
ze {/\Z’l}lzl — mesinomi koedinientn, S} (T) — miniitna obosmonka GyHKILiT {9021}1':1'

M
Toni CJIAP (17) must 3HAXOMYKEHHsS] BEKTOPA /\Z = {)\271} € RM nabyne Taxoro
BULJISLY: =1

k—1
DiA; =gl — Y Dp A, k€N (21)
1=0

Tyr D;-l ~ MaTpHId, IO BiAmosigae rpaamaaoMy omeparopy D;, j = 0,k, iT eemenTn
BU3HAYEH] TaK:

DYidl = [ @) [ e 0)0ui By~ y)dsydss, i =TH,  (22)

I

a €JIEMEHTHU BEKTOpa HpaBOlll YJaCTHUHU MaXOTb BUIJIA

gl = [ (e, (23)

i

Bigznaanmo, mo yci ymosu jiemu Cea BUKOHYIOTHCS CTOCOBHO OTPHMAHOI CHCTEMU
(21) mia ycix suagenn k € Ng, ToMy Ha KOXKHOMY KPOI PO3B’A30K )\Z icHye Ta € €au-
HUM, a T00y/I0BaHa 3 OO0 BUKOPUCTAHHSM AIIPOKCUMAIIiS Bi/IITOBIIHOIO KOMITOHEHTA
pose’szky I'TP 3anoBosbHsie HepisHOCTi (18) Ta (19).

ITicast 3HAXO/KEHHSI Y€PrOBOIr0 BEKTOPa Ay MOXKHA obuucoBaTy (6epydn 10 yBa-

. . T
ru dopmyiry (20)) BiAIOBIIHMIT KOMIIOHEHT YUCEIBHOIO PO3B A3KY u = (uf}, u}f, )
sanadi Heiimana B g1oBlIbHINA TOUmi = € )

k
ul(x) = ZWJ‘)‘Z—;‘@)’ k e Ny, z € Q. (24)
=0

Busememo anpiopHy OIiHKY TOXHOKHU YMCETHHOTO PO3B’3KY, BBIBIN TOMEPETHLO,
crigyroun [10], HeoOximui mpoctopu Cobosnesa must yHKIN, 3amanux Ha Mexi L.

. N =
Hexait I moxkna nmogatu sk 06’egaanas [N = Ui:1 T'; mosepxous I'; (I'; NT'; = @ npu
1 # j), KOXKHa 3 IKAX MA€ JOCTATHLO [VIAJKY [apaMeTpPU3AIII0

Ii={zeR’:2=x;(¢), E€7 CR*}.

To1i, BHIKOPHCTOBYIOUHN MHOMKIHY Hesin'emumx bynkmiit ¢; € C5°(R3) Takux, mo

N
> ¢i(x)=1VzeT, ¢i(x)=0 Yz eT\T,

i=1
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JOBUIBHY 3a/iaHy Ha Mexki [ (DYHKIHI0 v MOXKHA TIOJATU Y BUTJISIIL

N
= ng)l(x Zvl Vz eT, (25)

ne v;(x) := ¢i(x)v(x) Va € T;. BpaxoByioun napamerpusarniio dparmentis [';, Gy-
nemo posrignaru upu m € Ng upocropu CobGosiea H™(T;), ejleMeHTaMU SKUX €
byukuii v;(§) := v;(Xi(£)) upu € € 7;, 3 HOpMOIO 1 HIBHOPMOIO

1/2 1/2
llim) = (5 10Tl ) 5 lanieyi= (X 108 ) -
laj]<m |a]=m
(26)

Tyt 0% — no3HAYEHHS YACTUHHOL IIOXIHOT 3 MyJIbTHiHIEKCOM @ = (1, arg). Tomi must
dyukiit, ki 3amani Ha yciit moBepxHi I', BukopucroByBatumemo mpocropu CobosieBa
H™(T") 3 nopmoro

1/2

N 1/2 N
|v||Hmm:=(Zm&m(a)) ;|v|Hm<r>:=(Z|m{m(;i>) L@
i=1 i=1

Jia meniyinx 3uavenn imgekcis s = m+ o, m € Ny, o € (0,1), BukopucroByBaTume-
Mo npocropu Coboresa-Ciobonenskoro H?(7;) 1 H*(T') 3 BiamosinHuMy miBHOpMaMK

i HOpMamu
any gy, 2 1/2
/ 18°T:() — 0°Ti ()| dsgdsn) |

|UZ|HS(T) —< Z / |£ n|2+2e

la|=m * T

WiHHs(ﬂ) :

7
[Vl e (ry = (Zm?{s(a))
=1

Jlema 1. Hexati A € (HS(F))oo — poss’azok cucmemu (12) npu dearxomy s €
[%, 2] , AKUL 300060ALHAE HEPIBHICTD

1/2
(||5i||§1m(;i) + 5@@15(&)) ; (28)
1/2 1/2
lollaey = (ol + o))

oo
§=0
Todi dan ompumanuz 3a donomozoro MT'E (3 nenepepsrumu kyckoso-Ainitinumy 6a-

BUCHUMU PYHKUIAMU) KOMNOKEHMIE wuceavHur poss’askie cucmemu I'IP (12) ma
3adav Hetlimana sUKOHYIOMBCA ACUMNMOMUHTE OUIHKU

H>\k - )\]I;:L||H1/2(F) < Ckh871/2|Ak|HS(F)7 ke IN07 (30)
k
lug () — ull (z)] < Gphs 12 Z |Ajlmsry, ©€Q, ke N, (31)
7=0

de ¢k i G — BeAUNUHU, AKE HE 3anedxcamb 610 napamempa h.
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HosBenennsa. CupaseiuBicTh TBepIRKeHHs 10a0 HepiBaocti (30) BuiuBae 3
reopemu 12.8 B [13]. s nosinbroro k € Ny anpiopay moxubky k-Toro KOMIIOHEHTa
YUCEJIBHOTO PO3B’sI3KY B JOBUIBHIN TOUI = € () MOXKHA BU3HAYUTH TaK:

Jur () — ug ( |—|ZW1H i |—\Z Be—i(@ =), (i = A!) )rl.

CupaBeJIMBOIO € TaKa OIlIHKA

=3

o

~

<
=
8

-~
N
1~

Oy Bri — ), (i = X) | <

@
|
<}

< 20w Bl
0

- .)HH*U?(I‘) H)‘i - )‘?HHl/z(F)'
7

Ockinbku qist noBiibHOI Toukn x € ) yei dyukuil F;(z—y) € HeckindeHno-audepeni-
HOBHUMHY 1 OOMEKEHIME Pa30M 3 yciMa YacTHHHUMH noxigaumn Ha [') To ||8l,( i(x—

< ¢f = const y BUNQJIKY JIOCTATHLO TUIAJKOI IpaHUYHOI TToBepxHi. Bpaxo-

H H-1/2(T) J
Bytoun (30), MmaTuMeMo

k

k
un(z) = up ()] <272 el Nl < @b V2D Nl ey,
=0 =0

e ¢ = Iélaéik{c’,;fici} — BeJIMYUHHU, fKi He 3aJIe2KaTh Bil mapamerpa h.
0<i<

Posryisinemo Ternep obuucients ejgementis Marpuni (21), ska Bignosimzae rpadu-
qHOMY onepaTopy Dy. 3ayBakKuMo, IO MOsiBa, TIIEPCUHTYIISPHOCTI He A€ 3MOry 0e3-
[IOCEPEIHBO BHECTH 30BHIIIHIO HOPMAJbHY MOXiAHY Imif BHyTpimHiil imrerpas. s
NPaKTUIHO! peasizaril MeTony edbeKTUBHUM BUSIBUBCS Tixin, ormcannii y |7, rr. X1,
§2], B OCHOBI SIKOTO JIEXKUTD TIEPEXiJT 0 TMOXITHUX Y JOTHIHUX J10 ' II0nMHAX, B IKUX,
30KpeMa, JIeYKATh IPAHUIHI €JIEMEHTH:

DAl = / / e (rotpgo}(x), rotro; (y)) dsy ds,+
(32)
K2 e—n|z—y\ ) o
+i ) e / G A sy =T
Tyt mozHageno
rotre’ (y) == v(y) x V@'(y), y €T (33)

Ile BekTOpU B OTHUHI TIONUHI, K1 CTABJISITh ¥ BiANOBiMHICTS 3a1aHiit Ha ' pyHKIil
!, a ¢! dbopmasbHe TPoIOBKeHHA (DYHKIII ¢! B3I0BK HOPMAJ U y IPUPAHIIHY
obsacTb cramaum 3HadeHasM. OCKIIbKY HAa KOXKHOMY TPHUKYTHHUKY HOPMAJb, 8 TAKOXK
YaCTHHHI HOXiH] ninifinnx dynkuiit ¢! € cramivm, o Bupas (rotre; (z), rotry}] (y))
MOKHA BMHECTH 3-IiJI iHTerpasiB y mepiomMy aoganky (32) i orpumaru inrerpaiu 3i
cJ1abKOI0 0CO0JIMBICTIO.

Buyrpimniii inrerpasn y apyromy gofasky B (32) Takox 3i ciaabkoo 0cobJuBi-
¢TI0 B siipi. Voro BUIVISLI MOXKHA CIPOCTHTH, SIKINO BHHECTH 3-IIJ[ IHTErpajy BHPA3
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(v(z),v(y)), ockinbKn HOpPMAJ € HE3MIHHNMM Ha KOKHOMY TDAHIYHOMY €JIEMCHTI.
Toxi orpumaemo inTerpasn

jl(x) - / M 1M (34)

1

QU
®
<
—
Il
—_

3 AKUX &JUTHBHO BHOKDPEMJIIOEMO IHTErpaJ 110 T'PAHIMIHUX €JIEMEHTaX, IO BXOISATH
J10 HOCis byHKITiT goll7 dKi aHaJiTHIHO iHTerpyemo. /lo permrtu inTerpasis, y TOMY
49Ul TUX, [0 BiIIOBIIAIOTH rpanndHoMy oneparopy Dy, k € N, 3acTocoByeMo KBa-
aparypai dopmysau [ayca.

3ayBaxkeHHs 2. Yci 0mpumari suuLe Pe3ysbmamuy u,0do nobydosu y3azasvHe-
H020 po36’asky 3adawi Heiimana 6 obaacmi ) ma tiozo Habaudcenna 3a 00momo2010
MEMOAY 2PAHUNHUL EAEMEHMIB MOHCHA NEPEHECTNU 63 CYMMEBUT 3MIH HA BUNAJOK,
Koau 3adany pozaasdatomy 6 neckinuennit obaacmi QT = R3\ Q. 3asnanumo, wo
modi 3a nopmaav Gpamumemo sexmop v = —v. Jani 3adavi 6 obaacmi ) nasuea-
mumemo enympiwmnimy, a 6 2T — soeniwmiMU.

3. PesysnbTaTin 0649nCII0BAJIBHOrO €KCIIEPUMEHTY. [IpomeMoncTpyemo 3acTo-
CyBaHHH 3allpOIOHOBAHOIO METOJLy JIJIs 3HAXOJYKEHHs YNCEJbLHUX PO3B A3KIB JIesSKUX
MozenbHEX 337249 Hefimana. Beaxkaemo, mo B cucremi (1) ¢ = (k + 1)k, ge k — ze-
akuil napamerp, k € Ny, a B kpaiiosiit ymoBi (2) kommonenTu gi, k € Ny maoTh
BUIJISL G, = OV OJI BHYTPIMIHIX 38184 1 §y = —0, Vg — AJis 30BHINIHIX, 1€

e o= 7D (Ly (w(je — 27|) = Li—1 (k(|Jz — 2*))

v — x|

vg(z) = , ke,

(35)

e—rc(\:c—a: |—1)

vo(z) = ,xzel.

|z — x|
Tyr Ly (k € Ng) — noninomu Jlarepa [8], a Touka x* € napamerpom. Ilpukianamu
obuiacteit npu MozesoBanti 6yayTs Ky6 Q = (—1,1) x (—=1,1) x (=1,1) i iioro 30B-
Himmicrs O = R3 \ﬁ 3a3HaquMo, 0 3 TOYHICTIO JI0 MHOXKHUKA IOCJIJOBHICTL V
criBnasae 3 GyHIAMEHTAIBHIM PO3B’si3KoM crucremu (1), TOMy BUKOPHCTOBYBATHMe-
MO 1T JIJ1s1 TOOYI0BY aHAJITUYHOTO PO3B 3Ky KpallOBUX 3aJad, IPUUOMY OpaTHMEMO
2* = (0,0,0) ma 3oBHIMHBOT 3aga4i 1 * = (2,0,0) — [y BHYTPIMIHBOIL.

PozrisineMo crodaTKy MoJiesIbHI KpaifoBi 3aja4i /Jisl TIepIIoro PiBHSIHHSA CHCTEMU

1.
h

IIpuknanx 1. Snatimu wuceavhutd po3s’a30k ug 306HIUHBOT & BHYMPIUHBLOL 30004
Hetimarna npu xk = 2.

Y rabauni 77?7 momaHo pe3ysabTaTi O0YNCIIEHb PO3B’sI3KY, OTPUMAaHI 3 BUKOPUCTA-
vasiMm MI'E rst mocigoBHOCTI po3buTTiB moBepxHi Kyba. BoHuU jJeMOHCTPYIOTH 30i-
JKHICTH YMCEJIBHOTO PO3B 3Ky JI0 aHAJITHIHOTO P 301IbIITEHH] KITbKOCTI TPAHUIHUAX
eJIEeMEeHTIB, TOOTO IIpY 3MEHINIeHH] 3HAYeHHs nmapamMerpa h.

[TT06 3’sicyBaTH 3a1e2KHICTD HOXUOKK YHCETHLHOIO PO3B’SI3KY 3a/1adi BiJt mapaMeTpa
h, dxkuit xapakTepu3ye PO30UTTsI TPAHUYHOI MTOBEPXHI HA €JIeMEHTH, OyIeMO pPO3IJis-

aarn Besanan 6" = [|ufl — uo||r2(ap) 1 €" . -100%, ne (a,b) — BiapisoK,

T uollp2a,p)
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X1

KinbkicTs rpaHnIHUX €1eMeHTiB

‘ AnagiTuannit

588

1200

1728

PO3B’I30K

1.2
1.5
2.0
3.0
4.0

4.97567 x 1071
2.19226 x 101
6.07058 x 102
5.50191 x 10~3
5.590834 x 104

5.16241 x 10~ 1
2.26607 x 10~1
6.25240 x 102
5.64833 x 1073
5.73967 x 104

5.23443 x 1071
2.29583 x 107!
6.32929 x 102
5.71311 x 10~3
5.80360 x 10~4

5.58600 x 101
2.45252 x 101
6.76676 x 10~2
6.10521 x 1073
6.19688 x 104

Tabuuust 1. Poss’sizkn ul (z) soBHuimubol 3ama4i Hefimana (npukiazn 1), orpuMani 3a
nonomoroio MI'E Ha pizanx po3burrsax.

Ha sIKOMY 0epyTh TOUKM crnocrepexkerHs ¢ = (x1,0,0). Takox Gyzemo obuncaroBaTn
BEJINYIUHY IIepeI0atyBaHOr0 HOPSIKY 301KHOCTI

In ¢ — In ghi+r

coc= In hj —1In h]‘+1 ’

(36)

zie hj i hj4q TapaMeTpH JBOX TOCTiTOBHIX PO3OHWTTIB TPAHNYIHOI TOBEPXHI HA TPaHMU-
qni ememenTr. [ToxubKM po3B’sA3KiB Ta 3HAYEHHS BEJIUUNHU €0C HABEIEHI B TaOJIMIN
77?7. BazHauumMmo, 10 pe3yJIbTaTh O0YKMC/IEHb CBIIYATH PO OAHAKOBI MOPSIJIKU IOXUOOK
YHUCEIbHUX PO3B’sI3KiB 30BHIITHIX 1 BHYTPIlIHIX 3a/a¢.

SoBHimIHS 3a1a94 Buyrpinmsa 3amaqga
M 5" eoc | (%) 5" eoc | (%)
300 | 0.03539 8.34 | 0.02959 8.28
588 | 0.02565 | 0.957 | 5.92 | 0.02076 | 1.053 | 7.41
768 | 0.02254 | 0.967 | 5.16 | 0.01788 | 1.117 | 4.81
972 | 0.02011 | 0.969 | 4.58 | 0.01560 | 1.156 | 4.16
1200 | 0.01815 | 0.985 | 4.11 | 0.01376 | 1.164 | 3.65
1728 | 0.01518 | 0.992 | 3.32 | 0.01095 | 1.201 | 2.88

Tabaums 2. AHaII3 TOXHOOK YHCETBHUX PO3B’SI3KIB Ul (z) BHYTpPIIIHBOI Ta 30BHIIIHBOI

sanaq Heitmana (npuksag 1).

Tenep TPOIEMOHCTPYEMO 3HAXOJ?KEHHSI PO3POOJIEHUM METOJOM KOMIIOHEHTIB Ju-
CeJILHOTO PO3B’si3Ky 3ajadi Helimana 3 iHIMIMY 3HAMEHHIMEI 1HIEKCIB.

Ipuknan 2. 3natimu N xomnonenmis wuceavrozo pose’aswy ul,
306HiwHbol 3adavwi Hetimana npu k = 2.

i=0,N

9

Orpumani jg N = 20 3Ha9eHHS KOMIIOHEHTIB YHUCEIHLHOTO PO3B’SI3KY 3aJadi €
100pe y3ro/PKeHNMH 3 aHAJITHIHUM PO3B’SI3KOM 1 CBiIYaTh HPO IIBUJIKE 3aHUKAHHS
byHKITIT u? () 3 pocroMm 3HaueHHs iHJEKCy i. B Tabmuii 7?7 HaBEJEHO KOMIIOHEHTH
qucesIbHOro po3B’si3ky upu ¢ = 10 ta ¢ = 20, gki orpuMaHi Ipu Po3OUTTI OBEPXHI
Kyba Ha M = 1200 rpanugnnx exeMenTis. Takoxk B TabIuIi HIOTAHO MIOTOYKOBY BiTHO-
CHY TOXMOKY KOMITOHEHTIB YHCEIbHUX PO3B’S3KiB. 3a3HAYMMO, IO JJI KOMIIOHEHTIB

h

ul(z) mpu i = 1,20 Taki moXWOKHM € CHBPO3MIPHUMH 3 Bi/IOBITHOTO TTOXHOKOTO Ul (T).
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2 u1o(x) ullo(«) e(%)
1.5 8.8570 x 1072 0.1204 x 1072 | 2.97
2.0 5.6502 x 1072 5.6438 x 1072 | 0.11
3.0 | —1.9676 x 10=2 | —1.9356 x 10=2 | 1.63
4.0 4.3413 x 1073 4.1735 x 1073 | 3.97
3l U0 () ugy(x) (%)
1.5 | —=7.6672 x 1072 | —7.5437 x 102 | 0.93
2.0 4.0784 x 1072 4.1496 x 1072 | 1.61
3.0 | —1.0549 x 10=2 | —1.0756 x 10=2 | 1.96
4.0 2.9939 x 1073 3.0127 x 1073 | 0.63

Ta6muma 3. Hopisuauus anamitiasoro u;(x) i wncempuoro ul(z), i = 10,20, po3s’s3Kis
soBHimHBOI 3ama4i Heiimana (npukiaz 2) npu M = 1200.

BucHoBKU. [lobymoBane Ha OCHOBI ¢-3ropTKH (DYHKIIHHUX TOCIIITOBHOCTEH 1H-
TerpaJjibHe MMOAaHHs y3araJbHeHOro po3B 3Ky KpaitoBol 3amadi Heitmana mis neckin-
YEHHOI 3rOPTKOBOI CUCTEMH eJIITHYHUX DiBHsHB (1) Jla€ 3MOry 3BECTH Taky 3ajady
1o nocainosrocti I'IP, B akiii KoxKHe 3 pIBHAHB Ma€ OJWH 1 TOH caMuil IpaHUYHUN
omepaTop y JiBiit yacTuHi i peKypeHTHI nipaBi yactuau. Takuit miaxin gae 3MOry CKo-
pucraruca Bigomumu nepesaramu [10] rpaHudHuX IHTErPAILHUX PIBHAHL OPU PO3B’si-
3yBaHHI KpaifloBUX 334 I eJinTuIHuX piBHAHBb. OTpruMaHi pe3ysibraTu s MO-
JEJIbHUX 33/1a49 HiATBEP/KYIOTh e(DeKTUBHICTh PO3POOJIEHNX IHCEIbHIX METOJIB JIJIs
3HaXO/KeHHsI pO3B’s3KiB aK oTpuMmanux ['IP, Tak i Buxinamol kpaitoBol 3aaxi Heitma-
Ha.
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Myswuyx FO. A.
YUCJAEHHOE PEIIEHUE 3AJIAUM HENMAHA /11 BECKOHEYHOU CBEPTOYHOI CUCTEMbI
DJIJIMITUYECKUX YPABHEHUI METOJ/IOM I'PAHUYHBIX DJIEMEHTOB

Pesrome

B TpexmepHbIX obsracTsX C JIMNIIUIEBON I'paHUIEil pacCMOTpeHa KpaeBas 3agada Heitmana
151 GECKOHETHON CBEPTOYHOM CHCTEMBI SJUIMITHIECKUX YPABHEHUH, [IOJIyIaeMOil B Pe3yiib-
TaTe IPUMeHeHus Ipeobpa3oBanus Jlareppa 1o BpeMeHn K Ha4aJbHO-KPAEBBIM 3a/1adaM JIJIst
9BOJIIOIMOHHBIX ypaBHeHnil. C IOMOIIBIO (-CBEPTKH II0C/IEI0BATEIBHOCTEN IIOCTPOEHO HHTE-
rpajibHOE IpEeACTaBJIeHHe OOOOIIEHHOIO PEIIEeHHs 3aJa4d U IIOJIyH9eHO SKBHUBAJIEHTHYIO CH-
CcTeMy T'PDaHUYHBIX MHTErPaJIbHBIX ypaBHeHHil. Jloka3aHO CyniecTBOBaHNE U €UHCTBEHHOCTH
YHUCJICHHOI'O PEeIIeHUs], II0/Iy4aeMOI'0 METOIOM I'PAaHUYHBIX 3JIEMEHTOB, 8 TaKrKe MCCJIeJOBaHO
€ro alpHOPHYIO MOrPEITHOCTh. lIpuBeneHBI pe3yabTaThl, BBIYUCICHHBIE DU PEIIEHUH MO-
JeJbHBIX 3a4a4.

Kmouesvie crosa: memood eDUHUMHBIT EAEMERMOS, (-c8epmKa, Kpaesoe ycaosue Hetmara,
CUCTNEMA INAUNMUNECKUT YPAGHEHUT .

Muzychuk Yu. A.
NUMERICAL SOLUTION OF THE NEUMANN BOUNDARY VALUE PROBLEM FOR AN INFINITE
CONVOLUTIONAL SYSTEM OF ELLIPTIC EQUATION VIA THE BOUNDARY ELEMENTS METHOD

Summary

We consider a Neumann boundary value problem for an infinite convolutional system of
elliptic equations obtained as a result of the application of the Laguerre transform in the time
domain to initial-boundary value problems for evolution equations in 3d Lipschitz domains.
With help of g-convolution of sequences the integral representation of the generalized solution
of the problem is built and an equivalent system of boundary integral equations is obtained.
The existence and uniqueness of the numerical solution obtained by the boundary elements
method are proven. A priory error estimates are investigated. Numerical results obtained for
the modal problems are given.
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Key words: boundary elements method, g-convolution, Neumann condition, system of elliptic

equations.
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A. II. Orynenko
Opnecckuit marmonaabublil yauBepcurer umenu 1. 1. Megnukosa

YACTNYHOE YCPEJAHEHUVE CUCTEM HA BPEMEHHBIX
OIKAJIAX

B pabore paccmoTpena cxema JYaCTUIHOTO YCPETHEHUsSI CHCTEMbI YPAaBHEHUI Ha BPEMEHHOMN
IKaJIe ¢ MaJIbIM MapaMeTpoM B mpaBoit wactu. [Ipu Becbma o0IMUX ycIOBHUSAX AoKaszaHa OJim-
30CTh PEIIeHUsI MCXO/HOM CHCTEMBbI U DPEIIeHUs] YaCTUIHO YCPEIHEHHON CHCTEMBbI, [PUYEM
YaCTUYHO YCPEJIHEHHAsI CUCTEMa OIIPEJIEJISIeTCsl Ha TON K€ BPEMEHHOI IKaJje. DTOT pe3yiib-
TaT, B YaCTHOCTHU, PACIIUPsieT 00JaCTh MPUMEHEHMsI YUCJIEHHO—aCUMIITOTUIECKOTO METOJIa
pelenust 3a/1a9 ONTUMAJIBHOTO YIIPABIEHUsT HA BPEMEHHBIX ITKAJIaX, PA3BUTOIO B MPEIBIIY-
mux paboTax.

MSC: 34N05.

Karoueswie caosa: epemennas wrkaia, memood YycpeoHenus, Gyrnkuus 3eprucmocmuy .

BBEAEHUE. Meros ycpenHeHus sIBJIsI€TCS BAXKHBIM WHCTPYMEHTOM B ACHMIITO-
TUYECKO# Teopun guHamMudeckux cucrem. OH 3apojuics Bo Bropoil mososune X VIII
Beka B paborax A. Knepo, 2K. Jlarpamxka u C. Jlamaca mo HebGecHoit mexanuke. B
nagase XX seka B. Ban-Jlep-Ilons npumennn meTos ycpeinenus K guddepennnaib-
HBIM ypaBHEHHSIM, OIIMCHIBAIONIUM KOJIEDaHUSI B CUCTEMAX C OJIHOI CTeIleHbI0 CBODO/IBI.
OHAaKO BOMPOCHI CTPOrO 0OOCHOBAHUS METOJ[A YCPEIHEHUs] OCTABAJIUCH OTKPBITHIMHU.

Cucremarnyeckast TeOpUsi METO/IA YCPETHEHUS [JIsi OOBIKHOBEHHBIX Auddepentim-
aJIbHBIX ypaBHeHWi Oblia co3nana B paborax H. M. Kpreutosa, H. H. Boromo6osa [1]
u nasee passuta H. H. BoromoGoseiM u ero yuenukamn [2].

B jasnbHeiiem MeTos ycpeiHeHusi ObLI 0OOCHOBAH J1jist HOJIBIION0 YUCTIA PA3JINY-
HBIX KJIACCOB JUHAMUYECKHUX cucTeM: nuddepeHInabHbIX YPABHEHUN C PA3PBIBHOMN
U MHOTO3HAYHOM TPABON YacThIO, YPaBHEHUT ¢ MPOU3BOTHON XyKyXapbl, JTHHAMUI-
YeCKHUX CHUCTEM C 3amas3jblBanueM u npod. O630p MOIydeHHBIX Pe3yIbTaTOB MOXKHO
HafiTn, Harpumep, B [3]. OCHOBHOE HAIPABJIEHNE TUX UCCIIETOBAHUN 3aKIIOIATIOCH B
paCIIUPEHUN TOHATHSI JJMHAMUYECKON CUCTEMBI 1, COOTBETCTBEHHO, [TIOHATHUSI PEIEHUSI
TaKOH CHUCTEMBIL.

C mpyroit CTOpOHBI, BO MHOI'OM M3MEHUJICS IOXO/T K MOHMMAHUIO IIPUPOIBI BPe-
MEHU B JIUHAMUYIECKUX cucTemax. [loHsTre BpeMEHHO! IKAJIBI, BIEPBLIE BBEICHHOE
C. Xwmibrepom B 1988 o1y, M03BOJIIIIO TIOCTPOUTDH OBIIYIO TEOPHIO IUHAMUIECKUX CH-
CTeM, OJTHUM SI3BIKOM OIIMCHIBAIOILYIO0 U HEIIPEPLIBHBIE CHUCTEMbI, W JIMCKPETHbIE, U —
9TO 0COOEHHO BayKHO — CMelIaHHble ciydau. IlojpobHoe n3iokenne Te0Opun JTUHAMU-
YECKHMX CHCTEM HA BPEMEHHBIX IIKAJaX MOKHO HaiTu B [5,6].

Hackonbko HAM M3BECTHO, BIIEPBBIE 331498 YCPEIHEHUsI IPUMEHUTEIHHO K CHCTe-
MaM Ha BPEMeHHBIX ITKasax Obuta pacemorpera A. Slavik B 2012 roxy [7]. B wactHo-
CTH, U3yYaJIUCh BOIIPOCHI OJIN30CTHU PENIEeHUs] NCXOMHON CUCTEMBI Ha, BDEMEHHOI IIIKaJIe
U peIleHusl yCPeIHEHHOr0 00001eHHoro aud depeHnnaapHoro ypapHenus. Takum 06-
pa3oM, oreparust yCpeHeHusl He 00ecrIevInBaIa 3aMKHY TOCTH MHOYKECTBa PEIIeHNH.

B patore [9] 6bL1a 060cHOBaHA cxeMa OBIIEro yCpeJHeH:s JUHAMUYECKIX CUCTEM
Ha BPEMEHHBIX IKaJaX, B KOTOPOIl yCpeIHEHHAs CHCTeMa HMMeJa TY Ke IIPHUPOLY,

Hoayuena 23.03.2017 © Orynenxo A. I1., 2017
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qro u ucxonHas. Ha ocHOBaHUU TUX PE3YJIbLTATOB OBLI Jlajiee PA3BUT YUHUCJIEHHO—
ACHUMITOTUYECKUI METOJ, PEIleHUs 33189 ONTUMAJILHOro yupasiaenus [10,11].

IIPEABAPUTEJILHBIE PE3VJIBTATHI. [IpuBegemM oCHOBHBIE CBEJIEHUS O BpE-
MEHHBIX IKAJIaX, KOTOPbIe HEOOXOIUMBI JIjIsi U3JIOKEHUSI [TOJIy9€HHBIX PE3yJIbTaTOB.

Bpemennast mkama — HerycToe 3aMKHYTOE IOAMHOYKECTBO MHOXKECTBA BEIIIECTBEH-
HBIX gmces1, obo3HadaeTcss cuMBooM T. CBoiicTBa BPEMEHHON MTKAJIbI OMPEIEIISTIOTCS
TpeMs DYHKIMAMIE:

1) omeparopom nepexona suepes o(t) = inf {s € T : s > t};

2) omeparopom mepexozna Hazan p(t) =sup{s € T : s < t}, (mpu sTOM ImONAracTCs
inf@ =supT u sup @ = inf T);

3) dyukumeii sepuucroctu ((t) = o(t) — t.

IoBeenne onepaTopoB IMepexofia BIEPE] W HA3aJ| B KOHKPETHON TOUKe BPEMeHHOM

mKaJbl onpeziessier ee turn. Tak, npu t < o(t) (p(t) < t) Touka ¢t € T HazbIBaETCS

crpaBa (cJjieBa) paccesiHHOl, npu t = o(t) (p(t) = t) oHa HasbIBaeTCs cupasa (ciesa)

wrotHoi. [InoTHOM Ha3bIBaeTCst TOUKA ¢, st KOTOPOii p(t) = t = o(t), n30IMPOBAHHOM

HA3bIBAETCST OJJHOBPDEMEHHO CJIEBA U CIIpaBa PaccessHHAs TOUKa, T. €. p(t) < t < o(t).
Omnpenenum muOKecTBO T* citemytomumM obpaszom:

T\ {M}, ecnn 3 cupasa paccesunas Touka M € T : M =supT,
T = supT < oo

T, B IIPOTUBHOM CJIydae.
Hanee nosnaraem [a,b] = {t € T:a <t < b}.

Onpepenienne 1 (Bohner, Peterson [5]). Hyemos f : T — R uwt € TF. Yucao
A1) nasvsaemea A-npouseodnoti dynryuu f 6 mouxe t, ecau Ve > 0 natidemcs
maxas okpecmuocmo U mouxu t (mo ecmo, U = (t —0,t+6)NT,d < 0), wmo

[f(@(t) = f(s) = FA () (o(t) = 5)| <elo(t) —s| VseU.

Omnpenenenne 2 (Bohner, Peterson [5]). Ecau f2(t) cywecmeyem ¥Vt € T*, mo
f: T — R naswsaemea A-dugpdepernyupyemoti na TF. Oymuxyus f2(t) : TF — R
Ha3v6aEMCA 0eAbMa-NPoU36odnot dymnxyuy f na T,

Eciu f nuddepennupyemast B ¢, TO

Flo() = f() + u(t)f2 ().

Onpenenienune 3 (Bohner, Peterson [5]). @ynryus f : T — R wnasvisaemces
pe2yAAPHOTI, ECAU GO 6CET NAOMMHBLT CNPAEA MOUKAT epementots wrasv T ona umeem
KOHEUHbLe NPAGOCTNOPOHHUE NPEIeAdl, G 60 6CET CACEA NAOTHBIT MOYKAT OHA UMEEM
KOHEUHDLE ACEOCTNOPOHHUE NPEJebL.

Onpepenenue 4 (Bohner, Peterson [5]). @ynxuyus f : T — R nasweaemes rd-
HENPEPBIBHOT, ECAU 6 CPABA NAOTHBIL TOYKAL OHA HENPEPHLEHA, G 8 CAEBG TAOTHBLL
MOUKAT UMEEM KOHeuHbie Aesocmoportue npedeav. Mrooicecmeo maxux Gyrkuud
obosnauaemes Crqg = Crq(T), a muooicecmeo dugdeperyupyemms dynkyud, npous-
600nas Komopwix rd-nenpepviena, obosnauaemes kax CL, = Ct (T).
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Onpepenenne 5 (Bohner, Peterson [5]). Jas w0600 peeyaspnot dynruuy f(t)
cywecmeyem gynkuua F, duddepenuupyeman 6 obracmu D maxan, wmo ois ecex
t € D svnoansemca pasencmeo F2(t) = f(t). Oma dynruus naswsaemes npeo-
nepeoobpasnot das f(t) u onpedeasemen HeoOHO3HAUHO.

Heonpenenennstit narerpan mveer suy [ f(t)At = F(t) + C, rne C — npons-
BOJIbHAsI KOHCTaHTa MHTerpuposanusi, a F(t) — npen-nepsoobpasnas st f(t). Ha-
nee, ecam jyia Beex t € TP pemosmsterca F2(t) = f(t), tne f : T — R — rd-
HenpepbiBHas Gynkius, To F(t) HasbBaerca nepsoobpasnoit dynkuun f(t). Ecau

¢
to € T, to F(t) = [ f(s)As must Beex t. Oupenenennstit A-uaTerpan s JTo0bIX
to

S
r,s € T onpenenstercst xkak [ f(t)At = F(s) — F(r).
T
Cdopmynupyem 3amaay Komn Ha BpeMmeHHo# mikaje. Ilycrs 3aaH0 ypaBHEHME

z2(t) = f(t,z(t)), zcR" teT.

Dyukuus x(t) HA3BIBAETCs pelieHneM 3Toro uddepeHIaaIbHOr0 YPABHEHS!, eCIIH
z(t) € C}, ([to, +00)T) 1 P MOJCTAHOBKE €€ B ypaBHEHHE [OCTIE Hee IIPEeBPAIIaeTCs B
ToxaecTBo. Ecsn, kpome Toro, dbynkims z(t) yA0BIeTBOPAET 3a1aHHOMY HAUATBHOMY
YCJIOBHIO

z(to) = o,

TO OHA, HA3BIBAETCS PEIIEHUEM COOTBETCTBYIONIECH HaYaJIbHOM 3aa4u uaun 3a1a4qu Ko-
.

B nasbreiinrem HaM MOHAIMOOUTCST AHAJIOT SKCIIOHEHIIMAIBHON (DyHKITNH, TIOCTPO-
E€HHBIN JJIS MPOU3BOJILHON BpEMEHHON IKaJIbl. BHawase BBIJIETUM BaKHBIH KJIacC

byHKIMIL:
Onpenenenune 6 (Bohner, Peterson [5]). @ynxuyuwo p : T — R 6ydem naswvi-

samv peezpeccusnoti, ecau 1+ p(t)p(t) # 0,t € T*. Muoscecmso peepeccusHbiT
rd-nenpepvisnur Gynruull obosnavaemes R = R(T).

MokHO noKa3aTh, uTo, ecsim p(t) € R u ty € T, To 3amaga Komm

y=® =p(t)y, ylte) =1

“MeeT eJMHCTBEHHOE pereHne Ha 1. DTo pelreHne u OyaeT SKCIIOHeHITNAIbHON DyHK-
nuelt, KOTOpPyIo 0D03HATAIOT Tepe3 ep(t,to), VKa3bIBas Ha 3aBUCUMOCTH OT (PYHKITAN
p(t).

Cdopmynupyem ycsioBuUsi CyIIIECTBOBAHUS U €INHCTBEHHOCTH perieHust 3a1a4uu Ko-
1Y Ha IIPOU3BOJILHOI BpEMEHHON IKaJIe.

Ounpepenienne 7 (Bohner, Peterson [5]). Hycmo T — spementan wrara u X —
banazroso npocmpancmso. Pynxyuro f: T x X — X obydem nazvisamov:

1) rd-nenpepuwenrot, ecau gynryus g(t) = f(t,z(t)) rd-nenpepuwsna das 10601
nenpepwoienoli pynryuu x: T — X ;

2) oepanusernnot 6 obaacmu @ C T x X, ecau cywecmeyem xoncmanma M > 0
maxas, wmo || f(t,z)|| < M daa aobot mouku (t,x) € Q;
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3) aunwuyesoti 6 obnacmu Q C T X X, ecau cywecmeyem xoncmanma A > 0
maxas, 4mo

If (ta1) = F (o)l S Moy =22 V(1) (t22) € Q

Teopema 1 (cymecTBoBaHUE U eIUHCTBEHHOCTD perenusd, [5]). [Hycmos T — epe-
Mennan wrara, X — banaxoso npocmparcmeo, to €T, zg € X, a>0:inf T < tg—a
usup T > tg + a. [oroorcum

I, = (to —a,to+ a), Up={z € X :|z—=zo| <b} .

Ecou gynxyun f 2 I, x Uy — X rd-nenpepuenas, 02paHusennas ¢ KOHCMAHMOT
M > 0, aunwuuesa ¢ xoncmarmot L > 0, mo pewenue 3adavwu Kowu

2 = f(t,x), alto) =0

cywecmeyem u eduncmeerno Ha unmepsase [to — a,to + af, 2de @ = min {a, %,

1—¢
T } FEcau to — CNPasa paccearHas mowka u o« < ,U,(to), mo cywecmeyem edu-

cmeenHoe pewenue wa unmepsane [to — o, o(to)].

B nanbueiinem moHaI00UTHCA TaKKe HepaBeHCTBO ['poryosia, KoTopoe Mbl chop-
MYJIIDYEM B BUJE CJIEYIONIEN JIEMMBbI

JIemma (Hepasenctso I'ponyosuta, [5]). ITycmo y — rd-nenpepovienan na T dyn-
yusa, pE R p>0, ua €R. Ecau cnpasedauso nepaserncmeo

t

y(t) < a+ /y(T)p(T)AT, 7T

to

y(t) < ey (B, 10), TeT.

Jloka3aTesbCTBO TEOPEMBI O CYIIECTBOBAHUU M €UHCTBEHHOCTU PEIIeHUs 339N
Kommn Ha BpeMeHHOI mKase u JeMMbl [ pOHyosLIa MOXKHO HalTH B [5].

OCHOBHBIE PE3VJIBTATBI. PaccMoTprM IUHAMIYIECKYIO CUCTEMY BHIA
A
= =eX(t,x), x(ty) =g (1)

rae x € R™, ¢ > 0 — masibiii mapamerp, X (¢,2) — n-mepuas Bekrop-yuknus, t € T
— BpeMs, 33JJaHHOe BpeMeHHOH mKaJjoit. [locraBuM eif B COOTBETCTBUE CJIETYIONLYIO
CUCTEMY:

8 =eX (t,6) &(to) =0 (2)
rie
7 -
qlgnmf/“X(t,x)—X(t,x)HAtzo. (3)
TeT

A1y nocieaHion cucreMy (2) Mbl GyZeM Ha3bIBATH YACTHIHO YCPEAHEHHOM, COOTBET-
cTBYIOIIEl ncxonHoii cucreme (1).
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Teopema 2 (0 YaCTUIHOM yCpeJHEHUN Ha BpeMeHHOH mKkaJse). [Tycme 6 obaacmu
Q ={t €T,z € D} evinoanenv, caedyrousue Yycaosus:

1) ¢yrryuu X (t,x) u)?(t, x) rd-nenpepuisnv, no t, ozparunens, konemanmot M > 0
u ydosaemeopsaom ycaosuro Junwuya no x ¢ xonemanmot A > 0;

2) npedea (3) cywecmeyem pasromepro omuocumenvro x € D;

3) pewenue £(t) wacmuuno ycpednuennol cucmemor (2) ¢ HAUAADHOM YCAOBUEM
&(to) = xg € D' C D onpedeaeno dasn ecex t € T u aeorcum emecme ¢ p-
oxpecmuocmwio 6 obaacmu D;

4) cywecmeyem maxoe wucao g > 0, wmo das mobozo t € T aubo p(t) = 0, aubo
p(t) > po-

Tozda das aobvix >0 u L > 0 natidemea maxoe €9 (n, L) > 0, wmo dan 0 < e < gg
uty <t < Le~! enpasedauso

() = €@ <n (4)
2de x(t) u &(t) — pewerus 3adaw Kowwu (1) u (2) coomsememserno.

HoxkazaresnberBo. U3 yeiosuit 1) u 2) cieiyer, 94T0 U UCXOAHAsL, ¥ IACTUIHO
YCPEeJIHEHHAsT CUCTEeMbI OY/IyT UMETh €JIMHCTBEHHBIE DEIIEHUsI, TPOJIOIKIMbBIE 110 Bpe-
MEHH JI0 TeX 10D, noka z(t) € D (coorBercrsenHo, {(t) € D).

SamureM 9TH CHCTEMBI B MHTEIPAJIbHOMN (hopme:

x(t) = x0+5/X(s,x(s))As,

£1t) = mo+6/)?(t7§(s))As.

OreHrM HOPMY PA3HOCTHU PEINIeHUil MCXOMHON U YCPEJHEHHOI cucTeM:

t

Jo®) - €0l = || [ [X(s.0(5)) ~ Xs. ()] s =

to

VA
- )
S— . 5
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2

=2
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|
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N

e [llats) ~ )l s+ | [ [X(s.60) - Kls.te)] as] - ()

to t()
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O60o3HaYnM IOCIEIHEE CIaraeMoe

t

J=¢ / [X(s,g(s) - )?(575(8))} As

to

U OIIEHUM €ro Ha IPOMEXKYTKe BPEMEHHOH IIKAaJIbI [to, Lsfl].
ITocTponm pazbuenme TPOMEKYTKA CIETYIONIAM 00PAa30M: 3818 IUMCSI THaMETPOM

pa3buenHust §, IMOJIOKUM IIEPBYIO TOUKY pa3bueHusi paBHOI tg, a JajbHENIINEe TOYKU
onpenesuM 1o hopmyIie

' sup (ti—1,ti—1 + 9], ectm t;_1+0¢€T,
e J(tifl), eCcJin ti,1 + 1) ¢ T.

Mozkno nokazats ( [6], c. 120) , uro mocrpoennoe Takum 06pa3oM pasbuenue obiaiaer

CJIEZYIONIMM CBOCTBOM: Jjist JIIOGOro ¢ 6o t; —t;—1 < § (BymeM caurarh, YTO B 3TOM

ciyuae i € Is), mubo t; —t;—1 > 0w o(ti—1) =t; (torma i € I,). [lyere N = |I5|+ |15 |.
ITo cBoiicTBAM MHTErpPaJIOB UMEEM

t

J=¢ /k[X(s,g(s)—f((s,g(s))} As+/ [X(s,g(s)—)?(s,g(s))} As|| =

23

k—1 lift -1 bt N
—c / X (5,6(5) = X(s5,&)] As = Y / [X(s@(s)) - X(s,g,-)] As +
i=0 7, =0 3.
k—1 "ttt B
n Z: [X(s,@-) X(s,fi)} As + / [X (5, £(5)) — X(5, )] As —

ty to
ty

—/[X(s@k)—)?(s,gk)} As

to

IleperpynmnupoBbiBasi OTHOTUIIHBIE CJIAraeMble B TOCJIETHEM BBIPAYKEHUN ¥ TIOJTh-
3ysCh CBOHCTBAMU HOPM WM MHTEI'DAJIOB, IIOJIyYaeM JaJjee

E—1 tit1 t
T<e (X [ IXGa6 - Xl s+ [ IX(606) - Xs.8)] 85 | +
1=0 t; th

1 titt
t

. Z [ [xsse - K

i

‘AH/H)?(s,g(s))—)?(s,gk)HAs 4
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k-1 ||ttt t
+ s; J[X(s,fi)—X(s,gi)} As—tO/[X(s,gi)—X(s,fi)} As|| +

tr t

ve| [ [x60 - X0 85| | +e| [ [X(s60 - Ks.60] As
to to
Ma)KOpI/IpyeM KaxK/10€ HM3 Tpex Bpra)KeHI/IfI B KPYIVIBIX (31{061(31)(7 yBe/Im4duBasi
KOJIMYEeCTBO CJjlara€MbIX B CyMMaX 0 MaKCHMaJIbHO BO3MOXKHOI'O Ha OTPE3Ke t €

[to, L{{il} :

tz+1

S0 W NIRRT > / R0, 600) - K0 ot
N—1 || fig t; R
Z:; to/[ &) — ( Ez:|AS +5Z 1[[ (s,&) —X(S,fi)}As +

t

/ X(s 51@)}
(5)

IlepBbie /1Be cyMMBI B IIOCJIEIHEM BBIPAYKEHUH OIIEHIM, BOCIIOJIB30BABIIUACH yCJIO-
sueM Jlummnuna. Brauase onernnm npuparienne rpaekropun £(s):

ti tita s t;
5/||£(s) _GlAs = / 20 + s/)?(r, (1)) AT — g — ¢ / X, e(r)Ar|| As =
t; i to to
tia]| s tit1 s
=¢? / /)N((T,«E(T))AT As < EQ/M/ATAS =
to | 4 ti
tita
= 52M/(s —t;) As
t;
Tloywaem 1t TepBOI OIEHNBAEMOMN CyMMBbI
tis tita ti1
e [ IX(s 6 - X)) A5 < e / I€() ~ &l As <A2M [ (st s
t; t;
IIycts ¢ € I,. Torma
tiia tit
5/||X(s,§(s) X(s,&)]| As < )\52M/(5 —t;) As =
t; t;
o(tq)
= \e’M / (s —t;) As = Ne*Mpu(t;) (t; — t;) = 0.

ti
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IIycte Teneps ¢ € I5. Torma

tit1 tit1

€/||X(s,£(s) ~ X(s,8)| As < AEQM/(S 1) As =

tit1
=\ M / SAs < \e? M2,
ti

Wrak, nosyuaeM Jj1s IepBO# CyMMBI

N1 tig
5 / 1X(5,€()) — X (5, )] As < 3 A2 M2,
1=0 t; i€l
Bocmonbayemcest yemosuem TeopeMbl 4). VmenHO, momoxkuM § < fi9. JIerko BujeTs,
uro torga |Is| < —. IIycrs Teneps Ny = —. 3uaunt, juist Bcex N > Ngu 6 = —
€o Elto Ne
nMeeM § < [to U OIEHKa IPUMET BH/I
t.
N—1 i+1
L? AML? AML?
2 —
=Y [IXG o) - Xl as < SaM = 3 2E < 20
1=0 t; i€ls i€l

AmnanornuHbIM 06pa30M TIOJIy9IaeM OIEHKY U BTOPOi cymmbl B (5):

az / |X(s,609) - K56

Hanee, B cuty ycyioBust 2) TEOPEMBL CYILIECTBYET MOHOTOHHO yObIBAIONIA IIPH ¢ — 0O
dyukius f(t) Takas, 9ro

AM L?

’As<

t

€- /{X(s,x)—)?(&m)}As <e-tf(t) < F(e),

to

.
rae F(e) = sup |:Tf (7)}’ F(e) — 0 upu ¢ — 0. Taknm o6paszom, B orenke (5)
TE[tg,Le—1] €
HOCJIE/IHAE TPH BBIPAXKEHUS MazKOPUPYIOTCs Bbipazkeruem 2N F(g).
NTak, OKOHIATEIHHO MOIY9IaeM ONEHKY CBepXy s (5):

~ 2
e /[X(s@(s))—X(s,g(s))} As <2MZ§L +2NF(e).

to

BepHeMcst K OIlEHKe PA3HOCTH PeIleHuii NCXOMHONW U YaCTUIHO YCPEIHEeHHON Cu-
creM (k):

2AML?
(t) — Aa/”x I As+ =+ 2NF(e)
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Torna, BcencTBue HepapencTBa ['poryosia nmeem

2
lofo) - €] < (25 +28F(0) ) excltto).

L
OueBumno, 9T0 e)c(t,tg) < exe <, t0>. Hasee, tak kax 1+ Aep(t) > 0, To 1o ompe-
€

JeJICHUIO 9KCIIOHEHThI nMeeM

L L
£ €

€xre (57150) = exp /WAT < exp /)\Zlgﬁ;)AT < e,

to to
Bribepem Temepb N TOCTATOTHO OOJIBITUM, ITOOBI BBITOJTHSIIOCHh HEPABEHCTBO
2
2AM L RV
_— < -
N 2

Badukcupyem 3T0 3HaYEHNE U BBHIOEPEM £ JIOCTATOYHO MAJBIM, 9TOOBI IPU BCEX € €
(0, &0] BBIIONHATOCH

2NF(e)e M <

N3

Torua
le -l <. ve | Z].

9TO U TPeDOBAJIOCH TOKA3ATH. |
Jlerko mokaszarb, 4TO aHAJOr TEOpeMbl BorooboBa Ha BPEMEHHBIX IIKAJIaX, J0-
Ka3aHHbIA B [9], ABASETCS YACTHBIM CJIyYaeM TeOPeMbl 2 IPU CIEIUATLHOM BBIGODE
[PaBOii YaCTU YACTUYHO YCPEIHEHHONW CUCTEMBI (€C/IU COOTBETCTBYIONIMI IIPEMIEIL Cy-
[IECTBYeT):
T
~ 1 _
X(t,xz) = lim = [X(t,z)At = X (z).
0

T—oo T

VenoBus MOKa3aHHON TEOPEMBI MOXKHO OCJIA0UTh, UCKIIOINB TPEOOBAHUE JIAIIIIIHI-
[eBOCTHU 1paBoil yacTu ucxoiuoii cucremsl (1). Ilpu sroM TepsieTcs eMHCTBEHHOCTH
PEIeHNs UCXO/HOM CUCTEMBI U CJIEYIONIasl TeopeMa yCTaHaBIuBaeT 6Ju30cThb K £(t)
BCero Iyuka pemennii cucremsl (1), HaunHaromuxcs B Touke x(0).

Teopema 3. ITycmv 6 obaacmu @Q = {t € T,z € D} sunosnens caedyrouue
YCAOBUA:

1) ¢pynryus X (t,x) rd-nenpepwiena no t, oepanusena xoncmarwmotd M > 0 u
PABHOMEPHO HENPEPLIGHA TO T OMHOCUMENDLHO t;

2) dynrxyus )?(t,a:) rd-wenpepuieha no t, oepanuvena xowcmanmotd M > 0 u
ydosaemsopaem ycaosuto Junwuya no x ¢ Konemarwmot X > 0;

3) nmpedea (8) cywecmsyem pasromepno ommuocumesvho x € D;
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4) pewenue £(t) wacmuuno yepednernnot cucmemol (2) ¢ nauasorom yeaosue E(tg) =
x9 € D' C D onpedeaeno ons ecext € T u aescum emecme ¢ p-oKkpecmHocmvio
6 obaacmu D;
5) cywecmeyem maxoe wucao g > 0, wmo das aobozo t € T aubo u(t) = 0, aubo
p(t) > po-
Tozda daa aoboiz >0 u L > 0 natidemes maxoe € (n, L) > 0, umo dan 0 < € < &g
uty <t < Le ! enpasedauso

lz(t) = &M@ <n
2de x(t) u &(t) — pewenus 3adaw Kowu (1) u (2) coomsememserno.

Hoxka3zareabcrBo. [Toab3ysch ycioBueM 2) T€OpeMbl, MOJIyIaeM OLEHKY
t

le(t) — )\e/Hx §)|| As+ ¢ /[X(s,x(s))—)?(s,x(s)) As
to
O6o3HaunM mocaegHee ciaaraemoe depes J. UToOBI ONEHUTH MaKCHMAaJIbHOE 3Hade-
nre J Ha npomexyTtke I = [tO,Le’l], BOCIIOJTb3yeMCsl d-pa30neHneM AHaJIOIMIHO
JIOKA3aTeIbCTBY Ipeblayeil Teopeme. Obosnauas x(t;) = 4, i = 0,N u moBTOpAs
BBIKJIQJIKU, UMEEM

t1+1 _ tit1
52/“sz s) — X(s,x;) |As+sZ/Hsz — X(s,2)|| As+
ti
N—1 || tixr
+e / [X(s,xi) (s Jiz}AS —|—5Z / X(s,x;) — (s xz)]As +
=0 || 7, i

t

+e / {X(s,xk) - X(s,mk)} As
to
(6)
B cuiy ycnosust 1) teopemsl syt soboro v > 0 cymecrsyer 7, > 0 Takoe, 410
|1 X (s,2(s)) — X(s,2;)|| < xak Tosnbko ||z(s) — z;|| < 1. Onenum npupammenue Tpa-
exTopuu x(S) HA IPOMEXKYTKE [t;, tiy1]:

|z (s) — ;]| = $0+€/X(T,£(T))AT*I'O*€/X(T,JC(T))AT =

/X(T,x(T))AT <eM /AT =eM(s—t;).
t; t;

IIycrs ¢ € Is. Torma ||z(s) — x;|| < eM§ u BpIGpas HOCTATOYHO Masoe §, MOKHO
JOOUTBCs BBIIOJIHEHNUsT HepaBeHCTBa ||2(s) — 2;]| < 41, OTKyna ciaeayer oneHka

tiy1 tit1

/ | X (s, 2(s) — X(s,2;)]| As < / YAs <79, i€ Is.
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Ecim ke i € I,, TO 10 OIpene/IeHAI0 MHOXKECTBa WMHAEKCOB I, u cpoiicrBaMm A-
WHTErPAJIOB TOJYIaeM, ITO

tig1 (T(t,‘,)
/ |1 X (s,z(s) — X(s,x;)|| As = / |1 X (s,z(s) — X(s,x;)|| As =
ti ti

B wurore jyisi epeoii cymmbl B (6) nmeem

N1 lif
EZ /||sz ))—X(s,xi)HAsgez:'yé.
=0 t; i€ls
L
Bocmoab3ayencst yesosreM TeopeMbl 5). Eciu npemnonokute, 9to § < pg, 10 | 15| < =
€
L L v
IIycts Tenepnr Ny = . Torma st Bcex N > Ng u 6 = min nMeeM
gy Ne'eM
OJtHOBpeMeHHO § < fip u eM S < 1, 9TO MO3BOJISIET OIEHUTH CYMMY:
N-1 lift I
sz;/Hsz ))—X(s7mi)||As<5;75<5N'yN—E:Lv.
= ti K3 S5

Ouenky BTOpPOIi cymmbl B (6) IpoJesaeM TOYHO Tak Ke, KaK 3TO ObLIO CIEJaHo
[IpU JIOKA3aTeIbCTBE TeopeMbl 1, ucnonab3ys ycaoBue Jlunmmua. B urore morydaem

e Z / HX s,2(s)) — X (5,24)

Hasee, B cumy ycioBust 3) TeOpPEMbl CYLIECTBYET MOHOTOHHO yOBIBAIOIIAsl IIPH
t — oo dbyukuus f(t) Takas, 4To

AM L2

‘A5<

t

€- / {X(sw) —X(871‘):| As|| <e-tf(t) < F(e),
to
.
rae F(e) = sup [Tf (7)}, F(g) = 0 npu ¢ — 0. Takum ob6paszom, B orerke (6)
T€[to,Le~1] €
NOCJIETHAE TPH CJIATAEMBIX B COBOKYITHOCTH MazKOPUPYIOTCs BhipaskenueM 2N F(g).
Cobupasi BMeCTE BCe MOCTIEIHAE ONEHKH, MOJTydaeM OKOHIATEIHLHO

t

c /[X(s,x(s))—)?(s,x(s))] As|l < Iy +

to

AML?

+2NF(e).

JaspHeitmee 70Ka3aTEIbCTBO MIPOBOIUTCS AHAJIOIMIHO MOCTEHEN YACTH TOKA3ATE b=
CTBa TEOPEMBI 2 C WCIOJIb30BAHNEM HepaBeHCTBa [ poHyoILIa. |
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Cresyst cxeMe JI0Ka3aTeJbCTBa, IPUBEIEHHOrO B [8], MOXKHO OCIa0UTH yCIOBHE
pPaBHOMEpPHO# cxoaumocTu upezena (3). JokazarebcTBO UCIOIL3YeT JIUIIL CBOHCTBA
byukumit X (¢, x) u X (t, ), oTHOCANMECS K TIEPEMEHHOl & 1 IIEPEHOC €ro Ha CUCTEMBI,
3aJaHHBIC Ha BPEMEHHON IIKaJIe, He MPEJCTaBaseT caoxkuoctu. [pusenem dpopmyia-
POBKY TE€OPEMBI.

Teopema 4. ITycmo 6 obaacmu Q = {t € T,z € D}, 2de D samxnymo, 6vinos-
HENDL CACIYIOULUE YCAOBUMA:

1) ¢pynryus X (t,x) rd-nenpepwiena no t, oepanuvena xoncmanwmotd M > 0 u
PABHOMEPHO HENPEPBIGHA TO T OMHOCUMENEHO t;

2) dynxyus X (t,x) rd-nenpepwsna no t, oepanuvena xoncmanwmotd M > 0 u
ydoeaemeopsaem aokaivHomy ycaosuto Junwuya no x ¢ xoncmanmoti X > 0;

3) npedea (3) cywecmsyem 8 Kastcdot mowke x € D;

4) pewenue &(t) wacmuuno yepedrernot cucmemsvs (2) ¢ nauaaviovwm yeaosue &(to)
xg € D' C D onpedeaeno dasn ecex t € T u aesrcum emecme ¢ p-0KpeECmHOCTIBIO
6 obracmu D;

5) cywecmeyem maxoe wucao g > 0, umo das aobozo t € T aubo u(t) =0, aubo
p(t) > po-

Tozda daa aoboiz >0 u L > 0 natidemes maxoe € (9, L) > 0, umo dan 0 < € < &g
uty <t < Le~! enpasedauso

lz(t) = &M@ <n
2de x(t) u &(t) — pewenus 3adaw Kowu (1) u (2) coomsememserno.

HdokazaresbcTBO. VI IeHTHIHO puBeieHHOMY B [8]. YIoMsiHeM JIUIb, 9TO Uest
JIOKA3aTeIbCTBa CBOJIUTCS K JIEMOHCTPAIMK BBIMOJTHEHNS BCEX YCJIOBHUI TeOpeMbl 3.

3AKJIIOUYEHME. B pabore paccMoTpena cucrema ypaBHEHUI Ha BDEMEHHOI IITKa-
Jie ¢ MaJIBIM IapaMeTpoM B mpaBoil dactu. [Ipn Becbma 00IIUX yCJIOBHAX JOKA3aHA
6JIM30CTH PEIIeHns] UCXO/IHON CHCTEMbI M PEIIeHNs] YaCTUIHO YCPEHEHHO! CHCTEMBI,
IIOCTABJIEHHON €1 B COOTBETCTBUE, IPUIEM YaCTUIHO YCPEJIHEHHAsl CHCTeMa OIpeie-
JIsieTCsT Ha, TOW YKe BPEMEHHOI IKaJje. DTOT pe3ysibTaT, B YACTHOCTU, pacImpsier 00-
JIACTh IIPUMEHEHHS] YUCIEHHO—ACUMIITOTHIECKOI'O MEeTO/1a PelleHnsl 3a/1a9 OITUMAJIb-
HOTO yTIpaBJIEHUs], IPeJICTaBJIeHHoro paree B [10,11].

1. KpbuioB H. M. Beejenue B Hesmneitnyo mexanuky / H. M. Kpeuios, H. H. Boro-
mo60B — Kues : Usg-so AH CCCP, 1937. — 363 c.

2.  BoromoGos H. H. Acumnrornyeckue MeTOJbl B TEOPUU HEJMHEHHBIX KoseGaHuil /
H. H. Boroso6os, FO. A. Murpomonsckuit — M. : Hayka, 1974. — 503 c.

3. IInornuxosB B. A. Merox ycpennenus B 3amadax ynpasienus / B. A. [lnoraukos —
Wz n-Bo JIsibuas, Kues-Onecca, 1992. — 188 c.
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Springer, 2002. — 368 p.
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Buga / B. A. Ilnoraukos, A. T. fIposoit // Ykp. mar. xxypu. — 1979. — Ne2. — C. 166-171.

9. Orynenko A. II. Cxema IIOJIHOrO ycpeaHeHust Ha BpeMeHHbIX mKanax / A. IT. Orynen-
ko, O. JI. Kmamapenko // Becrauk Opecck. nan. yu-ta. Marem. n mex. — 2012, — T.17,
Boi. 4 (16). — C. 67-77.

10. Ogulenko A. P. Averaging of the Problem of Optimal Control on Time Scales / A. P.
Ogulenko, O. D. Kichmarenko // Journal of Mathematical Sciences. — 2016. — Vol. 212,
No. 3. — P. 290-304.

11. Kichmarenko O. D. Averaging of multicriteria control problems of systems on time
scales / O. D. Kichmarenko, A. P. Ogulenko // Journal of Computer and Systems
Sciences International. — 2017. — Vol. 56, No. 1. — pp. 33-43.

Ozyanenxo O. II.
YACTKOBE VCEPEJ/IHEHHSI CUCTEM HA YACOBUX IIKAJIAX

Pesrome

B pobori posrisinyTa cxema 4aCTKOBOTO YCEDEIHEHHsI CHCTEMU PiBHSHBb HA YACOBIN IIKaJIi
3 MaJuM I1apaMeTpoM B Ipasiit dactuni. Ilpum mocuTh 3arajJbHHX yMOBaxX JOBENEHO OJIM3-
KIiCTh PO3B’sI3Ky BUXIJHOI CUCTEMH Ta PO3B’SI3KY YaCTKOBO yCEPEIHEHHOI CHCTEMHU, IPUIOMY
9aCTKOBO yCepeJIeHeHa CUCTeMa BU3HAYAEThCA Ha Tiit camiil wacosiit mkadi. et pesynbrat,
30KpeMa, PO3IMHPIOE 00JIaCTh 3aCTOCYBAHHS YUCETbHO—ACUMIITOTHIHOIO METO/IY PO3B’ I3aHHS
3a/a9 ONTUMAJBLHOIO KEePYBAaHHS HA 9aCOBUX IMKAJIaX, PO3BUHEHOIO B MOMEPETHIX poboTax.
Karouosi crosa: wacosa wkasa, memod ycepednents, GYHKULA 3epHUCTOCT .

Ogulenko A. P.
PARTIAL AVERAGING OF THE SYSTEMS ON TIME SCALES

Summary

The scheme of partial averaging of systems with small parameter on time scales was es-
tablished. A proximity of solutions of given and partially averaged system of equations was
proved under sufficiently general conditions. Obtained results extend an application area for
previously developed numerically—asymptotic method of solution for optimal control prob-
lems on time scales.

Key words: time scale, averaging method, graininess function.
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H. B. ITapdinosuyu
Huinponerposebkuii Hariona bHbIil yHIBepcuTeT iM. Osecst Tonuapa

OIIIHKN HOPM IIOXIJIHUX 3A PICCOM ®YHKIIII BATATHOX
SMIHHUX

Hexait A = % + ..+ % — onepatrop Jlamnaca. ITosuaunmo depes L(R™) (1 < s < 00)
npocropu BuMipaux ¢yskuii f : R™ — R 3i ckinuenoo nopmoio || f||s. Hexait F' i E — ine-
asbHi perriTku Ha R™ 3i ckimdennvu wopmamu || - |7 i || - ||z. Yepes Lp 5(R™) nosraumvo
npocrip dbyukniit f € F taknx, mo Af € E. dkmo F = L,(R™) (1 < s < 00), TO Gyzmemo
BUKOPUCTOBYBATH TIO3HAYCHHS LﬁE, abo LSA,5 akmo, kpim mporo, £ = Lg(R™). B po6ori
orpuMano HOBi HepiBHocTi Tuiy Kosmmoroposa jyis Hopm noxiguux 3a Piccom D f dbyn-
kit f € LOL\‘O’E(RT"). SIk HacimoK, orpuMani Taki HepiBHOCTI myig dyHKUil f € Lﬁs (R™).
Posp’sizano 3amady npo HabIM>KEeHHsT HEOOMEXKEHOro oneparopa D oOMeKeHuMH Ha KJjaci
dyukuiit f raknx, mo [|Af|ls < 1.

MSC: 26D10, 35A23, 41A17, 41A35, 41A65.

Karouwosi caosa: dpobosa noxidna, HEPIGHOCTNT OAS NOTIOHUT, HAOAUHCEHHA HEOOMEHCEHUT
ONEPAMOPIB8 0OMEHCEHUMU, 10€ANOHT PDEULIMKL .

BcTvil. Hepisaocri tuny Jlangay—Kommoroposa Bifirpaiors BaXK/IuBy PoOJib B
TOYHUX HEPIBHOCTEH TaKoro Tuily st GyHKIGH onuiel aminHOT (quB. [1], a Takox [2]-
[4] 1 monorpadii [5,6]). 3uauno MeHIIe TOYHUX HepiBHOCTEH OTPUMAHO jjid (DYHKIIT
GaraTbox 3MIiHHHX (auB., HAOp., [7]- [12]), a TaKOXK /I MOXITHAX HEIIOro HOPSIKY
(mus., Hanp., [13]- [22], [23, wr. 2] i Biznosiamy Gi6miorpadiio).

Bamaqa po TouHi HepiHOCTI THIY KosMoroposa TicHo mos’sizana i3 3agadero Cre-
YKiHa PO HaOJIMKEeHHsT HeOOMEXKEeHOTo onepaTopa Ha Kiaci () obmexkennmu (qus. [3,
4], a rakox [5, §7.1]).

B maniit poboti posrismaroThest BKasaHi 3aja4di st QyHKINH, 3aganux Ha R™ )y
BUIIA IKAX, KOJIU JIaliaciany Bkazanux HyHKIiii (abo i cami GyHKIIT TAKOK ) HAJIEKATDH
imeaspHuM permiTkaMm. [Ipu mpoMy OIiHIOIOTHCH HOpME TOXimHUX Picca nmux dyHKITiil.
ITpencTaieni B pobOTI pe3yJIbTATH € MPOFOBKEHHAM JOCIIIZKEHD, po3movaTnx B [20]—

[22].

OCHOBHI PE3VJIBTATU
1. Osuagenns. Hexait R™ (m € N) — eskuiinis npoctip 10490k @ = (21, ... ,Tm ),

lz| = (3 2?) 1/2, S(R™) — npocrip sumipanx dyskuiit f : R™ — R. Yepes L, =

1=
L;(R™), 1 < s < oo, mosHaunmo npocropu byskniii f € G(R™) 31 ckiHYeHHOIO
HOPMOIO

1/s
f f<t>|8dt) L 1<s<o,

esssup{|f(t)] : t € R™}, s =00,

1Alls = M llz ey =

Haditiwna 18.04.2017 (© Hapdinosna H. B. , 2017
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a uepes C = C(R™) — npocrip Henepepsuux, obmexkenux dynxniii f : R™ — R 3
HOPMOIO
Iflle = Ifllc@n) ==sup{|f(#)]: t€R™}

Hexait

0? 0?
=~ +..+

0z? ox2,
— oneparop Jlamnaca. s nokanpHO iHTerpoBHmx Ha R™ dymkmiit f i g Oymemo
UcaTu

A

Af =gy,

AKINO M1 Oy/ib-KO1 (PIHITHOT HECKiHYeHHO TudepeHIiitoBHOT (DyHKIIT ¢

[ o)z = [ plagto)ds

RmM RrRm

Yepes Lﬁs = LQS(R’”) (1 < p,s < co)nosHaunMo cyKynuicrs dyukuiii f € L, rakunx,
mo Af € Ls. Yepes szs = Wﬁs (R™) nosunaummo kiac byHkii f i3 Lﬁs TaKHUX, I10
[Aflls < 1.

IMoxinua Picca mopsaky o« (0 < a < 2) dywkuii f : R™ — R o3nagaerncst
piBaicTio (uB. [24, c. 367-368|)

. L [26@) - fe—1) - ft 1
PN = s | T d,
]Rm
e 1 1
70‘7‘[' +%
dm,Z(OZ) = 2

ST+ )T ()

- HOpMYIOUMit MHOXKHUK [24, c. 373]. Bigznaunmo, mo noxigaa Picca D peasnisye [24,
c. 368] spoboswmii cremneins (—A)*/? oneparopa Jlammaca.

s b > 0 3pizanoro noxiguowo Picca nopsaky « € (0,2) dyukuii f: R™ — R
HA3UBAEThCST

D@ =g | 2/ (@) - ﬂﬁ,ﬁl St

R™ \Bh

(ryT i ckpizb Hukue By, = {x € R™ : |z| < h} — kyng pagiyca h 3 neHTpOM B HOYaTKY
KOOD/IMHAT).

Jlinisauit npocrip £ = G(R™) 3 HOpMOIO || - || g HA3UBa€ETHCA 11€AILHOIO PEIIITKOIO
Ha R™ (mus. [25, po3x. 2, §2]), sikmio mist koxuol dyskuil f € E i g € 6(R™) taknx,
mo |g(x)| < |f(z)| maiizke ckpisp Ha R™, Bumumsae, mo g € E i ||g||lg < ||fll&-

Muoxkuna A(E) C R™ nasuBaeTbcs HocleM ieanbrol permitku E, sxmo f(z) =0
A Beix fe Eix ¢ A(E).

Yepez E' nmosmaummMo acomiiioanuit mmimmpoctip g0 E (mums. [25, posa. 2, §3]),
To6To npoctip dbyrkuiit g € G(R™), takuii mo suppg C A(E) i

lgllpr := sup /f(a:)g(x) dz < oo.
feE

Iflg<iRm
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3posymino, mo E' e izeanpHoio pemtitTkoo mHa R™ i miampocTopoM B IpocTopi, crps-
KeHomy 0 F.

Imeanbui pemriTkm yTBOPIOIOTH 6AraTo BakK/JIWBUX IIPOCTOPIB, TAKUX K IIPOCTIP
L,(R™), 1 < p < oo, upocrip Opuiva [26], npocrip Jlopenna [25], upoctip Mapuus-
keBnua [25] Ta iH.

B nmomasnbmiomy Mu GyieMo TakoXK TOBOPUTH, IO ieasibHa permriTka F € Hamib-
inBapiaHTHOIO BiJIHOCHO 3CyBYy, fKIO i KoxkHol f € E 1 & € R™ Bukonyerbcs
f(-+2) € B, a raxox |[f(-+ )]s = | ]ls-

Hexait F'i E — igeanpni pemriteu. Yepes Lﬁ g = L% g(R™) nosnaunvo npocrip
dbymkmiit f € F rakux, mo Af € E. Yepes WA, nosmaummo nac bynxiiit f iz LE 4,
st siknx ||Allg < 1. / 7

Axmo F = L,(R™), To 6y1eM0 BUKOPHCTOBYBATH [TO3HAYCHHS Lﬁ gl WZSE Big-
TOBITHO.

Hexait X 1 Y — Ganaxosi npocropu, A : X — Y — oneparop (He 060B’'s3KOBO
Jiniftauit) 3 obsacrio BuzHavenud Dy C X, Q C Dy — neska mMHokuHA. Uepes
L = L(X,Y) 6yaemo no3uadaTu npoctip Jiniiinux obMmexxenux oneparopis S : X — Y.
Hna N > 0 nokiiagaeMo

En(AQ) = _inf sup [Af = Sflly (1)
IslI<N

Bamaua C.B. Creukina npo Haifkpailre HabJIMKeHHs oreparopa A Ha MHOXKUHI ()
JIHIMHIME OOMEe’KEHUMU OIIEPATOPAMU IIOJISITa€ B TOMY, 00 npu jgoBiabaoMy N > 0
sHaiiTH BeamauHy (1), a TAKOXK BKA3aTH eKCTPEMAJIbHUIN OlepaTop, TOOTO OIepaTop,
10 peaJiizye TOYHY HUXKHIO MexKy B npasiit gacruni (1). ITocranoska i€l 3amaqi i 11
PO3B’st3aHHs 115t JudePEHIIaIbHBIX OIIEPATOPIB MaJIUX IOPAIKIB HpecTasiei B [27].
Oruisi ) mopa/bux pe3yJabraTis i BiAIOBiAHI ocuiands MoKHa 3HaiTH B [3,4].

2. Oninka HopMu i BigxunenHs Big D® omeparopa Uj' Ha kaaci Wvo,E'
Hexait h > 0. Yepes éh(a:,y) Gynemo nosHavaTy dbyskuiro ['pina Ky By, (qus., [28, c.
265]), 10610 Mst .,y € By, x £y, y BUNAAKY M > 3

N 1 1 hm72|y|m72
G - -
W) = =) <|x —y T el = hy|m> ’

1y BUIAJKY M = 2
h? — zy

Gu(z,y) = 27r1n‘h(x—y)

(TyT i CKpi3b HUIKYE 0y, 1 — IIIONTA TIOBepXHi omuHIaHOI cchepu S™ ! mpocropy R™).
st p > 0 mokJagemMo

1 11 >3

. U’m—l(m*Q) (Pm_2 hm—2)+ 9 m = Y

Gr(p) = 1 (lnﬁ> m— 9
+

2

(at := max{a,0}).
Binzaaunmo, mo aust y € By, y # 0,

Gr(0.y) = Gr(ly]).
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Vcepenuenusm (yHkil f B Tourni x o cdepi pajiyca h Ha3BEMO BeJUIUHY

Flah) = —

/ flz + hy)ds,

Sm—1

Om—1
Jie ds, — eJISMEeHT ILIONIi NoBepXHi cepu Sm—1,

Bigomo (aus., Hanp., [28, c. 289]), mo juist Gyib-siKol JBiul HemepepBHO judepeH-
niitoBrOT dyHKIT f crpaBemuBe 300parKeHHsT

f(@) = Fleh) + / G () (~Af(y)) dy. 2)

B [22]| mokazano, mo mis moBinabHOT ABidul HenepepsHO mudepenIiioBHol byHKIIT
I
f@) = Fad) + [ Gull(~As (e £ ) dy.
By,

Iist 6yib-sikol pyHKIIT f € LOAO g 1 6yap-aKol diniTHOI Heckindyenno nudepenti-
#oBHOT DYHKILT (0 MaeMo:

/ (@) f(x) di = / f(@) |@ah) + / Cally))(~Ap(e T y)) dy| dx =
RBm Rm By,

Rm

- / (@) | Flah) + / Gy (~Af(x £ y)) dy| de.

Tobro ns f € L4, 5 i maiizke Beix € R™ Gyne

f@) = Fa) + [ Gl (~A1 (e £ ) dy. 3)
By,
Beenmenmo takoxk dyHKIIi0
h
Fi(t) = thp(t)pg%a t € (0,h],
0, t> h.

Hesazkko 6aqnrn, mo mist dysxniit Gp(ly|) u Fi(|y|) Maors micue cniBBigHOmEHHS
(mus. [22]) ,
Gu(lyl) = P=""G1(|yl/h)

En(lyl) = n*=*=" Fa(lyl /).

Hnsa t > 0 noxkiaageMo
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Cxpi3b HIKYE MU IPUILYCKAEMO, IO

G([thxi-11 € B (4)

li G(|t])x— =0. 5
i Gl 5)

3as3HaunMo, IO IPU BUKOHAHHI IMX yMOB IIpH Oyap-sikomy ¢ € R dyukuis Fp,(|y|) —
cGn(|y|) manexurs mpocropy E*.
Obepemo ¢ = ¢, 3 yMOBH

/ () — enGlyl)) dy = 0. (6)

Bp,
Ax meBaxkKO 3po3ymiTu, myis 6yab-saroro h > 0 Oyze

cp, = h™%c. (7)

Hexait h > 0 i qzh(p) — jesika yHKIs OaHi€l 3MiHHOT 3 suppy), = [0,h], B ce-
peaHboMy piBHa Hyswo. Ipumyctumo, mo icaye dyHkuist ¢, € E (suppyy, = By,
Ur(y) = ¥n(yl), |¥||g = 1) Taka, mo cupaBaKy€eThCst PIBHICTD:

/(Fh(lyl) = enGr(yD)dn(ly) dy = 1 Fa(] - 1) = enGa(l - |l (®)
Em

Osnaunmo GyHKIIO &y, 2(p) B Takuii cioci6. M p € (0,h] mokaamemo

@hz(ﬂ) =

s y € R™ mokitazieMo
en2(y) = n2(lyl)- (10)

Bpaxoyroun 306pazkenus omeparopa Jlammaca qjia pagiaabHuX GYHKILNR
-1
Ap(p) =¢"(p) + T@’(p)

HEBaXKKO IEPEBIPUTH, IO @p 2 € WOAQE NCR™) i App2(y) = ¢¥n(y). Kpim Toro,

max ¢, 2(y) = — Jnin, en2(y).

s 3aganoro h > () po3riissHEMO OIepaTop

2Cham,—l
din,2(c)

ne ¢, obpano 3 ymoBu (6). Tak camo, sik B [22] mOBOANTBCS TBEPIKEHHS

Up f(z) = D f(z) + (f(z) — f(z,h)), (11)
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Jlema 1. Hezat 0 < a < 2, E - ideaavna Hanisineapianmmna 6i0HOCHO 3Cy6y
pewimxa na R™, wo sadosoavnae ymosu (4) i (5), E* — acouitiosaruti nidnpocmip
do E. Todi npu suxonanri ymos (8)—(10) das dosiavrozo h > 0

40— h—« U« o e -
ZO0m—1 ( + Ch> - M h am
dn,2(c) @ llon,2

Tenep myist pyskuiit f € Lvo,E M orpuMaeMo ominky Besmauan [|[D f — Ug f|| o -
B [22] nokazaHo, mo Jyisi 1oBiIbHOT biHITHOT HecKiHYeHHO JudepeHIiioBHol dyH-
kil ¢ i goBimbHOrO T € R™

LA .
" oo loralloe

D%p(z) = Upp(z) = /(—Aw(Hy))(Fh(lyD —cnGullyl)) dy. (12)

By,

dmg((x)

Bpaxosyouu (8), jserko 6aduru, mo st Oyuab-gaxkol GyHknii f € LOAQ p 1 JoBlIBHOI
diniTHol HeckinyeHHo mudepeHIiitoBHOl GyHKIT ¢

[ o0 (@) - U @) do = [ f@)(D*6(@) ~ U pla)) da.

Rnl R’"L
3eigcu i i3 (8) BUBOmUMO, 1O mag [ € LOAO’ g Ipu Maitke Beix ¢ € R™ mae wmicre
300pasKeHHsT
2
Df(z) = Uy f(z) = doa(a) /(*Af(fﬂ +y)(Fu(lyl) — cnGn(lyl)) dy. (13)

By,

Bukopucrosyioun (13) i mepisuicts enbiepa, oTpuMaemo, o st Mafizke BCix
zeR™

D f(x) = Ug' f(2)] < dmjm)IIAfIIE IER(l- 1) = enGr(l - Dl g
1, 3HAYUTD,
ID*f = U flleo < ﬁ(a)llAfllE IER( 1) = enGn(] - Dl g1 - (14)

B cuy (14) maemo

2

m”Fh(|~|)_ChGh(‘.|)||E1. (15)

ID%ph2 — Ur'on2lloc <

Bpaxosyioun, mo g GyukIil ¢y, o 306pazkents (3) mae Micie B KOXKHIl Tour €
R™, anamoriuno (8), BCTAHOBIIIOEMO, IO JUIS (p 2 UPH BCix & € R™ cupasejusa
pPiBHICTH

2

Do U~ _
(ph’Q(QT) h (,Dh’z(!L') dmvg(()é)

[80nata+ )Enlsl) — aGalol) do
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Ak sroprka dynkuiii Apy 2 € EiFy(ly|])—cnGu(lyl) € E' byuxuis Dop 0 —Uop 2
HemepepBHa B Oyab-skiif Touri ¢ € R™. @yuxuis Uy ¢y, 2(x) Takoxk 6ye HelepepBHOIO
B KOkKHIlt Touri « € R™. 3naunrs, Henepepsroio 6yne i D¢y, o(x).
Bpaxosytoun nenepepsHicTb GyHKIHT DYpp 2 — Uptep 2 1 o3nadenna QyHKIil 1y,
OTPUMAEMO
[D%¢n,2 = Ug'pnzllec = [D%0n,2(0) — U en,2(0)] =

2

- %jm) /%(\yl)(Fh(ly\) —anGu(ly) dy| = 7 Fu(l-]) = enGi(l - ) -

m,2(a)
3Bizcu i i3 (15)orpumaemo

[D%pn.2 — U nzllo = [D%pr,2(0) — Up'on 2(0)| =

2

= mHFhﬂyD — cnGr(lyl)| g1 (16)

Bizraunmo, mo npu Bukonauni ymosu (5) || D%pp o —Ust@n 2
nsroun (14) i (16), 6aunmo, 10 cIpaBeInBa

loo = 0, h — 0. 3icTas-

Jlema 2. Hexati suxonyromocs ymosu aemu 1. Todi npu euxonanni ymos (8)-
(10) das dosinvrozo h > 0 i das 6ydv-axoi Pynxuyii f € Lvo,E

[D*f = Ug flloo < [ID%0n2 — Ug'@n2lloo|Af | - (17)

Hepiswicms (17) nepemesoproemuca na pisnicms oas f(t) = @pa(t).

I3 1em 11 2 Buniusae

Jlema 3. Hezatl suxonyromovesa ymosu aemu 1 4 das N > 0

1
Iy — (Uf“@l,z”oo) "
[¢1.2]lc0 N
Todi npu euxonanmi ymos (8)-(10) |Ug || = N i

En(D*WZ p) < sup [|D%f = Ugl, flloo = 1D Phy 2 = Uiy ¢ny 2lloo-
FEWA 4

3. Hepisuocti Kosmoroposa: oijinka piBHOMipHOT HOpMu mnoxigauol Pic-
ca. IIpunycrumo, mo BukoHyOThCst yMOBH (8)—(10). I3 em 11 2 s f € Lf‘q g 1Ipn
ymoBax (4) i (5) sBuiumBae, mo s 6yap-sikoro h > 0

1D flloo < IID*f = UR fllco + U flloo <

o e% ”U]?QDh,Q ||oo
<[D%n2 = UpenzllocllAflle + =1 flloc- (18)
llon,2llo0
ITokaxkemo, 1o  HepiBHicTh  (18)  meperBOprOETBCsI  Ha  piBHICTB  JJIst

dyuxuil ¢, 2(y). Ockimbru byukiias D¢y, o(y) Henepepsia B Touni 0, MaeMo:

1D%pn.2lloo = |D%0n,2(0)] = [D%pn,2(0) = Ug'en,2(0) + Uy'on,2(0)].
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Ockinbku D¥pp, 2(0) — Uprop.2(0) 1 U pp 2(0) onmoro 3uaky, MOKEMO HAIINCATH, BU-
KopucroByoun (16):

[D%pn2lloo > [D%n,2(0) = Ug'on 2(0)| + [Uy'wn2(0)] =

[e% ||Ui?(ph,2||00 ||
llen.2]loc

h,2||oo'

= [[D%n2 — Uppnzlloo +h~

Orxe, uepiBaicts (18) TouHa, i HAMU JOBeIEHA

Teopema 1. Hexati 0 < o < 2, E - ideanavha HANIBIHBAPIGHMHA 810HOCHO 3CY8Y
pewimka na R™, wo zadosorvrac ymosu (4) i (5), EY — acouitiosanuti nidnpocmip
do E. Todi, axuo eukonyromoca ymosu, (8)-(10), mo das dosiavnoi f € L5 5 ih >0

—a lUT %1 2] 00

lo12 N lloe +11D% 2 = Uipnalloo - [|AS £ (19)

1D flloo < h

| oo
Hepisnicmob (19) € mownoro i nepemeoproemuves na pisnicmv 0ai dynryii op 2(y).

IMpurycrumo renep, mo ymosu (8)—(10) ne BukOHYIOTHCA. B 11bOMY BULIAJIKY OIiH-
Ky st || D f||oo 3amumemo y Burasai (nus. (14) 1 (2.6) i3 [22]):

D% flloo S ID*f = Ui flloo + IUR flloo <

< g0 D = G- Dl 1Al + 221+ 1) o =
— dmj(a) 2h %11 a+ 1)l flloo + |1 ER(] - ) — cGr(] - DIt |AS || E)-

Hust koxxuoro € > 0 icuye byukuig ¥n, . € E, |[Ync||g < 1, Taka mo

/ Fn(l9) — cnGr(lu))onew) dy > |1 Fa(lyl) — enGa (Dl — <.

By,

wh,S(y) = ’@Zh,e(‘yl)7 ye Rm7

7e 1;;175(p) B CepeJIHLOMY JIOPIBHIOE HYJIIO 1 suppzzh,s(-) = [0,A].
Hami Mu o3HadmMO $p, 2(p) dopmyion (9) 3 dyukiieo {Z;h@ 3aMiCTh 7:/;;1 i mokJa-
J1eMo:
Ohe2y) = Pne2(lyl), yeR™.

3po3yMiso, Mo @p, ¢ 2 € VVOAO’E(]R””L)7

max One2(y) = — nin Ph.e,2(Y)

/ (En(ly]) — enGa(y) Agne.o(y) dy =

Rm™m
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= /(Fh(ly\) — enGr(ly)vne() dy > | Fu(l - ) — enGu(l - Dl e — .

By

Mipkyrotn, K i B IOepeIHbOMY BUIAIKY, B CUILY HerepepsHocTi dyukiii D¢y, - 2(y)
B Touri 0 MaeMo:

”Da@h,s,QHoo 2 |Da<ph,s,2(0)‘ = |Da@h,s,2(0) - U}?QDh,E,Q(O) + U}?‘Ph,s,Z(O)"

= [D%pne2(0) = Up'@n,e2(0)| + |Ug 0n,e 2(0)] =

N dm2w> / Un e (W) (Ea(ly]) — cnGa(ly])) dy| + [USon2(0)] >

h

2
> m\\Fh(l D= enGr(l- Dllpr — e+ |UPncalloo =
2 4Um—1hia 1
[ F . _ G . o A0m—1n"" 1 '
P D = Gl Dl =+ 22 (L) gncall
PisnicTs

HUi?SOh,E,?Hoo _ 4oy —1h™® <1 )

= —+c
lon,e,2]l00 dma(a) \a

BCTAHOBJIIOETHCSI AHAJIONTYHO JI0 BiAmoBiaHol piBHOCTI B jiemi 1. OTike, MoxkeMo cop-
MYJIIOBATU TEOPEMY

Teopema 2. Hexati 0 < o < 2, E - ideanavha HaNIBIHEAPIGHMHA 810HOCHO 3CY8Y
pewimka na R™, wo zadosorvrae ymosu (4) i (5), EY — acouitiosanuti nidnpocmip
do E. Todi das dosinvnux f € LY 5 i h > 0 euxonyemuves mouna nepienicmo

2 20’m_1 1 —
DOL g — o . 00
|| f”OO dm72(06) (dm,2(a) (OZ + Cl) h ||f|| +

FIER( - ) = enGn(l - Dller - [[AS] ) - (20)

. m .
Bigznauumo, mo y sunaiaky E = Lg(R™), — < s < 0o, pesyabraT Teopem 1 i 2

orpumaHi B [22].
4. Haiikpaine Haban>keHHs orieparopa D% oOMe>KeHnMHU OmepaTopaMu.

1/«
dom—1(3+
Hexait Bukonyiorbes ymosu (8) — (10). Iloknagemo hy = (Gdlz((;)]\,cl)) =
1
(%) ® ms N > 0. I3 siemu 3 Bumuiusae, 1mo

En(D*, W ) < IER(- D) = enGr(l - Dlier = 1D ny.2 = UT'eny 2l

2
dm’g(a)
a i3 Tounocti Hepisuocti (19) BumMBag, mo Ayist oneparopa D BUKOHYETHCA YMOBA
(7.1.12) meopemn 7.1.1 i3 [5] 3 omepatopom T' = Uy i dbymkmieio f(t) = ¢py 2. OTxe
CIIpABEJIINBA
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Teopema 3. Hezxai 0 < a < 2, N > 0, E - ideanrvra nanisinsapianmmna 6i0-
nocro seyey pewimxa na R™, wo sadososvnae ymosu (4) i (5), B — acouitiosaruti
nionpocmip do E. Todi npu euxonanni ymos (8) — (10) cnpasdorcyemoca pisricmo:

2
dm’g(a)

IIpu yvomy onepamop US¥ 3 h = hy € excmpemarbHuM 0Nepamopom.

En(D*,Wx p) = IER(- D) = enGn(l - Dllier = 1D @ny.2 = Ul 2lloo-

5. HepiBaocti Kosimoroposa: omninka Hopmu noxigHoi Picca B ineanbhiii
CTPYKTYPi. B 1ipoMy posmiii Mu y3arajbHUMO pe3yibrar Teopemn 1 i3 [21].

Hust h > 01 dyskuil f € Lg’ g bo3risHemo oneparop (11). BacrocoByloun y3a-
raJbHeHy HepiBHiCTh MiHKOBCHKOTO, MaEMO:

2F() — f(. _ (. — ~
U e = ﬁ / 10 f(lt;n?a fe=t) dt + 2chom1 (f() = FCR)|| <
m B, 5
1 dt . 4||f||E0'm71 h™«
< dm72(01) ! 4||fHE {‘Rm/B |t‘m+a + Chom—1 - dm72(01) (O( +Ch> .

Tenep st dbymkuii f € L3 p orpumaemo ominky seemanan ||[Df(+) — UXf(4)| &
ITo-mrepire mokazkemo, 1o st f € L]% p Mae Micre 300parkeHHs

2

D% f(z) — Uy f(z) = dona(@)

/ (—Af @+ 9)(Fnllyl) — enCrlly)) dy.  (21)

By,

Hiiicuo, ockinbku A f € E, To BuUKOpucTOBYI04YHN HepiBHiCTb [esibiiepa, 3 ypaxyBaHHIM
ymoBu (4), BiaguHadumo, 1o

/(—Af)(ery)(Fh(\yl)—ChGh(lyl))dy < [[AflelFallyl) = enGr(lyDller- (22)

h

Sk B [21], BcTaHOBIIOEMO, 1O /IS JOBLIBLHOT (hiHITHOT HECKIHUEHHO nudbepeHITHOBHOT
byHKIT @ 1 st f € L% 5 Mae Micrie 300parkeHHs
,

/ o(x)(D* f(x) — Uy f(z)) do =
B

1
=i | @) [ (AR ) Eul) = aGaly) dy .
" R™ B
3BiJKM 3 ypaxyBaHHsM (22), maemo (21).
Bukopucrosyioun (21) i yzaranbaeny HepiBaicTs MiHKOBCHKOIO, OIEPKUMO OIiH-

KYy:
2

dm 2(0[)

s

IDf() = U fO)lle < IIAfIIE/IFh(\yI) — enGr(lyl)] dy.

Bh
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Tenep mist || D f|| g MoxkeMo HanmcaTn

ID*flle < ID*f = UL fle + UL flle <

< 2 AEIEn( - ) = enGal - Dllzy + AL ETms (h_a +Ch> -

= dnz,Q(a) dm,Q(a) 2
= o (20 (o) B U 4 IR D = aGall- Dl - 1871 )

Taxkum arHOM, HAMU JTOBEICHA,

Teopema 4. Hexati 0 < a < 2, E — ideanrvha HANIBIHEAPIGHMHG 810HOCHO 3CY8Y
pewimka na R™, wo zadosonvnac ymosu (4) i (5), EY — acouitiosanuti nidnpocmip
do E. Todi das dosinvnuz f € L%) gt h >0 suxonyemoca nepienicmo

2 1
Dflg < —— (20,1 = B
1Al < s (20mer (5 4 ) 7 et

HIER( - ) = cnGall - Dz, - 1AfllE) -
I3 Teopemu 4 ompa3y BUILIUBAE

Hacnigok 1. Hexati m/2 <s<ooi0<a<2—-m/s abos=0010<a<2.

Todi das dosinvhux dymnruii f € Lﬁs 1 h > 0 suxonyemvca HepieHicms

2 1
< e (o (e )l
HIER( ) — enGr(l - Dlle, - [[Af]|L,) - (23)

IIpu s = 00 HepisHicmb € MouHOoI0.

1D f]

Binznaunmo, 1mo HepiBHicTh (23) MOXKHA II€peNUCaTH Y BUIJISIL

1UF 1,2

[D*fllL. < Zh N fll, + 1D%12 — a1Uf o1 2]looh® A f|lL..  (24)
o1,z
) o0
Ilicaa minimizaril mo h ocTramHs HEPIBHICTH HAOYBAE BUTJISITY
[D%p1,2 g 1 el-%
[D*fllL. < ” Hl_ac}ZIIAflfs fllz, 2 (25)
©1,2|co

B (24) i (25) dyuxmia (1 2 o3uavena B Taxuil crmoci6 (gus. [21]). Hexait gas p > 0 i

§= %2

7= (p? —1/6% — 0G1(1/6) + 1/2), 0<p<1/s
V(p) ={ 7=(—p? = 20m-1G1(p) + 1/6% + 0,—1G1(1/0) +1/2), 1/6<p<1

¥(1), p>1

Hist h > 01z € R™ mokaamemo
n(x) = h=2p(hlz]).

Orxke, MaeMO
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Hacainok 2. Hexati m/2 < s< oo i0<a<2—-—m/sabos=o0010<a<2.

Todi dnn dosinonux pyrxyii f € Lﬁs 1 h > 0 sukonyemvca nepienicms
[D%p1,2]| $ 1ei-%
I1D*flls < a2 IAFIE AL,
l¢1.2]lo0

Ilpu s = 00 HepisHICMb € MOYHO.
Binznaunmo, 1Mo y BUIAAKY § = 00 pe3yJbraTh Hacaiakis 1 i 2 orpumani B [21].

BucHoOBKU. B poboti orpumani HOBi HepiBHOCTI THiry Kosmoroposa jijist HOpM
apoboBux moxiganx 3a Piccom mopsiaky 0 < a < 2 dyHKmil Oararhox 3MIHHUX 3
JlatTacianoM, OOMeXKeHUM 3a HOPMOIO B iteabHiil CTPYKTYpi.

1. Koamoropos A. H. O HepaseHCTBax MexK,ly BEPXHUMH TPAHAME MOCJIEI0BATEIbHBIX
npou3BoAHbIX dyHKIUK Ha Geckoneunom uarepsane / A. H. Komvoropos // U36p. Tp.:
Maremaruka, mexanuka. M.: Hayka. — 1985. —C. 252-263.
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Happurosuw H. B.
OLIEHKM HOPM TTPOM3BOJHBIX 1O PUCCY ®VHKIIUI MHOTUX MEPEMEHHBIX

Pesrome

IIycte A = (%21 +..+ a‘z—zm — oneparop Jlamnaca. O6oznaunm yepes Lg(R™) (1 < s < 00)
npocrpaHcTBa u3mMepuMblix dysxmuit f : R™ — R ¢ xoneunoit Hopmoit || f]|s. lycts F i E —
neasbbIe pemetky Ha R™ ¢ konewansivu Hopmamt |- || p, ||| 2. Tepes L3 g (R™) obosnaxunm
npocrpancreo dyHkumit f € F rtakux, uro Af € E. Ecom F = L;(R™) (1 < s < 00),
TO OyZeM HCIOIb30BaTh 0OO3HAUEHUST Lﬁ B, WIHA Lﬁs ecsm, kpome storo, F = Ls(R™). B
paboTe oIy UeHbl HOBbIE HEpAaBEHCTBa Tra KOoJIMOropoBa /s HOpM IPOU3BOIHBIX 0 Puccy
D*f dbynkumit f € LOAQ 2(R™). B kauecTBe CiI€ACTBUS IIOJIyYeHbl TAKHe HEPABEHCTBA sl
byukmit f € Lﬁs (R™). Pemena 3amada 0 npubJIMKEHIN HEOTPAHMYIEHHOTO omeparopa D
orpaHMYEeHHBIMU Ha Kiacce pyukuumit f takux, uro ||Af|z < 1.

Karoueswie caosa: 0pobras npouseooHas, HEPABEHCMEA OAA NPOUIBOOHBLT, NPUONUHCEHUA
HEOZPAHUNEHHDIT ONEPAMOPOS 02PAHUMEHHLMU, UJEANLHDLE DEULETVKY, .

Parfinovych N. V.
ESTIMATES OF THE NORMS OF RIESZ DERIVATIVES OF MULTIVARIATE FUNCTIONS

Summary

Let A = % + .+ % be the Laplace operator. We denote by Ls(R™) (1 < s < o0) the
spaces of measurable functions f : R™ — R with a finite norm || f||s. Let F and E be ideal
lattices on R™ with finite norms || - |[r and || - |z. By L% z(R™) we denote the space of
functions f € F such that Af € E. If F = L,(R™) (1 < s < 00), then we use the notation
LﬁE, or Lﬁs if, in addition, F = Ls(R™). We obtain new Kolmogorov-type inequalities for
the norms of the Riesz derivatives D f of functions f € L5, 5(R™). As a corollary, we obtain
inequalities for the functions f € Lﬁs (R™). The problem on approximation an unbounded
operator D% by bounded ones on a class of functions f such that ||Af||z < 1 is solved.
Key words: fractional derivative, inequalities for derivatives, approximation of unbounded
operator by bounded, ideal latties.
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I TOB HETKPEKEP, Ozeca

2 Opechkuit namionanpauii yuisepcurer imeni 1. I. Meunukosa

YCPEJHEHUE JU®PEPEHIINAJIbHBIX YPABHEHUN
ABN2KEHN A CYJOBOT'O KOMIIJIEKCA IIPU ITPAMOM
KYPCE CY/HA

B crarbe paccMaTpuBaeTcs BO3MOXKHOCTD TPUMEHEHUsI CXEMBbI TIOJTHOTO YCPEIHEHUs K 33,1819
yIIpaBJIEHNsI CYJOBBIM KOMILJIEKCOM. BriepBble Moiestb 9Toi 3a1a4u Oblia onrcana HebecHo-
oM B. U., ITnoraukosbiM B. A. u Kysommasim @. ¢ st cyaHa ¢ BUHTOM peryJimpyeMoro
mIara, rO3BOJISIIOIIMM YIIPABJISTD JBUKEHUEM CYyJIHA TOJIBKO C IOMOIIBIO U3MEHEHUs CTEIIeHN
pa3BopoTa JIONACTH, He W3MeHsiss paboThl ABUTaTessl. B cTarhbe mpuMeHeHa CXeMa IOJTHOTO
YCPEIHEHUS JJIs 33/1a91 YIPABJICHUsT CYJOBBIM KOMILJIEKCOM DU MPAMOM JIBUXKEHUU CY/IHA,
C HEKOTOPOIi YTJIOBOH M JTMHEHHOM CKOPOCTBIO B YCJIOBUSX PEryJIsspHOro BosHeHusi. [locTpoe-
HO MHOKECTBO OIITMMAJIbHBIX YIIPaBJIEHUN ycpeIHEHHON 3amaun. [IpuMensisa cxeMmy ycpeHe-
HUsl, YJIAJIOCh AIllIPOKCUMUPOBATH MHOXKECTBO JOIIyCTUMbBIX yIIPABJIEHUIN YCPEIHEHHOI crucTe-
MBI MHO>KECTBOM MEHBINEH PasMEPHOCTU C OIMUCAHUEM €ro B SIBHOM BHJIE, YTO 3HAYUTEIHHO
YMEHBINAET 00bEM BBIYUCJICHUIA.

MSC:34C29, 34A60 .

Karouesvie caosa: ycpednenue, duddepenyuarvroe exaovenus, BPIII, mnoocecmeo dony-
CMUMDLT YNPABAEHUT .

BBEAEHUE. Ilpu uccieoBanny IUHAMUKN MEXaHHIECKAX CHCTEM JaCTO IIOJIY-
qaioT MOJIEJIH, COJIEPKAINe CUCTeMbl TuddepeHInaabHbIX YPABHEHNN C MAJIBIMA T1a-
pamerpamu. i ux perneHust UCIoIb3yIOTC PA3TUIHbIE ACUMIITOTUIECKUE METOJIbI,
B YACTHOCTH, METO/T yCpeaHeHnit. MeTo 1 ycpeIHeHNsT CBSI3aH ¢ CyTIECTBOBAHUEM HEKO-
TOPOil 3aMEHBbI IlePEMEHHBIX, IO3BOJIAIONIEN MCKIIOYUTh BpeMs t M3 mpaBbIX dacTeit
paccMaTpuBaeMbIX YPaBHEHHIT ¢ Hallepe/l 3a/JJaHHOI CTeeHbI0 TOYHOCTA OTHOCUTEIb-
HO MaJjioro napamerpa. Meror ycpenHeHnt 3HAYUTEIBHO COKDPAIAeT 00beM BBIUUC-
JIeHu#l, HeOOXOIUMBIH 7Tt perneHus 331a49. [loaToMmy MeTo 9acTo UCIOIb3yeTCs JIs
pellleHns IPUKJIAJHBIX 33/1a4 yrpaBieHus [3].

B craTbe npuBeieHb pe3yIbTATHI IPUMEHEHUST OJTHOM U3 CXeM METO/1a, YCPETHEHUST
K quddepeHalibHbIM YPABHEHISIM JIBUYKEHIS KOMILIEKCA [IPU IIPSIMOM KypCe Cy/IHA.

OCHOBHBIE PE3VJIBTATBI
1. O6mias mocTaHOBKA 3aJa4d M HEOOXOoauMbIe TeOpeTuYeCKHue CBeae-
HNU4d. HyCTb JBU>KEHUE O6’])€KTa OIUCHIBAETCHA CUCTEMOI BHA:

z=clf (t,x)+ A(z) ¢ (t,u)], z(0) = xq (1)
rJie Z-n-MepHblii Ha30BbIil BEKTOP, e-MaJiblit napamerp, f (¢,2) u ¢ (t,2)-Bekrop dyHK-
uun, 27-nepuoguaeckue no spemenn ¢, t € [0,Le 1], A (x) —n x m marpuna; u € U-

BekTOp yupasienus, U C comp(R™). Bee dyukuuu nuamepumbl, OrpaHUYEHbl U Y0~
BJIETBOPAIOT ycjoBuio Jlummuia mo © u u.

Hoayvwena 27.04.2017 (© Ilnaronos B. B., Ilnaronosa E. B., 2017
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ITpumennm cxemy nosHoro ycpensenue [2] x cucreme (1). Cucreme (1) mocraBum
B COOTBETCTBHE CJIEJIYIONIYIO YCPEHEHHYIO CHCTEMY

or -
5, =@ +A@)<(2), 2(0) =20 (2)
27
rae z € R™- noswiii BexTop ympasnenus, |z]| = 1, ¢(2) = 5= [ ¢ (ty (t,2))dt —
0

byHKIMA, KOTOpasi CTABUT B COOTBETCTBUE HOBOMY €IMHIYHOMY BEKTOPY YIIPABJIEHUS
TOYKY Ha I'DAHUIE MHOXKECTBA

2m
V= {g € R™c = 5= [ o(tu(t))dtu(t) € U} dyukiws y(t,z) onpeesiercst U3
0
yenomms (6(t.y(t.2)).2) = mar(o(tu).)
ue
Vpasuenus (1) u (2) MmoxkHO nepenmcats B Buje muddepeHuaTbHBIX BKIIOYEHHU:

&= f(t,xu),u € U z(ty) = xo

z € f(t,x,U)
i€ F(ta) (3)
i€ F(tz) (4)

rie
F(t,l‘) - {f(taxau”u(t) € U}

2
Flta) =4 flx) € R"|f(x) = % / Ftu(t))dt, u(t) € U
0

Teopema [2]. Ilycts B obnactu Q{t > 0,0 € D C R"} BBINOJHEHBL CJICIYIOIITE
YCJIOBHSI:

1) orobpaxenue F(t,x) aBISETCA HEILyCTHIM KOMIIAKTOU HIPU BCEX JOITYCTUMBIX
3HAYCHHAX apryMEHTOB, HeIIPEPHIBHO, PABHOMEPHO OTPAHMYECHO, YAOBICTBOPAET YCIIO-
Bus JIummmwura mo T ¢ MOCTOSTHHON A;

2) orobpaxkenne F(t,x) 2m-nepuogu4so 1o t;

3) ms Beex g € D' € D u t > 0 pernenns: BKJrouenusi (4) BMecTe ¢ HEKOTOPOIL
P-OKPECTHOCTRIO JIexKaT B obnactu D.

Torma myisa mo6oro L > 0 maiimyres takue (L) > 0 u L > 0, uto mpu ¢ € (0,e°]
unte [O,LE*I} CIIpaBEeJIBA OIEHKA

h(R(t),R'(t)) < Ce

e R(t) — ceuenne cemeiicTBa pemennii ycpeaéaHOro Bmodenns (4), R (t)-3aMbikamme
ceMeficTBa pEIIeHN  UCXOJHOTO BKJIIOUEeHU (3).

PaccMoTprM IpEMEHEHHE 9TOH CXEMBI yCPEJIHEHH I 3a/a9n YIPABICHUs Cy-
JIOBBIM KOMILIEKCOM.

2. ITocTpoenue mojesieit ABU>KeHUsI Cy/THA. [IycTb Cy/IHO ABUKETCS TPSIMbIM
KYPCOM, M BCE €ro TJIABHBIE JBUTATENN PabOTAIOT Ha OJMHAKOBBIX PeKUMaxX Ha rped-
Hble BUHTBI HELIOCPE/ICTBEHHO WJIM Yepe3 3yGuarble pejlyKTopbl. Torja, Moy Inm:

a_p R
] L (5)
9 — N (Mp — Mc) .
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rje
v zpPy = P - R _ w
= —T="tP=—R=—-",0=—
v ’U()7 muvy ’ P() R()7w wWo
_ m’UOMCQ v MD o MC

= yMp = ——, M¢ = ;
Twozp Py Mpg Mco

v, P, R, w, Mp u Mc — TekyIiue 3HAY€HUs COOTBETCTBEHHO CKOPOCTU JBU2KEHUS
Cy/THA, TSTH BUHTA, CHJIBI COITPOTUBJIEHNsT KOPILYCa, YTJIOBOI CKOPOCTH BUHTA, 3 dek-
THBHOI'O JIBMZKYIIIE'O MOMEHTA, [IPUBEJCHHOIO K I'PEOHOMY BaJjly, 1 MOMEHTa COIIPO-
THUBJIEHNs BUHTA; HHAEKC «0» O3HAdYaeT, 9TO B3ATO HAYAJIbHOE 3HAYEHUE IIapaMeTpa,
COOTBETCTBYIOIIEE HEKOTOPOMY YCTAHOBUBIIIEMYCS PEXKUMY; 25 — JHUCJIO BUHTOB; 1M —
Macca CyJHa, BKJIOYasi TPUCOEINHEHHYI0 MACCy; ¢ — BpeMs; zp — YHCJIO BHHTOB;
I — mpuBesenubli K TpeGHOMY BaJIy MOMEHT HHEDPIMU JBUYKYIIHXCSA YACTEH, BKJIIO-
gasi Maccy BOJIBL.

st corydast IBUYKEHUS B CIIOKOHHOMN BOJie Cy/THA ¢ BUHTAMH PErYJIHPYEMOro Iara
ypasHenus (5) npusogurcst K By [1]:

dv _ Ao Y Ao =2
v — a1@® +b VW + ¢ v°) +e 04| —
dr |:<)0< 1 1/\1ma ;Al max 5 1)‘%ma

A A2 A _
*X{ £0 (a1+b?/\ln‘]’a +‘31,\2 )Jreuz" }vz

$Pmax 1 max

A oY o
®o |: ®o (a2_~_b(2))\20 +02)\20 )+€2)\20 MO_

dw __ N Pmax | Pmax 2 max 3 max
o = 2

d _ _
4 —p {g@ (azw + b2 ~UW + 233 ) + es )\2)‘ 112}
2max 2 max
3/1eCh
KO pD* wj t:
T =2Z2B 1 max (2,“_)2 mug U’
_ ) X ecm v >0
X= { —1.35x1, ecmv <0’ (™)

— mUUKQm'LxD.
N - IL/.)OZBK ’

1 max

al, b 017 e(f, a2, bz, 02, eg,x1 — 3HAYEHHE COOTBETCTBYIONUX KO UIIMEHTOB Ha

WUCXOIHOM pexkume; D — nmamerp rpebHOrO BHHTA; p — IJIOTHOCTH BOJBI, (; — Te-
KyIllee 3HaYEHNE ITarOBOr0 OTHOIIEHUsI; \; — IIPUCOEIMHEHHBI MOMEHT WHEPITUHU i-TO
BUHTA; A\g — OTHOCHTEJIbHAs MMOCTYIIb BUHTA HA MCXOIHOM pexkume; Ko - HadaIbHOE
3HaYEHUs] KOI(PPUIMEHTOB I'MIPOMEXAHUIECKUX CHUJI, JIeHCTBYOIINX HA KOPIIYC Cy/IHA.

st pa3uHBIX KOMOMHAINI 3HAKA, ¢3 n ¥ KoadburnmenTs! ay, by, ¢1, €1, as, ba, co
I ey UMEIOT pa3/IndHble 3HAYeHnsA. B yacTHOCTH:

Coywait 1. ¢ > 0u v > 0 3amam0 a; = 1, by = —0.60, ¢; = 1.20, e; = —1.6,
ag = 1, bg = —O.§5, Cy = 1.457 € = —1.8.
Cayuait 2. ¢ < 0w v > 0 3amano a3 = 0.75, by = —1.40, ¢ = 2.05, e; =

—1.6, a0 = O.90,_b2 = —1.60, co = 2.30, e5 = —1.8.
Cayuait 3. ¢ < 0u v < 0 3amano a; = 0.75, by = 0.32, ¢ = 1.6, e; = 2.5, ap =
0.90, bo = 0.34, co = 1.8, e5 = 2.7.
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B crarne paccmaTpuBaeTcs caydait 1, T. €. KOrjia CyJIHO JIBUZKETCS BIEPET C HEKO-
TOPO#i YIVIOBO# M JIMHEIHON CKOPOCTHIO. 3/1eCh

— 04 30 X A3 A5
Peo = 40 <a1+bu1,:a +lge )‘Fel,\z ;

Pmax 1 max

(8)

MCO— _ Yo |:LP (a +b0 )\0 _1_62)\;\3 )+62)\2A2 }7

Pmax | Pmax 2 max 2 max

Torma mosryamm

_ 2 2
e A%AW ?) + g ioo’] - Pt
(9)
5 _ N Moo MO — & b g2 N2
4o — o —Q|p as®? + 2% vw—&-cz/\zmx +62A§MXU

IIpu ABUIKEHUN CyJIHA C BAHTAMU PETYJIUPYEMOrO Iara B yCJIOBHSIX PErYJIsiPHOTO BOJI-
HeHWsl ypaBHeHUs JBIKeHns (5) umeror Buji[l]:
=2 =21 .
eI 0| c1(1) — xPeoc10? } ;
1 max

EREA G CE
— 2 2
% = % {MCOCQOM - [Lp ((120.) + b2A —UW + C2 k;\o %) + e /\g’\o 172} 62(7)} )
(10)

Uw+61

_ A2
2) Jrel)\z 0

0.4 + 1.2a(7) npu a7) < 0,5

e (r) = 1 upu a(r) > 0,5’ (11)

e () = 0.5+ a(r) upu a7) < 0,5

2 1 opu a(1) > 0,5
a(r) = 2}203 ;f;’% sin 7; (12)

T = pt, P- qacToTa Kadku,
mug P
A= KO pD% 2
ZB 1lmax (271-)20‘)

hg - morpyxenue BunTa 1npu ¢y = 0; R - paauyc BUHTA; ey - aMIIUTYyAa KOJaeOaHmit
BUHTA B BEPTUKAJIBHON ILIOCKOCTH.

Pacemorpum cay4ait, korma 1) = 0.5 — 0.4sin(7). B arom ciyuae dbyukimn
c1(r) >0 u ca(7) > 0, mast mo6oro 7.

3. IlpumeHeHue cxeMbl yCpeAHEHHUs K 3a4aje YIPaBJEHUsS CY/I0BbIM
komiutekcoM. [Tocrpoum ycpenuénnys cucremy K cucreme (10)

1 max 1 max

37: = {MCQCQOM — (agw + b2

2
—eg Ag/\r:“ v2;v3(z)}

2
j—ﬁ = j‘ {el )\2)‘ v2 5 fo (1)dT — X P.oc10v? + (alw + by /\ —uw + €1 )\2)‘ vz) xl(z)}
2

~vw + ¢ )\2/\" 1)2) x9(2)—

2 max
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2(7) € R® - noBblit BekTOp yupasienus, ||z| = 1,5(z) - byHnkius, crapsamas B cooT-
BETCTBHE BEKTODY Z, HEKOTOPYIO TOYKY I'PaHHYHOro MHOXKecTBa V. OyHKImIO p(T,2)
umeM u3 yerosus MakcumyMa dbyHknpn LaMuibrona:

H(r,p(1,2),2) = Ina[}( H(rwu,z) = maéc(cl (T)uzy + ca(T)uze + CQ(T)U22’3).
ue ue

Torma u3 ycaoBus % =0n % < 0 mosrydum
C1 (T) _zf _L
p(rz) =4 <0 ( 2;3) * ( 253) , comt eg()zs < 0 (15)
sign(cy(7)z1 + c2(T)22), ecin ca(7)z3 =2 0

Paccmorpum ciydait, korga koadduiuenTsl B GyHKIUU Co(7T) TAKOBBI, 4TO Co(T) >
0, st 060107,

Torma
() + ()
p(r,z) = ¢ () ( 25) T\ 72z ), ecmtzs <0 (16)
sign(cy(T)z1 + c2(T)22), eciu z3 > 0

Bexkrop ¢(z) maxomum 1o dbopmyie (14). 3amaaum
2 = (21,22,23)T = (cos 1 cos @, sin 1 cos P, sin )T (17)

rae o1 € [0,27], 2 € [-5,F]. Torma

21 22 .
— = COs p1Ctgpa, — =sinpi1ctgps
Z9 z3

B caygae z3 < 0 (@g S [—%,0)), yuurbiBas (17), KOOpAMHATEI TOYEK MHOXKECTBA

V ={c=¢(2)| ||z]| = 1} 6ynyr 3anansr dbopmysamu:

1 2w 2 t 1 27
G(2) = — al )dt (—0.5cos pictgps) + —/ ¢y (t)dt (—0.58in p1ctgps) (18)
2T 0 CQ(t) 21 0
1 2T 1 2T
G(z) = — co(t)dt (—0.5 cos 1 ctgps) + —/ ey (t)dt (—0.5sin @ ctgps) (19)
2 0 2 0
G(2) = 5= 02” 28 dt (—0.5 cos prctgps)’ + 5= o% ¢y (t)dt (0.5 cos psin i ctgps) +

+% fozﬂ ¢y (t)dt (—0.5sin <plctg<p2)2
(20)
B ciyuae z3 > 0 (<p2 € [O,g]), yautbiBas (17), KOODIAUHATBI TOUEK MHOMKECTBA
V ={c =¢(2)| ||z|| = 1} 6ynyT 3anans dbopmysammu:

1 2w ) .
Gi(z) = o /0 c1(t)sign(2ca(t) cos prctgps + 2¢2(t) sin p1ctgps)dt (21)

1 271' ) .
G(z) = %/0 ca(t)sign(ci(t) cosprctgps + ca(t) sin pactges)dt (22)
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(2) = — /0 " eat)dt (23)

T o

4. ITlocTpoenune MHOXKeCTBa ympaBJieHUI ycpeaHEHHOI 3amauun. Mmoxe-
crBo V', mocrpoenHoe 1o dopmyiam (18)—(23), uMeer Buj, mpeCcTaBjIeHHBI Ha pU-
cynke 1.

Puc 1. Muoxecrso V mpu Puc 2. Muoxectso Y.
a(r) = 0.5 —0.4sin(7), e = 0.1.

MuoxkecTBO V' sIBJISIeTCS MHOYKECTBOM JOIYCTUMBIX YIIPABICHUHA yCpeIHEHHOM 3a-
Jauan. Bburo mosydeHo 3ajaHme TOUEK MHOKeCTBa V. aBHOM Buie. VI3 BbIparkeHuit
3aJAI0TIX MHOXKECTBO V' U M300parKeHWsI MHOXKECTBA BUJIHO, ITO C HEKOTOPOH IO-
I'PEITHOCTHIO V' MOXKHO MPUOJIN3UTH HEKOTOPBIM MHOYKECTBOM Y IIJIOCKUM B IIPOCTPAH-
crBe R3, 9TO 103BOJIAET OCYINECTBUTH IIEPEXOM K HOBOMY JBYMEPHOMY YIIPABJICHHIO.
I'pamnuma muoxkecTBa Y MOXKeT OBITH 3a/1aHa B BUIE:

aY _ Yy = (y17y27y3) |y1 = 61t7y2 = 52t7y3 = 53t23 pn te (_171)
yle [_151]ay2:y17y:ﬁ37 Hth:lat:_l (24)

rjie

1 (2 () 1 [
= — dt = 0.82419 = — t)dt =0 .8472
b 271'/0 o (t) ’ B2 271'/0 a(t) ’

By = —

27
=5 /0 cy(t)dt = 0.8727.

TI'paduk muoxkecTBa Y TIpecTaB/eH Ha PUCYHKE 2.
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SAKJIIOUEHUE. Takum 00pa3oMm, B CTaThe MPUMEHEH METOJ, YCPEIHEHUs IJIst
3a/Ia9W YIPABJICHUS JIBWKEHUsI CYIHOM C BHHTOM PEryJIMPyeMoro mara. Tak Kak B
3a/1ade yIpaBieHue BXOIUT JIMHEHHO, TO TPUHINI MakcuMyMa [loaTpsruna siBisercs
HE TOJIBKO HEOOXOIMMBIM, HO M JOCTATOYHBIM YCJIOBHEM ONTHMAJILHOCTA YIIPABICHUS.
TTosTOoMy moCTpOEHHOE MHOXKECTBO yIpaBjeHuit V ycpeqHEHHOM 3a1a4u Oy/1eT MHOXKE-
CTBOM ONTUMAJIbHBIX JIOMYCTUMBIX yIpaBjaeHuii. MeTos ycpeHeHnst To3BOJIUIT TaKXKe
YMEHBIIATH PA3MEPHOCTH TPOCTPAHCTBA YIIPABJIEHUN U YMEHBIINTh 00bEM BBIUHCJIE-
HUI.
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Ilramonos B. B., Ilramonosa €. B.
YCEPEJHEHHS JU®EPEHIINHUX PIBHSAHb PYXY CYJHOBOI'O KOMIIJIEKCY IPU IIPSIMOMY
KYPCI CYJHA

Pesrome

Y cTaTTi pO3MIAIAETHC MOXKJINBICTD 3aCTOCYBAHHSI CXEMH TIOBHOT'O YCEPEIHEHHS JI0 3aJadi
KepyBaHHsI CyJITHOBUM KOMILJIEKCOM. Briepiie Mojesib 1boro Tuily Oysa omucana HebecHo-
puM B. 1., Ilnornikosum B. A. i Kystomiaum @. 4. mis cymHa 3 TBUHTOM PeryJibOBAHOTO
KPOKY, IO JO3BOJISIE YIPABIATH PYyXOM CY/JHA TIIbKHU 3a JOIOMOT'OIO 3MiHH CTYIIEHS PO3BO-
pOTy JionaTi, He 3MIHIOIOYN PEeKUM POOOTH ABUTYHA. Y CTATTI 32CTOCOBAHA CXE€Ma ITOBHOTO
yCepeTHEeHHs JUIA 33/1a4i yIIPaBJIiHHS CYJHOBUM KOMIIJIEKCOM IIPU IPSMOMY PYCi cyIHa 3 Je-
SIKOIO KyTOBOIO Ta JIHIMHOIO IMIBHAKICTIO B yMOBaX PEryJIsipHOrO XBUiioBaHH:A. [lobymoBano
MHOX>KHMHA ONTUMAJIbHUX KEPYBAHb YCEPEIHEHOI 3a/1a4di. 3aCTOCOBYIOUM CXEMY YCEPE/HEHHS,
BJAJIOCST AIIPOKCHUMYBAaTH MHOXKHMHY JOIIYCTUMUX KEPYBAaHb YCEPEIHEHOI CUCTEMU MHOXKHUHOIO
MEHIIOl PO3MIPHOCTI 3 OITUCOM HOTO B SIBHOMY BUIVISIII, 110 3HAYHO 3MEHIITyE 0OCAT 0OINCIeHD
Karowosi caosa: ycepednennsa, dupepenyianvni exarouenns, I'PK, muoocuna donycmumux
KEPYBAHD .

Platonov V. V., Platonova E. V.
AVERAGING OF DIFFERENTIAL EQUATIONS OF MOVEMENT FOR THE SHIP ON THE DIRECT
COURSE

Summary

The possibility of applying the full averaging scheme to the ship complex control problem is
considered in the article. The model of this problem was first described by V. I. Nebesnov and
V. A. Plotnikov and F. Y. Kuzyushin. In the paper we considered a full averaging scheme for
the problem of controlling a ship complex in the direct movement with a certain angular and
linear velocity under conditions of regular waves. A set of optimal controls for the averaged
problem is constructed. By applying the averaging scheme it is possible to approximate the
set of admissible controls of the averaged system by a set of smaller dimension with an
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explicit description of it, which significantly reduces the amount of computation.
Key words: Averaging, differential inclusions, VPP, the set of admissible controls.
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Ojtechkuit HarionaypbaMit yaiBepcuret imeni 1. 1. Meunukosa

AHAJII3 P-KPOKOBUX METO/IB MIHIMI3AIIII ®YVHKIIIN
BATATBOX 3MIHHUNX

Posrismaersesa 3agada 6araroBuMipHol MiHiMizaril HenepepBHO v epeHIitoBHOT dyHKITIT
IIPH BiJICYyTHOCTI 0OOMeKeHb. ITepaliiiiiuit aqropuTM po3s’sI3yBaHHs TaKoI 3a/1a91 HA3UBAETHCS
6araTOKPOKOBUM, SIKIIO JJIsI 3HAXO/[?KEHHsI HACTYITHOTO HAOJIMKEHHST 10 TOYKN MIHIMyMy BU-
KOPHUCTOBYIOThCSI 3HAUEHHsT (DYHKIIT abo i1 rpajieHTa y ABOX abo Oijblire monepeHix TOIKax.
Tak, asropuT™M METOY CIPSI?>KEHUX I'PA/IIEHTIB HAJIEXKUTH IO ABOKPOKOBUX. ONUCYEThCS y3a-
raJIbHEHUN P-KPOKOBHl aJrOPUTM, BCTAHOBJIEH] HOr0 BJIACTUBOCTI ¥ BHIAJKY KB IPATUIHOL
minboBol dyukIil. [Tokazano, 1o maHnit MeTo HAJIEXKUTh JO0 METO/IIB CIIPSI?KEHUX HAIIPSIM-
KiB. MeTor0 00YHC/IIOBAJIBHOIO €KCIEPUMEHTY OyJI0 IOPiBHSIHHS pe3yJsbTaTiB MiHiMizamil y
3aJIeXKHOCT] BiJ| KIIBKOCTI Z0JaHKIB (KPOKIB) D Ta BUSIBJIEHHS «ONTHMAJIbHOIO» 3HAYEHHSI
st p. HaBomsiTbes pe3ynbraTi OOYUCTIEHD TSt JESTKUX BIIOMUX TECTOBUX (DYHKITIN.

MSC: 90C30, 49M20.
Karowosi caosa: p-kpokosull an2opumm, CHPAACEHT HANPAMKU, 3a0axa 6e3ymosHOi onmu-
MIZAUTE .

BceTvi. PosrisgaeMo 3amady HeiHITHOrO IIporpaMyBaHHS
o(x) = min, z € R", (1)

ne o(z) : R® — R! € nenepepsno mudepenmiiioproro dbynxmieto. I[Tosnaummo ii rpati-
eHT uyepe3 ¢ (x).

OxnuM i3 KJIACMYHUX IJIXOIB 10 PO3B’si3yBanHs 3a1a4i (1) € MeroJ| cupsizKeHux
rpajientis. Moro ajropury Mae Takumii 3arabHIH BATIIS:

" =2k 1 8k, k=0,1,...,

U=/ (20), ¥ =—-¢' @) +po1st k=12,

(2)

ne 20, b, ... 2%, ... — nocmimosni HaGmmxenus, s°, s, ... ,sF, ... — nampsmxu cmy-

CKY, [ — BeJIMUMHA KPOKY B3JI0OBXK HAIIPSIMKY CIIYCKY, Yk_1 — YUCJIOBHIA ITapaMerp.

Jlnst obuncienns manpsmky ciycky sFtly ajropurwi (2) BuKOpucTOBYETBCS He
sume indopmaris nmorounoro k-ro, ajne i nonepemaboro, (k — 1)-ro kpoky. Orxe,
MeTos (2) HaJIEXKUTD 10 JIBOKPOKOBUX METOIB.

O HUM 13 MOXKJIMBUX BapiaHTiB BHOODPY KPOKY (i € PO3B’3yBaHHs 3a/1a4i OJIHO-
BUMIpHOI MiHiMi3aIil:

Br : miny (wk + Bsk) . (3)
820

Tak K PO3B’st3yBaHHsA 3a1a4i (3) YCKJIAJHIOE TIPOIEC MONIYKY TOUKH MIiHIMyMY,
MOXKHA IITU IHIIMM [LISIXOM: iT€PATHUBHO IiI0MPATH BEJIMYMHY KPOKY Tak, I00 IIst
BeJIMYMHA 3a10BOJIbHsIA 1eBHYy ymoBy. OmHiero i3 nmommupennx € ymoBa Bosbde:

o (a* + Bus*) — o (%) < 681 [ ()] 5",

4
[ (@* + Bus)] s 2 [0 ()] S, Y

Haditiwna 16.02.2017 © Crpaxos €. M., dposnit A. T., 2017
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ne 0 < d <o <1— gesIki KOHCTaHTH.
PizHoBUM MeTozy (2) BU3HAUAIOTHCS CIOCOOOM OGUMCIEHHS! TAPAMETPY Yk—1,
30KpeMa

]

® Vh-1= [ (meron Pueryepa — Pigza);
’ k ’ kY_ k—1
® Vk-1= (¢'le )i\i’gikzl)ﬁ"‘(w ) (meroz ITonaka — Pi6’epa — ITonsika)
ra immi. Tyr 1 gani || - | o3Hauae eBKIiIOBY HOpMY BeKTOpa, a (-, ) — CKAJISIPHUIL

100y TOK BEKTODIB.

Merozm cupsizK€HUX I'DAJIIEHTIB BBAXKAECTHCA JOCUTH €PEKTUBHUAM JIJIs 33129 BEJIU-
Koro BuMipy. Bin y 6inbmriit Mipi mopiBHSIHO i3 OJHOKPOKOBUMH METO/IaMU BPaXOBYE
TeOMETPHUYHI BJIACTUBOCTI 1JIboBOI (dyHKIII. HemomikoMm MeToy € 9yTIMBicThb 710 1MO-
XubOK 0649nC/IeHb, 0COOJIUBO MPH BEJIMKIN KiJIBKOCTI 3MIHHUX.

VY crarti [4] HaMu GyI0 POSIIISIHYTO TPUKPOKOBHUH METOJ

2" =2F 4 gk, k=01,...,

_30/ (ka) , k= 0, (5)
Sk = _SDI (‘rk) +£k—15k71a k= 17
_50/ (xk) + gkflskil + 7]@728’672, k= 2, 37 s

Ta MOKA3aHO HOTO IepeBaru y MOPIBHAHHI 3 METOJOM CIPsKEHUX T'DAJIEHTIB Ha Te-
cTOBUX (DYHKISX [EPEBAXKHO 13 HeBeJMKowo Kinbkicrio sminnux (n < 20). Takox
CJIiZT BiI3HAYHUTH, MO0 BUKOPHUCTAHHS € OJHOIO JIOJAHKY IIPU BU3HAYEHHI HAIIPIMKY
CITyCKY He 301JIbIllye KiIbKiCTh 0b0umc/ienb (YHKINT Ta 11 rpaJiieHTa Ha OJHIi iTeparril.

Meroro janol poboru € ysaraubHenHs ajropurMy (5) Ha Oyub-sfKy KUJIBKICTb J10-
JAHKIB .

OCHOBHI PE3VYJIbTATHU

1. TeopeTutvHi MOTI02KEHHS METOIY-

Omxke, noBepHEMOCs J10 3312491 Hestinilinoro nporpamysanus (1). Posrisuaemo y3a-
raJIbHEHMI P-KPOKOBUN METOJ 3 TAKUM AJTOPUTMOM:

P =2k 4 Bk k=0,1,...

r_ e (@), k=0, (6)
—¢' (xk) +yp1st T L+ 'yk_(p_l)sk_(p_l), k=1,2,...,

k 0 k

Ie, ax i pamime, 20, ..., 2¥, ... — mocainosni mabmnxenns, s0, .. ., s¥, ... — HampaMKm
CIyCcKY, Bis V-1, « -+ Vk—(p—1) — IuCI0BI mapamerpu. Kpox [ Oymaemo BusHauaTH 3
ymoBH (3) abo (4). 3azHawnMO, 1O TIPH p = 2 OTPUMAEMO KIACHIHUN METOJL CIIPsIyKe-
HUX TpajiieHTiB, a npu p = 3 — mero (5).

Osnauenns 1. [5] Bexmopu s’ i " nasusaromuvca cnpascenumu (8ionocto ma-

mpuyi A), axwo eonu eidminni 6id nyas i (As',s") = 0. Bexmopu s°, st, ... s*
HA3UBAIOMBCA B3AEMHO CIPAACERUMU (6I0HOCHO mampuyi A), axuo 6ci 6onu 6i0-
MIHHE 610 HYAA 1 (Asz,sj) =0,7# 7,0 < 4,5 < k. Mampuus A esasicacmocs

cumempuunoro i dodamno osnauenoro (A > 0).
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Posruisnemo geski Biaactusocti merorny (6) 3a ymosu, mo dbyukiig ¢(x) € KBa-
JPATUIHOIO, TOOTO

p(z) = %(Am,x) + (b,x) + c. (7
[To6y/1yeMo cucTeMy B3aE€MHO CHPSIZKEHUX HAIPAMKIB 3a npasuioM (6).
0=(s"As" 1) = — (¢ (z¥), As" 1) +
+yp—1 (S AP + e (sk*(p’l),Ask’l) .

3Bigcu
(# (+4) A5
V-1 = (sh—1, Agk—1) (8)

Suamennuk y (8) me Z0OpIBHIOE HyJEBl, TaK 9K Marpuls A JOJATHO O3HAUEHA.
Hami orpumaeMo

0= (s*, As"2) = — (¢ (), As*2) £y (81, AsP2) 4
e s (Sk—2,A8k—2) b (e (Sk—(p—l)7Ask—2) .

BpaxoByIOUl B3aE€MHY CIIPSAXKEHICTh BEKTOPIB s/, OTpIMaeMo

/ xk Sk72
o= VAT, o)

AHayOrivHO MOYKHA OTPUMATH, IO

(¢’ ;(fk)  Ast)

Yot = gt gy (= hep oL (10)

Teopema 1. /Jlas keadpamuswnoi gynkuii o(x) nocaidosnicms {xk}, wo nobydo-
sana 36 anrzopummom (6), (3), (8), (9), (10), € maxorw, wo

(¢ (z"t1),s") =0, k=0,1,.... (11)
Hosenennsi. Bpaxosyoun (6), orpumaemo
AgFtl = Az + B Ask.
Tak six ¢’ () = Az + b, TO OCTATOTHO MAEMO
¢ (") = ¢ (a) + BrAst. (12)

3 (3) orpumaemo, 1mo npu Sy > 0

d k k

—p (ac + Bs ) =0,

dp B=PBk
amnpu B =0

d k k

dﬂs&(x + Bs*) . > 0.
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Axmo B > 0, To

d
0= " + fBs
(st +5")
Orxe, OTpUMATIH, IO ((p’ (x’”l) ,sk) =0,k=0,1,...
Hosenenus Toro, mo cuissiguomenus (11) cupaseguse i upu S = 0, 1poBogUMO
3a IHJIYKITI€IO.

_ (SDI (fEk +Bk8k) ,Sk) _ (SO/ ($k+1) 7Sk) )
B=Bk

d — (o (21). %) = (& (2°). —& (2°)) = — |l (22} I
0< ggr @8] =@ @) )= ().~ @) ==l )

3BIJIKM OTPUMAEMO PIiBHICTH

(¢ (21) %) = 0.
Hexaii (go/ (mk) ,skil) = 0. Hosenemo, 1o ((p’ (:Ek“) ,s’“) = 0 mpu B = 0. Tak gk
okt = 2k (By, = 0), To, Bpaxosyioun (6), orpumaemo

ddﬁ smo (@' ("), s%) = (¢ (a) ") =

= (<p’ (xk) ,— ¢ (mk) + st L ’yk_(p_l)sk*(pfl)) =
=~ [l¢ @)+ (@ (@) sF ) e (1 () 5 +
Fo A e (o) (tp’ (sr:k) 7sk—(p—l)) .
Bpaxosyiouu (12) i npumnyiiesss iHIyKIil, Mae€Mo
(¢’ (xk) ,Sk'—i) = (¢ (x k-—l) ¥ By AshT k—i) _
:((p/(xk—l) k— Z)+ﬁk 1(Ask 1 gk 7)

() ) == (¢ () ) =

OTKe, MU OTPUMAJIN

(a* + Bs")

0< (¢ (a1 sF) = = |l («")]" <0
3BijcH MaeMo, 110 ((p’ (sck“) ,sk) = 0. Teopemy nmoBeseHo.
Teopema 2. Bexmopu ¢’ (J:k) i (a:’“‘l) opmozonaavri, k=0,1,....

HoBenenns. Bimomo [3], mo kBagparuyna dbyukiis (7) gocarae MiHIMAIBLHOTO
3HAYEHHS NIPH

/ ij Sk

Toni, spaxosytoun (12) i (13), orpumaemo

(¢ (@) ¢ (1) = (¢ (a4) + Budst, ¢ (a¥)) =
(- s ) -
= (¢ ()0 (@) - L) (a0 0y,

(Ask, sk)
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Posrnstremo ((p' (xk) , sF ) Y nomnepe/iHii TeopeMi MU JOBEJH, IO

Hauri,
(Ask, sk) = (Ask7 —¢' (l’k) + st L+ *yk_(p_l)skf(pflv =
= sL,9 (@ Vk— ) B —(p— ) - =
(As* ¢ (2%)) +vp-1 (AsF, 8571 + o+ oo (Ask sk ( 1)) (15)
= — (As*, ¢ (a%)).
3 ypaxysanusm (14) i (15), orpumaemo
(¢ ("), ¢ (7)) = (¢ (&%) . ¢ (2%)) -

_ (_‘P(Iizk’);:f;x(;)))) (Ask,gol (xk)) —0.

Teopemy noBejieHoO.

n—1 n—1

Teopema 3. Hexati 2° € R”, mowku z',...,x i sexmopu s0,s',..., s
ompumani 3a gopmysamu (6), (3), (8), (9), (10) i ¢’ (xk) #0(i=0,...,n—1).
Todi sexmopu s°,s',...,s" "1 ezaemmno cnpasiceni, a epadienmu ¢ (Jco), o' (xl), e,

¢ (33”_1) 83GEMHO OPMO20HANLHI.

HoBenennsi. Teopemy j10Be1eMO METOIOM MaTeMaTUIHO! 1HAyKIlil. OpToroHaJb-
nicts BexTopis ¢ (2°) i ¢’ (z!) orpumaenmo 3a Teopemoro 2. Bekrop s° # 0 3a ymosoro
Teopemu; BeKTOp s' Tex He JopiBHIOE Hysesi, Tak sk s = —¢' (z!) — 10’ (2) =0,
a Iie HeMOXKJINBO, BpaxoBytoun oproronanbnicts ¢’ (2°) i ¢’ (z!). Cupskenicrs ¥ i
s! orpumaemo 3 (8) i (9).

Ipunycrumo, mo k < n — 1, Bekropu s°,s', ..., s B3aEMHO CITpsI?KeHi, a Tpa-
aientn ¢ (2°), ¢’ (z1), ..., ¢’ (z""!) B3aemno oproronaimni. Toii 3a Teopemoro 2

(¢ (%), ¢ (2*71)) = 0. IIpu i < k — 2 maemo, Bukopucrosyioun (12), inaykuito Ta

(6), } , :
(¢ (@), ¢ (27)) = (¢ (2"71) ¢ (a7)) + B (As"71, 9" (27)) =
= Br-1 (Askfl, —s' s L+ 7i—(p—1)5i7(p71)> = 0.

k—1

Orke, JloBejleHa B3aeMHa OpToroHasbHicTh Bekropis ¢’ (z0), ..., ¢ (z"71).

Bexkrop s* # 0, inaxmre 3 (6) orpumaru 6, mo BexkTOpH (0’ (mo), o' (Jcl), R (.’L‘k)
JIHIHO 3aJIeXKHi, 0 CyNepednThb 1X B3AEMHill OPTOrOHAILHOCTI.

JTosenemo, mo Bektopu s°, ..., s* Bzaemuo cupsixeni. JlificHo,

(s*, As*=1) = 0 3a (8). Bpaxosytoun (13), orpumaenmo

P (80/ (mz) 781‘) o (90’ (xl) ! (xz) i1y (xi—l) _ ) _
' (Asi’ Si) - .(Asi, si)
I CACHRCACH)

(As',s')
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itomy B; #0, i < k. Toui 3 (12) orpumaemo
o (xi+1) — ¢ ()

Bi

ITpu i < k — 2, Bukopucrosytoun (6), ingykiiro, (16) Ta noBeneHy B3a€MHy OpTO-

TOHAJIBHICTD T'PAJIIEHTIB, OTPUMAEMO

(s5, As?) = (=’ (2%) + 15"~ + ... _‘_,Yk_(p_l)skf(pfl)’Asi) _

) X <P’ zi,+1 790/ 2t
= (7 ) ) = (o @), 2 )

Teopemy noBesieHoO.
OrKe, POBIIAHYTHN pP-KPOKOBMII METOJ HAJIEXKHUTH /10 METOIB CIPSI?KEHUX Ha-

Ast = (16)

MIPSIMKIB.

CdopmyiroemMo Terep p-KpOKOBUT METOJ, JIJIst MiHIMI3allil HEKBaIPATUIHUX (DYH-
kuift. st iiporo nepersopumo dbopmyiry (10) tak, mob 1o Hel He BXOmIa MATPUILs
A:

_ (), A (¢ (@) (@) @ (@)

TG AET) T R (@) — o )
: (¢ (o) ¢ (a41) = () _
(7 @) — i @) — ! @) = @)
()¢ ()~ ()
I’ @17

2. O6YncIIOBaJIBHUN €KCIIEPUMEHT.

3pobumo aHaII3 pOOOTU OMUCAHOTO P-KPOKOBOI'O METOJLY IIPU PI3HUX 3HAYEHHSIX P.
15 TOpiBHSHHS BUKOPUCTAEMO TaKi MOKA3HUKY, SK TOYHICTb OTPUMAHOTO PO3B’SI3KY
Ta KiTbKicTh mpoBemenux itepariit. [lin xkigpkicTio iTepartiit 6ymeMo po3yMiTH KiTb-
KiCTh OTPUMAHUX IOCIIIOBHUX HAOJIMXKEHb JI0 PO3B’S3KYy 3aJadi. 3ayBayKUMO, IO
KITbKIiCTh O0YNC/IEHb 3HAYEeHDb (DYHKINT Ta i1 IPaJIieHTy y p-KPOKOBOMY METOJIi He 3Mi-
HIOETHCS MOPIBHAHO i3 KJIACUYIHUM JIBOKPOKOBUM METOJIOM CIIPSI?KEHUX T'DA/IIE€HTIB.

O6umcIeHHs TPOBOAMIIICS Ha TeCTOBUX (PYHKIIAX i3 ToumicTio € = 107%. Kpure-
pieM 3ynmuHKH 000X aJropuTMiB OyJI0 OIHOYACHE BUKOHAHHS TPHOX YMOB:

o (") e @) < e (14 [0 ()])
277 =2 < ve (L+ [l]))
" (@) < Ve (L +[e ()]) -
Pospaxynku npoBoauincs 3a J0IOMOTOI0 BiKPUTOI CHCTEMU KOMIT IOTE€PHOI MaTeMa-

Tuku Sage [2].
3adaua 1. @yukuis [6, crop. 476], kinbkicTs 3MiHHUX N = 3:

2 2
o(z) = 100 [zg - <xl;””2)

nouarkosi Toukn z§ = (—1.2,2,0)", ¢(zd) = 8.40 Ta 22 = (—2,2,4) T, p(23) = 1610;
Tounmit po3s’a3ok 3amadi ¥ = (1,1,1)7, ¢(z*) = 0.

+(1—21)” + (1 —a2)?,




76

Cmpaxos €. M., Hposuti A. T.

[TouarkoBa  Bubip KinbkicTn N 'k KinpkicTn
TOYKA B JIOIAHKIB P p@®) e @)l irepariiit

2 2.70e-5  0.0097 148

3 9.86e-8  0.0042 34

. yMOBa 4 2.52e-5  0.0074 33
0 min 5 2.28e-7  0.0084 56
7 1.23¢-9  0.0004 82

10 1.23¢-9  0.0004 115

2 8.16e-6  0.0046 26

3 6.97e-8  0.0082 20

. yMOBa 4 9.02e-8 0.0010 40
0 Bonbde 5 1.87e-6  0.0022 37
7 4.81e-7  0.0014 69

10 3.63e-6  0.0042 7

2 3.11e-5  0.0095 93

3 2.79¢-7  0.0011 35

2 yMOBa, 4 6.78¢-7  0.0017 44
0 min 5 2.96e-6  0.0029 45
7 4.23e-6  0.0028 61

10 4.28¢-6  0.0028 85

2 5.94e-8  0.0030 27

3 3.49e-8  0.0026 41

2 yMOBa 4 6.28¢-6  0.0031 32
0 Boabsde 5 1.84e-7  0.0049 56
7 1.75e-5  0.0054 64

10 9.75e-8  0.0037 131

3adaua 2. Oyukuis ayesna [6, crop. 475], KinbkicTs 3MiHHUX N = 4:

II09aTKOBI TOUKH T

o(x4)

olx) = (21 + 10:62)2 + 5(zs — x4)2 + (2o — 2:103)4 +10(z1 — :c4)4,

1

(3,-1,0, )7, p(x}) =215 Ta x

2-(1,1,1,1)7
0 — ) Ly by I
125; Tounmit po3s’s30K 3amaui x* = (0,0,0,0)", ¢(z*) = 0.

IToyarkosa Bubip KinbkicTs " - KinekicTs
TOYKA, B JOJAHKIB p p@) e’ (@) iTeparriit

2 1.25e-5  0.0053 46

3 6.07e-7  0.0005 28

1 yMOBa 4 2.92e-5 0.0067 34

0 min 5 1.14e-5  0.0024 20

7 1.11e-6  0.0005 45

10 6.15e-6  0.0048 (0]
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TlouarkoBa Bubip KinbkicTs N ) KinbkicTn
TOYKA B JIOIAHKIB P p@) e @)l irepariit

2 8.11e-6  0.0021 25

3 5.47e-7  0.0007 21

22 yMOBa 4 1.99e-6 0.0010 33

0 min 5 4.05e-6  0.0043 32

7 3.62e-7  0.0065 46

10 1.27e-5 0.0066 51

3adaua 3. Yzarampaena yHKIsS Po3eHOpoKa, KiTbKIiCTh 3MIHHEX 12 = 8:

2
g@(x) = Z [(1 — 3721;1)2 + 100 (.'L'QZ‘ - 3331;1) :| s
i=1
nouarkopa Touxka 0 = (2,4,2,4,...)7, ¢(2°) = 58831; TouHmii po3s’A30K 3ajaui

= (1,1,...)7, p(z*) = 0.

[TouarkoBa  Bubip KinbkicTn @) ¢ (@) KinbkicTn
TOYKA B JIOJIAHKIB P ® . iTepariii
40 YMOBa 2 2.47e-6 0.0098 152
min 3 2.34e-6 0.0056 60
20 yMOBa 2 2.53e-7  0.0072 98
Boussde 3 1.49e-5 0.0052 77

3adaua 4. YzaraipHeHa yHKIsT PoseHOpoKa, KibKicTh 3MiHHUX 1o = 20:

10

o(z) = Z [(1 — in_1)2 + 100 (acgi — x%i_l)ﬂ ,

i=1

nouarkosi Toukn z§ = (—1.2,1,—-1.2,1,...) 7 p(a}) = 4598; 22 = (0,0,...)7, p(23) =
19; Tounmit poss’szok 3aiaqi ¥ = (1,1,...) 7, p(z*) = 0.

IToyarkoBa Bubip KinpkicTs " - KinpkicTb
e B T @)l (@) e
k JIOJIAHKIB p irepariit
. yMOBa 2 1.70e-6  0.0098 283

0 .

2.07e-6 0.0098 268

3
9 yMOBa 2 4.67e-6 0.0094 105
min 3 1.76e-6  0.0085 93

min
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3adaua 5. Y3aranpuena ¢yuxuis Bima (Beale) [1], n = 100:

n/2
plz) =Y [(1.5 — 21 (1= 291))° + (225 — wai 1 (1—22))° +
i=1

(2625 — maia (1-03))7]

nowaTrosa Touka x’ = (1,0.8...,1,0.8)T.
IlouatkoBa Bubip KinekicTs * Lo KinekicTb
e B T @)l @) e
& JIOJTAHKIB p irepariit
20 yMOBa 2 4.85e-8  0.0020 11
min 3 4.85e-8  0.0020 8

3adaua 6. Y3zaransuena gyuxuis Manesuuaa (Manevich) [1], n = 200:

ol =3 020

, 20
i=1
nouarkosa Touka ¥ = (0,...,0)".
IlouarkoBa Bubip KimbkicTts N S KinbkicTn
N 3 : e @) " @) -
& JIOJIAHKIB P ireparriit
20 yMOBa 2 9.78e-4  0.0020 9
min 3 9.78¢e-4  0.0020 9

B zagauax 3-6 nani ekcriepuMeHTIB npu p > 3 He HaBOJATHCH, TOMY IO BOHU
noibui abo TipIi 3a pe3yabTaTH mpu p = 3.

BUCHOBKMU. ¥ poboTi pO3IISHYTO y3araJbHEHN p-KPOKOBUI METOJ, IJjIsT 3a1a1
6e3ymMoBHOI MiHiMI3aIll, OOIPYHTOBAHA HOT0 HAJIEXKHICTH O METOIB CIPS2KEHUX Ha-
npsMKiB. MeToro 0049nC/IIOBAILHOIO €KCIEPUMEHTY OyJIO BUSBJIEHHS «OIMTHMAJIBLHOI»
KIIBKOCT] KPOKIB (JIOMAHKIB) P J7Is1 OGIMCIIEHHsT HOBOTO HAIPSAMKY CITYCKY.

1. PesynbraTu B 1iJIoOMy BKa3ylOTh Ha ME€PEBArUd METOMY IPH P = 3 Y MOPIBHIAHHI
3 KJIACHYHUM METOJIOM CIIPSI?KEHUX rpajientis (p = 2).

2. s recroBux GyHKINN i3 KijabKicTIO 3MiHHUX N < 20 6a9MMO JOCUTH Baromi
IIepeBaru TPUKPOKOBOTO METOJY: AJITOPUTM JIa€ OLIbIT TOYHUN PO3B’SI30K MpU
CyTTEBO MEHIIIN KiILKOCTI KPOKIB.

3. 306iabIeHHsT KiTbKOCTI JOJAHKIB p ¥ OIABIIOCTI BUMAIKIB MPU3BOIMIIO JI0 TO-
ripIeHHs pe3yJ/IbTaTiB: KIIbKICTh iTepalliii pocTe, TOYHICTH 3MEHITYETHCS.

4. Jnsa 3anaa Besmkol posmipaocti (n = 100, 200) BkasaHi nmepeBaru TPUKPOKO-
BOT'O METOJLy CIIOCTEPIraloThCd B MEHIIINA Mipi.
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Cmpazxos E. M., Sposot A. T.
AHAJIN3 P-IIATOBBIX METO/JOB MUHUMM3AIIMU GYHKIIMI MHOTUX NMEPEMEHHbLIX

Pesrome

PaccmarpuBaercst 3aa1a MHOrOMEPHOM MUHIMHU3AIIANA HETPEPBIBHO ArddepeHtmpyeMoit pyHK-
AU [IPU OTCYTCTBUM OrpaHuveHuil. VTepanoHHblil ajJropuTM pemieHus TaKoi 3a/adu Ha-
3BIBAETCST MHOTOIITATOBBIM, €CJIU JJIsT HAXOXKIEHUsI CJIEYIOIIEero MpUOINKEHNsT K TOYKE MU-
HUMYMa WCIOJIb3YIOTCA 3HAYeHUs (DYHKIINM WM ee TpajleHTa B JABYX WM 0oJjiee MPEebl-
AYIUX TOYKaX. Tak, aJrOpUTM METOJIa COIPSI?KEHHBIX IPAJIMEHTOB OTHOCUTCS K JBYXIIArO-
BeIM. OmuchIBaeTCst 0OOOIIEHHBIN P-TITATOBBIN AJITOPUTM, YCTAHOBJIEHBI €0 CBOMCTBA B CJIy-
Jae KBaIpATUIHON 1ies1eBoil dyHKImu. [lokazano, 9T0 maHHBINH METOM OTHOCUTCS K METO/IaM
COIIPSIPKEHHBIX HAlpaBiieHuil. 11esIbI0 BBIYUCINTEIHHOIO SKCIIEPUMEHTa, ObIJIO CPDABHEHUE pe-
3yJIbTATOB MUHUMU3AIUK B 3aBUCUMOCTH OT KOJIMYECTBA CJIaraeMbIX (IIAroB) p U BBISIBJIEHUS
«ONTHUMAJIBLHOTO» 3HAYEHUs st p. [IpuBOAATCS pEe3yabTAaThl BBIUUCIEHUN /IS HEKOTOPBIX
M3BECTHBIX TECTOBBIX (DYHKIHUIA.

Karoueswie caosa: p-uiaz06vili aA20pUMM, CONPANCEHHBLE HANPABAEHUA, 300010 6E3YCA08HOT
ONMUMU3AUUL .

Strakhov Ye. M., Yaroviy A. T.
THE ANALYSIS OF P-TERM ALGORITHMS FOR UNCONSTRAINED OPTIMIZATION

Summary

Consider the multidimensional unconstrained minimization problem in a case of continu-
ously differentiable function. An iterative algorithm for solving such a problem is called a
multi-term if in order to find the next approximation to the optimal point we need to com-
pute values of the function or its gradient in two or more previous points. So that, conjugate
gradient algorithm is a two-term algorithm. The aim of this paper is to study a generalized
p-term method for unconstrained optimization. One substantiates the properties of this algo-
rithm for quadratic functions and proves that it relates to conjugate direction methods. The
goal of computational experiment was to compare the results of minimization with different
number of terms p and find the “optimal” value for the p. The numerical results for some
well-known test functions are given.

Key words: p-term algorithm, conjugate directions, unconstrained optimization.
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M. 1. dpemenko
Mikuapogauiit Mmaremaruunuii neaTp im. FO. O. Murponosscskoro HAH Ykpainu

I'ITEPBOJITYHI PIBHAHHS 3 CUHTI'YJIAPHIIMN
KOE®IIIIEHTAMMN

Pobora npucssiuena 10BeIeHHIO ICHYBaHHS CJIA0KOTO PO3B 3Ky KBa3lIHIMHUX JudepeHIri-
aJbHUX DPIBHSIHb 3 YaCTKOBMMU noxigauMu B npocropax WF 3 BumipHmmu koedinienramu.
JlocipKeHHs IPOBOINTHCS 3 BUKOPUCTAHHAM MeToAy ['anbopkina ta metory dhopM i HesriHii-
HUX MOHOTOHHUX OTIEPATOPIB. ¥ MOBH Ha KOEMDIIIEHTH YyTOYHIOIOTHCST B TIPOIIECT HOCTIIZKEHHST
BJIACTUBOCTE! HEJIIHIHIX OIEPATOPIB, 10 TOPOIKEHI (POPMOIO, STKa CKIAICHA 3a JIBUMH Ya-
CTHHAMH 33JI@HOTO DiBHSHHS.

MSC: 35L81.
Karouo6i crosa:  2inepbonivhe pPieHAHHA, CUH2YAAPHT Koediuienmu, memod Gopm .

Bcrvi.

XBUJILOBHIT TIPOIEC — T1€ CKJIATHA MOJIENIb PYXY PEAJBbHUX CUCTEM, IO BJIACTUBA
BCiM 0e3 BUHSTKY 00’€KTaM MaTepiaJIbHOIO CBIiTY, CTAH SIKUX 3aJIe2KUTh sIK Bl 9acoBOl
TaK 1 BiJT TPOCTOPOBUX 3MIHHUX, TOMY, 9K IPABUJIO, HOT0 OMUCYIOTH 33 JOIOMOTOIO
PiBHSHD TimepOOIiTHOrO THILY.

B Teopii xBuab BaxkmBe 3HAYEHHS MA€ PIBHAHHS BUTJISLY:

Pult Lo d
ch) - oz, (aijain> + b(z,u,Vu) = f(z,t),

i,j=
YaCTUHHUN BUIIQJIOK IIHOTO PIBHSAHHS Ma€ BUIJIST

2
C%dstgt) — Au = b(z,u,Vu) = f(z,t),
ne dbyukiia f(z,t) xapakrepusye 30BHINIHIA BILIUB HA CUCTEMY, IIO JOCIIIZKYETHCS.
B cepemoBumiax, mimgac pO3MOBCIOMKEHHS] XBUJI, BiIOYBAIOTHCH MPOIECH IIeperadi
eHepril XBUJII YaCTUHKAM CEPEJIOBUINA, TAKOXK MOXKJ/IMBUI BHIAJ0K KOJIA IMIBUJIKICTH
PO3IOBCIOIKEHHST XBWI € (DYHKIT€I0 9acToTH. K mpaBmio, B 3a/€KHOCTI Bij meB-
HAX MEXaHI3MiB B3a€MOJil XBUJI 3 CEPEIOBUINEM, IOII0HI SBUINA BPAXOBYIOTHCS 3
JIOLIOMOTOI0 CTPYKTYPHOIO BULJIsLy Heiniinol dbyukiil b(x,u, Vu)

PoboTra npucssiaena q0CTiIKEHHIO CJ1a0KO0T PO3B’I3yBaHOCT] KBaslmiHitHNX mude-
PEHIAIbHUX PIiBHSHb B YACTUHHUX MOXIJHUX TimepOOJiYHOrO THUIYy 3 IVIQJKAMH Ta,
BUMIpHUMHI KOeiIlieHTaMu, TOCTIIKEeHHs 0a3yeThCs Ha METOJAX Teopil HAMBIPYI i3
3aCTOCYBAHHAM METOy AudepeHIiiiinnx dopm. Busuenns 3ama4qi mpoBOAUTHCS 38 Ta-
KOIO CXEMOIO: CIIOYATKY BiJI TirnepOoiTHOTO PiBHSHHS, 3a JIOMIOMOTOIO ITIeBHOI 3aMiHH,
BJIACHIOETHCST TIEPeXisl 10 CUCTeMM [MapabOJIiYHUX PIBHSIHB CIEIAJIBHOINO BUIJISIITY 1
JaJii JOCTIIKYEThCA PO3B’SI3yBaHICTD Ii€l CHCTEMH, IIPU IbOMY BHHUKAE MOTpeda B
JOCJIPKEeHH] PIBHSHBb €JIITUYHOIO THUILy. PiBHSAHHS €JIITUYHOIO THILY DPO3TJISIAI0-
THCs 3& JIOIIOMOT'OI0 AHAJIOTY METOJ[a MOHOTOHHUX CJIAOKO KOMITAKTHUX OIEPATOPIB B

Haditiwna 08.09.2016 © fpemenko M. 1. , 2017
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poboTi orpumano axasor Teopemu tuity MiaTi—Bpayznepa. [Ipu mpomy posrisimaerbest
HoBuit Tun oneparopis AL : WP — WP,

OCHOBHI PE3VJIBTATHU

1. Bunanok 3agadi i3 raaakuMm kKoedimnienramMmu B npocropax LP (Rl,dlx).
Posrisitmemo Bunaiok Ko KoedillieHTn € HeCKIHYeHHO IVIaJKAMU (DYHKIIAMEI CBOIX
apryMeHTiB. 3a IIUX YMOB JOBEIEMO HACTYIIHY TEOPEMY.

Teopema 1. /s dosiavrux eaemenmis {y,n} C WY (Rl,dlz) icnye maxe diticne
yucao L >0, wo daa eciz 0 < p < [i CUCMEM PIBHAHD:

o) (2)+(35)(2)=(3)

. U
Mmae edunuti po3e’a3ox ( )
v

Zlosederns. st oBejieHHs] iCHYBaHHSI PO3B’SI3KY IIE€PEIUIIEMO CUCTEMY y BU-
TJISIi:
U=+ pv,

v — pAu =1,

i migcraBuMo u = ¥ + pv B v — pAu = 1, Toai MaeMo:

v — pA (v + pv) = .

A60 B pO3rOpHYTOMY BUIJISI:

v—p Z 9, (aw oz, (v+ Aw)) + pb(z, (v + po) ,V (v + po)) =1

Pozmummemo mimittnmit momaHok:

5 2 (a2 ) =
5 &nj Ual‘i

i,j=1

B L9 0
Z (azya 7>+,Zaxj(a”8xilw>’

i,j= 1 i,j=1

TOJIi OCTAHHE PIBHSIHHSI HAOYy e BUIJISIILY:

v Z <awa >+ub(x7(7+uv),v(v+/w))=

1—1

=n+ Z (aijaiv> :

Hauii 3ayBazkuMo, 110 JI0JAHOK eJIeMEeHTY 7y B HeJIHIiHI# ckianosi piBusuns b(x, (v + pv),
V (v + pv)) He BILIMBae Ha XapakTep yMOB TOOTO yMOBHU Ha He JHHIfHICTH MATUMYTH
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Toil camuii Buryisiy (3 inmumu dbyuKIigmu p; (), a orke 3 iHIIOW GOPM — rPaHIo), &
came:

[b(z, (v + p0) V(v + )| < p(pa (@) [Vl + po(2)[u] + pa(2)) ,
b(z, (v + p0) )V (v + ) = b, (v + pw) )V (y + pw))| <

< p(pa) v — w| + ps(2)| V(v — w)]) .

IMogimmmo fioro Ha p?, HpH MHOMY % O3HAYMMMO depe3 A, OcKimbKu 12 > 0, a npaBy
YaCTUHY Yepe3 1), TPH IIbOMY 3MIiHATHCS JIUIIE TO3HAYCHHS, & PIBHSIHHS 3aJIUMTUTHCS
TUM Ke, B CIIPOIINEHOMY 3aIliCi 3MIHSIThCH JIUIIE YUCJOBI craji ¢dopMm — rpai, 1o
He CYTTEBO, OCKLIBKH 12 — () 3aJesKUTh JIIIe Bif HOYATKOBHX mammX. OT»Ke MaeMo

PiBHSHHS:

l
0 0 1
EDD oz, (a”zm“) + ;b(% (v + p) ,V (v + w)) = 9.

ij=1

Ile xBaziminiitae eninTudme audepeHIiifHe piBHIHHSI B YACTUHHUX 3 TJIAIKUMEI
MOBLIbHO 3pocTaiounMu Koedimientamu. JloctiumMo #oro 3a JOMOMOTOI0 aHAJIOTa Me-
TOJ/Iy MOHOTOHHHUX CJIAOKO KOMITAKTHUX OIEPATOPIB i3 3aCTOCYBaHHSIM (hOpM.

Cxrema memoda. 3a PIBHSHHSIM CKJIAJIAETHCS CIeliajbHa (hopMa Ta TOCIIIKY-
IOTHCsT 11 BJIACTUBOCTI, JMOBOAUTHCS 11 OOMEKEHICTH, MICJsT IIbOTO GCMAHOBANOEMDBCA,
wo ya dopma nopodsicye onepamop, akull die 3a npasusom AY : WY (R\,d'z) —
wP 1(Rl,dlaz:) 1 JOCAIOHCYOMBCA BAACTNUBOCTIVE ULO20 OMEPATNOPA 3G, AONOMO2010 POp-
MU, WO 020 NOPOOIAHCYE, BCMAHOBMOEMBCA 0OMENCENICMD, KOEPUUMUBHICTNY, GKDPE-
MUBHICMb A TEMIHENEPEPSHICTNL U4b020 onepamopa. Jari dosodumuvca meopema npo
ICHYBAHHA PO3E A3KY DIBHAMHA 34 AKUM CKAGOEHA POPMG, UL NOPOIHCYE ONEPATNOP,
AKUT MAE BAACTNUBOCTE 0OMENCEHOCTNE, KOEPUUMUBHOCTNE, AKPEMUBHOCTE MG TEMi-
nenepepsrocmi. Ipu dosedenmni meopemu icHYSarHA SuKOpUCMOBYEMbCA crema Ta-
ALOPKING, AHAAO2 AEMU NPO 20CMPUT KYM, 30 J0NOMO2010 AK020 6YIYEMBCA NOCAII06-
HICMb HabAudcenHA T asboprina ma noKa3yemuvCa, w0 Ua NocaidosHicCMmb 36120€MbCA
0o po36°A3KY PIGHAHMHA.

3a pisusiHHAM ckiageMo dhopmy hf (v,w):

(00) = Ao) + (dwoaodo) +  1b(o, (14 0) (3 + o)) ).

neve WP(RLdz), we qu’O(Rl,dlac). Cupasenusa jeMa.

Jlema 1. @opma hh (v,w) e obmesrcerono.

Ak nacinok semu 1 maemo, o dopma hi (v,w) mopoazkye oneparop AL : WF(R! d'z) —
WP (Rl,d'z), saxuit Takox e obmexennm, a orxe h) (vw) = (AL (v),w) me v €
WI(Rd'z), we Wiy(R,dz).

Osnauenns. Oneparop A% : WP (R, d'z) — WP (R",d'z) xoepyumuenut, skio
dopma b (v,w) = (AL (v) ,w) 3aK0BOIBHSIE yMOBY

Y (v,v |’U|p_2>

1m = OQ.
lollwp—oo  |[v]lwp



84 Hpemenxo M. I

Jlema 2. Onepamop AL : WF(R\,d'z) — WP (R'.d'z) eusnauae xoepyumuene
810006pastcertA.

Josedenns. Ouinnvo dopmy hS (v,w) = (AR (v) ,w), ne enrementu v € WP (R d'z),
Wi, (R d'x):
Lo,

B (v lol ™) = (A% () 0 o ) =

ig=1 "7

l
9 P 1 B
B <M 2o (aijaxiv> 2 0@ (v )V (v 4 ) fol? 2> g

l
0 0 _
> <Av— > - (057m0) ~ @IVl + ol + (o) ool > >

ij=1
4(p—1 p=1 =l
> Aol + 222 (o 0] 5 0 . dlun o)) -

-2
— (I @)IV0] + pa(@) o] + prs (@) 0 o).
—2
Tlosaauuvo W = v |v|pT 1 OLIHKMMO OCTaHHIN JOJAHOK:

(i @)IVe] + (@)l + prs()] o ol 72) <

< ZIVW el Wl + W2l W 2 + sl [ 01”%]| <
<LEIVWIB+ % (BIVWIE +c(8) [WI3) +

+3 (IWIE+ & (BITWIE + < (8) IWIB)) + 45 sl + =

po? q

<(VA(C+g) ) ivwig+ (5 + S+ L0 T i+ L bl

Hani rpymyeMo BiMOBiAHI T0MaHKNA, OTPUMYEMO TBEP/ZKEHHST JIEMU.

Osnavennsi. Oneparop A} (v,w) = (AR (v),w) € akpermpuum B LP (R'.d'z),
AKITO BUKOHYEThCS HEPIBHICTH

q
vlvl”*qu <

<A’;\ (v) = AL (w), (v —w) v — w|p72> >0, _Vo,we Wl (R dz).
Jlema 3. Onepamop A% : WP(R'd'z) — WP, (R',d'z) eusnauae axpemusne 6io-

obpasicenns 6 LP (Rl,dla:).

Zlosederns. JlificHo, 3rilHO 3 O3HAYEHHSIM aKPETUBHOCTI, BPAXOBYIOYM yMOBH,

MAa€EMO: <A§(u) — A2 (v), (u — v) |u—v|p—2> =

1
0 0 1 _
= <Av -2 o (ax) by (3 ). (0 = w) o= uf? > -

l
0 0 1 _
_ <>\w Yo (amw) Foblay + ¥ (3 ). (0 = w) o - ul? > -
sJ
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= Al = llg + + 222 (o T ) 0 @0 dun un| T ) )+
+ <%b(w,’y + po,V (v + @) = by + pw,V (y + pw)), (v — w) [o — w|p_2> ,

OI[IHMMO OCTaHHI JOJAHOK BUKOPHUCTOBYIOUM IOYATKOBI YMOBU, (DOPM OOMEKEHICTh

p—2
koedimientis i oniuky esnpaepa, moknagaown W = (v —w) |[v —w| 2, Mmaemo:

1 1 _
Kﬂb(x,w/w,v (o ) = Ly + ¥ o+ ), (0 = ) o =l >\ <

< ()l — ol + ps@) [V = )], (0 —w) [0~ ™) <
< (@) 0= 0) 0= w) o =)+ (s(@)¥ (u= o) (u = o) fu = vl %) <

< ZII9W s Wl + WLl 12 <
< §||VW|| (BIVWIE +cB)IWIE)® +IWllz (BIVWI3+ c(8)[WI[3)* +
< (VW + 2 G IWIE+e(3) IWIE) ) +
+3 (IWIE+ 5 6 IVWIE + () 1W1)) <

( >\[|VW||2 (\(/B)+‘/B+;C(f)> W13

BukopucroByoun 11i OIIHKYN JOBOJIUMO JIEMY.

Osnauenns. Oueparop A} : WP(R!,d'z) — WP (R',d'z) susnauae xeminene-
pepBHE BiZI0OparKeHHs, SIKIO CHPAB/ZKYEThCs BJIACTUBICTD:

w— }5% AL (v +tw) = AS (v), Yo,w € WY (R',d'z) B mOPMI WP (R',d'z).

Jlema 4. Heninitinuti onepamop AY : WP(R'd'z) — WP (R',d'z) susnauae xe-
MIHENEPEPEHE 61000PAHCEHHA.

Y sunazky npocropis LP(R!,d'z),p > 2,1 > 3 moTpibHO 3aCTOCOBYBATH AHAJIOT
JeMu 3, a came:

JIema 5 (upo rocrpwmii xkyt). Hexali na chepi Sp = (C: |6’| = R), de R >
0 — deaxe 6t0no6I0HUM YUHOM BUOPAHE YUCAO, 3a404HO HenepepsHe 61000padicenms

—
B : R — R™ 0daa AK020 SUKOHYEMDBCA GHAAOZ YMOBU TPO 20CMPUL KYm, mobmo

<B <C) ,CT> > 0. Todi ichye npunatimmi 00HG MAKG MOYKA 8 : |8| < R, wo

E (8) = 0. s mema JOBOIUTHCS BiJi CyIIPOTUBHOTO.

s Toro o6 mokasaTH, 1Mo eJINTUYHE PIBHAHHS Ma€ PO3B’SI30K BUKOPUCTAEMO
moudikanio merona Tampopkina. Hexait {w;} 1 {w}} — raaki 6asucu npocropis
WY o(RLd), WY (R d'z), sinosinmo, i nexait [wy,...wy] — nixiiina oGosonka Ga-
3UCHHX eJIEMEHTIB, TaKa IO BUKOHYETbCS BIACTHBICTB: (Ug,vf) = ||vk||£. IMokmamemo
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— k . * k k% . .
3a BU3HAUEHHSIM Uk, = y ., CiW;, U = y .4 C;w;. [y 3HAXO/ZKeHH ST OCIIiI0BHOCT]
Tampopkina ckiameMo cucreMy piBHSHB:

(A% (wp) — Yyw}) = 0,i = 1,....k.

IIs cucrema BU3HAYAE HEIIEpEPBHE BiT0OParKeHH E : RF — RF, a orxe mae micie
aHAJIOT JIEMH I1IPO TOCTPHUil KyT.

Ckopucraemocst anasiorom meroxy lampopkina. [Tokarkemo, 1o cucrema s Mae
PO3B’s130K B JiiHiHI# obosonni nepmux k ejxementis 6asucy {w;}. Hiiicno, Bimobpazke-
HHS E (8) :0C B; (8) = (A% (vg) — ¥, w}), i = 1,...,k, BHACIIIZIOK KOEPIUTUBHOCTI
oneparopa A} : WP (R',d'z) — W', (R',d'z), 3an0BosbHsIE yMOBI aHAJIOTA. JIEMH IIPO
TOCTPHIi KyT:

k k
(B(C). €)= (a5 (X ewn ) oD et ) = (A% (o) — hanlunl ) >
i=1 i=1

8 (vk,vk|vk[P~2)

vk vk [P~2| e

—[1llwe, | [oxlvelP~2|lwg > 0.

Ockimekn AY : WY (Rld'z) — WP, (R'd'z) — nenepepsre BinoGpaskenus Ha
ckinuennx mignpocropax mpocropy WY, To BHACIIIOK aHATIOra JIEMH PO TOCTPHIA

- =
KYT JUId JOCTATHBO BeJUKUX 3HadeHb R > 0 icuye takwuii enement C,|C| = R, mo
— />
B(C)=o.

Otxe, BHINE BKazaHo crocib nmobyaosu nocigoBaocTi {vk(x)}, erementn sikol €
posB’askamu piBHsHHs. Jasi mokarkemo, mo nocaimosHicTh {vk(x)} 36iraeTbest mo
PO3B’SI3KY JIAHOT'O PIBHSHHSL.

Buxopucrasmmn koepuuruehicts oneparopa Ay : WP (R d'z) — WP, (R d'z),
omepxxumo nepisricts [[AX (vg) [lwr, < |[¢]lwr.

SIKmo noBeneMo HepiBHICTD H’UkHWIP < C, ne crana C 3ajexuThb juiie Big ¢yn-
KIiil 4 (CTPYKTYpHU PIBHSIHHSI), TO TOZl BHAC/IIOK CJIAOKOI KOMIIAKTHOCTI IIPOCTODY
WT(R',d'x) orpumaemo, mo icuye Taxa migmocainosricTs {vg (7)}, Mo Mae micme
BJIACTUBICTD: U/ — g cJ1a0KO 1 AZ;\ (vgr) —y CJ1a0KO.

Wl Wl

ITokaxkemo, mo y = A’;\ (vp) = 1. 3Bizcu BUILIMBaTHME, IO BiIOOPAKEHHS Af\ :
w? (Rl,dl:r) — WP, (Rl,dl:c) € CIOD’€KTHBHHUM BifoOparkeHHsIM, TOOTO BifgoOparkeH-
HaM «Ha». CKiageMo iHTerpajabHi TOTOXKHOCTI:

(A (o) wi) = (o)) i =1, K,
i mepeiinemo 1o rpanuni upu k' — +oo. Toxi ogepkumo:
lim A (o) =y =
k’gnoo A (Uk ) Y 7/}3

ne rpanung 6eperhest 3a Hopmoto poctopy WP (Rl dlx).
Ockinbku onepatop AX : WY (R! d'z) — W”, (R',d'z) ¢ akpernsanm B LP(R' d'z),
TO MA€ MiCIle HEPIBHICTH:

(A (o) = AR (w), (v — w) Jopr —w[P72) > 0.
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Ilepexonstam B ocTaHHiil HEpIBHOCTI J0 rpaHmIi npu k' — 00,0epKUMO HEpiB-
HICTb:
-2
(y — A () , (vo — w) [vo — w|"™2) > 0.

Hoxnasmu w = vg — tz,t >0, z€ WF(R',d'z), i ckoporusmm obuBi TacTuHI
omepzkanol HepiBHOCTI Ha tP~ !, oTpEMaeMo:

<y — AL (v — tz) ,z\z|p_2> > 0.

3 xeminenepepsnocri onepatopa A% : WP (R!,d'z) — W?, (R',d'z), Bpaxosyroun
JIOBLILHICTE €JIeMeHTa 2 € Wlp o(RLd'z), onepxumo y = AL (vg) = ¢, TobrO MMI71
3a/IaHKUX [TOYATKOBUX JAHIX HO0Y0BAHO HOCIIOBHICTD {vg } 1 JoBeeHo 11 36iKHiCTh
1o erxementy vg € WF(R!,d'x), mo peanisye po3s’a30K PiBHAHHS 32 JAHIX yMOB.

€ 1HICTD 1[OT0 PO3B’A3KY BUILIMBAE 3 BJIACTHBOCTI akpeTuBHOCT oneparopa AX ().
Orxe, ysrmil v = v+ pv i v =N+ pAu € MyKaHIME 1 TAKUME, IO 38/I0BOJIHHSIOTH

e () () =85 ) () =5 )
0 I v A O v n

Bayeasicernns. Mae micye oyinka dna{u,v} C W (R d'z) N C> (RY) , axi sa-
0060AVHAIOMb NACTYNNY HEPIGHICTL:

(u = oAuwulul”?) + xo [[o]s <

< (4 02) ((v = oAy WP+ 2o [IE)

npuoMy 000aHHA CMAAG Ao HE 3GAEHCAMY 610 YwuCAa [ i eaemenmis {y,n}.
Hoseemo oriaky. OCKiIbKY :
Au = i (v—mn), T0 Av = A—(“;w,

a otxke s {u,v} C WY (R'd'z) N C> (R):

<w — AoAv,y lep*2> + Xo lInlly

l
o o _
= <v X0 Y o, (aijaxi'Y) + Aob(2,7, V), [v]° 2> =

ij=1

l
- <u—xo > o (057 () + Aabla () 7 <u>>,u|u|p—2> ool ] +

ij=1

!
0 3,
+ <U—MU—)\0 Z é)x-(aijax-(u_uv)>+
j i

ij=1

+ Nob(a, (u = ) ¥ (u = ), (1 = uv) [u = o) =

l
_ <u W Z 86% <aij08xi (u)) + Aob(z, (u),V (u)),u u|p_2> +
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+Xo (<U — phAu, (v — pAu) v — uAu|p_2> - <v,v |v\p_2>) :

(7= JoAvy P72) + 2o [l =

l
o B _
<7 o Y oz, (aij(%j7> + Xob(z,7, V), [v]° 2> =

i
= ((u=RoAuuluf™) + 2o Ju]l2) +

+ ({0 = MoAu — ), (u— o) [u— ol = (u = Ao Auulul’~) ) +

o (<v — pAu, (0 — pAu) v — uAu|p_2> _ <v,v \U|P—2>) -
= ((u=RoAuuluf™) + 2o Jul2) +
+ <u (u— o) Ju— o]’ —u |u\p_2> -
+ (0o (v — pAu) [0 — AP~ = dgv o™ = s (u— o) [u — o) +
Ao (<Au,u P2 — (v — pAu) v — MAU|P—2> -

— (Al = o), (w = o) [u = poP~))

3BiJICH BUILINBAE HaBEJIEHA, BUIIE HEPIBHICTD.
Baysaxenns. s {u,w} C WP (R, d'z) (| C> (R')moxua BUKOpHCTATH HACTYIIHI
MipKyBaHHS:

‘<’U — pAu, (v — pAu) jv — uAu|p72> - <v,v u|P~2 ‘ <
< Sy o = pl? = |of?| dat = [ o] — 1| dat < || Aull 1 + o(s?).

Au
v|P

l—u‘

. . . du(t)
Teopema 2. I'inepbonriune pieHANNA —

[0,7], w(0) =ug € D(A), dqfi(to) = v € D(A), mae po3s’a3ox.
Zlosederns. [ljisi moBefeHHST BOTO PO3IJISHEMO IIPsiMUil JTOOYTOK IMPOCTOPIB

WP x LP erementaMu siKOro € BEKTOPH

€ Au(t), sa nowamxosur ymos t €

< Z > , u€ WP(R\d'z)w e LP(R'd'z).

B mbomy mpocTopi MOxKHaA BBECTH (PYHKIIIO, IO Oy/ie HOPMY 3a HACTYITHUM IIpa-
BIJIOM:
1
‘ ’ = (<u — MoAu,u |u\p72> + Ao <v,v |v|p72>> "

0 I . U
O6J1acTb BUBHAYEHHA onepampa( A ) ©MHOXKMHA TAKHX enementin (- ),

u
v

Wf(Rl,dlx),v € Lp(Rl,dlx), , O eJIEMEHTH U,V 33JIaI0Thcs hopMyIaMu U = ¥ + pv i
v =1+ pAu i € TakuMH, MO 380BOJILHSIIOTH CUCTEMY:

Lo ) (2) (2 5)(2)=(3),

u e
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. 1 0
Tozi kosu 1o/1aTHE YUCIIO [4 IOCTATHBO MaJie 00JIaCTh 3HAYEHDb OIIEPATOPA ( 01 )

u( g IO ) MICTUTD BCl eJleMEeHTH ( z >7 v,n € Wlp(Rl,dla:), OTIKe JIIsl MiHi-

MAaJIBHOTO 3aMKHYTOT'O PO3IIUPEHHST ONIEPATOPA ( OA IO ) B ipocropi WP (R!,d'z) x
I 0 0 I

PR d! _
LP(R',d'z), oneparop < 0 I EA o
wernit ma 106yTKy npoctopis W (R!d'z) x LP(R!,d'x).

Mag€ pO3B’si3HUIA, sKiil BCIOJU BA3HA-

A oTiKe, BUILINBAE, IO BIIMNOBiAHE PO3IINPEHHS OllepaTopa € JIOKaJIb-

A0
HIM TerepaTopoM feskol mamisrpymu Ty 8 WP (R d'z) x LP(R',d'z) i WP (R',d'z) C
LP(R'.d'z). 3sincu crimye TBepmxkenns Teopemn 1.

2. Bunanok sumipHnx Koedimientis B mpocropax LP(R! d'z), p>2, 1>
3. Posrisinemo Buma 10k KoJiu KoedilieHTH B XBUIBOBOMY DIBHSIHHI BUIVISIILY: di;;g” €
Awu(t) € BuMipHuMH, B3araji KaxKydu, He MIaJIKUMU QYHKISIMH.

B npomy BUmaAKy DOCIIIKEHHS TMPOBOSUTHCA HACTYITHUM YHHOM: BiJ rimep6osti-
9HOTO PiBHAHHS TEpeiIeMo 10 CUCTeMU MapaboIiTHnX PiBHAHD 34 JOTOMOTOI0 HACTY-

du

[HOI MJICTAHOBKU: ¥ = .

Toni 3aa1a HAOY/IE BUTTISLY:

i(;‘):(g IO)(5>,te[0,T], u(0) = ug € D(A),

v(0) = vy € D(A).

Orxe, siK 1 y BUMAJKY JOCTIPKEHHsT DIBHSHHS 3 IVIQJIKAMU KOeDillieHTaMu XBU-
JIbOBE PIBHSIHHS 3BUJIOCS JIO €BOJIIOIIIHOI CHCTEMU PiBHSHD .

HocaimkyeMo po3B’si3yBaHiCTh HACTYITHOI CHCTEMH i JTOBOINMO, IO JI/IST TOBLIHHUAX
esementis {v,n} C W} icuye raxe miiicae ancso fi > 0, mo st Beix mamux 0 < pu < fi
cucTeMa HeJHITHUX JudepeHIliaIbHIX PiBHIHD:

(o) (2)+(35)(2)=(3)

- u
Ma€ € JTUHUN pOBB’HSOK ( v )

Zlosederns. s noBesieHHsl iCHyBaHHS PO3B’SI3KY IEPEIMIIEMO I[I0 CUCTEMY Yy
HACTYITHOMY BUIJISJIL:
u ="+ p,
v — pAu =,

i migcraBuMo U = 7y + pv B v — pAu = 1, ToAl MaeMo:

v — pA (7 +pv) = 1.

A60 B pO3rOpHYTOMY BUIJISI:

l
0 0
vnY o ((% (vﬂw)) T ub(e, (3 + ),V (4 ) =
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Posnummemo stiniftHui 1018HOK:

l

0 ) Lo 0 Lo 0
Z o, (aijaxi (v— /,w)) = Z oz, (a”8xﬂ> +i§::1 oz, (““mﬁ‘”) .

i,5=1 i,5=1

TOZI OCTAaHHE DiBHSAHHS HAOY/IE BUTISY:

l
o o
v—pt Y o, <% 81&,@) + pb(, (v 4 ),V (v + p)) =

i,7=1

l
0 0
-1+ 2 g (a)

Jasii 3ayBazkuMo, 110 JI0JAHOK €JIEMEHTY 7 B HeJIHIiHi# ckianosi pisusuns b(x, (v + pv),
V (7 4 pv)) He BILIUBae Ha XapakTep yMOB TOOTO yMOBHU Ha He JiHIfHICTH MATUMYTH
Toil camuit Burial (3 iHmmmu dysKuigmu p;(x), a oTKe 3 iHII0I0 HOPM — IDaHIO), &
came:

[b(z, (v + p0) V(v + po)| < p (pa (@) [Vl + po (@) u] + p3(2)) ,
b(z, (v + p0) )V (7 + ) = b, (v + pw) )V (y + pw))| <
< p(pa(@)fo = wl + ps(2)|V (v = w)]).

Iomimmo roro ma p?, HOpH ILOMY # HO3HAMHIMO Tepe3 )\, OCKimbKu u? > 0, a mpasy
9aCTUHY 4Yepe3 1), MPU MbOMY 3MIHSITHCH JIUIIE TO3HAYECHHS, 8 PIBHIHHS 3aJIUIIITHCS
TUM 2Ke, B CIIPOIIEHOMY 3alliCi 3MIiHATBCA JIAITE YUC/IOBI cTaji ¢popM — rpami, 1Mo
He CYTTEBO, OCKUIbKH 112 — 0 3aJIeXKUTh JIMIIe Bij HOYaTKOBUX JaHmX. OTKe MaeMo
PiBHSIHHST:

0 0 1
DY oz, <aij8miv> + ;b(L (v + ),V (v + po)) = 9.

ij=1

Ile xBasimimifine eminTuvne audepeHIiine piBHIHHSA B YaCTUHHUX 3 ITOBLIHLHO
3pocTarvunMu BUMipHUMHI Koedirieatamu. JlocaimkyemMo toro 3a J0moMOTroi0 MeTOTy
AKPEeTHBHHUX CJ1a0KO KOMIAKTHHX OIepaTopis i3 3acrocysammam LP(R!,d'z) — dopm.
Exinruane piBHSIHHS 3 BUMIDHUMY TOBIJIBHO 3POCTAI0UYNME KOeMIIIEHTAMI HAOJ KA~
€ThCsl (AIIPOKCUMYEThCs) PIBHAHHAME 3 00OMeKeHUMH (3pisaHumu) BuMipHuMu Koedi-
[[I€HTAMU, HACTYITHAM YHHOM.

Osnavenna. Hexat f(x) — sumipna 3a Jlebezom dynwuyia na R'. Todi, eusna-
Yumo 3pi3ky fn Pyrxuit f 3a npasusom:

n, f >n,
fn: fa |f| <n,
-n, f<-—n;

HactynauM KpokoM € 3ri1a/iKyBaHHS yKe 00MeKeHUX KOeMIIie€HTIB eiITuIHoro
PiBHSHHS.
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Osnavenna. Hexvati f(z) — sumipna sa Jlebezom dynxuis na R'. Todi, dynwuia
f™(z) e "rmankorw"anpokeumario Gyrkiil f(z) , 3a aprymMenToM x:

@) = [ pula =00t = px

ne pn(t) — raaka mesixemua anpoxcnmaris 1B RY.

TobTo, OTpUMaHO MHOXKUHY €JIITUYHUX PIBHSHB, 10 3aJI€KATh BiJl JBOX HATY-
paJIbHUX MAapaMeTPiB, siKi BUHUKAIOTH I 9aC «3pI3aHHS» Ta «3IVIQJXKyBaHHS». 3a-
YBasKUMO, IO TOCJIIOBHICTH IPOBEJIEHHST ONEpaIliil «3pi3aHHI» Ta <«3IVIAIKYBAaHHS»
BaXKJIMBa, TOOTO CIIOYATKY OTPUMYEMO KOEMIIIEHTH y BUTIsAII OOMEXKeHUX (DYHKIIIH,
a BKe TOTIM TX HaOIMKAEMO TJIAJKAMHA (DYHKITISIMA.

JaJti 10C/IizKyeMO MHOXKWHY PIBHSIHD 3 TJIAIKUMU KoedillieHTaMu 32, JTOMOMOTOI0
MEeTOJiB, 0 Oysu po3pobieHi Buiie. JloBe1eHHsT TPOBOASTHCS JOCIIBHO aHAJIOTTIHO, 3
yPaxyBaHHSM TOTO MOMEHTY, III0 3aMiCTh OJTHOTO PIBHSIHHS PO3TJVISIAE€THCHA CYKYITHICTh
pu IBOX (DIKCOBAHUX HATYpAJbHUX MTapaMeTpax, TaK HAIPHUKIaI, dopMma Oyae BuU-
3HAYATUCS HACTYIIHUM YUHOM:

Y™ (v,w) = X (v,w) +

1
{dwo ™ o do) + (e 0 ) T+ ) ).

Je w € WﬁO(Rl,dlx). IIpu mboMy OIIHKM TIpU JTIOBEJIEHH] JIEM He 3MIHATbHCS, OCKLIBKU
TaM BUKOPHCTOBYBAJIUCH JIAIe HOPMU (DYHKIIH KoedilieHTiB Ta BIacTUBICTH (hopm
— obmezkernocti. OTKe oTpuMaHa MHOXKWHA PO3B’3KiB """, M0 3aJ€XKUATH Bil JBOX
HaTypaJbHUX MTapaMeTpiB 3TVIQIKYBAHHS M 1 3pizaHHs n, Jaji MOTPiOHO 3HATH 0OMe-
JKEeHHS Ha 3IVIQJIZKYBAHHS Ta 3pi3aHHs, TOOTO MEPEeUTH 0 TPAHUII 110 UM HATYPaJIh-
HUM TIapaMeTpaM. BaKJInBUM MOMEHTOM JIOBEJIEHHS € Te, 10 CIHOYATKYy 3HIMaIOThCS
OoOMeKeHHS Ha 3IVIaJXKyBaHHs, IIEPeXiJl 0 TPAHUII 33 IapaMeTpPOM ma MoTiM, oOMe-
JKeHiCTh KoeilienTiB, mepexin 10 TpaHulll 3a mapaMeTpoM 7.

IIepexomumo 0 rpanumi 3a napamerpoMm m. Ilepexomumo 10 rpanuii 3a napame-
TpoM n. A oTKe, icHYIOTh DYHKINT ¢ 1 v € IMyKaHNMH I TAKUMH, 10 38/[0BOJIHHSIOTH

(o) (2) (35 (2)=(3)

Bayeasicernns. Sxwo eremenmu {u,v} C W (R d'z) N C™ (R'), modi e eip-
MO0 HACTRYNHA OUTHKA:

cucremy:

(= doAuuful ™) + X0 lolly < (14+0(0) ({7 = MoAvy ") + Ao )

nputomy 00danna cmana Ao He 3aaesxcams 610 wucaa i i eaemenmis {y,n}.

0 I
A 0
u € WP(Rd'z),v € LP(R',d'x) , mo eseMeHTH 4,0 € O3B’ A3KAMHI CHCTEMH:

o)) (R0)(0)=(3)

. U
1. O6aacTth BU3HAYEHHS OlTEPATOPA ) € MHOXKMHa TaKUX eJIeMeHTIB ( v ) ,
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0 I
u( 01 ) MICTUTD BCi eJleMeHTH < ;; ), v, € Wf(Rl,dlx) Cc LP(R'd'z), or-

. 1 0
Tomi, KoM MOIATHE YUCIIO L JOCTATHHO MaJie 00JIaCTh 3HAYEHb OIIepaToOpa ( —

A0

.. 0 I .
2Ke gl MIHIMaJIBHOI'O 3aMKHYTOI'O PO3MIMPEHHA oOllepaTopa ( A 0O B IIPOCTOP1

WFP(RLd'z) x LP(R!,d'x), onepatop ( Lo 0

Ma€ pPO3B’sI3HUIA, AKii

I
o 1) LA o
BCro/M BU3HaMeHnit Ha no6yTky mpoctopis W (Rl d'z) x LP(R!,d'x).

A orke, BUILIMBaE, 110 BiIMOBi/IHE PO3IIUPEHHST OIIEPATOPa € JIOKaJIb-

01
A0
HIM TeHepaTopoM jesKoi Hesiiitaoi mamisrpymu T; 8 WP (RLd'z) x LP(R,d'x) i
WP(RY,d'x) C LP(R',d'z).

3. HocaigkeHHs TJIaAKOCTi po3B’sa3Ky piBHsIHHS rimepOoJIivHOro TUILY y
BUIIAJIKY KOJIM KoedilliEHTH He 3ajieXkaTh Bia dacoBoi 3miHHOI. ocaimxye-
ThCsI TVIAJIKICTh PO3B’sI3KiB PiBHIHHS:

l

d—gu— Z 9 a--(x)iu +ib-(m) 0 u+c(z)u+ulul’ = f(x,t)
dtQ ig=1 8l‘j * 89@ el ! 8%‘1 N B

ne koedirientu a;; (), bi(x), c(x) - rmaaki me 3anexHi Bix gacy byHKii.
Teopewma 4.

1. Swxwo ug € WE(R d'z), vy € L*(R',d'z), f € L? (O,T; L2(Rl,dlx)), p <

2 .
-2 l>37 1

u € L? (07T; W12(Rl7dlac)) u e L? (O,T; LQ(Rl7dlx)),
u’ € L? (0,T; W2 (R ,d'z)) de pynruia u e crabrui pose’asox 3adawi Kowi:

l

d—Quf Z 9 a--(x)iu +ib-(m) 0 u+c(z)u+ulul” = f(x,t)
dt2 ig=1 8l‘j * 89@ el ! 8%‘1 N B

da
dt
Toodi v € L (O,T; Wf(Rl,dl:z:)), u € L™ (O,T; LQ(Rl,dl:r)) i € GIPHOI OUINKQ:

u(0) = uo, u(0) = vy.

ess sup (11602 aramy + 10Oz (s ) <
t€[0,T)

<C (HUOHWf(Rl,dla;) + ||U0||L2(Rl,dlac) + Hf”L?(QT;L?(RZ,de))) :

1. Sxwo ug € W2(RL,d'z), vy € W(R ,d'x), f € L? (O,T;LQ(Rl,dlx)), p <

2
-2 l>3)

modi u € L>® (O,T; Wf(Rl,dlx)),u’ € L> (O,T; Wf(Rl,de)),
w’ € L (0,T; L*(R' d'z)),
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u” e L™ (O,T; Wzl(Rl,dla:)) 1 € GIPHOIO OUINKQ:

ess sup (116t lwzcraye + 10 Oz e am) +
t€[0,T]

1" O 2 (Rt ) + ||“"'(t)\|L2<0,T;W31<Rudw>)) S

< C (w0 lwza.aey + 100l ey + 1 w022 i) ) -

loeederns. llepiiie TBEpIKEHHSI BUILJIMBAE 3 OIIHKU <«EHEPTily, SKIIO CIIPSMYBaTH
IHIEKC TOCJIOBHOCTI JI0O HECKIHYEHHOCTI 1 mepeiiTu JI0 TpaHuIll y MiJIITOCIiIOBHOCTI,
TOOTO

limsup sup (”u;c(t)”Lz(Rl,dlz) + Huk(t)wa(Rl,dlz)) <
k—oo t€[0,T)

<C (HU‘OHWIZ(Rl,dlx) + lvoll p2(p g2y + Hf||L2(0,T;L2(Rl,d,,z))) :

Ilepimie TBepAKEHHS JTOBEIEHO.

Hexait muokuna {w; }€ NOCTIIOBHICT BIACHAX eJIeMeHTIB oneparopa —A B npocTopi
. . . k .

vao(Rl,dlx). Cxiazemo inrerpambni ToroxkuOCT U = Y 0 4 ¢ (£) w; @ = 1,k:

l

d? 0 0
<dt A CEE DR

r,j=1

l
+jz_;bj(:c)aijuk + ¢ (2) up, + ug |ug|” 7wi> =

= <f(xat)7wz> )

i Ipo JudepeHIliFoeEMO OCTAHHIO PIBHICTH 3a 3MIHHOIO ¢, MAaEMO:

3 Lo )
) - < % 3y (=) 5) “’> '

rj=1

!
0
+ <]Z=; bj(fﬂ)(%j%,wi> +

+ <C (33) u;wwi) + <(p +1) |uk‘pu;c7wi> = <f/('r7t>7wi> , =1k

MHuozxkumo Ha ¢ (t) 1 cymyemo 3a injgekcom ¢ = 1,k, maemo:
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+ (e (@) upuy) + (p+ 1) (ul” up,ui) = (f(z,t),ui) -

ITosHa4umo vy = uj, OTKe, B HOBHX HO3HAYEHHSIX, 33 BHKJIIOYEHHSM He JiHIAHOrO
JIOAHKY OCTAHHE PiBHAHHS Ma€ TOI caMuil BUIJIS, JJIs SKOI'0 OyJIa JI0Be/IeHa OIliHKA
«EHePrily 1 /111 HbOI'O CIIPaBeJINBA OIIHKA:

d
= (04113 + (dok 0 @ o dog) + uw ) <

< const (o3 + (den o a0 du) + ogll2 + IF13) . € [0.T]

Otxke, MOTPIOHO OIIHNTH HETIHIAHUN TOMAHOK, BUKOPUCTOBYIOUN HEpiBHICTL [esne-
pa, MaeMo:

11 1
| ane” i) | < sl Nl lluil s + a7t

Ockinbku pl = (p — 2)I < ¢, 10 Maemo |||ug|”|], < [Jux||” < const, a orzxke:
[l |” g uky) | < comst [ug[l, flug]ly .

TOOTO MOXKHA 3aCTOCOBYBATH HEpPiBHICTH I'pomyosa.
Hani 3anmumemo:

— (0 imr 2 (ans (@) 5w ) i) + (Sl by(@) g ww )+
+ (¢ (2) ug,w;) + (ug Jug|” w;) = (f(x,t)w;) — <%uk,wi> )

TomuoKUMO Ha \;¢;(t) - me \;BianosimHi BiacH! aucsa i cymyeMo, MaeMo:

<ug7Auk> =

= <Zi’j:1 % (arj (x) %uk) ,Auk> - <Z§:1 bj(x)%uk,Auk> _
— (e (@) ug,Aug) + (ug [ug|” Aug) + (f(2,t),Auy) .

Otxke, aHAJIOIYHO, MAEMO:

2 2 2 2
g 0113 < const (lolyzar ey + 100z ar.anay + 17113 -

Buxopucrosyoun HepiBricTs I'ponyosna i MO3HAYEHHS Uy, = U, OTPUMYEMO:

2 2 2
up (las Oz ey + 1k Oz ey + 1O ) <
€10,

2 2 2
<C (||u0||W22(Rl,dlm) + ”UOHWf(Rl,dlac) + ”fHle(O,T;L?(Rl,dlx))) :

1t 3aBepIeH s JOBEIeHHS IepeiaeMo 10 MPaHuIIl IO i AIMOC/Ii IOBHOCTI IpH k,,, ——
m— o0

oo . Teopema 4 moBemeHa.
Pozzasanemo npukraad . PiBusuus tejerpadHoro Tuiy:
Yuy — (pug), —our +Cu=0,1e 9 >0,p>0,0>0,¢ >0, npu Bcix = € (ab).
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Beememo 3aminy vy = wu, vo = u,, U3 = u,Tomi TejerpadHe piBHSHHS Oye
3amnmcaHe y BUIJIAI CUCTEMU:

V1 = U3,
pLv2 = (PU3)I — PzU3,
Yuz = (pv2), — (U1 — ovs.

Orxe, gKIO BEKTOP (U1, Vg, U3) 3aJ0BOJIbHIE JAHy CUCTEMY 1 IIOYATKOBI JaHi
y Burisiai v (x,0) = vi1.(2,0), OCKiIbKU, Voy = Uity = Usg, TOAL mjis Beix t > 0
BUKOHYETBCS PIBHICTB Vo (2,t) = V1, (x,t), miis Beix poss’sa3kiB cucremu. Jana cucrema

BucHOBKMU. [loBeneHo icHyBaHHSI CJIAOKOT0 PO3B’I3Ky KBas3imiHIMHUX qudepeH-
MiaJbHUX PiBHAHL B YACTUHHUX IMOXIJHUX TinepOOiIHOTO THIY 3 CUHTYISPHUMEI KO-
ediniearamu. Pesysbratu jJanol poboTu MOXKYTh OyTH y3arajbHEH] Ha OLIBII MUPOKI
KJIACU DIBHAHb.
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Hpemenxo H. U.
TUINEPBOJIMYECKUE YPABHEHUS C CUHI'YJISIPHBIMU KOD®OUIIUEHTAMU

Pesrome

Pabora mocssimena qoka3aTebCTBY CyIIeCTBOBAHUS CJ1abOT0 PElleHrst KBa3WINHENHBIX TUd-
depeHIMaNbHBIX ypaBHEHUI B 9aCTHBIX IIPOU3BOJAHBIX B ipocrpancTsax WF ¢ usmepumbivn
ko3 durmentamu. VccmemoBanue MpOBOAUTCS C UCIOJIb30BaHUEM MeToja |'ajlepKuHa u Me-
TO/Ia (DOPM U HEJTUHEHHBIX MOHOTOHHBIX OIIEPATOPOB. YCJIOBUS Ha KOI(PDUIMEHTHI YTOIHS-
FOTCsI B TIPOIIECCE MCCJIE/IOBAHUSI CBOMCTB HEJIMHEMHBIX OIIEPATOPOB, IMMOPOXKIEHHBIX (POPMOIA,
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COCTaBJICHHOH 110 JIEBBIM YaCTAM 33JaHHOTO yPaBHEHUSI.
Karouesvie caosa: 2unepbosuMECKoe YpasHeHue, CUH2YAAPHDIE Koapduyuernmol, memod dopm

Yaremenko M. I.
HYPERBOLIC EQUATION WITH SINGULAR COEFFICIENT

Summary

Dedicated to research existence conditions of quasi-linear differential equations with measur-
able coefficients, ie the study limitations imposed by the non linearity in which the system
will have to research a solution and uniqueness of the solution of a certain class of functions.
We consider weak solvability of quasi-linear differential partial differential equations of hy-
perbolic type with smooth and measurable singular coefficients, research methods based on
the theory of semigroups using the method of differential forms. A new class of operators
A% WP — WP, associated with a given differential equation and investigate the properties
of these operators.
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DIVISORS OF THE GAUSSIAN INTEGERS IN NORM GROUP Ef,

The divisor function in norm group E; is investigated, where the set E; is a multiplicative
subgroup in the multiplicative group of classes of residues modulo p™ over Z[i]. The asymp-
totic formula is obtained.
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INTRODUCTION. Let A, B be two infinite sets of positive numbers. We define
generalized function of divisors

TaB(n) =#{(a,b) e AxBlab=n},(n €N).

Usually study a behavior in average the function 7o (n), i. e. construct an
asymptotic formula for > _ 7a g (n). In the case A = B = N we have the clas-
sical Dirichlet problem of divisors. In works of Smith and Subbarao [5], Nowak
[3], Varbanec and Zarzycki [6] was investigated the case A = N, B = B (bg,q) :=
{b e N|b=by (mod q)}. In the sequel came to be consider other sets A and B.

Varbanec and Zarzycki [7], Varbanec [8], Nowak [4] generalized this problem on
the case of sets A, B, which define as the sets of all positive integers each of which is
norm of integer ideal in finite extension of field Q.

In the present paper we will consider a generalized function of divisors over the
ring of Gaussian integers determined in this way:

for every w € Z[i] we put

T(w;ETJ[): Z 1,
J |w
de B

where E;f := {a € Z[i] IN (o) = 1 (modp™)}, (p = 3 (mod4), p is prime).
The set E; is a multiplicative subgroup in the multiplicative group of classes of
residues modulo p"over Z[].

AUXILIARY ARGUMENTS. Throughout the paper, «,3 and ~y(also with a subscript)
denote Gaussian integers; N (), Sp () are a norm (respectively, a trace) of a, i. e.
N (@) = |al?, Sp(a) = 2Re (a).

We denote by G = Zl[i] = {a +bieC |a,b €Zi* = 71} and Gp» (respectively,G:
an additive group of residue classes (respectively, a multiplicative group of reduced
residue classes) modulo p™ over G.

Let dp, 0 be the Gaussian rationales (i. e. dp, § € Q[é]) not necessarily integers
and let m be a rational integer (i. e. m € Z). For Res > 1 we consider the following
series

n
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e4miargw i w
in(sibod = D Faare W
weG

w#—éo

The function ¢, (s;00,0) accepts an analytic extending on all complex plane and
calls the Hecke zeta-function.
Lemma 1. The Hecke zeta-function (,, (s;dg,0) has the functional equation

7T (2]|m| + 8) G (5:00,0) = 7~ =D (2|m| + 1 — 8) G (1 — 53 —6,80) ¢~ mi5p(609)

(here ¢ is a complexly-conjugate with §).

Moreover, (, (s;00,0) is an entire function if m # 0 or m = 0 and 0 is not a
Gaussian integer. For m =0 and 6 € G, (, (8;d0,0) is a holomorphic function except
at s = 1, where it has a simple pole with a residue .

For the proof in case (p, (s;0,0) see [1]. The proof in other cases is similar.

Corollary. (,(0;d0,0) = 0 if dp is not a Gaussian integer.

Lemma 2. Let a € E. Then for every €, 0 < ¢ < % any T > 1 in the rectangle

R={-e< Res<1l+¢|Ims|<T}

we have

2 o ghmiare( 3 +9)
(s =1)7 |G (5:0,0) ( G (5; 1770) — X peB ) )| T
=0 (72 (2 +1) (22 +m?+10)")
where 0 = %7;;7”), o = Res.
From now on B denote the set {0, £ 1, +i}.
A constant in symbol “O” is absolute.
Proof. This assertion follows at once from estimates for

(8 — 1)2 Cm (3;0,0) (:m (5; pO:NQ) _ Z e4miarg(p%+5) (N (;:L +B))S

BeB

on vertical legs of the rectangle R and the Phragmen—Lindelof theorem.
|
Lemma 3. Let € Q(¢),N (dp) < 1. Then (o (s; dg,0) has the following in the
Laurent expansion

Co (5:80,0) = Sf—l +ay (d0) + a1 (8) (5 — 1) + ...,

where

ao(éo) =

7wy + 4L (1,x4) if do € G,
w42 (1) +O (g OV (o ) ) i 60 € Q@) 6 # G 7

is the Euler’s constant, x4 is non-principal character modulo 4.
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Proof. For o = 0 we have (o(s; 0,0) = 4&(s)L(s,x4),

where £(s) is the Riemann zeta-function, L(s, x4) is the Dirichlet zeta-function
with non-principal character modulo 4.

Hence,

ap (8o) = my +4L" (1,x4) -
Since a residue of (y (s;99,0) does not depends at g, do # 0, we may write
ao (do) — a (0) = lim (o (s;00,0) — Co (s50,0)) =

) —
o lim {1 —
= Jim { wEr T NE)-1 (<N<50+ﬁ>>g Wo))s) *

1
+ 2 N8> ((N(éo%))'“ b <N(B))S)} BN
— 1 L 7 s
Now + 2N@)=1 NGorm ~ 4T N2 NEoNE)

At last, if we observe that for N (8) — oo

T N(B)N (B +do)

‘N N (8 + do)
N (B + o)

we obtain the assertion of Lemma.

| |
Corollary.
o y° 2
res {CO (s;0,0) Co (s; p”’0> s} =mylogy + co (a,p™) y (3)
where
co (ap™) =m (ZﬁeB NE=0) +2m (v —3) + 8L (1,x4) — 4+ @

(v ()

Lemma 4. For every € > 0 and T' — oo the following assertion has place

4m1 arg -y

ST |G (5:2.0) = L etmiers(@tn) (N (a + ) ™| ds =
o)
=0 (Nm)

with the O-constant depending only on €.
Lemma 5. Let a, ag, b, by be complex-valued functions over the ring of Gaussian
integers,|ag (w)|, [bo (w)] < 1. Let
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Bwy= Y ()
0eG
b(d) =w

and let A (w) B (w) << N (w), € > 0.
Let us assume for o,y € G and Res > 1

fwyay) = > A (w1) B (w2)
wg’z oz_(modfy)

=Y fwsay) N (w)™".

Then forc 2 1+4+¢, T > 1,1 < N (v) < 2 we have

ZN(w)gx f (w; ayy) =
= ST [F(9) = Saep Bla+ B1) N7* (a4 B9) X, A (w) N (w)~*| Zds+

1
+2 s Bla+87) X peqA(w) +0 (azCHET1 (¢ —1)* min {17 x % }) n

1
+0 ( ””1/2+ 10gT>
N 2(y)

()
where
x
B = N =01}, =<qw(a) |N(w) < ———— ».
BIN () =0.1},060) = {wl@) [V () < -5 |
The proofs of Lemma 4 and 5 are similar to proofs of Lemmas 6 and in [8].
MAIN RESULTS. We denote
T(m) (w; E;f) — Z e4miargw _ e4miargw (0) (,w EJr) 4mlargw (U),E;Lr) )
a € EfF
alw

First we prove the following statement.
Theorem 1. Let p be a prime rational number, p = 3 (mod4). For any positive
integer n the asymptotic formula

2 T log T
S nwyen T (w5 Bf) = o (G 2L 2B,
1
_’_47;92 i"‘;l (bo (Ro) + v+ L' (1,x4)) + O (.T /2+e logT> +

of(es)'2)
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holds, where the parameter by (o) determine in (?7?)

_J 1ifm=0
Fm T 0ifm#£0

a parameter by (Xo) determine in (9) (see the bellow).
Proof. For m = 0 we use Lemma 5 with a (w) = b(w) = w, ap (w) =1

1ifweES
bo(w):{ gelse

For Res > 1 and « € E;" we have:
P20 (5;0,0) Co (s; ;,0) = Z ™ (w; a,E:{) N (w)™*,
w

where

T(w;a,E:[) = Z 1.

w = Wwi1wa
wy = a(p")
a € EfF

Hence, by (5),

ZN(w)gw T (’LU, avE:b_) -
_ 1 c+iT CO (87070) |:p—2n5<0 ( 7pn7 ) ZﬁEB (O[ + 5pn)*5j| L;ds—'_

27mi Je—iT (6)

1
2
+ZBZQ a)1+0<61)2m1n{1,<p§n) }) —|—O< /2+E _"logT>

In order to estimate the integral in (6) we take ¢ = 143 and use the residual theorem.
Thus Lemmas 1 and 2 give

P [ G0 (5:0.0) [Go (55.0) = S N+ 807 (58) 2 =
res{Co( ) {Co( 85 s )ZBN<;;L+5)_T (pg)l}Jr

+f11//22+lT Co (5;0,0) [Co ( 8 o ) - ZBeBN(O‘Jrﬁp")_S} (,%) S

+0 (z13e—1p=2n) Jro((l,pfzn)%ﬁ) (27)

Applying Cauchy inequality in an integral in (?7?), we obtain

I =

i G (5:00) {co( 5:2.0) = S N (& +5)s} () %<

1
1 T S\ 2 (1T _ons o
a2 (f2 o (530,0)? %) (ffm ‘p "% Co (3;17’0) — Xb Natar

1

2|ds||> 2
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Since (o (s;0,0) = 4£ (s) L (s,x4) we infer

1 1
bt ds T at\* (" dt’
/ G0 (5:0,0)2 191 o / € (s)[* = / IL(syxa)|' = | <<log’T
%—iT || 1 t 1 13

(we use estimates of mean value for fourth moment of £ (s) and L (s,x4), see [2]).
Moreover, Lemma 4 gives

3+l «@ | s| e
—2ns il o n\—s
A PG ( pn,0> ZB:N(aH?p )7 R << e
Therefore,
1/ —n+ere s+eqlte, —n
I<<x2p TF << z2TeT T ep™ ™,
We take
1 1
r_) w2 ifpr<a’
- 1/ T 1/
xz4p 2 4f pt >x /3
Hence,

ZN (w)y<z T (w; o, E) =

_reS{CO(S 0,0) [co( 52, )—ZBN(;;M)T (p)1}+

1
+Z,8€B Zweﬂ(a) 1+0 (JZ /2+3€p—n) . (8)
But we have
e\
Y Y tew X S N@ran " +0 | (5) (©)
acEl BEBweQ(a) acEf B

x® 1
;EE?{@(S)gW}_W:ﬂ;?W (7)

res {C (s;0,0) Co ( S; o ,O) p—2”“; } =

e (et + (F 2 +0) ®

1 1 s
X acEt [Ef P ( ReEt X (™) ¢( )) i}

where E is the group of characters forE;.
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o) = 3 e R e B
weG

e (%) = { %p2_1 if X = Xo is the principal character from EA’,T,
0 else.

_api—1 L L xa) log p*
1 2 T Lxe -1

Hence,

51 {ZO‘EEI CO (S’ 0’0) CO (8; 1%’0) p—QnS%‘”‘} _

o< (10)
= mptloloss 4 m 2HL (b (Ro) + v + L (1xa)
1_
In the case m # 0 the proofs follows by analogous if we take T = (xp~2")? >,

Well known lemma of Vinogradov on approximation of characteristic function of
segment A C [0,1) by truncated Fourie series gives the main result our paper.
1
Theorem 2. For p" < 22 and (¢y — ¢1) < (zp~2") 2te
totic formula

S (wiEY) = (M AR c(a,pw) (2 = 1)+0 (217¢).

n 2n
aeEi p p p ackE,

p1rarg ws ez
N(w)<z

the following asymp-

holds.

The constant in symbol “O” depends only on €, ¢ > 0.

Concluding remark. The Theorem 2 establishes that the divisor function is an
Gaussian integers with divisors from the norm group E;.

ConcLUSION. The divisor function in norm group E}! was investigated. The
asymptotic formula is obtained.
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Padosa A. C.
J1bHUKY T'AYCOBUX YMCEJ HA HOPMEHII MIArpyHI E;

Pesrome

Posrisimaerses byHKIS TUIBHUKIB Ha HOpMemiit marpym B, me muoxmma B — mymsrn-
IUIKATUBHA MIArPyNIa MyJbTUILIKATUBHOI IPyNH KJaciB JnIKiB Moxymio puas Z[i]. Tloby-
JIOBaHa aCUMIITOTHYHA (POPMYJIa.

Karouosi crosa:  2aycosi wucaa, Gynkuis diavHukis, aCuMNmMoOmusHa Gopmyaa.

Padosa A. C.
JIEMUTEN TAYCCOBBIX YUCEJ HA HOPMEHHO! HOArPYHIE E

Pesrome

PaccmarpuBaercs: DyHKIH JeJuTesieil Ha HopMeHHoi noarpymme E | rie muoxkectso E —
MYJIBTATILTAKATABHAS TTOTPYTIa MyIbTAILINKATABHON TPYTIIIBI KJIACCOB BLIYETOR TI0 MOJLYJTIO
p" maz Z[i]. [Tocrpoena acumnrornyaeckas dbopMyIa.

Kaouesvie caosa: 2ayccosv wucaa, Gyrxyua deaumeneti, aCuMnmMomuseckas Gopmyaa.
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This paper is concerned with a stochastic Lotka-Volterra food chain model. The existence
of the global solution and the ultimate boundedness of moments of the solutions are proved.
Moreover, we estimate the average in time of the solution and investigate the extinction and
persistence of each species.
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INTRODUCTION. Since the 1920’s when Vito Volterra employed systems of differ-
ential equations to describe the dynamics of a predator-prey population, there has
been a large amount of mathematical study on population dynamics. One of the
most important type of species interaction in ecology is food chain interaction. The
simplest food chain model is the classical Lotka-Volterra predator-prey

i(t) = z(t)(a — by(t)), (1)
= y(t)(—c + dz(t)),

where z(t) and y(t) represent, respectively, the densities of the prey and the predator
populations; a, b, c and d are positive constants. Besides, in order to describe better
different ecology models, other predator-prey models with various type of functional
responses have been investigated in many papers. Meanwhile, there has been con-
siderable interest in food chain models of n pieces, especially models of three species
(see [1,2,8,9,11,13,14,18,21,22]). For example, we take a three species Lotka-Volterra
food chain model

i(t) = z(t)(A — Bx(t) — Ciy(t)),
y(t) = y(t)(—Dy + Cax(t) — E12(1)), (2)
2(t)(—=D2 + Ey(t)),

where x(t),y(t),z(t) are the densities of the lowest-level prey (X), mid-level species
(Y), and top predator (Z) at time ¢, respectively; A > 0 in the intrinsic growth rate
of X; B > 0 is the coefficient of intra specific competition of X; D; > 0 and Dy > 0
represent the natural death rate of the mid-level predator respectively, C; > 0 and
E; > 0 represent the effect of predation on the lowest-level prey and the mild-level
species; Cs > 0 and FEs represent the efficiency and propagation rate of Y and Z in
the presence of their own preys.

Received 15.08.2017 (© Tran Dinh Tuong, 2017
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On another direction, stochastic population models have also been received much
attention recently. In fact, stochastic models are more realistic than deterministic on
since parameters of models are often perturbed environment noise. In [17], the authors
studied the existence and uniqueness of the positive solution of a general stochastic
Lotka-Volterra model. Then, the asymptotic behavior of the positive solution was also
considered in [17] and [6]. Especially, the more detailed study for stochastic predator-
prey models can be found [3,5,7,12,19,20], etc. In [10], the author considered the
persistence of the following stochastic food web model in which the top predator
consumes the lowest-level rather than the mid-level

dz(t) = z(t)(a — bx(t) — cry(t))dt + i:l Vo dW;(t),

dy(t) = y(t)(—di + cox(t) — er2(t))dt + i:1 Vo2 dW;(1), (3)

d(t) = 2(t) (~da + eay(®))dt + g JTAW; (1),

where the 0;; are nonnegative constants and the W;, j = 1,3 are independent scalar
Brownian motion processes. In this paper, we consider (2) with suppose the rate of
growth of each species perturbed by white noise. So that (2) becomes

da(t) = 2(t)(A — Ba(t) — Chy(t))dt + o2 (t)dW (),
dy(t) = y(t)(=Dy + Cox(t) — Ey2(t))dt + o2y(t)dW (1), (4)
dz(t) = z(t)(—D2 + Eqy(t))dt + o32(t)dW (1),

where 01,02 and o3 are real constants. Beside that, [15] discussed a system has
a unique positive solution and its pth moment is bounded. They also established
conditions that the system is persistent in time average and the system is going to
be extinction in probability. It looks more general than our model. How ever, our
results are better than them.

The goal of this paper is to prove the existence and uniqueness of positive solution
to Equation (4). Then we investigate the extinction and persistence of each species
with a slightly condition. A brief description of the organization of this article is
as follows. The article is divided into three sections. In section 2, the existence
and uniqueness of the global solution are proved and the ultimate boundedness of
moments of the solution are given. In section 3, we give conditions for the existence
and persistence of each species.

MAIN RESULTS

1. Global positive solution and moment estimation. Throughout this
paper, we let (Q, F,P) be a probability space and {W(¢)},>0 be a scalar Brownian
motion defined on this probability space. Denote by R% the set {(z,y,2) € R? :
x>0,y >0,z > 0}. Obviously, the coefficients of Equation (4) are locally Lipschitz
continuous but do not satisfy the linear growth condition. However, we have

Theorem 1. For any given initial value (2(0),y(0),2(0)) € R3, there is a unique
global solution to Equation (4) on t > 0 and the solution will remain in R3 almost
surely.
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Proof. Since the coefficient of the Equation (4) are locally Lipschitz continuous,
for any given value (29,90, z0) € R?, there is a unique local solution (z(t),y(t), z(t))
on t € [0;7.], where 7. is the explosion time. The solution is global if 7. = oo a.s.

Putting o = Cngl and § = aElEgl. For each k € N, we define the stopping
time

7 =1inf {t > 0,z(t) + ay(t) + Bz(t) < k™' or z(t) + ay(t) + Bz(t) > k}

with convention inf() = oco. 7 is increasing, so we put 7o, = limp_,oo 7%. Let
V(zy,z) = (x + ay + Bz) — In(z + ay + Bz). Obviously, V(z,y,z) > 0 for all
x>0,y > 0,z > 0. By Ito’s formula,

AV (x(t),y(1),2(t)) = LV (x(t),y(t),2(t))dt

T (a(t) + ay(t) + fa(r) — 1) 722 T o) + Poaz()

2(t) + ay(t) + B=(1)

aw (t),

where,

Ax — Bx? — aDiy — BDyz

LV (x,,2) = (Ax — Bx? — aDyy — BD,z) — P

1 (012 4+ aosy + Bosz 2
2 T+ ay+ Bz

From the formula of LV (x,y,z) we have
LV (x,y,2) < (A+ B)x — Bx? + Dy + Dy + - 5 (0% + 034 03) Vay,z > 0.

It implies that K := SUD (5 ) R LV (z,y,z) < co. Consequently,

EV({L‘(t A Tk)/y(t A Tk),z(t A Tk))
— V((0),9(0),2(0)) + E /O "LV (2(5)y(s).2(5)) ds,
< V(2(0),y(0),2(0)) + E/O " Kds =V (2(0),5(0),2(0)) + KE(t A7i,).  (5)

Suppose 7o, < oo with a positive probability. It implies the existence of two positive
constants € and T > 0 such that P{7o < T} > 2e. Hence, there is kg € N such that
P{r, < T} > € for any k > k.

Putting hy = (k — Ink) A (k=! + Ink), then hy — oo as k — oo and
V(x(tk),y(1k), 2(7%)) = hg. It follows from (5) that,

hie < hiP{m, < T} < ( (T/\Tk),y(T/\7'k),,z(7’/\7';€))7
gK]E(T/\Tk)+V( ( )7 (O)’ ( ))
< KT+ V(2(0),5(0),2(0) Yk > k.

Let & — oo we get a contradiction. This implies that 7., = oo a.s. The proof is
complete.
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Theorem 2. Let (z(t),y(t),z(t)) be a solution to Equation (4) with the initial
value (2(0),y(0),2(0)) € R3. There exist 6, Ky > 0 such that

limsup B ([z(6)]°T + [y(0)]°T" + [2(1)]°T") < K.

t—o0

2, 2, 2 -1
Proof. Let 6 = ([% +1} .max{l,Dil,Diz}) . Consider V(z,y,2) =
(v + ay + B2)?*L. By Ito’s formula,
de VOV ((2(1)y(8), =(t))
= OV LV (w(t) (1), (1)) + (0+ 1OV (2(8),y (1), 2(1)) ) dt

+ (0 + 1)el0+Dot (x(t) +ay(t) + Bz(t))e(aw(t) + aoy(t) + Bosz(t))dW (1), (6)
where,

LV (z,y,2) = (0 +1)(z + ay + B2)°[(Az — Bx? — aDy — BDz)
6

v 2
+ Q(x—l—ay+ﬁz)(01x+aa2y+ﬂ032) }
Since a, 8 > 0, for all (z,y,z) € R3, we have

6
2(z +ay + Bz)

<o(

(012 + aogy + Bosz)? + 0(x + ay + B2)

0‘% + 0‘% + 0§
2

0’% + U% + a§
2

=z+aDyy+ BDsz.

+1)(a¢+ay+ﬁz)

i} (m +aDiy + BDgz)

1
<0|: 1777
Dy Do

+1] max {

Thus, there is a K3 > 0 such that for all (z,y,2) € R

LV (zy,2) + (0 + 1)V (2,y,2)
<O+ 1)(z+ay+B2)° (A+ 1)z — Ba® —aDyy — BDs2z) < Ks. (7)

Let 7 be defined in the proof of Theorem 1. Taking expectations on both sides of
(6) and (7), we obtain,

Ee @ DOCATIY (2t Ai), y(t A o), 2(E A 7))
K3

E (0+1)9(t/\7’k) —1).
6+1)0 (e )

<V (2(0),9(0),2(0)) +

Let k — oo, we get

K3

an 1)9(6(94-1)015 —1),

eUTVUEY (2(t),y(t),2(t)) < V (2(0),5(0),2(0)) +
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equivalently,

EV (x(t),y(t)z(t))

K
<V (2(0),5(0),2(0)) e @10t {23 (] _ o= (0+1)6¢
which implies
K
limsup BV (2(t),5(1),2()) < 7 =: K.

The proof is complete.
The following result is a direct corollary of this theorem.

Corollary 1. Equation (4) is a stochastically ultimately bounded in the sense
that for any € > 0, there is a positive constant H = H(e) such that for any initial
value (2(0),y(0),2(0)) € R3., the solution has the property that

limsup P{z(t) +y(t) + 2(t) > H} <.

t—o00

We now give a estimation for the growth rate of the prey.

Theorem 3. Let (z(t),y(t),z(t)) be a solution to Equation (4) with the initial
value (2(0),y(0),2(0)) € R3. We have

Proof. Let n > 0. In view of It6’s formula,

eMz(t) = z(0) + /Ot e’ ((A +n)x(s) — Bx?(s) — C’ly(s))ds
+ 01 /Ot e"x(s)dW(s). (8)

Note that M(t) = fg e x(s)dW (s) is a real valued continuous local martingale with
quadratic form

<M(t),M(t)>:/0 21522 (s)ds.

For each A\ > 0, it follows from the exponential martingale inequality (see [16]) that

11»{ sup M(t) — Ae ™ (M(t),M(t)) < ) k} <2
u — e , —In < —.
ogtgk A k2

By the well known Borel-Cantelli lemma, there exists an g C  with P(£9) = 1 such
that for any w € o, there exists a ko = ko(w) € N satisfying

nk
M(t) = Ae™™(M(t),M(t)) < %lnk, VO <t <k k> ko



110 Tran Dinh Tuong

Since for any 0 < t < k,
t
M) M (1)) < / ¢"32(5)ds.
0

We have . .
n
M(t) < / A 22(s)ds + %m k, VO <t <k, k> ko. 9)
0

For A < %, we put Ky = sup,ep+ {(A+n)z — (B — 01A)2?} < oo. It follows from
(8), (9) that

K kg Ink
eMa(t) < 2(0) + f( " 1)+ %
Obviously, if k > kg and k — 1 < t < k, the following inequality holds,

x(t) e~k K K e"o; Ink
AN G - =2 .
Int ~ In(k— 1) (x(O) " ) =0 T Tx k=1

Let k£ — oo, we get limsup,_, % < eﬂ% Letting n — 0, A — o—Bl, we yield the

desired assertion. '

2. Extinction and persistence. We now give condition for the existence
and persistence of the three species. Let Z(t) be the solution with the initial value
Z(0) = z(0) to equation

du(t) = 2(t) (A — BZ(t))dt + o1 Z(t)dW (¢). (10)

By the comparison theorem for stochastic equation, we have Z(t) > x(t) Vt > 0 a.s.
2
1

If A < G limy 00 Z(t) = 0 a.s. (see [19]) which implies that lim;_,. 2(t) = 0.
Moreover,
Iny(t) 1 2 1 [ t
ny()gnyi(o)fplfai+f/ Coa(s)ds + T (11)
t t 2 "t ), t
: : W) _ : Iny(t) o3 Qi
so it follows from lim; o, —— = 0 a.s. that limsup,_,, —— < —D; — =*. Similarly
we have | 5
lim sup n2(t) < —Dy — ﬁ.
t—o00 2

2
As a result, when A < ”—21, all species are extinct.

If 4, > %% it is known that InZ(¢) has a unique stationary distribution with
the density f.(u) = Cexp ((24 — o})u — %e“). For more details, please see [19].

Moreover, we define
2B

t
tlggof ; Z(s)ds =m, a.s. (12)
Substituting the inequality x(t) < Z(¢) ¥Vt > 0 and (12) into (11) gets that if Com <
2
Dy + %, y(t) — 0 as t — oo with probability 1. It again implies lim;_,« 2(t) = 0 a.s.
By the same way as in the proof of [4, Theorem 2.1], we claim that lnz(t) converges
weakly to f.. In the other case, we have

By the ergodic theorem,
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Theorem 4. Let (z(t),y(t),z(t)) be a solution to Equation (4) with the initial

value (2(0),y(0),2(0)) € R3. Assume that A > %% The following claims hold with
probability 1.

a) liminf;_, lny() < 0. Moreover, if Com > D1+ 02 then

Da+
b) limsup,_,., 1 fo mln{ 2E22 ,0102 (Com — Dy — )},
D+
+7
) lim SUPt 00 n fo = 102 2 ;

2 o3
d) If %(C’gm - Dy — %) > DQ;;{L then limsup,_, . z(t) > 0.

Proof. Assume that there is a 1 C Q, P(Q) > 0 and liminf, % > 0.

Hence, for w € Qq,limy_ o0 fot y(s)ds = oo. It follows from Itd’s formula for Inz(t)
that

Inz(t 2 B [
lim sup nz(t) gAfﬁfliminf?/ z(s)ds
0

t—ro00 t 2 t—oo

G [t W (t
— lim —1/ y(s)ds + lim o? ®) = —o0 a.s.in .
0 t—00 t
Hence lim; o 2(t) = 0 for almost w € €. Combining with (11), we get

lim sup < —Dy — —= for almost w € €.
t—o00 2

This contradiction implies that item a) holds almost surely.
Suppose that there exists a subset s C Q with P(Q3) > 0 such that

E, [* 3
limsup — [ y(s)ds < Dy + 7
t—o0 t 0 2
By It6’s formula
lnz(t) 1
220 220 ¢ B [ s + .

W)

Since .

— 0 as t — oo with probability 1, then for almost we have

Inz(t
w € Qg,limsup&(> < 0.

t—o0

Applying 1t6’s formula again, we derive that for almost w € Qg

Iny(t Cy [ Ey [*
lim inf ny(t) >—-D; — —|— lim —2/ Z(s)ds — lim —1/ z(s)ds
t—00 t 2 t—oo ¢ J, t—o00 0
. Cy [* .
—limsup — [ (Z(s) — z(s))ds (13)
t—o0 t 0

2 ¢
=Cym — Dy — SR Cs lim sup %/ (Z(s) — z(s))ds.
0

2 t—o0
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On the other hand, employing It6’s formula for InZ(¢) — Inz(¢) yields

o InZ(t) — Inx(s) B t

t

. :ff/ (3(s) - 2(s))ds + = [ y(s)ds as.  (14)
t t 0 t 0

which results in

: Lt C . 1 [
limsup — [ (Z(s) — x(s))ds < —- limsup : y(s)ds a.s. (15)
0 0

t—o00 B t—o00

From (13) and (15) imply that for almost w € Qs

1 3 1/t
lim inf ny(t) > Com — Dy — %2 _ 1% lim sup ;/ y(s)ds.
0

t—o00 2 B t— 00

By item a), we get

o2
(C’gm — Dy — ?2) a.s. in  Qs.

t—o00

I B
limsup;/o y(s)ds = G,

This inequality implies item b). It follows from item b) that

2
limsupwzo a.s. if Cgme17%>0.

t—o0

Using (11) we have

Iny(t 2 Cy [*

0 < lim sup ny(t) <—-Dy — 72 + 1imsup—2/ z(s)ds a.s.
t—o0 t 2 t—00 t 0

From this inequality, it is easy to obtain item ¢). We now prove the final claim.

Suppose that there is a Q3 C Q such that P(Q3) > 0 and that lim;_,. 2(t) =0 Vw €

Q3. Similar to the proof of item b) we claim that for almost w € Qg,

1/t B o2
lim sup — s)ds > ———(Com — Dy — =2).
Hoopt/o y(s) 0102( 2 1= 5)

Applying Itd’s formula to In z(¢) we obtain that for almost w € Qg,

In z(t 2 By [* Wt
lim sup &() =—Dy — % + lim sup =2 y(s)ds + 75lim % > 0.
— 00

t—o00 t—o00 0
This contradiction completes the proof.

CoNCLUSION. This paper is concerned with a stochastic Lotka-Volterra food chain
model. The existence of the global solution and the ultimate boundedness of moments
of the solutions are proved. Moreover, we estimate the average in time of the solution
and investigate the extinction and persistence of each species.
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Yan ine Tyons'
JVHAMIKA CTOXACTUYHOI MOJIEJII XAPYOBOT'O JIAHLIIOT'A JIOTKM-BOJIbTEPPU

Pesrome

Pobora npucesueHa BUBYEHHIO CTOXACTUIHOI MOJIEJIi XapIoBOro janiora tuny Jlorku—Bosb-
Teppu. JloBeneHo icHyBaHHS IJI00AJIBHOTO PO3B’A3KY Ta I'PDAHUYHOI 0OMEXKEHOCTI 1oro MOMeH-
TiB. Bijbmr Toro, Mu OTpUMYyEMO OIIHKY YCEPETHEHHOTO 38 YaCOM PO3B’SI3KY Ta JTOCIIKYEMO
YMOBH BHMHUPAHHS Ta BI2KUBAHHs 000X 0ioyorivHnx BHJIB.

Karowosi caosa:  Gpoyniscokull pyz, rapwosul aanyroz, modeav Jlomxu—Bosvmeppu, mo-
deav zudicar—oicepmea, cmoracmuyre dugepenyiasvne PIGHAHHA .

Yan Junv Tyone
JVHAMUKA CTOXACTHUYECKOM MOJEJIU ITUINEBOM LEINOYKU JIOTKU-BOJIbTEPPA

Pesrome

Pabora rocssiena n3y4eHNI0 CTOXaCTUIeCKOM MOIeNIH IIUIIEeBOIt ienouku JIorke-Bosbreppa.
JlokazaHo cyIecTBOBaHME IVI0HAIBEHOTO PEIIEHNsI U IPE/IIbHAs OTPAHNYEHHOCTH €r0 MOMEH-
TOB. Bojiee TOro, MbI moJIy4aeM OILIEHKY YCPETHEHHOIO II0 BPEMEHH PEIIeHUs U UCCIIETyeM
YCJIOBHUS BBIMUDAHUsI U BBIKUBAHUS KaXKJIOTO OMOJIOTMYECKOTO BU/IA.

Karoueswie caosa: 6poynosckoe dsusicerue, nNuwesas uenowka, modeav Jlomxe—Boavmeppa,
MOdead TuWHUK—HCEPMEBa, cmoxacmuyeckoe dupdeperyuarvroe ypasrerue .
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In the present paper, we suggest a new concept of an optimal solution (that we call “coali-
tional equilibrium”) based on the concepts of Nash and Berge equilibria. We apply the
concept of an optimal solution where the outcome of a deviant coalition cannot increase.
Then we determine sufficient conditions of existence of a coalitional equilibrium using the
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and compactness of sets of strategies. This work is intentionally limited to three persons
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method to games with more than three players is promising for solving problems of creating
stable coalitions.
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INTRODUCTION. In a three-person game, seven coalitions for joint decision making
and five coalitional structures (partitions of all players into non-intersecting coalitions)
are possible. Over half a century ago, in 1949, twenty-one-years-old PhD student of
Princeton University, John Forbes Nash, suggested in his thesis a concept of “optimal
solution” for a coalitional structure consisting of one player each that he called “equi-
librium” and, following Borel and von Neumann, he proved the existence of such a
solution in mixed strategies.

The concept of equilibrium is based on the stability of a situation considered as an
optimal solution against deviation of any player (not necessarily only one). Stability
lies in that the deviant’s outcome cannot increase. This concept of optimality, later
called “Nash equilibrium”, later found use in economics, sociology, military sciences

*OT pemakumoHHON KoJsuteruu. 30 anpesss UCHOTHWIOCH 80 JIET OJHOMY M3 ABTOPOB
sroit crarbu, BiaamucnaBy Mocudosuay 2Kykosckomy. Hecmorpst Ha Ger BpemeHU u cTpe-
MUTEJBHO MEHSIIONIYIOCS KU3Hb, €r0 JAPY2KECKOe OTHOIIEHWE K HAM OCTAeTCS HEM3MEHHBIM
BOT y»Ke Jojrue-jgoirue rognl. Tpymnomobue BiaguciaBa MocudoBuda, criocoOHOCTH 00b-
SICHSITh TTPOCTBIMY CJIOBAMHU CJIOXKHBIE BEIM, YYBCTBO IOMOpPa W HECOMHEHHBI MaTeMaTuhde-
CKWii TAJAHT OCTAIOTCS OOPA3IOM JjIst HAC U BOT y?Ke TPETHEro MOKOJICHUS HAINX KOJIET U
YUIEHUKOB. UJIeHbl peaKIMOHHON Kojuteruu u mareMaTuku OecCKoro HalMoOHAJILHOIO YHU-
Bepcurera umenu V. V1. MeunukoBa »KearoT OOUISIPY 30POBbsl M CHUJI JIJIsI JTOCTUZKEHUST
TTOCTABJIEHHBIX IEJIE€H, KOTOPBIX — €CJIU CYJIUTD IO KOJTUIECTBY IyOJUKAIIUI — OCTAETCs eIre
HEMAJIO.
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and many other areas. In 45 years, in 1994, Nash, in a common effort with White
House employees John Harsanyi and Reichard Selten won the Nobel Prize “for fun-
damental analysis of equillibria in noncooperative game theory”. Within 20 years,
Nash developed the foundation of the scientific method that played a great role in the
development of world economy.

A different case of a coalitional structure in which all players unite to create a
single coalition became the subject of study of multicriteria optimization, founded
in 1909 by the Italian economist and sociologist Vilfredo Pareto. Here, the idea
is again centered on stability: deviation from an optimal solution causes decrease
of one or several criteria. The mathematical theory of multicriteria optimization
(multiobjective optimization) developed into a separate modern branch of operational
research and also found use in engineering and economics.

What about the “intermediate” coalitional structures that contain at least two
coalitions with at least one of these including at least two players? How does one
formalize the concept of an optimal solution? The present article is dedicated to this
question.

Consider a three-person game with its mathematical model defined by the ordered
triplet

Iy = ({1.2,3}, {Xi}im1 23, {fi(2) }iz1.23) -

In T3, {1,2,3} is the set of players, each of whom selects his strategy z; € X; C
R™ ¢ = 1,2,3, which results in the situation x = (z1,z2,23) € X = Hle X; C
R™(n = Z?Zl n;). For a given situation x in X, the outcome of each player 7,7 = 1, 2,3
is defined by the value of his outcome functions f;(x). The study of conflicts that
are mathematically represented by the three-person game I's, is usually conducted
from the standard point of view that defines what players’ behavior should be consid-
ered optimal (rational, reasonable). The main concepts of optimality in mathematical
game theory are [1] the intuitive concepts of profitability, stability, fairnes and justice.
The “dominant” in the non-coalitional (non cooperative) games, the concept of Nash
equilibrium [2], [3], the Berge equilibrium [4], the active equilibrium, and the bargain-
ing equilibrium are based on stability. In addition to the mentioned concepts of opti-
mality, there are several other concepts of optimality prevailing in the non-coalitional
game theory. In this class of games, each conflict participant (player) usually pursues
his own aims; moreover, the players cannot form coalitions with other players for
determining their strategies. The counterpart to the described class of games is the
cooperative games [5], in which any unions — coalitions — of players for the purpose of
pursuing their common interests as well as the possibility of unlimited negotiations
between players that result in the selection and application of a common situation; of
course, it is implied that “pacta sunt servanda” (agreements must be commited to).
The specific concepts of individual | [5], p.117] and collective or group [ [5], p.125] ra-
tionality are esential for optimality in cooperative game theory. Individual rationality
lies in that each player’s outcome is not less than his guaranteed outcome that he can
“guarantee” by acting independently (applying his maximin strategy). Collective ra-
tionality involves a vector maximum solution such as Pareto, weak pareto, Jeoffrion,
Borwein, etc. optimal situations obtained when all players form one coalition.

The present article heavily relies on the concept of a coalitional structure of a game
(partitioning players into pairwise disjoint subsets). For the three-person game I's,
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five coalition structures are possible: P1 = {{1},{2},{3}}, B2 = {{1,2},{3}}, B3 =
{{173}7 {2}}a Pa = {{1}7 {273}}7
PBs = {1,2,3}. Here, P corresponds to the non-coalitional nature of a game and
Bs corresponds to the coalitional nature of a game. The mentioned conditions of
individual rationality can be formulated for the coalitional structure ;. We will use
the following notations: Vi € {1,2,3}, —i = {{1,2,3}\{é}}, i.e. fori =1 — —i = {2,3},
for i =2 — —i = {1,3}, and, finally, for i =3 — —i = {1,2}.

Then the condition of individual rationality for a situation x = (z1,x2,z3) € X
means that

fio = wmea))(( N I}gﬁf fz(xux ) = I7Hg§7 f’L( —i) = fz(u’C?,Igl) < fz(x)a 1= 172733

(1)

i.e. the application of the maximin strateges x;,i = 1,2,3 implies the following
inequalities:

< filw), i=123. (2)

We denote by X© the set of individually rational situations of the game I's. For
the coalitional structure 05 of the game I's: within the set of situations X° C X
a situation 2P € X° C X is Pareto mazimal in the three-criteria problem I'yo =
(X9 {fi(z)}iz1,2,3) if Vo € X the system of inequalities f;(z) > fi(a?),i =1,2,3, of
which at least one is strict, is incompatible. According to Karlin lemma [ [6], p.71], if

Zfi(ﬂ?p) = maXZfi(l’), (3)

then the situation xP is Pareto maximal in the problem I xo.

MAIN RESULTS

1. Conditions of Coalitional Rationality We will formalize the conditions of
coalitional rationality for the coalitional structures 2, B3 and B4. For this purpose,
we will use the suitable combination of the concepts of Berge and Nash equilibria.

For the coalitional structure 5, the coalitional rationality requires the satisfac-
tion of four inequalities:

filal,xs,x3) < fr(z™) Vaz € X, (4a)
fo(z7,25,x3) < fa(z™) Vo € Xg, (4b)
fi(z1,@e,25) < fi(z™) Vo e X; (j=1,2), (4c)
fa(z1,@2,23) < fa(z™) Va; € X; (j=1,2); (4d)
for Pa:
fi(zr,@y,ms) < fi(a®) Vap € Xy (k=13), (5a)
fa(xy,x5,23) < fs(z®) Vap € Xk (k=1,3), (5b)

fl(l'l,.’EQ,.’EB) fl( ) ng S XQ, (50)
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fa(@T,2,23) < f3(2") Vao € Xo; (5d)
and, finally, for P:
fo(zr,25,2%) < fa(z™) Vi € X, (6a)
fa(@1,23,23) < f3(2") Vi € Xy, (6b)
fa(a],xa,x3) < fa(z™) Va; € X; (I=2,3), (6¢)
f3(z,m2,23) < fa(x™) Va € X; (1=2,3). (6d)

A situation z* € X that satisfies all the twelve limitations (4a)—(6d) is called
coalitionally rational for the game I's. The set of coalitionally rationall situations of
the game I's is denoted by X*; obviously, X* C X.

In the process of definition of an optimal solution of the game I'3, we will use only
6 of the above 13 inequalities (2) and (4a)—(6d), as the other 6 directly follow from
the former 6 inequalities.

This reduction in the number of coalitional rationality conditions is justified iby
the following two Lemmas.

Lemma 1. If (4¢), (6¢c), and (6d) are satisfied for a sitaution x*, then the fol-
lowing statement holds:

fi(z") = fo —rnziixrnlnfz(x“x i) = mlnfl(z r;) ,i=123.

where 9 is defined in (1) fori=1,2,3.
Proof. Indeed, according to (4c),
[i(@") 2 filzr,meas) Vo € X5 (7 =1.2).

When applying first player’s strategy x; = 2 (defined in (1) for i = 1), from the
previous inequality we get

fi(@®) = fr(al we.a3) > Iin fl(xuxz,ﬂ?:a) = max min f,(z1,75,73) = .
1 2,L3

Analogously, from (6¢) follows
fa(a®) 2 fo(al,w2,w3) Vao € Xz, w3 € Xy;
For 2o = 29, (defined in (1) for i = 2)

fo(a®) 2 fo(a} @9 .3) > mln fo(21,29,23) = Hianllxn fo(@1,20,23) = f3.
1,3 2 1,43

And finally, according to (6d), setting z3 = 9, we get

f3(z*) = fa(af,20,23) > min f3(@1,m2,23) = f5.
1,42
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Lemma 2. The following implications are true:

(5a) = (4a), (4c) = (5¢), (4d) = (6a), (6¢) = (4b), (5b) = (6b), (6d) = (5d).

Remark 1. From Lemmas 1 and 2, it immediately follows that it is sufficient to
use siz inequalities, namely (5a), (4c), (4d), (6¢), (5b) and (6d), instead of all 13

inequalities in determining the optimal solution of the game I's.

Consequently, we arrive to the following concept of the optimal solution of the
game I'3; from now on, we use the notation f = (f1,fa,f3) € R3.

Definition 1. We will call the pair (z*, f(z*)) € X x R3 coalitional equilibrium
for the game T3, if the following conditions hold:
1. The six inequalities:

max fj($1,l‘2,l‘§) = f](l‘*) (.7 = 172)7

T1,T2

max fi(r1,23,23) = fe(z*) (k=13), (7)
T1,T3

max fi(#} 2.25) = fir") (1= 23);

2. The situation z* € X 1is Pareto mazimal within the set of coalitionallly
rational situations X* of the game T's, i.e. VYx € X* the system of inequalities
filx) = fi(z*) (i =1,2,3), of which at least one is strict, is incompatible.

Remark 2. The pair consisting of the situation x* and corresponding vector
of outcomes f(x*) = (f1(x*),f2(z*),f3(x*)), is an appropriate concept of optimal
solution for the game I's as the existence of the pair (z*, f(z*)) immediately answers
the following fundamental questions of the mathematical game theory: a) How the
players should behave in the game T3 in terms of strategy selection? and b) what
will they “obtain” as a result? Answer: select their strategies x} from the situation
¥ = (z7,2%,2%) and the components of the vector f(xz*) = (f1(x*),f2(z*),fs(z*)) are
the outcomes they get, respectively, after inplementing the situation x* = (x7,25,23)

Remark 3. We will list the advantages of the suggested coalitional equilibrium
solution of the game T's.

First, according to Lemma 1, the application of x* ensures the satisfaction of
conditions of individual rationality: each player “obtains” an outcome not less than
what he can “guarantee” by acting independently using his own mazximin strategy.

Second, the situation x* “leads” all the players to the “greatest” strategies (Pareto
maximal relative to other coalitionall rational situations of the game T'3). This fact
appears to us as an analogue of the collective rationality of the mathematical theory
of cooperative games.

Third, satifsation of requirements (4a)—(6d) means that, for example, for the first
player, the dual-purpose distribution of his resources, namely, not forgetting about
their interests:

first, player 1 aims to provide mazximal assistance to the player 2 in the coalition
(union) {1,2 } as a member of the coalition structure PBo (requirements (4c) and (4d);



120 Zhukovskiy V. I., Larbani M.

second, player 1 helps player 3 as a member of the coalition {1,3} of thecoalition
structure B3 (requirements (5a) and (5b)). Formalization of these two requirements
in the first and second lines of (7) appears to us as a modification of the idea of a Nash
equilibrium concept version features two-criteria scoring players; the third line of (7)
can already be viewed as a realization of the idea of Berge equilibrium for the same
two-criteria case. The second and third players’ behavior can be interpreted similarly.

Finally, the property of coalitional rationality is also based on the principle of
stability since, thanks to (7), deviation from x* of any coalition (of one or two players)
cannot lead to “increase” of outcomes of the members of the deviant coalition in the
game I's (compared to fi(z*) (i =1,2,3).

Remark 4. After the optimal solution has been defined, mathematical game the-
ory recommends answering the following two questions:

1) Does such a solution exist?

2) how does one find it?
The followingl part of the article is dedicated to answering these questions. We will
determine sufficient conditions of coalitional equilibrium (section “Sufficient condi-
tions”) and prove its existence in mized strategies under “common” for the game
theory limitations (section “Theorem of existence in mized startegies”)

2. Sufficient Conditions We will now proceed to the result that we find “nec
(non) plus ultra” (Latin nothing above that) of the present article.

We will employ two n-vectors z = (x1,29,23) € X C R" (n = Zle n;) and
z = (z1,22,23) € X as well as the following seven seven scalar functions:

p1(z,2) = fi(z1,22,23) — f1(2),
p2(2,2) = fa(21,22,23) — fa(2),
p3(2,2) = fi(21,25,23) — fi(2),
pa(x,2) = f3(w1,25,23) — f3(2),
p5(.2) = folaiaaas) — fol2), ®)
ve(2,2) = f3(27,22,23) — f3(2),
3 3
pr(z,2) =Y filz) = > fil2),
=1 =1

and using players’ outcome functions in the game I's, we introduce the Germeier
convolution of these seven functions (8)

pla.2) = max_ou(,2), ©)

geeny

defined in X x (Z = X) C R?", where X = H?Zl X is the set of situations of the
game I's.

A saddle point (T, 2*) € X x Z of the scalar function ¢(z,z) (from (8), (9)) in the
antagonistic(zero-sum two-person) game

= <X7Z = XaSD(fEaZ» (10)
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is defined by the chain of inequalities

p(@,2) < p(T) < p(@z) VreX, zeX, (11)
where z* € X* is the maximin strategy, i.e.
max min ¢(z,z) = min ¢(x,2%).
zeX zeX zeX

Lemma 3. If in the game T'“ there is a saddle point (T,z*), then the minimax
strateqy z* € X of the game I'® is a coalitional equilibrium of the initial game T's.

Proof By assuming that z = 7 in (11), from (8) we obtain that ¢(Z,7) = 0, as
all p(z,7) = 0 (k = 1,...,7). Then, in accordance with (11), (from transitivity) it
follows that
o(x,2") = max{fi(z1,22,25) — f1(2"), fa(@1.22,235) — f2(2"), fi(@1.23,23) — f1(27),

f3(@1,23,23) — f3(27), fa(21,@2,23) — fa(27), f3(21,@2,23) — f1(27),

3
> filwrwa,rs) = Y fil21,25,25)} <O
i=1

i=1

for Va; € X; (1 = 1,2,3). This implies the seven following inequalities:
fj(l‘1,$2,2’3) X fj( ) ij € Xj (] = 1,2),
fr(@1,23,23) < fe(2") Var € X (k=1.3),
fl(zl ’m2’$3) < fl( ) Va, € X (l = 2’3)7 (12)

w

Zfr 21,39,13) < Y fr(2%) V= (z1,22,03) € X* C X.

r=1

The first three inequalities in (12) mean that the situation z* € X is (because of
these inequalities and (7)) coalitionally rational in the game I's. The last inequality
in (12) and the inclusion X* C X “guarantee” [ [6], p. 71] the Pareto maximality of
the situation z* in the three-criteria problem I' x- = (X*, {fi(2)}i=1,2,3)-

Remark 5. From Lemma 3, we obtain the following constructive method of find-
ing a coalitional equilibrium of the game I's:

first, build, using (8) and (9), the function ¢(x,z),

second, find a saddle point (T,z*) of the function p(x,z) (satifsfying the chain of
inequalities from (11)),

third, find the values of the three functions f;(z*) (i = 1,2,3).

Then the pair (z*,f(2*)) = (f1(z*),f2(2%),f3(2*)) € X x R?® forms a coalitional
equilibrium of the game T'3.

In the following section, we will use the following lemma.

Lemma 4. If N +1 scalar functions p;(z,z) (j =1,...,N + 1) are continuous in
X X Z and the sets X,Z € comp(R™) (are compact), then the function

ploz) = max  ¢;(z2) (13)

is also continuous on X X Z.
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The proof of an even more general result can be found in many textbooks on
operational research, for example, in [ [7], p. 54], it even appeared in textbooks on
convex analysis [ [8], p. 146].

3. Theorem of Existence in Mixed Strategies

3.1 Mixed Strategy Situations and Mixed Extension of the Game We
will present the mixed strategy extension of the game I's that includes mixed startegy
situations and mathematical expectation of the outcome functions.

We will analyze the three-person game I's, assuming continuity of f;(z) on the
product of compacts X = H?:1 X;. In each compact X; C R™ (i = 1,2,3) we will
consider the Borel o-algebra B(X;) — set of subsets of X; such that X; € B(Xj;),
where B(X;) is continuous relative to the operations of complement and addition of a
countable number of sets from B(X;); moreover, B(X;) is the minimal o-algebra that
contains all completed subsets of the compact X;.

When there are no situations z* in the class of pure strategies x; € X; (i = 1,2,3)
that satisfy requirements 1 and 2 of Definition 1, following the approach of Borel [9],
Von Neumann [10], Nash [3] and their followers, we need to enlarge the set X; of pure
strategies x; to mixed ones. Then we will establish the existence of the coaltional
equilibrium (analog of Definition 1) in the mixed strategy situations game formalized
using mixed strategy situations of the game I's.

Thus we will build Borel g-algebras B(X;) based on each compact X; (i = 1,2,3)
and the Borel o-algebra B(X) for the set of situations X =[],y X; assuming that
B(X) contains all Cartesian products of Borel o-algebras B(X;) (i = 1,2,3).

According to mathematical game theory, we will associate a mized strategy v;(-)
of the player i to a probability measure in the compact X;. By definition [ [11], p.
271] and notations from [ [12], p. 284], a probablilty measure is a non-negative scalar
function v;(+) defined on the Borel o-algebra B(X;) of subsets of the compact X; C R™
satisfying the following two conditions:

1) v <U Q?) = Uu (QS)) for any sequence {Q,(f)}?;l of pairwise disjoint
k k
elements from B(X;) (property of countable additivity of the function v;(-));

2) v;(X;) = 1 (property of normality) and thus v;(Q®) < 1, VQ® € B(X;).

We will denote the set of mixed strategies of player i (: = 1,2,3) as {v;}.

We will also note that the product measures v(dz) = vyi(dxi)va(des)vs(des),
in accordance with the known definitions from [ [11], p. 370] (and notations from
[ [12], p. 123]) are probability measures in the set of situations X. The set of these
probability measures (situations) we will denote by {v}. Note once more that during
the process of building of the product measure v(dz) as the o-algebra of the subsets
of the set X1 x Xo x X3 = X, the minimal o-algebra B(X) containing all Cartesian
products QM) x Q) x Q) where Q¥ € B(X;) (i = 1,2,3) is selected. From the
known properties of probabilistic measures [ [14], p. 288; [ [11], p. 254] follows that
the sets of all possible measures v;(dx;) (i = 1,2,3) and v(dx) are weakly closed and
weakly compact in itself [ [11], p. 212, 254; [13], p. 48, 49]. For {v}, for example, it
means that for any infinite sequence {v*)} (k = 1,2,...) one can select a subsequence
{3} (j =1,2,...) that will weakly converge to v(9(-) € {v}. That is to say, for any
continuous in X function ¢ (x) the following statement holds:
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fim [ ()™ (dz) = /X D) ® (da)

j—oo Jx
and v(©) € {v}. Given the continuity of ¥(z), integrals [+ (z)v(dz) (expectations)
b's
are defined using the Fubini theorem
lim Y(x)v(dx) :/ / Y(x)vs(des)va(des)vr (dxy),
J=oo Jx X1 J X2 J X5

where the order of integrations can be altered.
Now we introduce the mized extension of the game I's based on its pure strategies

<{1,2,3}, (ibimsas {1 = [ fi[w1u<dm>}i=17273>, (14)

where, as in '3, {1,2,3} is the set of players, but {v;} is now the set of mixed strategies
v;(+) of player i; in the game I'3 each player selects his mixed strategy v;(-) € {v; };
the expectation (outcome function) of player i is defined on the set of mixed strategy
situations {v} by:

filv) = /Xfl(x)u(da:) (1 =1,2,3).

For the game (14) we will define an analog of the concept of coalitional equilibrium
situation X*.

Definition 2. A mized-strategy situation v*(-) € {v} is called coalitional equi-
librium of the mized extension (14) (or coalitional equilibrium in mized strategies for
the game I's) if

first, the situation v*(-) is coalitionally rational for the game (14), i.e.,

max )-fj(ylvy%l/;) = fj(y*) (] = 1a2)7

vi()va(-

max fr(1,v5,v3) = fr(v*) (k= 1,3), (15)
vi()vs(:)

max fi(vy,ve,v3) = fi(v") (j = 2,3);
va()vs(-)

(We will denote the sets of coalitional equilibria of the game (14) by {v*});
second, v*(+) is Pareto mazximal in the three-criteria problem

{r hAfi(v)}iz1,2,3)

i.e. for all v(-) € {v*}, the system of inequalities
fl(V) >f7,(y*) (Z: 17273)a
of which at least one is strict, is incompatible;

The sufficient condition of Pareto maximality is obvious; it is the essence of the
following remark.
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Remark 6. Mized situation v*(-) € {v} is Pareto mazimal in T, = ({v*},
{fi(v)}i=1,2,3) if
3 3
max Zfz(l/) = Zfz(y*)
vOet i i=1

3.2 Preliminaries In this section we provide some prelimary results.

Lemma 5. Suppose in the game I's the sets X; are compact, the outcome func-
tions f;(x) are continuous on X = X1 x Xo X X3 and the set of coalitionally equilibrial
mized-strategqy situations {v*} (satisfying (15)) is not empty.

Then {v*} is weakly compact in itself subset of the set of situations {v} of the
game (14) (in mized strategies).

Proof. To establish the weak compactness in itself of the set {v*}, we will select
an arbitrary scalar continuous function ¢ (x) with domain the compact set X, and an
infinite sequence of situations

DO et (k=12 (16)

of the game (14) in mixed strategies. From (16) (and therefore from {v*} C {v})
follows {v®(-)} C {v}. As noted above, the set {v} is weakly compact in itself,
therefore the subsequence {v(¥)(-)} and the measure v(°)(-) € {v} such that

lim ¢( I/(k) dx) / U(x (0 (dx).

]*)OO

exist. We will then apply the regular method of proving such statements (as in,
for example, [ [15], p. 86]).

Lemma 6. Compactness (closedness and boundedness) in the criteria space R?

of the set
= J 1

v(-)ev*

where, as we recall, the vector f(x) = (f1(x),f2(x),f3(x)), can be proven analogously.

Lemma 7. If in game the (14) the sets X; € comp(R™) and f;(-),i = 1,2,3 are
continuous on X, then for the function

o(z,2) = max7g0,,(x,z) (17)

yeeey

the following inequality is correct:

r=1,..., =1,..,7

max7/XXX er(@,2)p(dz)v(dz) </Xxxrmax or(x,2)p(dz)v(dz) (18)

for all u(-) € {v}, v(-) € {v}; here, we recall that the scalar functions p.(x,z) are
defined in (8), (9).
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Proof. Indeed, from (17), for all z,z € X, follow the seven inequalities

prle2) < max_plrz) (r=1,.7).
Jj=1,...,

After integration of both parts of these inequalities with an arbitrary product
measure p(dx)v(dz) as the measure being integrated, we obtain

prlpr) = [ ezl < [ maxey (e ouldeu(a:)
for all pu(-) € {v}, v(-) € {v} and each r = 1,...,7. Therefore,
o) = max [ g @aulanni) <
<[ max g(naudan(dz) Vi) € (he() € (0)
which proves (18).

Remark 7. In fact, (18) is a generalization of the well-known property of the
mazximization operation: maximum of a sum cannot be greater than the sum of the
Marimums.

3.3 Existence Theorem We will provide the main result of this article: the
existence of a mixed strategy coalitional equilibrium situation in the game I's has
been proven.

Theorem 1. If in the game I's the sets X; € comp(R™) and f;(-)i = {1,2,3} are
continuous on X, then the game has a coalitional equilibriuml mized-strategy situation.

Proof. Consider the auxiliary antagonistic game introduced in (10)

= ({12} {X,Z = X}, p(2,2)) .

In the game I'*, the set X of strategies x of the first player (maximizing ¢(z,2)).
A saddle point (T,z*) € X x X of the game I'® satisfies, by definition, the following
chain of inequalities for all x € X and z € X

o(x,2") < o(T,2") < p(T,2).

Now we will associate to I'® its mixed extension T = ({1,2}, {u}, {v'}, ¢(1,v)), where
{v} is the set of mixed strategies v(:) of the second player, and {u} = {v} is the set
of mixed strategies u(-) of the first player, whose outcome function (expectation) are
defined by

() = /X plamn(dn)u(d),

A saddle point (%, v*) defined by the inequalities

o) < o(ul ) < o(u’ ) (19)
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for all u(-) € {v}, v(-) € {v} will also be a solution of the game I'* (mixed extension
of T'¥).

This pair (u°,v*) is called a mized-strategy solution of T'®.

In 1952, Gliksberg [16] established the theorem of existence of a Nash equilibrium
situation in a non-coalitional game of N > 2 persons in mixed strategies, from which
we deduce the statement for its particular case — antagonistic game I'*: suppose that
in the game I'“ the set X C R" is non-empty and compact and the outcome function
of the first player p(z,z) is continuous in X x X (we use the continuity of ¢(z,2) in
Lemma 3). Then for the game I'®, there exists a solution (u%,v*) as defined in (19),
i.e. there exists a mixed-strategy saddle point.

Given (18), the inequalities (19) takes the following form:

/ max_;(z,z)pu(dr)r*(dz) g/ max_p;(x,2)u’(dz)v*(dz) <
Xxx I=b7 Xxx J=L7

< / max_p;(x,2)u’(dz)v(dz)
Xxx J=17

for all u(-) € {v}, v(-) € {v}. Assuming in
o(ulw) = / ‘max_p;j(z,2)u’(dr)v(dz)
XxX J=17

the measure v;(dz;) = p?(dz;) (i € N) and then v(dz) = pu°(dz). Given (18), we
obtain that ¢(u®,u) = 0. Analogously follows the equality ¢(v*,v*) = 0 and then
from (19) we get

p(u’ ) =0 (20)
From ¢(u°,u°) = 0 and the chain of preceding inequalities (using transitivity), we
come to

P = [ max gy(nuldo (@) <0 Vil € o),

« X Jj=1,...,7

In agreement with the Lemma 7, we have

02/ max_@;(z,2)p(dz)r*(dz) > max / w;(x,z)p(dz)v*(dz)
X x d=LnT =1 Jxwx

Therefore, for all j = 1,...,7, we have

| eeamtn @) <0 vl € (o),
XxX

There are two cases.
First case (j = 1,...,6). Here, in accordance with (20), (18) and normality of
v;(+), we obtain (see (8))

0> /XxX (tpj(m,Z)M(dI)V*<dZ) = / (fj(Zl,ZQ,zg) — fj(z))/i(dl')l/*(dz) _

XxX
:/ fj(zl,@,z?))u(dx)V*(dZ)*/ fj(Z)V*(dZ)/ p(da) = f(p1spews) — f3(0°)
XxX X X

Vii() € {v} (G =1,2),
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Analogously,

0> / or(x,2)p(de)v*(dz) = fulpa,vsmus) — (™) Yupe() € {v} (k= 1,3)
XxX

0> / oz, 2)pd)v*(dz) = fi(vipa.ps) — i(v") V() € {n} (1=23).
XxX

According to Definition 2, v*(+) is a coalitionally rational situation in mixed strategies
for the game I's.

Second case (j = 7) Once again, in accordance with (20), (18) and normality of
v(-), we obtain

7

/XXX [Zfr Z ()1 p(da)v* (dz) /Zfr /Xu*(dz)—

/dx/Zfr (dZ)ngr Zfr ) e v}

Then, after considering Remark 7, we see that the mixed-strategy situation v*(-) €
{v} of the game I's is Pareto maximal in the problem

= {v' I {filv)}i=1,23) -

Therefore, for the mixed-strategy situation v*(-) of the game TI's, coalitional ra-
tionality as well as Pareto maximality compared to the other coalitionally rational
situations have been established. Therefore, from Definition 2, the mixed-strategy
situation v*(-) is coalitionally rational in the mixed extension of the game I'3 and the
pair (v*,f(v*)) forms a coalitional equilibrium in mixed strategies for I's.

CONCLUSION. In this paper we have made the following new contributions to
cooperative games theory .

First, the concept of coalitional equilibrium (CE) that takes into account interests
of any coalition has been introduced.

Second, a practical method of finding CE has been presented, which can be re-
duced to the determination of a minimax strategy for a special Germeier convolution
that can be built using players’ outcome functions.

Third, the existence of CE in mixed strategies under “usual” for mathematical
programming conditions (continuity of the outcome functions and compactness of the
set of strategies) has been proven.

We find that the following new qualitative results of the present article are signif-
icant as well:

1. the results can be extended to cooperative games of any number of participants
(over three);

2. CE “guarantees” the stability of coalitional structures against deviation of any
coalitions;

3. CE is applicable, even if the game’s coalitional structure change throughout
the game or even if the coalitional structures remains unchanged;

4. CE can be used for forming stable unions of players;
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and these by far do not exhaust all advantages of CE!

But there is another advantage that we find important to note.

To this day, in the theory of cooperative games, the conditions of individual or
collective rationality have been stressed. Individual interests of players are matched
by the concept of Nash equilibrium with its “egoistic” character (“to each his own”);
mutual support in games is matched by the concept of Berge equilibrium with its
“altruism” (“help everyone and forget about your own interests”). However, such
“oblivion” is not characteristic for the human nature of the players. This is overcome
by the coalitional rationality.

Indeed, in terms of coalitional rationality, player 1, minding his own interests and
being a part of the coalition {1,2} within the coalitional structure 9o helps player 2
(element of Berge equilibrium), while being a part of the coalition {1,3} within the
coalitional structure 35 supports player 3, but, as we mentioned “not forgetting about
himselve”. The same statement is valid for the other players. Therefore, coalitional
rationality fills the gap between the Nash (NE) and Berge (BE) equilibriums, adding
“care about the others” to NE and “care about themselves” to BE.

In this article, the authors see the idea of the Golden rule: one should treat others
as one would like others to treat oneself. In the definition of rational equilibrium in
the present article the “others” for each players are the members of the coalition the
player takes part in.
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Kyroscoxuti B. 1., Jlapbani M.
AJIbSIHC B I'PAX TPbOX OCIB

Pesrome

B wiit po60Ti MU IPOIIOHYEMO HOBY KOHIEIIIIIO OIITUMAJIBHOIO PO3B’sI3KY (SIKY MM HA3UBAEMO
«KOAJIIIHOIO PIBHOBArOM0» ), MoOyI0BaHy Ha inesx piBroBarm 3a Hermem Ta 3a Bepxe. Mu
BUKOPHUCTOBYEMO TOHATTS OINTUMAJILHOIO PO3B’SI3KY, B SIKOMY BHUI'DAIN KOAJIIIT, 10 BiIXu-
JI€ThCs, He MoxKe 3pocraTu. llicisa mporo 3a momomororo 3ropTrku l'epmeiiepa 3HAXOAATHCS
JOCTATHI YMOBU iICHYBaHHSI KOAJIIIHHOT piBHOBArn. 3ropTKa MEPETBOPIOE 331a9y 3HAXOIZKE-
HHsI KOAJIIIHOT piBHOBArM B IIOIIYK CiJJTOBOI TOYKHU OCOOJIMBOI AHTArOHICTHYHOI I'DH, sKa
MOKe Oyau 1mobOy/loBaHa Ha IJICTaBI MaTeMaTUIHOI MOjesi BuxinHol rpu. B skocrti npu-
KJIaJIy MU JAa€MO JTOBEJICHHS iICHYBaHHSI KOAJIIIINHOI pIBHOBAru B 3MIIIAHUX CTPATEridAX, 3a
«PeryiaspHuX» 0OMeKeHb MATEeMATHIHOTO IIPOrpaMyBaHHs: HEIEPEPBHOCTI (DYHKIIIH BUTpa-
[y TPaBIliB Ta KOMIIAKTHOCTI MHOXKWH cTpareriit. Mu oOMe)XyeMOCh BUITAJKOM I'PH TPHOX
oci6 B miit po6oTi, MmO6 YHUKHYTH CK/IAIHAX MMO3HAYEHb Ta obunciienb. OHAK 3aCTOCYBaHHST
3aIPOITIOHOBAHHOIO METO/LY JIJIs irp 3 OLIbIN HiXK TPhbOMa I'PABIAMHU MOXKe OyTH 6araroobirs-
OUYMM TIPHU PO3B’si3aHHI 38129 MOGYI0BU CTIHKUX KOAJIIIINA.

Karouosi caosa:  makcumin, maxcumym 3a Hapemo, maxucmym 3a Caretimepom, Koanriyitina
PAULOHANDHICTL, pe3yavmanm [epmetiepa, 3miwant cmpamezii .

2Kyrosckut B. U., Jlapbaru M.
AJbSIHC B UI'PAX TPEX JINI]

Pesrome

B sroii pabore MBI mpeIaraeM HOBYIO KOHIIENIMIO ONTHUMAJBHOIO penteHusi (KOTOPYIO MbI
HA3BIBAEM <«KOAJIMIOHHBIM DABHOBECHEM>» ), OCHOBAHHYIO Ha MJEAX paBHOBecus 1o Hsmnry
u o Bepke. Mbl ncosib3yemM HOHSITAE ONTUMAJILHOIO PEIIEHUsl, B KOTOPOM BBIUIDBIII OT-
KJIOHSTIONIEHCS KOAJIMINY He MOXKET BO3PaCTaTh. 3aTeM, UCIOJIb3ys cBepTKy ['epmeiiepa, Ha-
XOJISITCsT TOCTATOYHBIE YCJIOBUST CYIIECTBOBaHMUsT KOAJTUIIMOHHOrO paBHOBecusi. CBepTKa Impe-
BpAIaeT 3aa<dy HAXOXKIEHUSI KOAJIUIMOHHOIO PABHOBECHSI B IIOUCK CEIJIOBOM TOYKHU OCO-
001 aHTAarOHUCTUIECKON UIPBI, KOTOPasi MOXKET OBbITh 3(PPEKTUBHO TOCTPOEHA, Ha, OCHOBAHUY
MaTeMaTHIEeCKONW MOJEJIM UCXOJAHON Urpbl. B KadecTBe mpumepa MBI J1aeM J[OKA3aTEIbCTBO
CyIIIeCTBOBAHMS KOAJIMIIMOHHOI'O PABHOBECHS B CMEIIAHHBIX CTPATErUsX HIPHU «PEryJIspPHBIX»
OrPaHUYEHMSIX MaTEMATHIECKOTO ITPOTPaMMUPOBaHUs: (DYHKIIUU BBIUTPHIIA UTPOKOB IIPE/I-
MOJIATAIOTCS HEMTPEPBIBHBIMU, & MHOXKECTBA CTPATErnii KOMIIAKTHBIMU. MBI OrpaHUInBAEMCsT
B 9TOi1 paboTe CIydaeM UTPBI TPEX JIUIL, ITOOBI N30eKATh CIOKHBIX 0D03HAYEHUN U BBIUHC-
stennii. OIHAKO MPUMEHEHME TIPE/JIOKEHHOI0 MeTOa JIJisi UT'p ¢ boJiee YeM TpeMsi UTPOKaMU
MOXKET ObITh MHOTOODEMIAIONINM TP PEIIEHUN 33029 TOCTPOEHUST YCTONIUBBIX KOAJIMIIHA.
Karoueswie caosa: marxcumun, maxcumym no Iapemo, maxcumym no Caetimepy, Koasuyu-
OHHAA PAYUOHANDHOCTD, pe3ysvbmanm [ epmetiepa, cmewartvie cmpame2ul .
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