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B HEOOMEXKeHWX 00JACTAX, /€ HEe3aICKHA 3MIHHA IMPAMYE /10 HECKIHYEHHOCTI.
Y mopibHUX CUTyallisiX BUHUKAKOTH HETPUBIaJ bHI MUTAHHS IMOJ0 ICHYBaHHS,
IhepeHIifoBHOCT] Ta ACHMIITOTHYIHOI ITOBEIIHKH BIAIOBIAHNX PO3B’SI3KIB HA
HECKIHYEHHOCTI.

V nmaniit poboTi PO3TIATAECTHCA PIBHIHHS
F(tzfvl?"'axnay)zov (1)

ne (t,x1,...,on,y) € D, D = Dy x [=b;b], Dy = [a;+00) X [—hi;hi] X ... X
[—hn; hnl, ay b, b € R, by, >0 (k= 1,n), b > 0. Ha dbysrmito F HAKIQTA0THCS

TaKl YMOBH:

(i) F,F,, ,F,, € C(D;R) nna seix k= 1,n;

k,?

(ii) lim F(t,0,...,0)=0;

t—+o00

(iii) lim F)(t,0,...,0) = Ay #0;

t—+o00
(iv) sup {Fy”y(t,xl, T, y)| = Ag < Ho0.
D
Merowo poboru € J0BeEHHS ICHYBaHHS EAWHOI HEIEPEepPBHOI (QOYyHKINI
y = y(t,x1,...,x,), K& 3370BOJbHsAE piBHaAHHs (1) y meskiii mimobacti

D, C D, ta pocijzkeHHd 11 aCHMOTOTHIHOI IOBEIIHKY Ipn t — +00 i xp — 0

(k=1,n).
OCHOBHI PE3VJIBTATHU

st pisasiang (1) Mae miciie HaCTYITHE TBEDZKEHHS.

Teopema. Hexali dan dynruii F euronyromoca ymosu (i)—(iv). Todi 6 deaxit
obaacmi D1 = Doy X [—bg; bg| , de Doy = [to; +00) X [—h(l); h[ﬂ X ... X [—h%; hg] ,
to, hY (k =T1,n) i by 3adosoavraroms nepisnocmi to > a, 0 < hY < hy, by €

(05 by , 4642117‘0 < 1, pienanua (1) susnauae eduny nenepepsny na muogiceni Do
Pynxuiro y = y(t,x1,...,2yn), maxy wo F(t,x1,..., 20, y(t,x1,...,2,)) = 0,
2 € C(Doi;R) (k =T,n), y(+00,0,...,0) =0 i

oxy,

(t = +00). (2)
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Hosedenns. Ockinbku dyuknia F(t,x1,...,T,,y) mdepennifiosana 3a
3MIHHOO Y 1ipH (, X1, . .., Zy) € Dy, T0, 3rigH0 bopmyu Teittopa i3 3aUIIKOBIM

qienom y opmi Ileano, pisuanus (1) MoxKHA 3aIicaT y BUTJIS/IL:

F(t,x1,...,xn,y) = F(t,z1, ..., 20,0)+F,(t, 21, .., 2,,0)-y+R(t,z1,...,2n,y) =0,
(3)

ne R(t,xy,...,xn,y) =7t 21,..., 20, Yy) -y, 7(t, 21, ..., Tp,y) — 0 mpu y — 0

1t Oy/ib-aKol Touky (t, x1,...,%,) € Dy.
3 (3) Bummsae, mo y = y(t, 21, . .., Ty) — HesasBHA DYHKITIA, TKA BUSHAYAETHCS
CIIIBBIJIHOIIEHH M
= F(t,x1,...,20,0) — R(t, 21, ..., Tn, y(t, 21, .. ., T0))
Z/(t,l'h---,%n)— N .
Fy<t,x1, R ) 0)
(4)

Ockinbku

R(t,x1,...,xn,y) = F(t,z1,...,20,y)—F(t,xq, .. .,xn,O)—Fé(t,xl, ey Ty, 0)-y,

TOA1
Rly(tvxla"'vxnay) = Fg:(tvxlv"-axnyy) _ng(tvl‘la'--axnao)'
Posrmstremo Ta ormimmmo mpu (t, x1,...,x,) € Do i dikcoBanux yp,ys €
[=0;b] (y1 < y2) pisuumio Fy (t, 21, ..., 2, y2)—Fy (t,21,. .., Ty, Y1) , 3aCTOCY BABIIH

Teopemy Jlarpam:ka 3a 3MIHHOIO Y:
F;L; (757931,-~al‘my2)*Fé(taiﬂlv---,xmyl) :Fzyy(taxlv"'vxnay*) '(y?iyl)a

ne y* € (y1;92)-
3Bijcu BUILIUBAE, 110

sup |F?; (t, o1, 20, y2) — Fy (21, .. T, 1) | <
Dy
< S})lp ‘Fég/(t?xla s ,xn,y*)‘ ’ ‘y2 - yl’ <
0
< S%p ’F;{y(taxla ‘e ,$n,y)’ Jy2 — 1| = A2 - |y2 — yn
[okmamatoun y; = 0, y2 = y, Aaa Oyab-s;koro dikcoBanoro y € [—b;b]

OTPUMAEMO:
sup‘R;(t,xl,,:rn,y)‘ §A2|y‘ (5)
Do
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Awnasoriuno posragremo i oniaumo npu (¢, 21, ..., 2,) € Dy i dukcosannx
Y1, Y2 € [—b; b] pisauro R (t, x1,...,2n,y2)—R (t,21,...,Zn, Y1), 32CTOCYBABIIN

TeopeMy Jlarpam:ka 3a 3MIHHOIO Y:
R(taxla"'a$nvy2) _R(t7x1""7xnayl) = R; (tvxla"'axnay**) : (3/2 _yl)a

ne Y™ € (y1:y2)-
Bpaxosytoun (5) oTpuMaemo, Imo

sup |R (t,x1,...,&n,y2) — R(t,x1,...,2n,y1)| <
Do

< SBP‘R; (txr, 2, )| - vz — | < Ao - Jyo —y|?
0

Beaxawun y; = 0, yo = y, aus Oyap-gxoro dikcopanoro y € [—b;b]
OTPUMAEMO:
Sll)lle(t7x17---,xn,y)| < Az -yl (6)
0

B cuny (6) ta Bractusocreii (i7),(iii) dbyuknii F icaye obmacte Do =
[t0;+oo) X [—ho;h(l)] X ... X [—h%,h%] , Dog1 C Dg, me tg > a, 0 < h% < hp

(k=1,n), ana sxoi:

1) sup|F (t,z1,...,2n,0)] < bo‘f”, ne by € (0;b] Ta 4"?421110 < 1;
Dox
. ' A4

2) 1nf‘Fy(t,1:1,...,:Un,O){> 3

Doy

3) Sup‘R(t7x17' . 'axnay)| < Sup|R(t?$1a'-- wrnvy)‘ < A2 : |y|2
D01 DO

Posrngremo 6anaxosuit mpoctip B obmexenux nenepepsaunx y Do dyHKITIT
y(t,z1,...,xy,) 3 HOpMOIO ||y|| = sup |y (t, z1, ..., 2,)].

Y banaxoBomy mpocropi B pOS(I)’lJIHHeMO mipnpoctip By C B ¢yHkiit y €
B, nns axux ||y|| < bo, i BBegemo na By omeparop

—F(t,(E ’“wmn’o)_R tx ,...,:En,y(t,fﬂ ’“wmn)
T(tn oyt ) = T G it )
(7)

BukopucToBytoun NOpUHIUANT CTUCAUX BigoOpakeHb, MOKAXKEMO, III0

T(t,x1,. . xn,y(tx1,...,20)) = y(t,x1,...,2,), TOOTO Onmeparop T mae
HEPYXOMY TOUKY Yy € Bj.
1) dosexemo, o T (¢, 21, ..., 20,y (t, 21,...,2,)) € By upu y € By.
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Ockinbru y € C(Dp1;R), To B cuny crpykrypn oneparopa T' € C(Dg1; R).

B lly(t,z1,...,2,)|| < by BuIMBAE, 10
—F 'mo R sy, syt
IT (¢, 21, .. 2,y (t 21, 20))]| = H (t,@1,e0m F)/(tm(ixl,mmg(c)) Y21, ))H <

(SuplF(t Tl 7xn70)|+sup‘R(t T, 7x’nvy(t L1yeey ))l

< APo <

- 1nf‘F (t :cl,...,xn,y)| -

bo|A1| b

gﬁ(“'lwlm) bt bo <y,

2) IlepeBiprMO yMOBY CTHCKAHHSI.
O6epemo goBibHUM duHOM Y1 (E, 1, ..., Zn), Y2 (t,21,...,2y) € By, Toxi

HT(t,xl,.. Ty Y2 (txy, .. xp)) = T (tx1, ..o 20, y1 (2, xl,...,xn))H:

R(t L1, 7xn7y2(t L, 7xn)) R(t L1s--Tn,Y1 (t L1 7xn <
F/(t Z1,-- 7x’n70) -

2
< S tm’ o) ly2 (t, 1,y zn) — v (B 21,0, 20) |
1
A P i7%% ) 1ot
< 2l Carest)l) o (121, 2p) = g1 (B30, 30)]| <
< 580 lyo (t, 01,y n) — g (G, )]

TobTo omrepaTop T' Bmo6pa>Kae npocTip Bj y cebe i € omepaTopoM CTUCKAHHSI.
Tomy 3rigHo npuHImMIy cruciux Bijobparkenb icHye ejuHa QYHKIHE Yy =
y(t,z1,...,x,) € By, Taka 1o

y(t,zr, ... xn) =T (6,21, T,y (L, 21, ..y Tp)) -
B cuny (7) g menepepsHa Ha MHOKHHI Do (DYHKINS € €IUHIM PO3B’I3KOM
pieusiaag (4), o 3amoBobHsIe yMoBY ||y|| < bo. 3 ypaxyBaHHSIM i€l yMOBH
i ockinbku F € C(D;R), 10 3a /10KaJIBHOO TeOpeMOIO 0 mudepeHItiroBaHHi
HeaBHOI (DYHKIII MOXKHA, CTBEPIKYBATH, IO ¥, m € C(Do1;R) (k=1,n).

Iorenemo, mo dbyrkmia y(t, 1, . .., T,) mpux, = 0 (k = 1, n) Mae BIacTUBICTH
(2).

Oyuxuis y(t, x1,. .., Ty) 33/10BOJIbHAE DiBHAHHIO (3), fKe, MOKJIABIIN L) =

0 (k = 1,n), MOXKHA 3amUCaTn y BUTIATL
E(t,0,...,0)+F,(t,0,...,0)y(t,0,...,0)+r (,0,...,0,%(t,0,...,0)) y(t,0,...,0)

3sizncu, Bpaxosyioun, mo Fy(+00,0,...,0,) = A1 # 0,

r(t,0,...,0,y(t,0,...,0)) F(t,0,...,0)
£0.....0-(1 A UL R L
y(£,0,...,0) ( + FI(£,0,...,0)

3 ocTaHHBOI PIBHOCTI BUIJIMBAE BAACTUBICTD (2).

Teopemy moBeneHO
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BucHOBKU

Y naniit poboTi 10BEEHO iCHYBAHHSA €UHOI HemlepepBHOI HeaBHOT (DYHKITIT
y=uy(t,x1,...,x,), dKa 3270BObHsE piBHAHHSA (1) y Aeskiit nimobmacti Dy C
D. Beranosieno, 1o 1 GyHKIlis € JudepeH iioBHoo 3a 3minaumu ry (k =
1,n) i mae acumnroruuny nosejainky (2) npu t — +o00.

OTrpumaHi pe3y/jbTaTH CTBOPIOIOTH OCHOBY /s ACUMITOTUIHOTO AHAJIZY
PO3B’s3KiB udepenIiaJbHIX PIBHAHD 13 CUHIYJISPHOCTSMU Ha, HECKIHIEHHOCT.
Bonwu BigkpuBarOThH MEPCIEKTUBY [I/1d 3ACTOCYBAHHS Y TOC/TIIXKEHH] TUHAMITHIX
CUCTEM, TEOPil HEJIHIAHMX KOJIMBaHb Ta IHIINX CYMIKHUX TaJ1y35X, 0B d3aHUX

i3 TTOBEIIHKOI0 PO3B’SI3KiB ¥ HEOOMEKEHUX 00IaCTsIX.
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Evtukhov V. M., Koltsova L. L.
AsYyMPTOTIC BEHAVIOR OF IMPLICIT FUNCTIONS ON UNBOUNDED Do-
MAINS

Summary

The properties of an implicit function defined by the equation
F(t,z1,...,2p,y) = 0 in an unbounded domain as ¢ — +oo and for small
values of the other variables are investigated. This article generalizes one of
the results of [1] to the multidimensional case and supplements the results of
the works [2], [3].

A theorem on the existence and uniqueness of a continuous function y =

y(t,z1,...,x,) with continuous partial derivatives with respect to the variables
Z1,...,%, is proved. The key asymptotic property y(t,0,...,0) ~ —Fl,?((f’g""’g))
y b AR

as t — 400 is established.

The obtained results are fundamental for the asymptotic analysis of solu-
tions to differential equations with singularities at infinity and can find appli-
cations in the theory of dynamical systems and nonlinear oscillations.
Keywords: implicit function, unbounded domain, asymptotic behavior, singu-

larity, differential equations.
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BIJOBPAXKEHHA IICEB/IOPIMAHOBUX ITPOCTOPIB 3
HAIIIBCVUMETPUYHOIO ATHOPHOIO CTPYKTVYPOIO

Pobora CKIaga€ThCA 3 MBOX YACTWH. Y TIEPIIili YaCTWHI 3 BUKOPUCTAHHSIM TEH30pa
nedopmariii 38’93HOCTI PO3IVISHYTO 3arajibHi TEOMETPUYHI BJIACTUBOCTI HETPUBIAJIHLHUX BiJl-
obpaskeHb MiXk JBOMAa mpocropaMu adimmoi 38’sa3HOCTI Oe3 ckpyTy. IlobymoBano reomerpu-
9HUi 00’€KT, IN0 MO3HAYAE€ PI3HUINO KOBAPIAHTHUX IOXIJHWX [IOBIIBHOTO TEH30pa 32
3B’I3HOCTSIMU TTPOCTOPA, HA sIKE BIIOYBAETHCS BiIOOpPAXKEHHS Ta MOTO MpooOpas, sKa CyTTE-
BO 3aJIEKUTH JIMIIE BiJf 3rOPTOK CAMOTO TeH30pa Ta Temzopa dedopmamii. Ik HACTIIOK,
OTpUMaHa 3aJIEXKHICTh PI3HUII KOBAapPIaHTHUX IOXiHMX TeH30pa gedopmarii 3a aBoma pi-
3HAMU 3B’ I3HOCTSMU [IPOCTOPIB, Mi’K AKNMHU BiTOYBA€ThCA BiOOpaKeHHs, SKa BUPAXKAETHCS
qepe3 3ropTku TeH3opa gedopmarii 3 camum coboio. IIpomoBxyoUn ie0 qoCiIKeHHsT 3a-
TaJIbHUX BJIACTUBOCTEH BiOOpakeHb, BBEJEHO B PO3TJIST YOTHPUBAIEHTHHI T€H30D, MO BU-
3Haa€ pizHUIO TeH3opiB Pimana mpocTopis, siki 3ay4eHO y BimoOparKeHHsI, Ta JBOBAJICH-
THUI TE€H30p, M0 BU3HAYAE PI3HUITIO TeH30piB Pigui mux mpocropis. OTpumano Bupa3s depe3
aud epeHIiiitHo-aaredbpaivHi J0JaHKN TeH30pa AedopMaIlil X JBOX TEH30PiB.

Y npyriit gacTUHI PO3IJIAHYTO IICEBAOPIMAHOBI IPOCTOPH, AKi HAIITEHO AHTUCUMETPU-
9HOIO Mail’Ke KOMIIJIEKCHOIO HAIiBCUMETPUIHOIO a(hiHOPHOIO CTPYKTYPOIO, JOCIIII?KEHO BJIa-
CTHUBOCTI JOBLTBHUX TEH30PIB y IIUX MPOCTOPAX 3arajioM Ta 30Kpema adiHopa, Mo BH3HAYAE
cTpykTypy. Jasi, 6ys10 mpu/ijieHo yBary I'aTH CIeriaJIbHUM BiIOOPaXKeHHSIM TaKUX IIPOCTO-
PiB OKpeMO Ta JOBEJEHO, 10 JIKIIe TeH30P gedopmaliii, 1o Bu3Ha4Ya€ Bi0OParKEHHs II€PIIO-
o TUITY, BIAMIHHWI BiI HYJIHOBOTO TeH30pa. JloBeaeHo, mo SKI0 TPOCTOPH, IO PO3TJIAIAI0-
ThCsT, IOMYCKAIOTh BimoOparkeHHst meprioro Ttumy, To e K-mpocropu. st BimoGpaskeHb
epuroro Tuiry mo0ymoBaHi reomMeTrpudHi 00’€KTH, IO OB ’A3YIOTH KOBAPIAHTHI IMOXiMHI IIHUX
IBOX TIPOCTOPIB, sIK y mepmriii gacturi poboTH, s X O6’€KTiB OTPMMAHO BUpa3 depe3
adinop Ta #oro 3roprku. BpaxoByounm mHamiBcumMerpwuHICTH abiHOPHOI CTPYKTypH IOOY-
JOBAHO YOTHPUBAJICHTHUN IeOMEeTPUIHUI 00’€KT SK aJbTePHYBAHHS KOBAapPIAHTHOI ITOXigHOL
TeH3opa gedopwmarii, mo 3ropHyTO 3 adiHOpOoM, sSKnil Mpu BiAOOpaKeHHl CTAa€ BiJ €éMHUM 3i
3MIHOIO OCJ/ILOBHOCTI 1HIEKCIB.

JloctimKeHHsT BeIyThCs JIOKAJIbHO, TEH30PHUMU MeTomaMu 6e3 00MeKeHb Ha CUTHATYDY
Ta 3HAKOBM3HAYEHHICTH METPUIHOIO TEH30PY MPOCTODY, IO PO3IVISIAETHCA. B poboTi mum-

POKO 3aCTOCOBYETBCsl CIEIaJIbHA Omeparis (CIpaKeHHs), M0 BBEJEHA JJIs MPOCTOPIB, AKi

Haditiwaa 07.08.2024 © Conosiios A.A., 2024
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HaIIeHO a(iHOPHOIO CTPYKTYPOIO, Ta 11 BJIACTUBOCTI /st Ten3opis Pimana ta Piudi.

MSC: 53B35.

K08t cr06a: pimarosut npocmip, nceedopimarosuti npocmip, menaop Pimana, mensop
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BcecTyn

38’a3n0cTi B AuepeHIiiaabpHiil reoMeTpil BUHUKJIH CTO POKIB TOMY B poHoTax
Tynnio Jlesi-Yusitu (1917 pik), a srogom I'. Beiiib (1920 pik), BuBuatoqu
IUTAHHS PO apaJiebHe TepeHeceH st BEKTOPIB, IPUNIIIOB /10 MPOCTOPiB ainHOT
3B’43HOCTI.

B Teopii BijtobpakeHb MpaIoBaJIa BEJIMKa KiJIBKICTh BIEHUX STK MATEMATHKIB,
TakK 1 (izukiB, 3ariKaB/JeHUX B 3aCTOCYBaHHI PE3YJIbTATIB JIJIsi MOJIETIOBAHHS
IWHAMI9HUX TpoIleciB. fK BiOMO, pyX JedKUX THUIIB MEXaHIYHUX CHCTEM,
H6araro mpoIeciB B rpaBiTAliiHIK Ta €IEeKTPOMATHITHUX IOJIAX, B CYIIIHHUX
CepeJlOBUIIAX IIPOTIKAIOTH 38 TPAEKTOPIsAMU, K1 MOAKHA PO3IVISIATU 1K [€0JI€31YH1
JiHil adinHO3B g3H0T0 ab0 TCEBIOPIMAHOBOIO MPOCTOPY, 10 BU3HAYAKOTHCS
EHEPreTHIHUM PEXKUMOM, 33 AKOT'0 30BHIIIHI CH/Id BifCyTHI, ab0 3a JeIKUME
KPUBUMU, BEKTOD KPUBUHU IKUX — I1€ BEKTOP y3araJbHEHUX 30BHIITHIX CHJI.

Busuenns Bimobpazkenb (MOphi3MiB) PI3HUX THIIB TEOMETPUIHUAX CTPYKTYD
CKJIAJAE aKTyaJbHY 9aCTUHY CydacHOl nudepentiaabaol reomerpii. [T Bimobparkerusm
B cydacHi#t reomerpii posymiioTh gudeomopdizm, mo 36epirae Ti um immmi
BJIACTUBOCTI reoMmeTpuunux o6’ektiB. llenTpanpHoro B cydacHiit reomeTpii €

CcTpyKTypa adiHHOT 3B’ A3HOCTI, K TaKa, [0 Ma€ MINPOKE 3aCTOCYBAHHS.

OCHOBHI PE3VJIbTATH
1. Jedopmailis BHYTPIIITHROT reoMeTpii IpOoCTOpy OpU Bio0pa>kKeHHi.

Osnauvenns 1. [Ipocropom adinnol 38 g3H0cTi A, PO3MIPHOCTI N HAZUBAIOTH
Takuii gudpepeHIiiioBannii MHOTOBH T, Ha KOXKHIM KPUBiil aK0TO 3a1ana adinma
3B’A3HICTH, 10 337J0BOJIbHSIE YMOBI JIHIHHOCTI, TOOTO /1T KOKHOT Touku M Ta

JIJIsi BCSKOT'O BEKTOPHOTO I10JIS B OKOJII JIAHOT TOYKY, abCOTIOTHMI Judepeniriat
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BEKTOPA, IO HAJEKWUTHL IHOMY IO/, obumcienuit B Touri M mjaa BCAKOl
KPHBOI, IO IPOXOINTE Yepe3 I TOUKY, € JiHiiHa PYHKIIS BEKTOPa eJIEMEHTAPHOTO

3MIIEHHS 110 KPUBiil.

SIK1110 He 3a3HAYEHO iHIIE, TO PO3IVISAIAIOTHCS ITPOCTOPH adiHHOI 3B’ a3H0CTI

A,, 6e3 ckpyry [3], TobT0 Taki, o
h _1h
Fij (z) = Fji(x) (1)

ITpocrip A, vanexunrs kaacy C (A, € C"), akiuio F?j (x) € C" [2]. Posrusinemo

B TIPOCTOPHU a(IHHOI 3B’ I3HOCTI.

Osnavenns 2. B3aeMHO 0IHO3HAYHA BIANOBIAHICTE MIXK TOYKAMH IIPOCTOPIB
adinnoi 38’a3mocti A, Ta A, Ha3HBAaETLCI BiOOOPasKeHHIM, SIKINO B CILILHIM

3a BijIoOparkKeHHsM CUCTEMI KOOD/IMHAT BUKOHYIOTHCH YMOBH

[yy(a) = Tli(2) + Pli(a). (2)

CuinbHoro 3a Bi106paskeHHAM CHCTEMOIO KOOPAUHAT 3] HA3UBAIOTE TAKY CHCTEMY

KPUBOJIIHINHUX KOOPJAWHAT, B SIKi#t KOOPAMHATH BiITIOBITHUX TOYOK CITIBIAIAI0TE.

h 5 .
Ozunauenns 3. Tenzop PZJ(:U) HA3MBAIOTh TEH30pOM JecopMmariil 38’ a3HOCTI

[IpH JaHOMY Bimobpazkenmi. Zkimo

h
Pli(z) £ 0, (3)
TO BiZOOPaXKEeHHS HA3UBAIOTL HETPHUBIAILHIM.

3ayBaykenHs 1. Tenzop medopmariii cumeTpraHMil 38 KOBAPIaHTHUMHI 1HIEKCAMH,

h o h . . . 3 .
TOOTO Pij = Pji7 g npocTopis adirmol 38 ga3H0CTI 663 CKPyTY.

Tyt Teuzop medopmarii € 06’ekTOM, IO HAJEKUTH IPOCTOPY Vi, mpoTe

HEBAXKKO MOBAINTH, IO
Ffbj(ﬂﬁ) =Tij(z) - Pz‘?’(ﬂf)a (4)
ab0, BpaxoByIOUH O3HAYEHHA TeH30pa gedopmarrii
Ih(x) = Tyj(z) + Pl(x) (5)
iJ ] i ’

TOMY JTOBEIEHO
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Hacaimok 1. Tensopu dedpopmauii npocmopis, misc axumy 6i00ysaemvea

81006pasicenna, Maromsd HACMYNHY 3AAENCHICTND

ph( N\ _ h
Pij(z) = —Pjj(x) (6)
J J
B Bunajiky TerzopHOro moJis S Tumny (Z ) KOBapiaHTHA MOXiJIHA 110 3B 43HOCTI
A, sky Mu Gynemo mo3HauaTu V, B KOXKHIii cucremi koopauuar x!, x2, ... 2"

BU3HAYACTHCA HACTYITHUM YHUHOM:

v, Szlzz Zp( ) O, 51112 Zp( )—}—Fil (x)Sqi?“'if’ (x) +...+

J1J2---Jq J1J2---Jq J1J2---Jq
AL @S 1 @)~ T, @SHE @) — - -
B 91%2...7
_ijq(x)sjleMJZﬂ(m)

(t1, - yip; J1s---Jqs k=1,2,...,n)

Js mpocTopy A, Ta KoBapiauTHiit moxinHol B HboMy V Gymemo maTn [4] B

CTLABHI cucTeMi KOOpAUHAT

VRS2 (1) = 9§ () f T ()92 (1) 4

J1J2--Jq J1j2---Jq J1j2---Jq
T (@)SG 0 () = T (@) S () — - = "
=) 1112...1
_ijq(x)sjljzmjzflﬁ(x)

(i1se - ripi G1ree g k=1,2,...,m)
Bignimatoun Big ocranaboro (4) 3 ypaxysanHam (2), orpumaemo

VS a i (2) = ViS5 () = P (@) S350 (@) +

J1J2---Jq J132---Jq J192--0q
% 1192...0p—1Q¢ 3 11%2...%
+Pk’;($)5ﬁj§ jp ' (z) - ij1 (x)sﬁljj---j; (@) ...~ (9)

5] 1112...1
_ijq( )Sj1j2~~jz;71ﬁ(m)
(il,...,ip; jl,...jq; kIl,Q,...,Tl)

Ocranne crpaBejuse 11 Oy/b-9KOI'0 TEH30pa, a i TeH30pa gedopmartii

(6) npuiime BurIsy
ViPli(2) = ViPli(x) = Pl () P§(x) — Pg(x)PY(2) — Pg(x) Pl (). (10)
AJIBTEPHYIOYM OCTAHHE, OTPUMAEMO

VPl — VPl — VPl + VPl = — (P,mpa PgPL ) . (1)
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BakoH 3MiHM TEH30pa KPUBWHM, [0 BU3HAYIAETHCS, AK

R.};jk = ;T + FiakF?a - 8kr?j - F%ana (12)

npu BimobpaxkenHi pocropy A, Ha A, 3amuimeTscd B BUTISII

Rl = R.};jk + P}iljkv (13)
ae
P.}iljk = VkP]hi — VPl + ng%% - ngpkoé- (14)
A6o, 3 ypaxysanusam (12),
1 _ _
Pl = 5 (ViPli = VPl + ViPh = V,Pl) (15)

Tensop Piuvi R;; = R% o, 3MIHIOETHCH 38 3aKOHOM

R;j = Rij + P;j. (16)

e
1 _ _
Pij = 5(VQPJ%_VJP&_FVQP]%_VJ‘P&)‘ (17)

Teopema 1. Ilpu eidobpasicenni npocmopy adrinnoi 36 ’aznocmi A, Ha npocmip
agpinnol 36’aznocmi A, menszopu Pimana ma Piuvi npocmopie A, ma A,
6 cniavbHil cucmemi woopdunam 36’asani cniesionowennamu (15) ma (16)

610N0610H0.

fkimo B npocropi adinuoi 38’s3H0CTI Tenzop Piudui € cumerpuunum [5],
T06TO
R;; = Rj;, T0o Taki IpOCTOPH Ha3UBAIOTh €KBiaIHHIMHU IPOCTOPAMN.

2. CreriasibHi BijjoOparkeHHs aiHOP-HATNIBCUMETPUYHUX MPOCTOPIB.

Posrisimemo ncespopimanis mpocrip V;, 3 mMerpudsnM Tensopom g;i(x), ¥y
axomy icmye temsop F'(x) [8]. Bamma spyumocti BBememo BV, omepariio
CIPSAKEHHS:

e — R nle’ i.. — o 7
A = Ay FG B'=B*" F_. (18)

Tyt Ai B noBinabHi TeH30pn OyIb-TKOT BATEHTHOCTI.

dxmo y mpocropi V,, icaye Temsop FJ'(z), saxmit 3a10BiibHSE esKuM
yMOBaM, TOJi MPO TakKi MPOCTOPU KaKyTh, IO BOHMU HaJijaeHl adiHOPHOIO

CTPYKTYpOIO |7].
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Osnauenns 4. Ilpocrip V,, nazBemo adiHOp-HANIBCUMETPUIHNUM, HAKIINO B
HBOMY ICHY€ HaIiBCHMETpPHYHa adIHOpHA CTPYKTypa Fih(:v), TOb6TO adinop
Fl(z) sanosombase ymopam

Vi Fij = 0. (19)

Tyt iHmeKc OmyCcKaeThCs 33 AOMOMOTOI0 METPUIHOIO TEH30PA
(6%
Fij = giaF5. (20)

Posrngremo adinop-mamiscumerpuanuii mpoctip V,, 6€3 CKpyTy 3 MEeTpUIHIM

TerzopoM g;;(z), adiHOpHA CTPYKTYPa AKOTO J0IATKOBO 38 0BOJIbHAE
Fijy =0, (21)
h h
FoFi = =07, (22)

Jle KPYIJ Jy»KKH B iHJEKCax II03HA4aloTh ONEpalliio CHMETPYBaHH:, a 0, -

cuMBosim Kponekepa, gKi BU3HAYAIOTHCA HACTYITHUMU YMOBaMU

1, i=h
gh=y> "= (23)
0, i#h

3 (21) Bununsae
9*"VoFij = V"Fi; = 0. (24)

AdinopHi cTpYKTYpH, SIKi 33/T0BOJIBHSIOTH (22) HA3WBAIOTH Maiizke KOMILIEKCHUMHE
[8]. 3 ypaxyeamuswm (18) dopmyna (22) B Tepminax ormeparil COpszKeHHs
npuiimae Buj,
Pl =g, (25)

Ieit Bupa3 KoBapiaHTHO MPOIH(UPEHINIOEMO 3a HAIPIMKOM ¥ Ta Bpaxyemo

KOBapiaHTHY CTaJicTh cuMBOJIiB Kponekepa
h h
ViFi = VkF; (26)

Posrmstremo nesiki crierianbhi [9-11] Bimo6pazkenns mpocropy V,, Ha V,, Ta
iX BJTACTHBOCTI.

Hocaimzyroan npocropu, 1mo Haiieno abiHopHoo crpyKTypoto [12], 6araro
BioOpaykeHb Oy/10 BU3HAYMEHO HE3AIEIKHO 0araTbMa aBTOPAMHU MOYMHAIOTH 3
1954 poky. Jesaxi 3 mux, mampukam, W. A. Cxoyren [13] Ta K. SImo [14],

6a3yI0ThCS Ha TEOMETPUIHNX MTPUIYIITEHHX, a iH1, Taki ak [1. Jlibepmam Ta A.
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Jlixueposuu [15], BusHa4darorh BijobparkeHHs! HesiBHO, 6€3 BHUX (DOPMYJI ji/1st

TeH30pa JedopMariii, a TaKOXK ofnH 3 HuX, A. @penixep, HABOJAUTE BiTOOPAKEHHS

6e3 Oyab-sgKUX TOosCHeHb. 1. Yecyri poO3IJISHYB CIIBBIIHOIIEHHS MiXK ITUMU
Bi0OparkeHHIMY, BAKOPUCTOBYIOUN aJANTOBAHY CUCTEMY KOOpAuHAT. [IpomoBxKyodTn
ITOCJILIZKEHHS ITbOTO HATPSAMKY, PO3TVISHEMO Bimobparkerus mpocTopy V,,, mepepaxoByodn

TeH3opn a1eopMalil KOXKHOTO 3 BigoOparKeHb:

1
1

P.}ilj: §FhaviFjav (27)

2 1 — - —
Pij= =5 (ViF}j + V,;F + V" Fij). (28)

3 1 — — -
Pli= =3 (ViF} = VP + V" Fyy). (29)

L1, & 1 h nlon
P-ij: §(V Fij — iijZ — VZF] — iv ng) (30)
Sh 1 h h h

Pij= 5 (Vil'5 = V3Fi + V;F5). (31)

Koxmue 3 naBenenux Bimobparkenb Oy1eM0 HA3ZUBATH BITOBITHUM THIOM.
2.1. BigobOpa>keHHs1 TIEPIIIOTO TUIY.

3 ypaxysanusm (18) ta (21) BusHAUEHHS TEPIIOrO TUIY MPUAMAE BUJL
lh 1 h

Taxwum wwroM, cumBon Kpucrtodens npu 1mb0My BigoOparKeHHi 3MiHIOIOTHCS
3a GopMyJIOI0
_ 1 e
h h h
Iy =15+ §ViF,j. (33)

Ockinbku npoctip V,, 6e3 ckpyTy,

1 o 1 1 1 _
TOMY
V,Fl = ViFh. (35)

Bimomo, 1110 mceBA0piMAaHIB TPOCTIp, B AKOMY adiHOpHA CTPYKTYPa 38 10BOILHSIE

mi#i yMoBi, HazwBaeThest K — mpocropoM. [lomenrena
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Teopema 2. Hxuwo npu 6idobpascenti matioce KOMNAEKCHO20 NPOCTOPY Vi
3 AHMUCUMMEMPUNHOIO adinoproto cmpykmypoto Ha V,, mensop deopmanyii

36’a3nocmi nepwozo muny, modi V, - ue K— npocmip.
[lepenumiemo Bupas (32) 6epyuu g0 ysBaru (26)

1
1
P%:§VJ§ (36)

Haui, sropratoun 3 adinopom pisaicts (32) 3a ingekcom h ta pisHicTh (36) 3a

iHIEKCOM j OTPUMYEMO BJIACTHUBICTH /a0 TeH30pa gedopmarrii

1 1
kR _ ph
P-z'j—P.Z;, (37)

ab0, BpaxoByIOUN CUMETPUIHICTE 3a HIKHIMY 1HIEKCAMY TEH30PY AedopMariii,

1 1
h h
Pij:P{j7 (38)
TaKUM YUHOM,
1 1
h _ ph
45 gt (39)
3BiJICY BUILIUBAE
L1 1
Ph—ph_ph__ ph (40)
-1J 1] 1] J

Y (7) migcrasumo (36)

1 1
- 1
Vi P} =V Pli= §<ka.%viF.% ~ ViFVoFs — Vi FOViFR).  (41)
Bizomo, mo B K —mpocTopax BUKOHYETHCS
V,Ft = V;Fy, (42)

TOMY, BPAXOBYIOUHM 1[I0 BJAACTUBICTb Ta /101aTkoBo (26) nepenumenmo (41)

1 1
— 1
Vi Pl =V, Pli= i(w’;viﬁ;’f — ViF§VoFl — Vi FOVFL).  (43)

Posrngremo kopapianTay moxigny adinopa 3a HanpsaMkoM x/ 3a 3B a3HICTIO

IPOCTOPA Vn
V,Fl = 0;F} + F{Th; — FIT (44)

aij°
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Tyt Bpaxyemo (33) Ta (38)
,F v, (45)

Jlasi, 3H0By KOBapiauTHO TPOAMMEPEHIIIOEMO 11l BUPa3 338 HAIPIAMKOM zF 3a

3B’A3HICTIO TpOCTOpa V,, BpAaXOBYIOUN 3aKOH TIEPETBOPeHHs cuMBOJIB Kpucroders

Ta BJIACTHBOCTI adiHopa
ViVFl =V VFl o + (v FhNV PG — VeFIN o F — Ve FSVFRL). (46)
Pipricts (43) crpsixivo 3a iHgekcoMm k Ta Bigaimemo Big (46)
S o . ph W o ph g
ViViFi = Vi ViFyi = Vg P.ij —VE P.ij : (47)

AnbrepHytoun oTpuMaHy PiBHICTE 32 iHAEKcaMu j, k Ta BpaxoByroun adinop-

HAIIBCUMETPUYHICTH TPOCTOPY OyIeMO MaTu

1 1
Vi Pl =V sz— Vi Pl =V P,k, (48)

abo, Bukopucrosytoun (6)

1 1 1 1
V; Pl =V, Ply= Vi Pl =V Pl (49)

Lo piBHiCTL 3ropHeMo 3 adinopoM 3a iHgekcaMu j, k Ta OTPHUMAEMO

szk M-}ilkjv (50)
e
it v, Ph —Vs Ph (51)
“ijk
My, Ph v Ph 52
gk T k : ( )

Hani, kopucryoancs (15) 3ak0H 3MiHM TEH30pa KPUBUHUI TPY BiI0OpasKeHH]

BANIIEMO STK
R, Rh]k+ (ViV5F} =V, ViF) + (v FIV;F$ -V FIVFY), (53)
TOJI 3aKOH 3MiHU TeH3opa Piudi, Bimmosigao 10 (16), Oyme MaTu BUTIIsIT
(0% (0% 1 (0%
Rij= Rij+ = (v ViFS — V;VaFs) — ZV“F-?VBF'Z" (54)

Hosenena
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Teopema 3. Hrxwo mensop depopmanii npu eidobpascenns Vy, — Vi, mae

suzas0 (30) ma V,, nadiaeno anmucumempuunoro mMatisice KoMnaexcHoto adinop-

HANIBCUMEMPUHHONO CMPYKMYPOoto, modi maroms micue (53), (54)

2.2. BinobpakeHHs1 APyroro THUILY.

Hosememo

Teopema 4. Hxwo adinopra cmpyxmype GHMUCUMEMPULHG NPU OPY20MY
muni 61000pascerna, modi 6OHG TNAKONIC € KOSAPIAHITIHO CTNAAOI0, 0 610006DANCEHHA

- MPUBLAALHUM.

2

ph.= ph

ii= Pig = Pij =0, R%k = Rijk, Rij=Ry. (55)

Hosenenns. Ockisbku mpocTip 6€3 CKpyTy, OyIeMo MaTh
1 _ _ _ 2 2 1 _ _ _
—§<ij.’; + VP + V'Fj;) =Pl =Pl = —i(viF.Q% +V,;El + V" Ey;). (56)
Towmy micig cnpsikenHd 3a iIHAEKCOM h OTPUMYEMO
V"E; = VI'Fy, (57)
asie BpaxoByun (24)
V'E; = 0. (58)

Taxwum unHOM, JT0BEIEHa KOBAPIAHTHA CTATICTE adhiHOPY, TOMY BHKOHYIOTHCS

2
Pl=0, Rl =Ry, Ryj=Riy, (59)

i Take BimobOpazkeHHs TpuBiasbHe 10 i Tpeba Oymo moBectu [,
2.3. Binobpa>keHHs TPEeTHOTO THUITY.

BpaxoByto4au cumerpudHICTH TEH30PA P?j OyaemMo MaTu

1 h R, oh o 1 R 7, oh
_i(ij.Z‘ - ViF.j + \Y% F]z) :P-jz‘:Pz’j: —g(viF.j - VJFZ + \Y% F-ij)a (60)
MTOPIBHIOIOYM JIIBY Ta TPaBy YaCTUHKY, 3 YPaXyBaHHAM aHTUCHUMETPUIHOCTI

aiHOPHOT CTPYKTYPH BUILINBAE

ViFl - V;Fh 4 ViE; = 0. (61)
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[Tro piBHicTL mifCcTABUMO V BH3HAYUEHHA TeH30pa medopmarii
h

TOMY 1€ BiJIOOparkeHHd € TPUBIAIBHUM 1, K HAC/III0K, BUKOHYIOTHCS

3
P.}iLjE P?]k = Pij = O, R};]k = R.ijk:a Rij = RZ']'. (63)
JoBemena,

Teopema 5. Hdxwo aginopra cmpyxmypa aHMUCUMEMPUNHE NPU MPEMBOMY

muni sidobpasicenna, modi make 6ido6PAdCEHHA - MPUBIANDHE.

2.4. BinobpakeHHsI 4€TBEPTOro THILY.
[IpoasibTrepHyeMo BuU3HAUEHHS] TeH30Da Jedopmariii BiToOpazKeHHs IbOrO

TUTTY
h h h h
CIIPST2KIMO 38 1HJEKCOM 1%
h h h h
2V ng + iij.g — ivl—-F,j - V"F;; =0, (65)
Ta, Bpaxyemo (26)
h h h h
Haui, pisricTs (64) cnpszKiMo 3a iHIEKCOM j
h h h h
2V Fi3+§V3FZ-—§ViE3—V Fz =0, (67)
abo, 6epyun 70 yBaru (26)
" 1 - 1
h h h h
[opisuiooun (66) ta (68) orpumyemo
h h h h
VJFZ + sz] + V{FJ + ijz =0 (69)

ITro piBHicTE momHONXMMO HA Fjj mpocymyemo 3a immekcom h Ta 3pobumo

zaminy injekcis kK — h

Vi Fy + ViFy, — ViFyj — ViFy = 0 (70)
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3pobumo 3aminy iHIeKCiB h — 1§

ViFy + ViFy; — ViFi; — V5Fp =0 (71)
Ta mogamo 10 (70)

ViFy; — Vil + Vil — ViF; = 0. (72)
CupstkiMo 1130 PIBHICTB 33 1HJIEKCOM %

ViFy; + Vil — Vil — ViF, = 0. (73)

Bupas (69) 10MHOKMMO HA ghj NPOCYMYEMO 3a iHIeKCOM h Ta 3po0uMO 3aminy

inmekcis k — h
Ta moamo 1o (73)

VjFhi + V5Fy, — Vil — ViF, = 0. (75)
Hai, crrpsKiMo OTPUMaHy PiBHICTH 3a iHJIEKCOM 1%

VF,-+ V]*-FH — Vthj + ViFi; =0 (76)
Ta Bpaxyemo (26)

VjFy; — ViFy — Vil + ViFy; = 0. (77)
Bupas (75) sropuemo 3 adinopom 3a ingekcom h

ijEi - V;Fhl - VEFij + VhF‘gj == O (78)

Ta mogamo 1o (77)
V,Fyi + V;Fy, — 2V-Fy; = 0, (79)
abo, ckopucrasimch (26)
VjFy; = ViFhi, (80)

TOMY TeH30p JAechopmariii MOXKHA 3aUCATH SIK

4
11 1 h h

h v'F V. Fl —v.Fh

Pij= 5(5 ij 9 s = Vi), ey
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3HOB, BPaxyeMO CUMETPI TeH30pa JAedopmariii

L1, 1 h h 4h 4h L 1oy, 1 h h
§(§V F.ji - QviFd — Vi F3). :Pji:Pij: §(§V F-{j - §VjF~z' - viFj)v
(82)
TOOTO
h h
[Mepenmmremo neit Bupas Gepyun 10 yBaru (80)
h h
VFl = V;Fh, (s4)
abo, sropuysim 3 adiHOPOM 33 IHIEKCOM
VFl =V,F", (85)

Mo XapakTepHO g K —npocTopiB. TakuM d4mHOM, JTOBEJEHA

Teopema 6. Hxwo mensop depopmanii npu eidobpasicenni V, — V, wmae
suzas0 (30) ma Vi, nadiaeno anmucumempuunor matioce KoMnaexchoto adinoproro

cmpyxmyporo, modi Vy, - ue K—npocmip.

Bpaxyemo (85) y Busnadenni Tenzopa gedopmartii

4 _
Pjj= V"Fy, (86)

IPOTE 3 CUMETPUIHOCTI TEH30Pa, edopMaIlii Ta aHTUCUMETPUIHOCTI adiHOPHOT

CTPYKTYPH BUILINBAE
4

1, IK HACJLI0K,
4 —
Pl= Pl =P;=0, R =Rk Rij=Ri (88)
TOMY JOBEJIEHA

Hacaimok 2. fxuwo mewnszop dedopmauii npu sidobpascenns Vi, — Vi,
yemeepmozo muny ma Vy, Hadiieno armucuMempuiHoo Malisice KOMNAEKCHOM

aginoproro cmpyrmypoto, modi ue mpusiasvie 61006PAAHCEHA.
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2.3. BinobpakeHHs TI’sITOTO TUTTY.

BpaxoByoun cuMeTpHYHICTDL TeH30pY aedopmariil 6ymeMo MaTh

1 h h o phpoh L h h 7
§(VjF.g — V;F] + ViFj) :Pji:Pij: §(VzF3 — V;Fz + VjF.i), (89)
TOMY
ViF% 4+ VP + V) = ViFl) = 0. (90)

VY 1mpoMy BUpasi 3a TOTIOMOTOI0 METPUIHOTO TEH30Pa OMYCTUMO iHIeKC h

ViFyz: + ViFy; + ViFy — Vi =0 (91)
Ta 3ropHeMo 3 adiHopomM 3a iHgekcoMm h

Vibp; + VjFy + ViEy, = Vil =0, (92)
abo, BpaxoBytoun (26)

V5Ey, = Vily, = ViFp — ViFy = 0. (93)
[Teperuriemo 10 piBHicTh 3pobupIiny 3amMiny iHgekciB h <— 1

ViFy, — VpF, — VipFij — ViFy =0, (94)
nogamo 1i 10 (93)

Vil + ViFy; + ViFy + Vi Fiy = 0. (95)
Hauni, Bukonaemo 3aminy ingexcis h «— j B (93)

Vb5 — ViFs, — ViFj — Vi Fy = 0. (96)
Ta MEPEMuIeMo 11 3 YpaxyBaHHAM aHTUCUMETPUIHOCTI ahiHOPHOI CTPYKTYpH

ViF,; — ViF5 + ViFp + Vi Fi; = 0. (97)
Leit Bupas BigHiMemo Bix (95)

Vb = Vilhy; + Vil + ViFiz =0 (98)

Ta BpaxyeMo B HbOMY (26)
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abo, sropratoun 3 adinopom 3a irgexcamu h, 1
ViFyj =0, (100)

OTPUMYEMO, 110 aiHOPHA CTPYKTYPA IIPK TAKOMY Bimobpaskenti Hyae KoBapianTHO

CTaJI0M0, 1, K HACIIJ0K, Bimobparkenus Oyme TpuBiajibHUM, TOOTO

5

Ph.= ph

ij= Pijr = Pij =0, R.};jk = Rk, Rij = R;j. (101)

. Hosememna

Teopema 7. Hrwo mensop depopmanii npu eidobpascents Vy, — Vi, n’amozo
muny ma Vy, HGOAERO GHMUCUMEMPUYHONW0 MATINCE KOMNAEKCHON aPIHOPHON0

CPYKMYPoI0, modi ue MmpusiasvHe 61000pasiceHs.

BUCHOBKU

JocmimKeHo CeBIOPIMAaHOBL IIPOCTOPH, AKiI OCHAIIEHO aHTHUCHMETPHYIHOIO
MaiizKe KOMILJIEKCHOIO HAITI BCUMETPUIHO0 aiHOPHOIO CTPYyKTypoio. Buznadeno
XAPAKTEPUCTUKN JOBLIBHUX TEH30PHUX MOJIB V TaKUX MPOCTOPAX, 30KPEMa
aHa i3yeTbest abiHOp, 10 BU3HAYAE II0 CTPYKTYPY. Jajil okpeMo po3risHyTo
' aTh cuenudiYHuX TUMIB BlI0OParXKeHb MiXK TAKUMU IIPOCTOPAMHA, CePel STKUX
JIWTITE JIJIsT TIEPITIOr0 THITY TEH30D AeopMariii BUABIsS€THCA HeHYIb0BUM. JloBesero,
110 Tpo0obpa3 BiobparKeHHs mepinoro Tumy € K-npoctopoM. st 11b0TO Kaacy
Bio6pazkeHb M0OY/I0BAHO aHAJIOIIYHI /10 1Mepinol YacTUuHU poBOTH reoMeTpUIHi
00’eKkTH, 9Ki MOB’A3yI0OTH KOBAPIaHTHI TMOXiIHI PI3HUX TPOCTOPIB, TA OTPUMAHO
ixue momamus gepe3 adinop i #oro 3ropTku. BuKOprCTABIYT HAIIBCUMETPUIHICTD
CTPYKTYPHU, CKOHCTPYHOBAHO TOTUPUBATICHTHUN 00 €KT sIK Pe3yJIbTAT aJIbTePHYBAHHS
KOBapiaHTHOI MOX1AHOI Bl TeH30pa AedopMaliii, 1o 6yB 3ropHyTHii 3 adiHOPOM;
mpu BimoOparkenHi 1eit 06’eKT 3MIHIOE 3HAK, a #WOro JIBa OCTAHHI IHIEKCH
MIHHAIOTHCA MICI[SIMU.

PosrnsguyTo HeTpuBiaibHi BioOparXKeHHsT MiXK JBOMa mpocTopamMu ahinuol
3B’d3HO0CTI 6€3 cKpyTy. 3a J0MOMOrow0 TeH30pa JedopMaliii BUSBIEHO 3araJibHi
TeOMETPHUIHI XapPaKTEePUCTUKU TAKUX BimoOpakenb. Buzuadeno 06’exT, arumit
BioOparkae pPI3HUINO KOBapiaHTHUX MOXIAHUX JOBIIBHOTO TEH30PA BiIHOCHO
3B’g3HOCTEH y mpocTopi, gkmii € obpa3oM Ta itoro mpoobpaszoM; el 00’eKT

3aJIeXKUTh JIUINE Bij 3rOPTOK CaMOro TeH30pa i TeHsopa jgedopmariii. 3Bijgcu
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oTpuMaHO (POPMYJTY I/ PI3HUIN KOBAPIAHTHWX MTOXITHUX CAMOr0 TeH30pa aedopmarrii
BITHOCHO JIBOX 3B’d3HOCTEH, 10 BUPAYKAETbCS Uepe3 HOTo BJACHI 3TOPTKH.

Byso BBeienio B po3riist] YOTUPHBAJEHTHUI TEH30D, KU XapaKTePU3Y€e PI3HUAITIO
ter3opis Pimana BiamoBinnux mpocTopis, Ta ABOBAJIEHTHUN TEH30D, 10 OIUCYE
pizawmiio ixuix rer3opie Piuui. /g nux HOBUX reoMeTpuvdHmux 00 €KTIB OTPUMAHO
peJicTaBaeHHs Yepe3 audepeHiiiino-aaredpaiani KoMbiHaIil J0JaHKIB TeH30pa

nmedpopmartii.
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Soloviov A. A.
MAPPINGS OF PSEUDO-RIEMANNIAN SPACES WITH SEMI-SYMMETRIC AFFI-
NOR STRUCTURE

Summary

The work consists of two parts. In the first part, using the deformation
tensor of the connection, the general geometric properties of nontrivial
mappings between two affine connection spaces without torsion are
considered. A geometric object is constructed that represents the difference of
the covariant derivatives of an arbitrary tensor with respect to the connections
of the target space and its preimage. This object essentially depends only on
the contractions of the tensor itself and the deformation tensor. As a
consequence, a relation is obtained for the difference of the covariant
derivatives of the deformation tensor with respect to the two different
connections of the spaces involved in the mapping, which is expressed through
the contractions of the deformation tensor with itself. Continuing the idea of
studying the general properties of mappings, a four-valent tensor is introduced
that characterizes the difference between the Riemann tensors of the spaces
under consideration, as well as a two-valent tensor that characterizes the
difference between their Ricci tensors. Explicit expressions for these two
tensors are obtained in terms of differential-algebraic terms of the deformation
tensor.

In the second part, pseudo-Riemannian spaces endowed with an antisym-
metric almost complex semi-symmetric affinor structure are studied. The prop-
erties of arbitrary tensors in these spaces are investigated in general, and in
particular, the affinor that defines the structure. Further, five special map-
pings of such spaces are examined individually, and it is shown that only the
deformation tensor defining a mapping of the first type is nonzero. It is proven
that if the spaces under consideration admit mappings of the first type, then
they are K-spaces. For first-type mappings, geometric objects are constructed
that relate the covariant derivatives of the two spaces, similar to the first part
of the work; for these objects, explicit expressions are obtained in terms of the
affinor and its contractions. Taking into account the semi-symmetry of the
affinor structure, a four-valent geometric object is constructed as the alterna-
tion of the covariant derivative of the deformation tensor contracted with the

affinor. Under the mapping, this object becomes negative when the sequence
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of indices is permuted.

The research is carried out locally, using tensor methods without restric-
tions on the signature or definiteness of the metric tensor of the space under
consideration. A special operation (conjugation), introduced for spaces en-
dowed with an affinor structure, is widely applied, and its properties with
respect to the Riemann and Ricci tensors are studied.

Keywords: Riemannian space, pseudo-Riemannian space, Riemann tensor,
Ricci tensor, mapping of spaces, deformation tensor, affine connection spaces,
covariant derivative, affinor, affinor structure, semi-symmetric affinor struc-
ture, antisymmetric affinor structure, almost complex space, conjugation oper-

ation, K-space, geometric object.
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ACUMIITOTUYHI 30BPAXKEHHA P, (Y, Y], +00)-PO3B’A3KIB
JANO®EPEHIIAJIBHOTI'O PIBHAHHS APYI'OT'O ITIOPAOKY, SAKE
MICTUTDH JOBYTOK PI3ZHOI'O TUIIY HEJIIHINHOCTEM, ¥
AJAEAKOMY KPUTNUYHOMY BUITAJIKY

BcramoBiennst ymMOB icHyBaHHS Ta HOOYI0BA aCHMIOTOTHYHUX 300pakeHb PO3B’sI3KiB
mudepeHIiaJIbHIX PIBHSIHD 3 HEJIHIHOCTSIMM DI3HMX THINB y [paBiii 9acTuHi € OmHIEO 3
HAMBaYKJIMBININX 337a% AKICHOT Teopil audepenmiansbanx piBHsHL. [Toai6HI pIBHSAHHS MAOTHh
HPAKTUYHE 3HAYEHHs, 30KPeMa, y MOJEJ/IAX IOPIHHS Ui IPX AOC/II2KEHH] eJIeKTPOCTATHIHO-
ro moTeHriasy B chepudHuX ab0 IMIIHAPUIHUX 00’€Max IIa3MH HPOIYKTIB 3rOPAHHA. Y
HaHil poboTi pO3TISHYTO audepeHIia bl PIBHIHHS IPYroro MOPsIKY, y TpaBiit dacTumi
AKX MICTHTBCS TOOYTOK IIPABHJIHLHO 3MIHHOI HesiHiiHOI dyHKnii Bix HeBimomol dyHkml Ta
UIBUIKO 3MIHHOI HesiHiiHOI GyHKIHI Bix 1T MOXigHOI Npy NpsIMyBaHHI apryMEHTIB 10 HyJIS
abo 1o meckimuenuocti. OTpuMano HeoOXimHi i1 JOCTATHI yMOBM ICHYBAaHHS MOBLIBHO 3MiH-
unx P, (Yo, Y1, £00)-po3B’si3kiB TakuxX DIBHSIHB y JESIKOMY KPUTHYHOMY BUMAJKY, & TAKOXK
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BcecTyn

Posrnsggaerbest audepeniiiajibie piBHIHHS

y" = aop(t)eo(y)e1(y), (1)

y skomy ap € {—1;1}, dynkuii p : [a,w][—]0,+00[ (—00 < a < w < 400) Ta
@i : Ay, —]0,400[ (i € {0,1}) € nenepepsuuME y CBOIX 06/IaCTAX BU3HAYCHHS,
Y; € {0,400}, mpomizxok Ay, — abo [y?,Y;[, abo — Vi, 39| * (TobTO, mesKuit
oxHOGIuHMiA okin Toukn Y;, i € {0,1} )

Kpiwm roro, 6ymemo Beaxkarn, mo GyHkiisa ¢1: Ay; —]0, +00[ € npaBuiabHo
sMinnow (nue. |1, c. 17) nopsiky o1 npu npsiMyBaHHI aprymeHty jo Y7, a
by @o: Ay, —]0,+oo] aBiui HemepepeHO audepeHiioBHa Ha Ay, Ta

3a10BOJIbHAE YMOBH:

Jimoo(y) € {0, +o0}, po(y) #0mpny € Ay, lim (h(v)?
ye Ay, ve Ay, o\y
(2)

3 ymoB (2) BunsmmBae, mo (GyHKIisA ©o Ta 11 MOXigHa MePIIoro MmopsagKy €
IIBUJIKO 3MIHHUME TIPU MpsMyBaHHi aprymenty g0 Yy (mus. [9], C. 91-92).

Omxe, nudepenmianbae piBasaHs (1) MicTuTh y Tpasiit gacTuHi 106yTOK
OPaBUIBLHO Ta IIBUAKO 3MIHHWX HeJiHifiHOCTEN Bix Hewimomol dhyvKIl Ta il
TOXiTHOT BiATIOBITHO, IPU TPAMYBaHHI aPTyMEHTIB 10 Hy/id a0 HECKIHIEHHOCT.

IcroTHO HemiHiliai qudepeHtianbHi PiBHIAHHSI, IKi MICTITbH T0OYTOK IBOX
HeJsliHIAHOCTE! He Juime Bia HeBimomol (OyHKINI, a # Bim 1T MOXigHOI, 9aCTO
BUHWKAIOTH Ha TTPAKTUIN, HATPUKJIAJ, ¥ TEOPIl TTa3MU TPOAYKTIB 3rOpSHHS.

Taxk, Hanpukaad, i 9ac PO3IILLY eIeKTPOCTATHIHOTO TOTEHITATY B AT HAPAIHOMY
00’eMi TIIA3MU MPOAYKTIB B3rOpsHHS BUHUKAE nuEpeHIiaibHe pIBHSIHSIHHS
nociKyBasoro Ty, y skomy oo(y) = exp(oy), ¢1(y) = [y|*, o€ R, A€
R, 0 #0, ap € {—1,1}, p:fa,w] = ]0,4+00] (w0 < @, a < w < 400) —
merepepsuo mudepentitiopna dyukitisg. Bimnmosigxi pe3yabratu OTpUMaHO y
poborax B. M. €sryxosa Ta H. I'. JIpix (mus. [7])

OcobuBnii inTepec, dK y3arajabHEHHs [TOIePeIHIX KIaciB PiBHIHAD, CTAHOBJISTh
pIBHSIHHSA, Y TpaBiil 9acTnHi AKUX CTOITH 100yTOK hyHKIH ¢o(y) Ta ¢1(y), 1e
0o € MIBUIKO 3MIHHOIO 1pU y — Y), & ¢ — IIPaBUILHO 3MIHHOIO 11pu i — Y7.

Binmosinui pesynbraru 6y omy6JiKoBasi, HAIpuUKIam, y [2].

*TIpu Y; = +oo(Y; = —o00) BBakaemo, mo yy > 0 (y! < 0) Bizmosimmo.
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Y mamiit poboTi MU TPOMOBKYEMO JTOC/IIKEHHS POB’s3KIB PIBHAHL THITY
(1), y axux dbyHKIUS @g € MBUAKO 3MIHHO0 (DYHKINEK Bl TOXIIHOT HEBIIOMOT
dyHukIil, TOAl K (p; — NpaBUIBHO 3MiHHA (YHKIsS Bij camol HEBiJOMOI
dyHKILI.

st piBastab Tumy (1) po3ryisHeMO HACTYIHUN KIac POB’sI3KiB.

O3nauenns 1. Posp’szok y pisuanns (1), Busmauenuit wa [to,w[C [a,w],
nasuBaetbes B, (Y, Y1, Ag)-poss’askom (—oo < Ay < +00), SKIIO CIPABEITNBUMA
€ HACTYIHI TBEPIKEHHS
: . . (@)
W9l Ay, Ty ) = ¥ (= 0,1) 1#3% “ . (3)

Lleii k1ac po3s’st3kis OyB Bu3HaveHwii y pobori B. M. €sryxosa ta A. M. Camoiirenxka 8]
Jtsi auchepeHTiiaibHIX PiBHAHD 1n-10 mopsiky Tuiry EmMiena-@aysepa Ta KOHKpeTU30BaHU T
JJIA piBHHHHH APYroro mopdaaky. BaBﬂHKI/I ACUMIITOTUYHUM BJIACTUBOCTAM
dbyukuiit y knaci Py, (Yo, Y1, Ag)-p03B’43KiB, KOXKEH Takuil PO3B’sI30K HAJIEXKUTH
10 Of1Hiel 3 YOTUPHOX HEIePEeCiYHNX MHOMKUH BiAIMOBLIHO H0 3HAYEHHS Ag: Ag €
R\{O, 1}, )\0 = 0, )\0 = 1, )\0 = Fo00.

Y mauiit pobori Mu mociaiKyeMo piBHsiHHs (1) 1010 YMOB iCHYBaHHS
P,(Yp, Y1, +00)-posp’askis. lleit kaac poss’si3kiB [yia pisugnb Bugy (1) e
ONHUM 3 HaUCKIQIHIMNNAX JJ1sT BUBYEHHS, OCKLIBKYU MOXIJIHA JAPYTOTO TMOPSIIKY
SBHO HE BUPAYKAECTHCHA depe3 MOXITHY HEPITOro MOPAIKY.

Host pocaimzkysannx P, (Y, Y1, £00)-po3e’s3kis y pobori [8] 6ys10 BeranoBIeHO

HACTYIIHI allplOpHl aCMMIOTOTAYHI CHIBBIIHOIIIEHHS:

Ww(t)y/(t) _ 0 M =0 apu w
T = o], TS <o) wn i, (4)
e
t, AKIIO W = 400,
Tw(t) =

t—w, 49K w < 400.

3 ymoB (4) Butusage, mo P, (Y, Y1, £00)-po3s’s3Ku € IPaBUIBHO 3MIHHIMHE
dbyuxuisvu (mue. 1], ¢. 17) nopsiaky 1 npu t T w, a ix noxigHi 1epIoro
TOPAAKY € moBiabHO 3MinauMu dyakiigvu npu ¢t T w. eaki pesymbraTu s
P, (Y, Y1, N\o)—po3B’s13kiB piBusiaHs (1) y BUMAIKY A\g = 00 Oy oTpuMaHni B

pobotax [3] Ta [4].
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Meroro mamoi poboTr € BCTAHOBICHHS HEOOXITHUX 1 TOCTATHIX YMOB ICHYBaHHST
y piBusans (1) B, (Y, Y1, £00)-po3s’sa3KiB, a TAKOK 3HAXOIKEHHST ACHMITOTHIHIX
300pazkeHdb mpH ¢ T w Ui X PO3B’S3KiB Ta IX MOXIAHUX [EPIIOro MOPAKY ¥

JIeSIKOMY KPUTHIHOMY BHIAJKY,saKuil y poborax [3]| Ta [4] posrasinyTo He Byio.

OCHOBHI PE3VJIBTATHU

Hageiemo nacTyHi o3HaueHHS.

Osnauvenns 2. Hexait Y € {0,00}, Ay — gesxuii oxHoGiunmit okin Y.
Henepepero nudepenniiiopua dyukuist L : Ay —]0; +00[ Ha3uBaeThCst HOPMAJII30BAHOIO

noBLIBHO 3MiHHOW dyHKIiew mpu y — Y (y € Ay) (9], ¢.2-3), skio

o YEW)
vy L(y)

ye Ay

=0.

Osnavennss 3. [osopsiTh, mo HOBUIBLHO 3MiHHA mpu y — Y (y € Ay)
dbynkuis 0 : Ay —]0; +00[ 3a10BiabHSIE yMOBY S 1pU NPsAIMyBaHHI apryMeHTY
1o Y (mus., Hampukaag, y [8]), axmo mis 6yib-sKoT HOpMaIi30BaHO! MOBLIBHO
sMianol mpu y — Y (y € Ay) dymkuil L : Ay —]0;+o0] mae wmicie

CITIBBITHOITEHH A

0(yL(y)) = 0(y) (1 +0(1)) mpny—=Y (y€Ay).
Beegemo HacTymHI TO3HAYEHHA

17 SIKIIO AYO = [y87 }/O[a
po = signg(y),  vo =signyy, vi =

—1, skmo Ay, :}Yg,yg].

Brigno 3 osuauenns P, (Yy, Y1, £00)-po3s’sa3kis qudepeH ia bHOrO DiBHIHHS
(1) aucita vg, v1 Ta  OTHOZHATHO BU3HAYAIOTE 3HAKH Oyib-axoro P, (Yp, Y7, +00)-
PO3B’A3KYy, & TAKOXK MOro Mernoi Ta APyrol MOXigHWX y JesdAKOMY OKOJIi TOYKHU

w. 3ayBaXKWMO, 10 YMOBU
vo-v1 <0mpm Yo =0, wvg-v1 >0 npm Yy= oo,

Ta

v - < 0mpw limy'(t) =0, ag-v1 >0 mpu limy/(t) = +oo,
tTw tTw

€ HeoOXiTHUMU JJIs iICHYBaHHS TAKUX PO3B’A3KiB.
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Topi, 3Baxkatoun Ha (4), BUKOHYIOTHCS YMOBU
vp - V1T (t) > 0 npu t € [a,w],
a TaKOK,
Yo =0 npu w < 400,Yy) = +oo0 npu t € [a,w|,

sIKi € HeoOximHnM yMoBamu icuysanHus y piasast (1) P, (Yo, Y1, £00)-po3s’s3kiB.
Y poboti [4] Takox 10BEAEHO HACTYIHY TEOPEMY, KA TAKOXK BKa3ye Ha

HeoOxizui ymoBu icuysanus y pisusanusa (1) B, (Y, Y1, £00)-po3s’s3kis.

Teopema 1. Hexatli o1 # 1, ¢ynxuia o1(y)|y'|7" sadosoavrae ymosy S npu
vy —=Yr (¢ € Ay,). Todi, xoocen P, (Yy, Y1, +00) — pose’asox dudepenuyianvrozo

pisuanna (1) moorce 6ymu npedcmasaenutds y 6uzasdi

y(t) = m(t)L(t), (5)
de L : [to,w]— R — deiui nenepepsro dudeperyitiosna Gynrkyis mara, wo
Yorw()L(t) >0, L'(t)#0 npu te[t,w] (h<t <w),  (6)
. . . Ww(t)Ll(t)
lim L(t 0;+ | t)L(t) =Yy, lim—————==0. 7
im (1) € {000}, mm (L) = Yo, im0 (7)
Ipu yvomy, y 6unadry ICHYBGHHA CKIHYEHHOT 460 HECKIHUEHHOT 2PaHULL
. mw(t)L"(t)
lim —————= 8
to L) ®)
MAOMB MICUE HACTNYNHE CNIBBIOHOUWEHHA
()L (1)
ltlTIoIJlL'i(t) =-—1, aol'(t)>0 npu tet,w[to<ti<w), (9)
aoL/(t
plt) = o't ro(l)] npu 11w,

|70 (£) L(2) 7101 (70 (2)) - 0 (L(t) [1 + %D
(10)

O3nHauennss 4. Bymemo roBoputu, 10 BUKOHYETHCS ymMoBa N, gKIO s
nesikoi Henepepsro judepenniiosnol dyukuil L(t) : [to,w][— R(tg € [a,w]),
siKa 3a/10B0bHsIe yMoBH (5)-(7) Ta (9), Mae Mice 300parzkeHHs

aoL/(t
p(t) = Ly g ) (1)
T (LI 01 (1 (1)) - 0o (L(E) [1+ =0T
ne r(t) : [to,w[—] — 1; +00[ — HemepepBHa QYHKIIisI, KA TPSIMYE 0 HYyJIsl TIPU
t 1T w.
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Bsejiemo nacryini nosnadeHHs

H(t) =

O1(y) = 1 (ly[™", X () = L(t) - ex(t),

LA(B)¢o (X(1) G t) = (538;)2 7 (D(t):y(iggg) |

T (8L ()0 (X (t)) (29 ],x0 (28 |,—xq
()L (t)

mo (1)L (t) ex(t) =2+ L'(t)

t)=1
e1(t) + 0
st nux dynkuiii, y cuiy (2) ta (7) BUKOHYOTBCsS HACTYIIHI TBEDJZKEHHS:
(15)

1)
1tlTILIUl ei(t) = ltlTIS ea(t) =1
(16)

lim H(t) = &+ li t)=0
tlTIc{)l () o0, tlTIBql() )

2) SKIO iCHY€ MpaHUIIS
)

ION H'(t)
to L'(t) |H(t)|2

(17)

TOJI1
lim L) . Hl(t)3 =0
to L8 |H(1)|2

Hiitcno, B TBepKkenns (15) Genocepennbo BunmBatooTh 3 ymos (7) ta (9).

Teepakents (16) BUMIUBAIOTH 31 CIPABEJIHBOCTI TBEP/IXKEHb:
1

L) X(Deh (X))
HO =000 wX@)  a®’
<3p6(lf(t))>/

(X)X (1) _,  \eo(X(®)
(eh(x (1)) ph(X (1)
Ph(X (1))

Trepmxennst (17) m0BOAUTHCS AHAJIOTIYHO JIO BIAMOBIIHOTO TBEPIZKEHHS,
Hape/ieHoro y pobori €pryxosa B.M. ta Uepnikosoi A.T. [5].
Y nauiit pobori ma BinmMminy Bim [3| Ta [4] posrasHeMo BHIAIOK, KOJIH

BUKOHYEThCS YMOBa
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Lm0
tTw L(t)

Y npomy BUnaJKy, 3 ypaxysanasam (17)

[H(8)]2 = 0. (18)

7o (t) L (t)
L(t)
3 Buny ¢yukmiit H, g1, g2 BUMLIUBAE, IO

q(t)H(t)=—1+o(1) mpu t T w

li t)=—1
lim q2(t) )
3Binku, B cuty (9) Ta (10) dyukmis Zggi; € TPABUILHO 3MIHHOIO TMOPSIAKY — 1

mpny' =Yy (Y € Ay,)
Omxke, BUIIaI0K BUKOHAHHS yMOBHU (18) € y €AKOMY CEHCI KPUTHUIHUM.

Bynemo mazgaji BBaykaTu, 1110 iCHYE CKiHYeHHsT ab0 HECKIHUEHHA TDAHUIS

X(#)

A ) @O - a0 B = (9

lim (1 +aq(t) +
tTw
BayBazkMMO, 1110 3HAK 7] MOBUHEH CIIBIAIATH 31 3HAKOM v - U - U1 fio(t)

Teopema 2. Hexati 01 # 1, Ppynxyia 01 sadogosvnae ymosy S, suxoHyemoves
ymoea N ma (18). Todi dudpepenuiadrvne pisuanna (1) mae npunatimni ooun
P, (Y, Y1, £00)-po36’#30%, 0na ak020 Maroms micue HaCMynHi aCumMnmomuui

306pasrcenna npu t T w:

y(t) = mu(t) - L()(1 + o(1)), (20)
o eo(X(t)) oo
y(t) = X(t)+ X)) |H(t)]% - o(1). (21)

Biavw, mozo, axuo w < 400, Mo npu 6UKOHGHHE 00HIET 3 YMO8

abo 1 < v <0, aboy1 =0 ma ag - o > 0,

dupepenyianvre pisnanna (1) mac odnonapamempuuny P, (Yp, Yy, +00)-
P036°A3KiI6 3 acumnmomuunumy 3o6pascernamu (20)-(21), a axuwo w = o0,

Mo MOKUT PO36°A3KI6 ICHYE JBONAPAMEMPUBHA CIM A Y BUNAIKGT, KOAU

abo 1 < v <0, abovy1 =0 ma ag - po < 0,
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1 00HONAPAMEMPUNHG CiM A Y BUNAOKAT, KOAU

—0 <y < —=1abo0 <y <—+00

Hosenenns. [lo pisusannsg (1) 3acTocyeMo mepeTBOpeHHs

y(t) = mo(t) - L(t) - [1 + z1(8)], (22)

y() = X(5) + m a(t).

Y pe3ysibTari NepeTBOPEHH OTPUMYEMO CUCTEMY JuQEPEHIIAIBPHUX DIBHIHD

2 = ﬂw(t)) =21+ K(t)z2], (23)
i ()
2 =L -el) o )

A+ 2] =1+2-q(t)],

ne
_ wo(X(t)) B _ 01(Y1(t, 21))
0= Xoex@y N = om
o(X(1))

Yl(t,zl) :ﬂ'w(t)'L(t) . [1+Zl(t)], Yz(t,ZQ) :X(t)-i- 'Zg(t).

0 (X (1))

Ockinbru dynkuis Yi(t, z1) € npaBunbHO 3MIHHOK TTOpAAKy 1, dyrkiis 61

3aJI0BOJIBHSIE YMOBY S, TO

11
lim N(t,z1) = 1 piBHomipHO 38 21 € |——, —|. (24)
tTw 2°2

Y cuny ymosu N

aop(t)|me () L(1)|7* 01 (7 (1) )po(Ya(t, 22)) _ po(Ya(t, 22))
L'(t) po(X (1))

[1+7(t). (25)

Posknanarouu npasy vacruny (25) npu dikcosanomy t € [t1;w| 3a dopmysior

Maxksiopena 3 3ajuiikoMm y dopmi Jlarpanxka, Maemo,

wo(Ya(t, 21))

o)L Ol =L (O] (L4 2) + Rt 22),
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ze
oy (X0 + XD ) o x0)
R(t,z2) = [1+7(t)]- : ( %/(X(t)) ) : 25,
Po(X (1))
€] < [22]
Ockinbku,
1
Yt 2) =X |1+ 3ama ¢
©p (X (1))
T0 3 ymMoB (2) Ta (7) BHILIHBAE, ITIO
9062 X(t) + ‘P?(X(t)) £
T DR - T
o (X0 + 2505 -¢)
- lim dy (¢, 29)= 0 pi i L1
tlTIB 1(t, z2)= 0 piBHOMIpHO 3a 23 € [—2, 2] .

Ba memoro 1.2. 3 |5] Tak, sax po,ph € I'y; (Z1) 3 noparkosoro dyHKIIER

g= ‘p, , TO CIIPaBEJINBOIO € PIBHICTH

20 (X“) RS0

e

11
ltlTIS dy(t, z2)= 0 piBHOMIpHO 3a 29 € [—2, 2] .

Orxke, o 7715 6yab-gKoro € > 0 iCHYIOTH TaKi
t1 € to;w[ a0 < < %, o
R(t, ) < (1+€)|202 mpu L€ [ty |1 < 6. (26)

Bubupaemo soBlibHuM ynHOM unciao € > 0 ta posriasHemo cucremy (23) Ha

MHOKIHI

1
Q= [tl;w[xD, ,ZLeDZ{(Zl;ZQ) ERZ, ’21‘ <9, ‘ZQ’ < 5}
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Cucrema (23) na Q) mae Bug

7 = ;1((?) [A1121 + Ar2229], (27)

Zé = L’(t)eg(t) QDISE)X(EE ; . [AQl(t)Zl + AQQ(t)ZQ + Ry (t, 21, ZQ) + Rg(t, 21, 22)] ,

(28)
e

All(t) =—1, Ap = K(t), Agl(t) =01, Agg(t) =1+ ql(t),
Rl(t, Z1, 22) = <(1 + T;j(]\ft)(tv Zl) — 1) (1 + 0121 + 22)7
Ro(t, 21, 22) = L Telz)(tN)(t’ &2 (12122 + (14 22) (L +21)7 =1 —0121)) +
LRt ) L)L 2N )

eg(t)

BayBazkumo, 1o 3 ypaxysanasm (2) ta (15),

limA;; = -1, limA;o =0.
tTw ttw

o cucremu (27)-(28) 3acTocyemo nepeTBopeHHs

-8
Y pe3ysbTaTi OTPUMAEMO CUCTEMY
wi =h (t) . [cll(t)wl + Cu(t)tdz], (29)
wé = hy (t) . [Cgl(t)wl + C22(t)w2 =+ f(t,wl,CUg) + Rg(t,wl,Q)g)H R (30)
ne
hi (t) ei}((tt)),cn(t) = -1, 012<t) =1
_L'(t) - e2(t)
"0 =L
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1+q1+ 2
co1(t) =01, e2(t) = RN 710

K(t)
Rl(t,le,UJQ) — <(1 + T;Z)é:;(t’wl) _ 1) (1 + oqwy + %)’
Rt wn,we) = O F r;jg)(t’“” (alwllé"é) +(1+ %) (1 +w)? —1— 01w1)> +
wr (L £25)(1+ @) Nt wr)
R ) ea(?)
B cuny ymopu N, yMOB TeoepMHU Ta YMOBU MaEMO
hi(t) - ho(t) #0, t€ [ti;w], lim Pal) _ iy TeV) L) -ex(t) _ 0,

ttw hl (t) ttw 6% (t) . L(t)

t
/hQ(T)dT = +o00
t1

Kpim Toro,
lim coo(t) =
i 22(t) =™
Takox,
. : : 1
lim Rj(t;wi;we)= 0 pisHOMIpPHO 32 wi,we @ |z| < =, i=1,2.
t—+o00 2
Ra(t; w1;wo)

lim ——————==
t——4o00 |w1| + |(,u2|

IIpm 0 < 91 < 400 Ta 1 # —1 rpanndHa MaTpUIs KOepilmieHTIiB TP w

-1 1
o1 M

OckinbKu 1 # —1, BUBHAYHUK MATPHIT HE TOPBIHIOE HYJTIO, CyMa €JIeMEHTIR

Ta W9 MAE€ BUJT

TEPITIOTO PAJIKa JTopiBHIOE (), cyMa eJeMeHTiB JIpyroro paaka He jgopisHioe 0, B
CHjLy yMOB JIIl CUCTEMHM BUKOHaHI BCl ymoBu Teopemu 2.7 poboru [6].
Bimgmosinto 1o miei reopemu cucrema (29)-(30) mae npuHaiMHI OUH PO3B’SI30K

{wit? ;¢ [tx,+oo[— R? (tx > t1), axi npamyors jgo Hy1s npu ¢t T w. Lum
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PO3B’A3KaM BIJIIOBIIAIOTH PO3B’A3KN Y : [tx, +00[— R (tx > t1) piBusanus (1),
IO JIOMYCKATE 1pH t T w acumnrorndHi 300pakents (20)-(21).

IIpm w < 400 Ta aguovovr < 0,a TakoXK mpu w = +00 Ta aguovovr > 0
icuye opmonapamerpuuna cim’st takux B, (Yp, Y1, £00)-poss’askis, npn w =
+oo Ta aguovovr < 0 icaye asonapamerpuuna cim’'si takux B, (Y, Y1, £00)-
pose’si3kiB. B cuty Buay 306paxkens (20)-(21) suminsae, mo oTpuMaHi po3B’si3Ku

e P,(Yp, Y1, +00)-poss’s3kamu piBastaas (1). Teopema moBHiCTIO mOBEEHA.

BUCHOBKU

Y mawiit po6ori 0TpuMaHo gocTaTHI yMOBY icHyBanHsy pisaanas (1) P, (Yo, Y1, £00)-
PO3B’A3KIB y IeIKOMY KPUTHIHOMY BUIIIKY, BU3HAYUEHA, KITbKICTh TAKUX PO3B’A3KiB
B 3a/1€2KHOCTI Big ymoB Ha pisHHs (1), 8 TAKOXK, BCTAHOBJIEHO ACUMITOTHYHI
npu mpu 300paxkenns P, (Yp, Y1, +00)-po3B’sa3kiB Ta 1X TMOXIMHUX TEPIITOro
HOPsiJIKY. 3aCTOCOBaHA B poOOTI METOIUKA JIOCTIPKEHHS MOYKE OYTH BUKOPUCTAHA,
[T BCTAHOBJIEHHS ACUMITTOTHKY AU(PEPEHITIAIbHNX PIBHAHD TPETHOTO 1 BUIIIHAX
MOPSAKIB 3 7OOYTKOM MIPABUILHO TA IITBUIKO 3MIHHUX HEIiHIHICTEH BiT HEBITOMOT

dyHKIHI Ta 1T meprrol moxXigHol v IpaBiii YacTHHI.
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Chepok O. O.

ASYMPTOTIC REPRESENTATIONS OF P, (Yp, Y7, £00)-SOLUTIONS OF A SECOND-
ORDER DIFFERENTIAL EQUATION CONTAINING A PRODUCT OF DIFFERENT
TYPES OF NONLINEARITIES, IN SOME CRITICAL CASE

Summary

Establishing the existence conditions and constructing asymptotic
representations of solutions of differential equations with nonlinearities of
various types in the right-hand side is one of the most important tasks of the
qualitative theory of differential equations. Such equations have practical
significance, in particular, in combustion models or in the study of the
electrostatic potential in spherical or cylindrical plasma volumes of
combustion products. This paper considers second-order differential
equations, the right-hand side of which contains the product of a regularly
varying nonlinear function from an unknown function and a rapidly varying
nonlinear function from its derivative as the arguments approach zero or
infinity. Necessary and sufficient conditions for the existence of slowly varying
P, (Yp, Y1, +00)-solutions of such equations in some critical case are obtained,
and asymptotic representations of such solutions and their first derivatives are
also constructed. With additional restrictions on the coefficients of the
characteristic equation of the corresponding equivalent system of quasilinear
equations, the conditions for the existence of one-parameter and two-
parameter families of P, (Y, Y1, £oo)-solutions are established. It is worth
noting that previously similar results were obtained for equations in which, on
the contrary, the right-hand side is the product of a rapidly varying function
by an unknown function and a regularly varying function by its derivative. For
the equations considered in this paper, the obtained results are new.
Keywords: nonlinear second-order differential equations, asymptotic represen-
tations of solutions, P, (Yo, Y1, Ao)-solutions, rapidly varying functions, requ-

larly varying functions, slowly varying first-order derivatives.
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IHOIHITESNMAJIBHI ITEPETBOPEHHS ¥V PIMAHOBUX
ITPOCTOPAX APYI'OI'O HABJIN>KEHH 1

B po6oTi po3BrBaioTHCS HAOIUKEHI METOIN TOCJIIIXKEHHSI T€OMETPUIHNX BJIACTUBOCTEH
PIMaHOBUX HPOCTOPIB 3 BUKOopucTaHHAM pAiB Teitmopa. JoCmimKyOThCs HECKIHIEHHO MaJIi
KOH(MOPMHI PyXH Ta HETPUBIAIbHI KOHIMPKY/ISPHI II€PETBOPEHHH y PIMAHOBOMY MIPOCTOPIL
APYroro HAOJMKEHHS [UIsT PIMAHOBA IIPOCTOPA CHEIHAJIHHOI CTPYKTYPHU. Y SIBHOMY BUTIJISIIL
OTPMMAHO BEKTOp 3CyBy KoHbopmHOro Bektopa Kimminra. Orpumani ymMoBH HOCATH HEOO-
ximHmit 1 JOoCTaTHIN XapakTep, TOMY BOHHU MO3BOJISIOTh BUBYNUTH N€OMETPUYHI BJIACTHBOCTI
K CaMHX IIPOCTOPIB, Tak 1 ix Habumxkenns. /loBemeHo, M0 MPOCTIP APYroro HaOIMKEHHS,
BlaMiHHMIT Big IPOCTOPY CTAs0l KPUBHUHE, HE JIOIIyCKA€ HETPUBIAJIHHIUX KOHIUPKYJIAPHUAX I1€-
peTBopensb. g MOC/TiKEeHHST BUKOPUCTOBYIOTHCS CIEIia/IbHI CUCTEMU KOOPAWHAT /IS BU-
3HAYEeHHS HAOJMKEHHS IPYroro mopsaky. loC/imKeHHsS BeIyThbCs JIOKAJIHHO, TEH30PHIMU
MeToamMu 6e3 0O0MeKeHb Ha CUTHATYPY Ta 3HAKOBU3HAYEHHICTH METPUIHOTO TEH30Pa piMa-
HOBOTO IIPOCTODY.

MSC: 53B35.
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MIPpKYBAHHSIMH.

OcuoBHi reoMerpudti 06’ekTu JgudepeHiaabHOl TeOMeTpil BUHUKAKThL B

PE3YIbTATI PO3IVISTY PI3HUX N€OMETPUYHUX 00pa3iB B judepeHiiaibHMy OKOJi
epInoro, APYroro abo HLBIT BHCOKOTO TOPANKY, 1 TAKMM YHHOM HaOJIMKEHO,
3 JIESIKOI0, M0 He MiIaeThCs OlIbII-MEHI CYyBOpiit omiuii, Tounictio. OmHak
[IpY BUBYEHHI TeOMETPUYHUX OO’€KTIB 3a3HAUEHUN NPUHIINUI, SK TPABUIO, HE
BPaXOBYETbHC, IO € HEMPUPOIHUM 3 TEOPETUIHOI TOUKH 30Dy 1 MEPENTKOIKAE
BUKOPUCTAHHIO JIOCSTHEHD Cy4acHOl qudepeniiianbHoT reomerpii B jogarkax [4,
5].

Imest BUBUEHHA reOMETPHIHUX 00 €KTIB B OKOJII JOBLIBLHOI TOYKH 3 TOYHICTIO
TOT'O Y iHIITOTO HOPSIKY JOCUTD TACTO 3aCTOCOBYBAJIACS B TeOMETPII 1 IprUBOaMIIA
o 6imein TmbokoMmy BuBUeHHIO mxX 00’ekTiB. Tak, mampukmaz, B Teopil
KpuBUX y AudeperniasbHiil OKoJi 1-ro nopsifiKy BUHUKAE IHBAPIaHTHUI BEKTOD
noruunoi. Ile m03BoJisie BBECTH MOHSTTS JOBXKWUHU Jyrd KpuBoi i BubpaTu
ii B gkocti mapamerpa Kpuoi. ¥ mgudepeHriajbpHoil 0KOJi 2-T0 MOPSJIKY
OyayeThbCa BEKTOP TOJIOBHOI HOpMaJi 1 KpmBWHA KpuBoi. I, maperrri, mpu
posrisAl AudepPeHiajibHOT0 OKOIA 3-I'0 MOPIJIKY OTPUMYEMO CKPYT KPHUBOI.

Bukopucranus HabmkeHUX METOJIB y PIMaHOBIM reoMerpil MOB'd3aHO 3
dopwmyaoro Teittopa. Brepire 1110 hopmMysay a/1st METPUIHOTO TEH30PA CUMETPUIHOTO
piMaHOBa ITPOCTOPY, BIITHECEHOTO 0 HOPMAJIBLHOI CHCTEMH KOOPANHAT, 32CTOCYBaB
IT. A. Iupokos. Bigzuaunmo, 1o HAOGIMIKEHI METOIN 3aCTOCOBYIOTHCST B
PIBHUX PO3/l/IaX MaTeMaTUKU: B Teopil nudepeHIiajibHIX PiBHIHD, B KDAOBUX
3ajadax i PIBHAHHAX MATEeMATUIHO! (PI3UKH, B JAKUX 00/1aCTIX TEOPETUIHOI

disuku: npukaaaHOT acTpoHoMii i armocdeproi onruky [1, 6.
OCHOBHI PE3VJIBTATHU

1. PimaHoBi mpocTopu JApyroro HabJIU>KeHH4.
Posragremo pimanoBuit mpoctip V,,, BimHecenn#t 10 KOOpAWHAT

2 ..., 2"} 3 MerpmanrmM TerzopoM g;; (7). Badikcyemo B V,, Touxy Mo(zf)

{2! 2
i mobymyemMo HOBUIT TPOCTIP Vnz7 BU3HAYMB f0T0 METPUYHMIL TEH30D §;; HACTYITHIM

YMHOM

5 1
Gij(y) = 9ij + g@illlgjyllylzv (1.1)
0

ae gij = 9ij(Mo), Ritytoj = Rityiaj(Mo).
0
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Hani dopmynmu tumy (1.1) Gygemo 3anucysaru y BUrasgm
1
3

BBaxKarouu, 1mo ob’ektu mpocropy V, obuucieni y rouri My ko y V,

Gij(y) = gij + Riaﬁjyayﬁa

IepeiT 0 PiIMAHOBOI CUCTEMH KOODPANHAT 3 ITOYATKOM y TouI My i po3KaacTu
MeTpudHuit TeH30p gi;(x) y pan Teitnopa i okosi Touku My, To mobasmmo, 1o
IIPOCTIP f/nQ peaJiizye HabJIMKEHHST JAPYroro mopsaaky s Vy, 1 Tomy Binpazkae
HOro TeOMEeTPUTHI BIACTHBOCTI 3 JeKUM CTyIIeHeM TodHOCTI [3, 9].

IIpoctip ‘7,3 MU OyIeMO HA3UBATH IIPOCTOPOM JPYTroro HaOJUKEHHS J1Jis
pimanosoro V.

Bizraunvo jesii Biractusocti npocropy V.2 [13, 14].

Teopema 1. Hxwo npocmip V, niddacmubca i3oMempuuHomy nepemeoperio,

mo nabausicerna V,2 maxosic niddaemvea i30MEMPUMHOMY NePemeoperio.

Teopema 2. Cucmema xoopdunam {yl, y2, ... , Y™} y npocmopi ‘N/nQ € PIMAHOBOI0

3 nowamxom y mowuyi y* =0, (k=1,2,...,n)

Teopewma 3. Eaemenmu obeprenoi mampuui 0an ||gi; (y)|| npocmopy V2 masoma

su2AA0 -
g9 (y) =g + Y (~1)PtPr, (1.2)
p=1
Ode
th = %R?‘lzzkyllyb (1.3)

(2 _ i«
6 = 1,
4 ~1)i
(P =4V (p=1,2,3...) (1.4)
ITpuvomy padu (1.2) 36i2ar0mubes abCOAOMHO MaA PIBHOMIPHO WG MHOMHCUHT
h li,,l 3
Ry vy < 5
Bimowmo, 1110 gocaigzKeHHs aHATITHYHAX HECKIHYEHHO MAJIMX KOH(MOPMHIX
pyxiB y mpocTopi ‘N/T?
y" = y" + h(y)ot
3BOJIUTHLCA 0 IHTErpYBaHHA y3arajJbHeHUX piBHAnb Kinminra

~~.A_@~, aiéa% 70 0%ij _ i
Legi = 57905 + 5700 + €75 & = V()9 (1.5)
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Axmo 3amarn anagitnany GyHKi0 Y (y)
Gly) =D 0 (k= b,y ™), (1.6)
k=0

1e by, g, - JesaKi KOHCTaHTH, CHMETDHYHI 33 HIKHIMY ingexcamu 1 mykaru £(y)

TeX y BULVIsiL aHamiTuaHuX DyHKIiH |2, 7]
~ oo
h h h li...0
gh = Zak (ak = allmlky E k) (17)
k=0

a?l T HEBIJOMi KOHCTaHTH, CAMETPUYH] 38 HUXKHIMH 1HJIEKCAMU, TO aHaJi3
pisrsas Kirinra nae nacrynaunii pesynsrar: st Toro, mob psau (1.7) Buznagamm
KOMIIOHEHTHN BEKTOpPa 3CYBY aHaﬂiTI/IqHI/IX HeCKineHHO MaJInX KOHCbOpMHI/IX
PyXiB y HAOIMKEHHOMY TTPOCTOPI f/nz, HEOOXITHO 1 JOCTATHBO BUKOHAHHS HACTYITHIX

VMOB:

o CDPT o, L no 1 I, I
2%. - 2p_ 1 a toe + 2p 2pb_1y 22pb_2gl1l2y Yy +

-1
—1)P N 2p-2s—1
+4( ) Z b at&s)hgllbyllylz (p=2,3,...) (1.8)

(2p—1) ~ p—s 2252
1 1 [p+1
4 h iy ah
=Dy —5,0 ) 4+ — bt
“ ! (1.9)
(=1 (p—s)
2 mzp_gsﬂat&s)h ay"y? (p=3.4,..)
s=2
aij) = bgij (1.10)
4k 1 l
2%+ 1 (“-Oéitj)a + 3% ) +
—|—L b ;g yl_ b gi— by yl1l2 b ti—=0 k=19
k+1 2k(2 )1 oha1” T gy 1102 o b , 2,
(1.11)
2m+1 N 1 L
m+ 1 <2(71n‘(itj)a 3,80 Bapy )+
mt 1 ! l1l2 o
T omt3 (b(égi)rzly N L R Lt =0 (1.12)
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Baysaxkenns 1. Ockinbku wienu paais (1.7) Bupaxaorscs gepes a”, alh, b,ll)

o6’exti mpocropy V.2 B Toumi My, To 3 ormsyry Ha pismsmms (1.10), (1.11) i
(1.12) noxommmo BIIOMOrO PE3YJALTATY MPO T€, IO MAKCUMAILHUN TOPSIOK T
rpynu JIi aHa/iTHYHUX HECKIHYEHHO MaInX KOHPOPMHUX PyXiB y PIMAHOBOMY

npocTopi V.2 Apyroro HaGIIKeHHS 3a,J0BOJIBHAE HEPiBHOCTI

(n+1)(n+2)

<
"= 2

Mpu socipxenni indiniTesumanbHIX pyXiB y TpocTopi V,2 yMOBaM# TEH30PHOTO
xXapakTepy OVB BUMLIEH JeAKUii KJaC HAMNIBCUMETPUIHUX PIMAHOBUX TPOCTOPIB,

a came II,, - mpocTropu, TeH30p KPUBUHE SIKUX 330BOJIbHsE yMoBi [10, 11]:
2

o h o
R iR + BlignyaBinn + Bl ek

ij)ls = 0 (1.13)

3HaifgeMo y3araabHenuit BekTop Kimminra mig npoctopy I12. Bpaxopyioun
2

ymoBy (1.13), wrenn psiais (1.7) MaTuMyTh TaKuil BUTJISI:

1 1
ay = a®tg + o (ll)yh - Qbhgzéby“l?)

J— b b 162 b t 162 J— i! 3 .
a (2 1y 29 29[1123/ > 1(2 ])( ])2 3 aglllZy (p » s )

1 1,

h 1l

by — ~b gy, 1,y
a' = 3(3/ R0 Iy >

1
h ah 111 Il
a 7bt 24— (b —*b b2
5 121 gllzy 5 < Yy 23 glél2y >

1 1 1 p+1
h h h 111 aygh 11
= by — = b 2 ) 4 —. b “t 12 =3,4,...
2ﬁ+1 2p+1 (2py 22p—1 IutzY > 2p 2p+ 12p-3 aglél2y (p )

A rToumi, ysarajbaennii Bekrop KijuliHra MaTuMe TaKuii BATJISI

o0
~ 1 1
= Z a]]z; = ah + aﬁyll —|— |:Cbatg —|— 5 <?yh _ 2bh9l1l2ylll2>:| +
k=0 0

1 h 1 h l1ls 1 h 1 l1ls
+3 <IQ)y 211) ghlgy + 4 gy 212) glllgy +

1
—bo‘thgll Lyt 4 5 (by - *bhglllz lllQ) + 8 (gyh - zbhglélzyllb) -

1 1 1 4
babath l1l2 “p h 7bh 111o - 7bath l1lo o
~5.209 4 91112?/ + 2\ T 50 gz(l)le + 6 74 gzézzy +
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3Bomgun moAibHI OTpIMYyeMO:

o0 oo
i 1 1
& =al+aly +ath +> k+1k y" 55 glllg yhe
k=1 k=0

Lo, s~ CDP(2p—3) | p+1 ) 2
R + b :
61 ng <4(p “D(Ep-1) " 2p2p) ) | w2

Takum 4nHOM Ma€ Micre HacTynHe TBepKenHs [15, 16]:

Teopema 4. Y npocmopi dpy2020 HabOAUNCEHHA 1:[31 oas npocmopy 1, , ysazarvrerud
2 2

eexmop Kiarinea mae euznnd:

- 1
h_ b hol ath P Il
§'=a"+a yt +at, +E k‘+1k 5% 91112y12+

1 P(2p —3) p+1 L2
,ba ba 1
e Z ( Ap—-1)(2p—1) o (2p1)> op_gIk¥ Y

2. HeckiHueHHO MaJii KOHITUPKYJISPHI TePeTBOPEHHA B PIMAaHOBOMY
mpOCTOPi ApPyroro HabGJAM>KeHHd JJid V, CIeniajJbHOl CTPYKTYypu

Posrassn KOHIUPKYAIPHUX TEPETBOPEHb, OKPIM YHUCTOTO TEOMETPUIHOTO
IHTEepecy, TPeJICTABIAE 3AI[IKABIEHICTE 3 TOYKW 30PY 3araTbHOI TEOPil BiTHOCHOCTI,
TOMY IO T€OME3WYHI KOJa € TPACKTOPIil PIBHONPHUITIBUIIIIEHOTO PYXY B Teopil
Eitamrreitna. Kpim Toro icHye 38’930K MiXK MPOEKTUBHUMY 1 KOHITUPK YISIPHUME

pyxamu B V.

Oznavennss 1. ['eomesnunum kKosioMm B V), Ha3WMBaeTbCad KpUBA 3 MOCTIAHOIO

MEPITIOI0 1 HYJTHOBOIO JIDYTOI0 KPUBUHAMM.
PiBugnumg reome3maHOro K0J1a Ma€ BUTJIS

d3ul n d?u® d*uP duh
b e — =
ds3 P 452 ds? ds

Ozuauenns 2. Bekropue mose B X B piManoBoMy npocTopi V,, Ha3WBa€THCs
indiniTe3IMAJIBLHIM KOHIUPKY/ISPHUM TEPETBOPEHHSIM ab0 KOHIIUPKYIAPHIM

PYXOM, AKINO BUKOHYIOTBHCA YMOBH

Lxgi; = v9ij
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Vi = PGijs

1e Y;, ¢ - bynkiii Ha V,, (koma - 3HaK KOBapiaHTHOI MOXiAHOI BinHOCHO gi5, L x gij
- moxinma JIi) [8, 12].

Posrngremo Bunanok, koym npoctipom V,, ciayxutsh 11, T06T0 BUKOHYETHCS
2
YMOBa,
h o h o h o _
R)aius T Rs)aipn T Rnis)alinn =0 (2.1)
IIpocTip ﬁ% Ma€ Ty BJIACTUBICTD, IO KOMIOHEHTH 00’ €KTY 3B’ sI3HOCTI ff](y)
2

€ aiHiliHuMEN OgHOPinHUMEU PYHKIIAMI
~ 1
h __ h l
Bynemo BuBuaTn HECKIHUEHHO Ma/Ii KOHIUPKY/IAPHI TEPETBOPEHHS B TPOCTOPI
H2

n
2

Mage micie Take TBEPIKEHHS:

Teopewma 5. IIpocmip dpyz020 nabausrcerHs 1:[721 das npocmopis 1, we donyckae
2

HECKIHYEHHO MAAUT KOHUUPKYAADPDHUL NEPETNMBOPEHD.

Hosenenns. Posrranemo piBHAHAA
Aijth = 6(y)3i; (2.3)
[linpaxyemo siBy gacruny (2.3). Ockinbku

¢(y) =b+ blyl + bl1l2yl1yl2 + bl1lzl3yl1yl2yl3 +...,

TO
~ 0
A = 8;@ = b; + 2b, Y + by Y+ (p+ Dbay gty
O o,
Aijh = 55— vl (2.4)
- 1 1
h _ ~ha m\ _ h m
Fij =g <_3Ra(ij)my ) = —gR,(U)mZ/

~ o~ 1
Yol = —th y™ (ba + 2601,y + Bban iy YR + .+ (P + Dbarg, vy + )

(ij)m
1

=~ | baR ! + 2ba, S

=-3 (i )zQZ/llle + 3balll2R.ozz‘j)13yhy12yl3 +..

ij

+pbozl1...lp71 ROEZ])lpyll e ylp 4+ .. ]
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Toni (2.4) maTume BurssL:

Aijth = 2bij + 3bijy’ + 3 - dbijiy" Y2 + 4 (04 1) - (P4 2)bigy 1,y Y+
+% bO‘Réj)lyl + 2ballR~Cfij)lg?/l13/12 + 3bal1l2R.ozij)l3yllyl2yl3 +...
-I-Pball...lp,lR,o(‘ij)lpyll oy ]

[Mizpaxyemo mpaBy yacTuny piBHsgHHA (2.3).
d(y) = c+ ey’ + iy y? + sy YRy +

?(y)Gij(y) = (gij + ;Riaﬁjya?/ﬂ)

: (C + Clyl + Clllgyllyb + Cl1l2l3yllyl2yl3 + .. ) =
0

3

1 1
= cgij + gy + <Clllggij + CRihlgj) 4+ <61112139z‘j t3c Ri1213j> Yy 4
0 0

Omrxke, piBHstHHS (2.3) HAOyBaE BUTTIAILY:

1 (6%

2

yllyl2 +...+
0

1 a
+ |:4 : 5bijl1l213 -3 3balll2R'(ij)l3:|

Yy
0

3 Yyl = (2.5)

1 16
+ [(P +1) - (p+2)biji,..0, — P~ ball...lle.(ij)lp:|
0

1
(cgij)lo + (cgi)|o v’ + <011129m‘ + 3CRz'lllzj> y'y+
0
+(ec y 1 R - li,l2, 13 . 1 l R: )
111213913+3Cl1 ihleg || Y YYT .+ Cll...lp913+3cl1~-- p—24%il, 11,5
0 0

3 (2.5) BunIMBAE TOCTIIOBHICTE PIBHOCTEI!:

Qbij == Cgij (26)
1
(2 - 3biji — 3baR.OEij)l> Y = agiy (2.7)

1 1
{3 ~Abijiyi, — 2 3bahR%u‘)zQ} Yy = <Clllzgvzj + 3Rizlzgj> Yyt (28)

c
?Ril2l3j> ylyl2yls

(2.9)

1
{4 “bijlyiaty — 3 3bal1l2R.OEij)lS:| Yy’ = (Clll2l39ij +

yll...ylf’—}—...
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1
[(P +1) - (p+2)bijiy., — P ball...Lp_lR.OEij)lp] Yy =

3
1 I,
=\ cay.1,9i5 + gczl‘..lp,gRup,llpj yly’® (2.10)
3 (2.6) BumuBae:
c
bij = 2Yii (2.11)

Posrmstremo (2.7). IlpoasbrepHyBaBim #oro 3a j i i OTPUMYEMO:
1 167
-3 gbaRijl = a9ij — €9l
Pezynbrar npocumerpupyemo 3a ¢ i j
_baRf)Eij)l = QCng'j — Cigj51 — G441

baR{(;j = cigji + ¢jga — 2193 (2.12)

Cuissignomenns (2.7) ua nigcrasi (2.12) npuiivMae Bursiz

2 - 3byj; — % (cigji + ci9u — 2a19i5) = 19i
3BijKu oTpUMaEMO
2-3-3bjji = c+igji + ¢jga + agij (2.13)
Bropraroun (2.13) 3 y'y’ Gymemo marm:

1 Lol
g = ﬁcllglglgy LYty

Migcrasumo (2.13) 1 (2.7) i, npuBoasium moAi0HI, OTPUMAEMO:

1
= (ciga + cigu + agij) —

1 «
3 *baR(i]’)l = CGij

3
Cigil + CjGi + C1Gi5 — bangj)l = 31945
baR(O%j)z = ¢igil + ¢iga — 2019ij (2.14)

Taxmm dmHOM, aHA3 piBHAHHSA (2.7) mae:

1 Lo o I
g: ﬁcllglzlgy tyry?
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a BeKTOpHU b; MOBWHHI 33/ I0BOJILHATH PIBHSIHHAM
baR{;jy = cigi + ¢j9u — 20195 (2.15)

I piBasans (2.7) BUKOHYIOTHCS TOTOXKHO Ha migcrasi (2.15). Posrasmemo

piBusiHHs (2.8):

1 1
|:3 . 4bijl112 -2 gball R-OZij)lg:| yllyb — <Cl1129ij + 3Rilll+2j) yllyl2

1 1
|:3 . 4bijl1l2 - 3RCZU)l2:| yllyl2 = <cl1l2.g’ij + 3Ri11l2j> yllylz

3+ Abiji,y" Y = (1,96 + Ritiag) vy (2.16)

STOpHYBIIE OCTAHHIO PiBHICTS i3 y'y’ oTpuMaemo,

3- 4blllzlsl4ylly12y13yl4 = Clllzglzl:’,yllylzylgyl4
o ds, 13, 1 I ds, 13, 1 (2.17)
bl1lzl3l4y lyryBtyt = mcllbgbl:’)y tyrytyt

Haui, mo wepsi npomudepentioemo (2.17) cmodarky mo 8%“ a IOTIM II0
2, waewo:

l1,,l2

Abip 115y 2 = (City Giats + it Gits) ¥ Y2y

1
3-2
1
2-3

Ocranne nopisasiang 3 (2.16)

l1,,l2

3 - Abpy 11,y = (Cijgn1s + 2¢ity 9it, + 2¢j1, ity + CL1LYi5) Y'Y

1
2.3 (CijGts + 2CinGit, + 2¢i1, Gity + C1y1,9:7) Y'Y = (ciy129ij + Ritytng) vy

Posrisinemo piBHicTh TipuBeieHNX KoeilieHTIR:

(cijgniy + cui,9i + C (i) T Clg(igj)h) = 211,915 + Ri(111;

(lil2)j

W

CijGihly — DCL1,Gi5 T €y (195, + Cla(i9i) = R’

[IpoasibTepHyeEMO OCTAHHIO PiBHICTH 10 j i lo MaeMo:

CijGiils — CilaGjl; — 9CL1xY9i5 + 9Cjly Gils + Cly Gjls — CliGinj + Cjly Gils — CliinJijt+

+C1,951 = CijGily T ClajGity — CilyYily = 3Rilyiy;
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Rity1,5 = 2(¢ji, Gity — €tz 9ij) (2.18)

ITpocumerpupyemo (2.18) 3a i iy :

0 = ¢ji,9ito + CijG111, — ClinYij — Cila9jly
Bropremo octanme 3 g :

Lty + apg®P a1, — ey, — ey, =0

1
Clhly = Ecaﬁgaﬁglllz

Orxe, (2.18) HabyBae BUTIATY:

2
R, = ;Caﬂgaﬁ (951, ity — G11129i5) (2.19)

IlincraBumo (2.19) y piBusanus (2.1):

2
Ri,15)5 = Ecaﬁga'g (9jta Gita + GjtxGity — 29111, 9i5)

2
R.}Elllg)k = ﬁcaﬁga’g (gkh(ﬁ; + 9k125ﬁ — 29111252>
5 2
R.’"EZIZQ)QR.O@]-)ZS = <ncaﬁgaﬁ> (gallélhz + Gat,0f — 29111252) (91505 + 915508 — 29i507,) =

5 2
= (ncaﬁgaﬁ) (gjh 81 Gits + G150 Gits + Gits 01 Gty + Gita 01! Gty —

—29ij 91511 5?2) - 291112%3(@'5?) + 4911129@5?;)
Ilozraummo, vepes

2
H = fcaggaﬁ
n

Toni ymosu (2.1) npuitMarOTh BUTJISIII:

h 1Y h feY h o 2 h h
R0y a (i) T Blioi)a By T By llin, = H (gj(h ) Gits + G515 07, Gity

051 01 it + 951 1) ity + 9512 019ty + G 1oy Gits — 4945 (9111251'2 + G131,07, +

+gl3l15lf;> -2 (glll2gl3(l'5‘?) + glslzgll(iéjh) + glllgglz(i5?)> + 4gij (5la3gl112 + 5la3glllz+
+05,9u15 + 5;){91312)) =0

Ilincymyemo 3a inmexcamu h i l3 :

H? [0 (Gia 95ty + ity 9itn) — 29111,9i5] = 0



60

Ioxacvy C.M., Binozeposa M.O.

3ropuemo ocramue 3 gl
H*(n+2)(n—1)gj, =0

3Bigku Bumnsae, mo H2 = 0, a 3Ha4UTD caﬁgaﬁ =01 Rpijr = 0.

A 11e 0O3HAYAE, IO TTPOCTIP APYTroro HabIMKEHHS f[?l JIIS TIPOCTOPY HTQZ He
2 2

JIOTTyCKAa€ HeCKIHIeHHO MAaJX KOHIUPKYJIIPHUX MepeTBOpeHb. | TuM cammm,

TEOPEMY JIOBEIEHO.

10.
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Pokas S. M., Bilozerova M. O.
INFINITESIMAL TRANSFORMATIONS IN SECOND-ORDER
APPROXIMATION RIEMANNIAN SPACES

Summary

The work develops approximate methods for studying the geometric proper-
ties of Riemannian spaces using Taylor series expansions. Infinitesimal con-
formal motions and nontrivial concircular transformations are investigated in
the second-order approximation of a Riemannian space with special structure.
The displacement vector of the conformal Killing vector is obtained explic-
itly. The derived conditions are both necessary and sufficient, which makes it
possible to study the geometric properties of the spaces themselves as well as
their approximations. It is proven that a second-order approximation space,
different from a space of constant curvature, does not admit nontrivial con-
circular transformations. Special coordinate systems are employed to define
the second-order approximation. The study is carried out locally using tensor
methods without imposing restrictions on the signature or definiteness of the
Riemannian metric tensor.

Keywords: Riemannian space, Riemann tensor, Ricci tensor, second-order ap-

prozimation space, infinitesimal transformations, Lie derivative.
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ON ASYMPTOTIC REPRESENTATIONS OF ONE CLASS
SOLUTIONS OF SECOND-ORDER DIFFERENTIAL EQUATIONS

For the second-order differential equation of general form y” = f(t,y,y’), where f :
[a,w[xAy, x Ay, — R is continuous function, —c0 < a < w < 400, Ay, is a one-
neighborhood of Y;, ¥; € {0,+to00} (¢ € {0,1}) we study the question of the existence
of solutions, for which tl‘irgly(i)(t) =Y; (i € {0,1}). Among the set of such solutions we

separate a sufficiently wide class of so-called P, (Yo, Y1, Ao)-solutions. Such a solution was
previously introduced in the study of the two-term equation y" = aop(t)wo(y)¢1(y’), where
ap € {-1,1}, p: [a,w[—>]0, 4+00[ is continuous function, ¢; : Ay, —]0, +o0[ (¢ =0, 1) are
continuous regular varying as z — Y; (i = 0,1) functions of orders o; (¢ = 0,1), such that
0o + 01 # 1. In this paper a condition under which the right-hand side of the equation as
Ao € R\{0,1} and ¢ T w in some sense close to the multiplication cop(t)¢o(y) with rapidly
varying o function at y — Yo, is established. We have obtained necessary and also suffi-
cient conditions of existence of P, (Yo, Y1, Ao)-solutions, asymptotic representations of these
solutions and their first-order derivative and number of parametric family of these solutions.
An example is given.
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INTRODUCTION

Consider the differential equation

y' = fty,y), (1.1)

where f : [a,w[x Ay, x Ay; — R is continuous function, —oco < a < w < 400,
Ay, (i € {0,1}) is a one-side neighborhood of Y; and Y; (i € {0,1}) is either 0
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On asymptotic representations... 65

or +00. We assume that the numbers u; (i =0, 1) given by the formula

1 ifeigher Y, =400, or Y;=0
B and Ay, is right neighborhood of the point 0,
Hi = —1 ifeigher Y; = —oco, or Y;=0
and Ay, is left neighborhood of the point 0,

satisfy the relations

o1 >0 for Yg=4oco and popr <0 for Yp=0. (1.2)

Conditions (1.2) are necessary for the existence of solutions of Eq.(1.1) defined

in a left neighborhood of w and satisfying the conditions
yO(t) € Ay, for t€ [to,w] , limy() =Y, (=0,1).  (1.3)
w
One of the classes of Eq. (1.1) solutions with properties (1.3) that admits
some asymptotic representations is the class of P, (Yo, Y1, Ao)- solutions.
Definition 1.1. A solution y of Eq. (1.1) on interval [to,w[C [a,w][ is
called P, (Yy, Y1, \o)- solution, where —oo < \g < +o00, if, in addition to (1.3),

it satisfies the condition
(¢ 2

im O _
thw y(t)y" (¢)

Depending on Ag these solutions of Eq.(1.1) have different asymptotic prop-
erties (see [1]). For Ao € R\ {1} in [2] for f(t,y,5") = aop(t)|yl**|y/|"* sign,
where o € {—1,1},p : [a,w[—>]0, +00[ is a continuous function, og + o1 # 1,

such ratios
/ /!
OV do Lm0y 1
ttw Y t) Ao —1 ttw y’(t) Ao —1
where
t if w=+4o0,
Tw(t) = ]
t—w il w<4oo,

are established.
Definition 1.2. We say that a function f satisfies condition (F'N)y, for

Ao € R\ {0,1} if there exist a number oy € {—1,1}, a continuous function
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p: [a,w[—]0, +oo[ and twice continuously differentiable function pg : Ay, —
10, +o0[, satisfying the conditions

. . o(y)eo(y

Gh(y) #0.  lim go(y) = go € {0400}, lm LW _y g g
R v (9o(y)
yE€AY, YyeAY,

such that, for arbitrary continuously differentiable functions z; : [a,w[—

Ay, (i =0,1), satisfying the conditions

limz(t)=Y; (:=0,1),

tTw
o mu(t)z(t) Ao - me(t)2(t) 1
M=) -1 T T a1
one has representation
f(t,z0(t), z1(t)) = aop(t)po(z0(t))[1 +0(1)] as tTw (1.5)

Note that the choice of ag and the functions p and g in definition 1.2
depends on the choice of \g € R\ {0,1}. It is also obvious that the numbers
o, p1 determine the signs of any P, (Yy, Y1, Ag)-solution of Eq. (1.1) and its
derivative in a left neighborhood of w (respectively). Moreover, under condition
(F'N),, sign of second derivative of any P, (Y, Y1, Ao)-solution of Eq. (1.1) in
a left neighborhood of w coincides with the value op. Then taking into account
(1.2), we have

agp1 >0 for Y7 =4o0c and oapui <0 for Y =0. (1.6)

MAIN RESULTS
2. Auxiliary statements

We choose a number b € Ay, such that the inequality
| <1 for Yp=0, b>1(b<—1) for Yy=+oo (Y= —00)
is respected and put

Ay, (b) = [b,Yp] if Ay, is aleft neighborhood of Y,
Ay, (b) =]Yp,b] if Ay, is aright neighborhood of Yj.
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Definition 2.1. Let f : Ay, — R\ {0} be a twice continuously differ-
entiable function. We will say that f € T'(Yy, Zo) if it satisfies the following

conditions

) or 0, . ") f(y
f'ly) # 0, yhj{} fly) =2, Zy= oth I yhjg (]E’() )52) =1
yeA% ergther 00, yeAY% Yy

First of all, we note that, by virtue of definition 2.1, any function from
(Yo, Zy)- class is rapidly varying as y — Yp.
In [3] using the properties of functions from the class I' introduced and
studied in detail in the monograph Bingham N.H., Goldie C.M., Teugels J.L. [4]
(Chapter 3, item 3.10), the following auxiliary assertions about the properties

of functions from the class I'(Yp, Zy) were established.

Lemma 2.1. If f € I'(Yy, Zy) then there exists a continuous function
g : Ay, — R\ {0}, called complementary to f, such that

lim w =e" forany ue€R,
v=Y0 f()

yEAYO

moreover, the complementary function is uniquely determined up to functions

equivalent as y — Yy, for which, for example, one of the following functions

F1 du | dt f d
[ (jrwa) IEE
) f'ty) " (y)

as y — Yo,

<i—c

f(z)dx

where

b if  lim f(y) = Foo,
veAy)

Yo if  lim f(y) =0,

y—Yp
yGAYO

can be chosen.

Lemma 2.2.
1. If f € I'(Yo, Zo) with complementary function g then lim % =0.

y—Yp
yEAyO

2. If f e T' (Yo, Zo) with complementary function gthen for any continuous
function u : Ay, — Rthat satisfies the conditions

lim u(y) =u €R, lim f(y+u(y)g(y)] = Zo,

y—Yp y—Yp
yGAYO yEAYO
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there is a limit relation

lim =e

y=Yp f(y)

YE€AY,

Lemma 2.3. If f € I'(Yy, Zy) strictly monotone with complementary
function gthen its inverse function f=' : Ay — Ay, is slowly varying at

z — Zy and satisfies the limit relation

o 109 = 1)
h a0

2€EA 7

=In\ forany A>0,

moreover for any given A > 1 limit relation is satisfied uniformly in A €
1
[£:A].
Note also, it follows from the Representation Theorem for I" ([5],Chap-
ter 3, item 3.10, position d) that for a function f € I'(Yp, Zp) there exists a
continuously differentiable function f; € I'(Y, Zp) such that

lim fy) _ and  lim yf1(y) C i
gejyg fi(y) ze?yg fi(y)

3. Main results

Now we introduce auxiliary functions and notation as follows:

/ ds wo(s)
B Ayt — R B) = [, B- .
900(5) ds __
B Yo if 20 = const,

a if [m,(r)p(r)dr = oo,

w if [ 7,(7)p(T)dr = const,

V(0 =0 (ool - 1160), () = D gt = TR,
(@b ) CVIED
kw—«w( EX Q,hw J L e,
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p2 =sign @o(y) for y € Ay,

Theorem 3.1. Let Ao € R\ {0,1} and let the function f satisfies condition
(F'N)x,- Then, for the existence of P,,(Yo, Y1, Ao)- solutions of the differential
equation (1.1), it is necessary that the conditions (1.2), (1.6) and

apporo > 0, popido(Ao—1)me(t) >0, apua(Xo—1)I(t) <0 for te€la,w|

(3.1)
Oéo(>\0 — 1) 1tleI(t) = Zo,
(D) I'(t) _ag(Ao — 1)7d (t)p(t)po (Y () Ao
lim ———~ =+ | = = .
e I(t) 0 e Y (%) o1 83
are hold.
Moreover, each solution of this kind admits the asymptotic representations
y'(t) / Ao(1+0(1))
————— = ag(Ao—1) 7, (t)p(t)[14+0(1)], Yit)) = -5 t1Tw.
s = el Dma(p(+o(1)]. h(u(1) =~ el o

Remark. Asymptotic representations of P, (Yo, Y1, Ag)- solutions of Eq.
(1.1) can be written explicitly

y(t) =Y () <1+Z[(<1t))>, y'(t) = /\O)\Eli((tt))(l—i-o(l)) as ttw. (3.5)

Proof of Theorem 3.1. Let \g € R\ {0,1} and y : [to,w[— Ay, be
an arbitrary P, (Yp, Y1, Ao)— solution of Eq. (1.1). Then there is a number
t1 € [to,w[ such that y®)(t) # 0 (k = 0,1,2), signy® (t) = p (k = 0,1) for
t € [t1,w[. Moreover, from the equality

(40 =y v
y'(t) (/' (1)

and conditions (1.3), the definition of the P, (Y, Y1, Ao)— solution immediately
implies that

(b)Y (t) Ao T (t)y" () 1
lim = ,  lim = . 3.6
ttw y(t) A —1 ttw y’(t) A —1 ( )

From this, in particular, it follows that the second of the sign representations
(3.1) holds. The first of conditions (3.1) can be obtained from the definition
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of the P, (Yo, Y1, \o)— solution of Eq.(1.1). Due to (3.6) and the condition
(F'N)), which the function f satisfies from (1.1) we have

/(1) = oop(Deou(®)L + oL)] as ¢ 1w (3.7)
: YO L+ 0(1)] as ¢ (3.8)
o) aop 0 as w. )

Multiplying both parts of (3.8) by 7, (t), taking into account (3.6), we obtain
the first of relations (3.4), whose integration on the interval from ¢; to t leads
to the limiting equality

t t

t1 t1

or by virtue of the definition of the limits of integration A and B

D(y(t)) =ap(Ao— DIH)[1+0(1)] as t1Tw. (3.9)
It follows from condition (1.4) that the function ¢q together with its deriva-
/
tive of the first order are rapidly varying as y — Y,, because hl’r‘}/ ygpo((y)) =
ZEAYS Poly
/!
+oo, lim yga/o(y) = 400
v—Yo g(y)
yEAy,

coly) , e0()
wo(y) — woly)
addition, taking to account the L’Hopital rule in the form of Stolz, we can

Also from (1.4) as y — Y, the equivalence follows. In

assert that

1
i) 2
lim 7(19) ) N e C-11C)) (3.10)
v 3Yo vexye —aly) v wo(y)eo(y)
* eoy) * (o) ’
hence
1
D(y) ~———— as y—Y,  Oypyly) <0 for yeAy. (3.11)
eo(y)
Condition (3.11) implies as y — Y, fulfillment of the equivalences
/
/ ! / " —gpg(y)‘l’(y)
O(y) _ woly) _eoly) (W) _ ¢iy) 1 (312)
o(y)  D(y) vo(y)” (¥ (y)) ok

©o(y)
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Hence taking into account the lemma 2.14 (see [4], Chap. II, Sec. 2.3., P. 54) it
follows that the function® belongs to the class I'(Yp, Zp) with a complementary

function g, for which one can choose one of the equivalent functions

(y)  2(y) vy
"(y)  P'(y) @0 (y)

Further from (3.9) by virtue of (3.11) the third of the sign conditions (3.1)
follows. Next from (3.9), (3.11) we have
Y Oeoy(t) _ mu(t)p(t)

el 1w LWk

which, by virtue (3.6), implies the equality

y(t)(p{)(y(t)) - _)\0 —1 ﬂg(t)p(t) . N N
eo(y(t)) X I(t) [1+0(1)] t1w.

From here, with allowance, y@&((y)) = %00 the first of the limit relations (3.3)
follows. o

Note that the function ® retains its sign on Ay, tends either to 0 or to
+o00 as y — Yy, and increases on Ay, due to ®'(y) > 0. Therefore, it has an
inverse function ®~1 : Ay — Ay, , where, due to the second of conditions

(1.4) and the increase !

Zo= lim @(y) € {0,400}, (3.13)
ny2390
Ay = [20, Zo[ %f Ay, ?s a léft neig.hborhood of Yy, 20 = B(b).
120,20] if Ay, is aright neighborhood of Yy,
Now from (3.9) implies (3.2) and we find that
y(t) = 1 (ap(Mo — DIH)[1 +0(1)]) as 7T w. (3.14)

Note that the function ®~! belongs to the class I'(Yp, Zo) and complementary

to it can be chosen as g(y) = ?Ez; From the definition of Zy, uo, the
0

third of sign conditions (3.1) ®~! (ap(Xo — 1)I(t)) € Ay, as t € [to,w[ and
ltle &1 (ap(Ao — 1)I(t)) = Yy follow. Therefore, based on the lemma 2.3 we
have the limit equality
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8 (a0 — DI +o(D)]) ~ &~ (ap(o — DI(H) _
ttw _Po ((1)71 (a0(>\0 — 1)](t>))
w0 (@7 (ao(ho — 1)I(1)))
= PTG ) — 7 (2)
7 o (2) ’
e o (2)

which we can rewrite in the form
&~ (ap (Mo — DI(E)[1 4 o(1)]) =

d ! (ap(No — 1)I(t)))
1 (ao(ho — 1)1(t)) + L&

(oo = DI @ T (g0~ DI10)
Thus, the first of (3.5) is established. Note that this relation can also be

rewritten as

o(l) as t7Tw.

yt) =Y (@)1 +0o(1)] at t7Tw, (3.15)

since V(O (V2 ,
R A0 1040 BEA ),
tw o (Y(t)) w0 wo(y)

Yo

= Fo0. (3.16)

Invoking the first of the limiting equalities (3.6), from (3.15) we obtain the
second of the relations (3.5). Now we write (3.7) with using (3.5) in the form

') = caplthen (Y0 + N o) as t1w (347

Then, as a complementary to the function g € I'(Yy, Zy), we choose g(y) =

5983. Then, taking into account that ltle Y(t) =Y., Y(t) € Ay, at t € [to,w],
0 w

we obtain
R
e (Y (1) B R

which in turn leads to

oV (1)
# (Y(” T ¥ )

Therefore, relation (3.17) takes the form

o)) =0 (VO 1+ 1] a5 11

Y (t) = agp(t)po (Y (1)) [1 +0(1)] as t1w.

From the last representation, taking into account the second of the limit equal-

ities (3.6), we obtain he second of conditions (3.3).
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The theorem and remark are proved.
To prove sufficient conditions for the existence P, (Yp, Y1, A\g)—solutions to

Eq. (1.1) we need several auxiliary assertions.
Lemma 3.1. 1) If there is a (finite or equal +o00) limit

<906(y) )’ :
o (?5;) i = 319
®o(y)

then it is equal to 0;
2) if there are (finite or equal +00) limits

@6(1/))’

dl

= lim 9007(3/)

! iil@ woly) (3.19)
)

Yy
NN 290(2)
) (5) [y e
lim P/ wo for ~ =400, (3.20)
sead o woly) ’y%(y)‘
vo(y) vo(y)
then
<s@6(y)>'
i \Po(®) ‘wé(y)‘ 0 (3.21)
yye—g% <<p6(y))2 wo(y)
vo(y)
and
NN 2¢0(2)
y @O(y>>/ QOU(Z) dz
lim o)/ w =2 for = +oo. (3.22)
e #ly) 'Wé(y)‘
wo(y) vo(y)

Theorem 3.2. Let A\g € R\{0, 1} and let the function f satisfies condition
(FN)y, and conditions (3.1) - (5.8) are satisfied, as well as

_ q<t>) VIHD] = 0. (3.23)

lim Ao
tTw )\0 -1
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Then:

1) if appe = 1 and exists (finite or equal to +oo) limit (3.18), then dif-
ferential equation (1.1) has a one-parameter family of P,,(Yy, Y1, Ao)—solutions

with asymptotic representations

2) if appe = —1 and there are (finite or equal to +00) limits (3.19), (3.20),
then

1im< 20 —q(t)) |H (t)|h*(t) =0 (3.25)

tTw

and in each of the cases: |y| < 400, 7 # —1, 3Ag — 24+ 5X\gy # 0 or v = 00
the differential equation (1.1) has at least one P, (Yy, Y1, \o)— solution with

asymptotic representations

B o(1) o Ao Y(1) o(1)
“”‘”“@*h@ﬂ@)’y@‘AWme>G+mo|HmJ’
(3.26)
moreover, in the case |y| < +00 and Ao(7+1)(3Xo —2+5Ngy) < 0 there exists

a two-parameter family of solutions with the indicated asymptotics.

Proof of Theorem 3.2. Let Ao € R\ {0, 1}, the function f satisfies
condition (F'N)), and the conditions (3.1) - (3.3) hold, as well as (3.23). Let
us show that for Eq.1 (1.1) there is at least one P, (Yp, Y1, Ag)— solution in

each of the cases: ague = —1, ague = 1.

Let’s make a transformation

““:““Q+ﬁ@>’y@:mfli%<“%|;m> (3.27)
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and obtain a system of differential equations of the form:

uo= 7T|ﬁ1(5§)| [(/\0)\81 —q(t)) |H (t)|sign H(t) + /|H(t)| sign H (t)k(t)v1+
;L |H (1)) f(t,Y(t,m),Y[l](t,vQ)) q(t) o (Y (t,11))
I () aop@po Vo)) Ao ?po(y(t)l) +1—q(t)+
_a(t) | H)kQ) vy
- (- ) ]

(3.28)

where Y(£,v,) = Y () <1 4 I;}(lt)> YWt ) = A(ﬁgli((tt)) <1 4 Ig(t)!> .
Consider system (3.28) on the set Dy = [to, w[x Vo, where Vo = {(v1,v2) : |v;] <
i = 1,2}, and the number ¢ (taking into account (3.1), (3.2)) is chosen in such
a way that Y'(¢,v1) e Ay, (b) for t € [to,w[ and |v1]| < 5 YIU(2,02) € Ay, at
t € [to,w[ and |va| < &5 ap(Xo — 1)I(t) € Ay, at t € [to,w].
By virtue of the limit equality (1.4), we have

1
29

ltle H(t) = f+o0. (3.29)

Moreover, the second of conditions (3.3) implies

: Ao
1 t) = . .
lim q(t) o1 (3.30)
A consequence of condition (3.23) is the limit equaty
I H(t)] = 1i 0 _ H(t)| = 0.
i (0) T = tim (32 = a(0)) VA =0
Then, taking into account (1.4), (3.29), (3.30)
/ !
lim mo(t) (Yt 1)), lim ¢(t) + lim mo(\H (v _
ttw Y (t,v1) thw thw H2(1) 1
H(t)
1, 90 (Y() po (Y(2)) v Ao
= lim¢(t) 1—< + > -1 T
tHw H(t) spl 1 1 Ao — 1
(0 (Y'(2)) 10

unformly in  |v1| < 1.

Also, in view of (1.4), (3.29), (3.23), we obtain
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/

) (Y[” (t, vz))

im t — lim —1—Y5m Ww(t)Hl(t) _ 1
ltTw y (t,v9) ltTw a(t) 22 ltTw H(t) \/|H(t)| Ao — 1T
im v a(t) sign =1
i <1+2v2> (i s HOVIHOID)) = 57
[H(t)|

unformly in  |vo| < 2.
Also, due to Definition 1.2

(.Y 0 0), Y01, 0))
lim =1 unformly in (v1,v2) € Vg,
o aop(t)eo (Y (t,v1)) yin (v, v2) € Vo

those we can write

f (t,Y(t,vl), vy, vg))
aop(t)wo (Y (t,v1))

where ltle Ri(t,v1,v2) =0 unformly in (v, v2) € Vb.
w

wo (Y(t,v1))

=1 —i—Rl(t, vy, 02), (3.31)

Next, consider the relationship

wo (Y (1))
By Lemma 2.2
wo(Y(t))v1
wo | Y(t) +
: Y(t,v1)) _ po(Y(1)) , o (Y(t,v1))
hm(po( L) — lim 4 = e¥, that’s why x5 =
tw o (Y1) eo (Y(1)) Y 00 (YD)
1+v + R(t, Ul),
where v ( )
Y(t,v .
R(t,v1) = PO L)) 1y Jlim R(t,v1) =0 unformly in |v;| < L.
( 1) ©0 (Y(t)) 1 o ( 1) Yy | 1| >3
Y(t))v
a (vo+ Zha)
Moreover, it is easy to see that R] (¢,v1) = 4 — 1.
7 (o) A1)
Here ¢}, € I'(Yo, Zp) with complementary function g(y) = Z?Eg; Hence,
0

by Lemma 2.2

ltiTrgRgl(t,vl) = e —1or R (t,v1) = v1 + r(t,v1), %iggr(t,vl) =0
unformly in
lv1| < 3. Hence, for any € > 0 there also exist ¢; € [to,w[ and § €]0, 5] such
that |R;, (t,v1)| <€ at t € [t1,w], v1 € [-0,0].
Therefore, the function R satisfies the Lipschitz condition in terms of the

variable v; with the Lipschitz constante, we have the estimate (taking into
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account R(t,0) = 0)
|R(t,v1)| <eln| at te[ti,w] and v €[-6,0].

Moreover, if we use the Maclaurin formula with a remainder term in the La-

grange form up to a term of the second order, we can write
1 po(Y () ( po(Y (1)) > 2
R(t,v1) = 5= Y (t) + SF=2£€ | vy, where |€] < |vq].
00 = 2152 VO T G oo e =
In view of (1.4)

Y) \\
N e0), (e (v + Ziviay 1
A0 Gvent) - () y o)
0 oo (v + 5
Po(Y (1))

where

ltiTm ri(t,v1) =0 unformly in  |v1| < 3. Further, taking into account that
w0, ¢, € T'(Yo, Zp) have the complementary function g(y) = i?gzg, based on

0

Lemma 2.2, we have

// (Y1) _ (o (Y(1))? : _
0 (Y(t) + Zgg(y(t))§> = f;’o(weé (14 ra(t,v1)), where ltlTrEm(t’vl) =

unformly in  |v1] < 1.
Therefore
1
R(t,vn) = 565 (1 +71(t,v1)) (1 + ra(t,v1)) vi. (3.32)

Hence, for any > 0 there also exist ¢, € [to,w[ and & €]0, 1] such that
IR(t,v1)| < (1+¢) v} as tet,w], v €[-60]. (3.33)

Having chosen an arbitrary ¢ system (3.28) we will further consider it on the
set Dy = [t1,w[x V1, where Vi = {(v1,v2) : |vi| <9, i=1,2}.

We now rewrite system (3.28) in the form

/ [H(t)]

ey [f1(t) + cr1(t)v1 + crz(t)vo],
v = W [f2(t) + ca1(t)v1 + eaa(t)va + Vi(t,v1,v2) 4 Va(t, v, v2)],

(3.34)
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where

A0 = (5227 — o) VIH@Tsign HE), - en() = /THE)] sign H@k(?),
t

ci2(t) = N)i\iogilﬁ(ﬂ’ fa(t) = %? +1—q(t), ecalt)= %0);
ng(t) = <1 — Q(2t) + H(t%k(t)> |}1[(t)| s Vl(t,vl,vg) = %?Rl(t,vl,vg)(l + Ul),

Vg(t, V1, ’02) = %(7)2 (1 + Rl(t,’l)l,’l)g)) 65 (1 + rl(t,vl)) (1 + Tz(t,’l)l)) U%.

Here, in view of (3.23), (3.29), (3.30), (3.18), the representation of the function

Ry, we have

. _ . o . _ . _ )\OIMQILLQ . o
lim f, (t) =0, lin fa(t) =0, lin cn(t) =0, lin ci2(t) = =1 lim e (t) =
= %o lmh(t) = 200, ImVi(ten,v:) =0 unformly in (v1,02) € Vi,

Va(t, v1,v2)

lim =0 wunformlyin ¢ € [t;,w].
|v1|+|v2|—=0 "U1’ + ’1)2‘ y [ 1, [

(3.35)
In this case, the limit matrix of coefficients for v, v9 has the form
0 Aofofi
A — 1
1 0 ’
A — 1
whose characteristic equation
2 _ M - (3.36)
(Ao — 1)?

Note that sign(uopzro) = appz € {—1,1}. If we assume that apue = 1
and (3.18) exists then Eq. (3.36) has two different roots of different signs and,
therefore, according to Theorem 2.2 in [4], system (3.34) has a one-parameter
family of solutions (vi,vs) : [t2,w[— R? (ta € [t1,w[) vanishing at ¢t 1 w. By
virtue of the transformation (3.27), each such system solution y : [t2,w[— R
corresponds to a solution y : [ta,w[— R of Eq. (1.1) that admits the asymptotic
representations (3.24) for ¢ T w.

Now consider the situation when agus = —1. In this case, the characteristic
equation (3.36) has two complex conjugate roots. In order to be able to use

the theorem (2.2) of [4], we apply two transformations to the system (3.34) in
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succession. Let’s set the first one like this:

vi(t) = wi(r), v2(t) = wa(r) + Swi(r), 7(t) = Bh(t),

Lo N (3.37)

if w=+4o00
— si w t = !
B = sign(ma(t)) { -1 if w<4o0o,
where the constant C' will be chosen later. Note that

T(t1) =0, 7(t)>0 at t€lt1,w] ltleT(t) = 400
Transformation (3.37) will bring system (3.34) to the form
A
wh =) muun - 3Pl
why = B[ga(r) + 3 + mar(T)wn + mas(rhws + Wa(rywi, we) + Wa(r,wn, ws)]
(3.39)
where
_ _ _ 1Ml ¢ _ _C
arl) = A0, i) = en® - 324G g60) = £0) - L),
Cp C2 |\

mar(r(0) = en(t) = 37 + 2yl - en(®) + 25 + st
mas(r(8)) = cas(t) + T(t%ﬁoll) Wi(r(t), wi, wn) = Vit wi,wa + Cun) (i = 1,2).
Here according to (3.29), (3.30), (3.35)

lim g;(1) =0, TEIEOO mu(1) =0 (i =1, 2),T£r+noom21(7') =0,

T—+00
TETOO Wl(T, wy, wz) =0 unformly in (wl, ’LUQ) S Vl, (340)
li Walr,w,w) _ unformly in 7 € [0, 400

im
fwi [ +wa| 0 [wi] 4 [we]
For further evaluations, we need to know the behavior of some expressions.

wo(y)

It is easy to see that for v = const, the function ‘M(y) is regularly varying

T 5 L order for y — Yo, because

. y( ’yﬁo((y;)D . y(;fé)m

(wé(zﬂ)' o)

~ i A2/ yeoly) _
y=Y / v=Y ©o(y) u=Y ©o(y)
yGAYO ‘4,00(1/)' yEAyO 2 0 yeAYO 2 0
yeo(y) yeo(y) yeo(y)
vy—1
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Further, based on the form of the functions H, ¢, h, (3.29), (3.30), (3.3), it is
easy to verify by L’Hospital’s rule that

\/' <P0 '
h(t) lim po(Y T N Rt
tTw Y(t Z ( ) t Y(t ( ) tTw q(t) AO '
Y (t1 O(Z) Y (t (Z)
(3.41)

Using the representation of a regularly varying function and the properties of

slowly varying functions, from the last limit equality at ¢ T w we have

Y (t)
o,

Now we can find

dZ )\0—1 2
X v+1

2¢0(2)

e H{). (3.42)

lim_(mas(r) 4+ ma(r)) = m Bh(7(0)(eza(t) + enn(t)) = lim 6%

y <1 _ Q(TQ(t)) n 3k(T(t))2H(T(t))> _ BQo—=2+3X07)

Ao(y+1) 5.13)
3.43

It is also possible to choose a constant C'in such a way that 7(maa(7) —mi1(7))

as 7 — 400 tends to zero. Really,

lim_7(maa(r) = mus (7)) = lim Sh(r(1) <CQ2(t) —en(t) + m> _
m h(r(t)) <1 _ Q(T(t)) _ k@) H(r (ﬂ)) L 2lC _ B — Aoy = 2)
|H (7())] 2 2 Ao —1 Ao(y + 1)
NG

-1
Thus choosing at v # —1

B(Ao — 1)(Aoy +2 — o)

C = 3.44
2[Ao[Ao(y + 1) (3:44)
we get
Tll)l_‘l_looT(MQQ(T) - m11(7')) =0. (345)
Also taking into account (3.38), (3,23), (3.42), (3.45)
lim 7mai(7) = 0. (3.46)

T—+00
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If v = o0 then due to (3.22)

(
) 2pp(2) | dz
N0 <¢ f?féfff)w/ o2 | =
lim T(mQQ(T)+m11(T)) = — lim 7 L4 : = 30,
T—+00 2 T7—+o0 M Y(t @6(Y(t))
p(Y (1)) ‘gpo(Y(t)) ‘
(3.47)
im 7 (maa(7) —ma (7)) = i‘o)\o_'? -5
and the constant C' can be chosen as
~ Br—1)
C = 72‘)\0‘ , (3.48)

(3.46) is hold at v = +00. We now apply to system (3.39) the transformation

w: (7) cos(at) —sin(ar) 217(_7)
- (3.49)
sin(ar) cos(ar) oo (7
w2l Aol Aol 2§ )

V1ol

where a = -1 Let’s get the system

=

2y = 2[Fi(7) 4+ bi1(7)21 + bia(7)22 + Z11 (7, 21, 22) + Z12(7, 21, 22)]

z, = % [F2(T) + ba1(T) 21 + baa(7T) 22 + Zo1 (T, 21, 22) + Zaa(T, 21, 22)] ,
(3.50)
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where

Fi(1) = 7% (g1(7)cos(at) + |)\0|92(7')3in(a7')) ,

Fy(r) = B7* (~g1(r)sin(ar) + /olga(r)cos(ar) )

bii(t) =1+ % (m11(7) + maa(7) + (m11(7) — maa(7))cos(2ar)+
|)\0|m21(7')sin(2047')> ,

bi2(7) = 7 ((maa(7) — mar(7))sin

bo1 (1) = E7 ((maz(7) — myi(1))sin

baa () = 1+ &7 (ma1(7) + maa(7) + (maa(1) — muy (1))cos(2ar)—
ofman (7 )sin(2a7))

Z1i(T, 21, 22) ﬂ\/WT sin(ar)

xWi(t, Zcos(ar) — Zsin(aT), stm(om') + ﬁcos(aﬂ) (1=1,2),

Z9i(T, 21, 22) = B+/|Mo|T2cos(aT)
xWi(T, Zcos(at) — Zsin(aT), \/m sin(at) + \/;\i‘ cos(at)) (i=1,2).
o| T o| T

(2a1) — 2+/|Ao|mai(T)sin?(aT) ) ,
(

2a1) — 2 |)\0|m21(7)6082(a7) )

Now, based on conditions (3.25), (3.43) - (3.48), we note that

lim Fi(r)=0(=1,2), lm bja(r) =0, lim by (1) =0,

T—+00 T—+00 T—+00
3X — 2+ 5A
g)\TW at v = const # —1,
lim b11(7’) = lim b22(7’) =
T—+00 T—400
% at v = Fo0.

In addition, according to (3.40), the boundedness of the functions sine, cosine

Zia (T, w1, wa)

lim =0 unformlyin 7 €]0,+0c0 i=1,2).
21| +lzal 0 |21] + |22] Y [ L« )

(3.51)
Moreover,

lim Zy;(7,21,22) =0 unformly in (z1,22) € Vi (i=1,2). (3.52)

T—+00

Then it follows from Theorem 2.2 in [4] that system (3.50) in each of the
cases |y| < 400, v # —1, 3\g — 2+ 5X\py # 0 or v = +oo has at least one
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solution (z1,22) : [T, +0o[— R? (7« € [0, +00]) tending to zero as 7 — +oo0.
Also the inequality Ao(y + 1)(3Xg — 2 + 5Agy) < 0 is satisfied, there exists
a two-parameter family of such solutions. According to the transformations
(3.27), (3.34), (3.37), (3.49) each of these solutions corresponds to a solution
of equation (1.1), for which the asymptotic representations (3.26) are valid for
t1T w.

The theorem is completely proven.

k
For instance, the differential equation y” = > a,op;i(t)pio(y), where there
i=1

A0

(2% |, () o~ . pilt)
, lim =0
R S

(j € {1,....,k},i #7), lim einly) _ 1(je{1,...k}), c = const, cug >0
v2Ye $jo(y)
0

satisfies the conditions of Theorem 1, Theorem 2 as Ao € R\ {0,1}. Here

Y(t) = c[m(t)\%7 H(t) = W'

2
is j € {1,...,k} such that p;(t) =

CONCLUSION

In this paper, for essentially nonlinear nonautonomous differential equa-
tions of the second order in a sense, closed to two-term equations with rapidly
varying nonlinearity with respect to the desired function, necessary and also
sufficient conditions of existence and asymptotic representations of P, (Yp, Y1, \g)—
solutions for A\g € R\ {0,1} at ¢ T w (w < 400) are established. In the future,

it will be of interest to obtain similar results in the cases A\yg = 1, A\g = 0.
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Kycix JI. I
TIPO ACUMOTOTHUYHI 30BPAXKEHHSI OJHOTO KJIACY PO3B’A3KIB IUPEPEHIIAJILHUX PIB-
HSHb JPYTOT'O MOPSAKY

Pesrome

Hns nudepenniaabHoro PiBHSAHHA APYTOro HMopsaaKy 3arambroro sumy y' = f(t,y,y'), me
f i la,w[XAy, X Ay, — R — nenepepsna byukuis, —00 < a < w < 400, Ay, — onHOCTO-
pomnsiit okin Y;, Y; € {0,200} (¢ € {0,1}) posrnsmyTo nuranas icCHyBaHHA PO3B A3KiB, 151
AKHX &1&1 yD(t) = Y; (i € {0,1}). Cepexn MHONKMHM TAKHX PO3B’S3KIB BIIOKPEMIIIOEMO JOCTA-
THBO mmpokwmii kiac T. 3. P, (Yo, Y1, Ao)-po3s’a3kis. Takoro Tumy po3s’s3km paxime Gyso
yBeJIeHO TP BUBYEHHI jgpodiennoro pisaamuas Yy’ = aop(t)eo(y)p1(y'), me ao € {—1,1},
p: [a,w[—]0, +oo[-Henepeprra byukuis, ¢; : Ay, —]0, +00[ (¢ = 0,1) — HenepepsHi npa-
BUIHHO 3MiHHI ipH z — Y; (¢ = 0, 1) dbyskmii mopsakis o; (¢ = 0,1), oo + o1 # 1. Y mamiit
pobOTi BCTAHOBJIEHO YMOBY, 33 sKiil IpaBa YaCTUHA PIBHAHHS B JETKOMY CEHCi € OIM3BKOI0
upu Ao € R\{0, 1} ta t T w mo mobyTky aop(t)po(y), ne byHKIig o € MBUAKO 3MIHHOIO TIPU
y — Y. Ilpu Bukonanni miel ymoBu 3HAMAEHO HEOOXiHI, a TAKOXK JOCTATHI YMOBH ICHYBaH-
ust P, (Yo, Y1, Ao)-po3B’sI3KiB, BCTAHOBJIEHO ACUMIITOTHYHI 300pasKeHHSI TAKUX PO3B’SI3KiB Ta
X MOXIJHUX IIEPIIOTO MOPSAKY, BKA3AHO KiIbKICTh IapaMETPUIHHUX CiMell TaKUX PO3B’A3KiB.
Haseneno mpukiragr.

Karomwosi caosa: deouwaenne dudepenyianvhe pienanna, Po,(Yo, Y1, No)-pose’asox, acumnmo-
MuYHE 300padicenni Po36°A3Ki6, WEUdK0 3MINHG PYHKYLA, 00H0-, J6ONAPAMEMPUYHA CIM A

P036°A3%Ki6 .
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1. INTRODUCTION

In the works [3; 4] we considered 2F"=planar mappings ([2|) which are
a natural generalization of geodesic mappings ([1]) of affine-connected and
Riemannian spaces, as well as holomorphically"=projective and F"=planar
(|7; 9]) mappings of manifolds endowed with a certain type affinor structure.

In [2] the concept of 2F"=planar mapping (2FPM) of affinely connected
spaces was introduced and it was shown that 2FPM between the spaces
(Vos 95, ), (Vn,yijf? ) with metric tensors g;;,7;; and affinor structures
Fih,F? , respectively, necessarily preserves the structure.

In other words, in the common with respect to the mapping coordinate

system (z°) we have

In [2], 2FPMs of pseudo-Riemannian spaces with a structure of the form
FIPgFf = ot

were also researched.

Continuing the study of 2F'PM in [3], we found out that a pseudo-Riemannian
space with an absolutely parallel f"=structure is a product of two spaces, one
of which is Kahler, and also that the class of pseudo-Riemannian spaces with
an absolutely parallel f"=structure is closed with respect to the considered
mappings. It was also shown that under the condition of covariant constancy
of the f"=structure, non-trivial 2F"=planar mappings can be of three types:
complete and canonical of type I, II.

In [3] it is proved that 2FPM, depending on the type, induces on the
product components, which represent the mapped spaces, a geodesic [1], holo-
morphic"=projective [9] or affine [1] mapping.

In [4] we constructed geometric objects invariant with respect to the consid-
ered mappings, identified classes of pseudo-Riemannian spaces with absolutely
parallel f"=structure that admit 2F'PM (of the main type and canonical) onto
a flat space, and obtained their metrics in a special coordinate system.

In [5] we considered the basic questions of the theory of 2FPM of the
main type. Theorems have been proved that give a regular method that al-

lows for any pseudo-Riemannian space with absolutely parallel f"=structure
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(Viy 9, FY) to either find all spaces (Vn,gij,ﬁh) onto which V,, admits a
2F"=planar mapping of the main type, or to prove that there are no such
spaces.

The study is carried out in tensor form, locally, in the class of real rather

smooth, and in the general case analytic functions.

MAIN RESULTS

2. 2FPMs OF PSEUDO-RIEMANNIAN SPACES WITH ABSOLUTELY
PARALLEL f"=STRUCTURE

1°. Consider the pseudo-Riemannian spaces (V},, g;5, th) and (V,, gij,F?),

in which affinor structures are given. In the common with respect to the map-
ping coordinate system (z') 2F"=planar mapping
2FPM =

_  —==h
(Vnagljvﬂh) — (Vnagzsz)?

is characterized by the fundamental equations [2]:

1 2
—=h
Iji(z) = F?J(ﬁ) + 1/)(1'5?) + <Z5(iF;3 + U(iijﬁ, (1)
Fl'(z) = F' (x), (2)

where
1

Fh—F}, Fb =L
F?j,f?j are the Christoffel symbols of V,,, V,, respectively; ¥;(x), ¢i(x), oi(z)
are certain covectors; brackets (i,j) denote the symmetrization with respect
to the corresponding indices; comma «,» is a sign of the covariant derivative
in respect to the connection of V.

2FPM is considered trivial when v; = ¢; = 0; = 0.

We will assume that the affinor F* defines a f-structure in (Vj,, gij, F")
[8],]6], i-e. the following conditions hold

FIFSF) + Fr =0, iha,B,...=12,...,n, (3)

Ry|FM| =2k (2k <n).
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If the affine structure is consistent with the metric V,, and V,, in the form

1 1 41
Fij+Fji =0, Fij+Fji=0, (4)
1 1 1 1

Fij = gia F}',  Fij =G;o I},

and is absolutely parallel in V,,, i.e.

then, as shown in [3], we have
1
Fj=0. (6)

7N

Here”,” and ”|” are the signs of the covariant derivative in V,, and Vn,respectively

In [3] we found out that under the conditions (3)-(6) between the vectors

Ui, i, 04 in the fundamental equations (1) there is a dependence

1 1 1
waFZ’a:Ov Ui:wi_qsaﬂaa ¢i:UaFia> (7)

and also that the condition o; = 0 implies ¢; = ¢; = 0, i.e. in this case
2FPM is trivial. Therefore, for nontrivial 2F-planar mappings (V,,, g, F*)
onto (Vn,ﬁij,F? ) with the fundamental equations (1) one of the following

options occurs:
I ¢¥i=0, ¢i#0, o0,#0;
IT ¢ #0, ¢ =0, o;#0;
I i #0, ¢ #0, o;#0.
We call the 2F-planar mapping canonical I(II) type and denote it by
2FPM(I), 2FPM(II) in cases L,IT and 2FPM of fundamental type in case IIL
Further in this article, we consider only 2FPM(II).
2°.  Let us define an operation of contraction with an affinor, which is

called conjugation with respect to the corresponding indices and is denoted as

follows

1 - 1
A = Ay FP, ALA R

7.

2 = 2
A = Ay FP, A= A F

g Y
I « 7
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3. LINEAR EQUATIONS OF THE THEORY OF 2FPM(II)

1°. The pseudo-Riemannian space V,, with an absolutely parallel f-

structure admits a non-trivial mapping

2FPM(II) — —h
—

(angij>F‘ih) (angijaFi)a

onto the space V,,, if and only if in the common with respect to the mapping
coordinate system (%) the fundamental equations of the considered mapping

have the form:

2

—=h
Ty (@) = () + 0} + oG Ffy, ®)
Fl'(w) = F; (@), 9)
where in accordance with (7)
1
Yo FY =0, o; =1 (10)

Relations (8) in (Vy, gij, F)') are the system of nonlinear differential equa-
tions in partial derivatives of the first order with respect to the components of
the tensor g,;(w) and the vector ;(x) # 0, under conditions (10).

The modern theory of differential equations does not provide regular meth-
ods for investigating the conditions for the existence and uniqueness of solutions
to this system.

Using methods developed in the theory of geodesic mappings of Riemannian
spaces [1; 9], we reduce the fundamental equations of 2FPM(II) (8) to a form
that allows for efficient investigation.

2°. From relations (8) and (10) it follows

(67

Dig(2) = T5,(2) + (n = 2k + 1)hi(),

Ry|Fl| =2k (2k < n),

therefore the vector v; is gradient, that is, there exists invariant ¢ (z) such

that
()

Vi = o (11)
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Next, since g, = 0 in V., equation (1) can be written in an equivalent

form ) )
Gijk = YTk + 20k Fij 96 F ), (12)
where
2 2
Fij = Gio I},
2 2
Fij = Fji . (13)

Let us consider a nondegenerate tensor
3 2
9ij = Gia <a5§‘ +cF; ) : (14)

where a, ¢ are some invariants.
After covariant differentiation (14) in V,, taking into account the conditions
(12) we obtain:

2
Gijk = 5k + o Fy +Tijk, (15)
where
2 2
Fij = gia F}',
2

Tije = Gij(ak + 2athy) + Fij (cp + 2atdy,).

We choose the invariants a and ¢ such that Tj;; = 0, i.e.

[\

ij(ax + 2aty) + Fij (¢ + 2ay) = 0. (16)

2
Contracting the obtained relations with F; ,ﬁ by the index j and comparing the

result with the original equality, we conclude that (16) are equivalent to a

system of first-order partial differential equations
a + 2ap, =0,

cr+ 2a), = 0.

This system is completely integrated and its general solution, taking into ac-
count (11), has the form

a=Cre %, c=Cy+ Cre” 2@,
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C1,Cy - arbitrary constants. We will be satisfied with any partial solution, for
which

Gij(w) # ag;;(w), det||gil| # 0,

therefore we choose C7 = Cy = 1 and thus,
~ —2¢ 20\ o
gij =€ gm<5§?‘+(1+e w)Ff‘). (17)
The matrix (g;;) is nondegenerate. It is easy to verify that the tensor
i =g (A e ) (18)
satisfies the condition
giagaj = 53"
Let us differentiate this identity covariantly in V,:
Gia k™ + Giad = 0.

From here we find

e N

and, according to (15),(16),

2
aijk = Ni (9% + Fiyr)s (19)
where
Q5 = 90‘59@@95]-, (20)
i = ~vag*Pgs;. (21)
In view of (10) we have
A; = 0. (22)
As easy to see, from (4), (20) it follows that the tensor a;; satisfies the
conditions
2 2
Qi Fja = aja Fia, det HGUH 7é 0. (23)

Let us contract (19) with g by indices 7, j. Then taking into account (22)

it turns out that the vector \; is gradient, since
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Ao k9" = (aapg®®) k = 2)p.

Therefore, if a pseudo-Riemannian space (V,, gij,FZ-h) with an absolutely
parallel f-structure admits a nontrivial 2FPM(II) onto the space (V, gy, FZL),
i.e., it satisfies (12), (3), (4), (5), then there must exist in it a nonsingular
symmetric tensor a;; that satisfies (19)(22),(23) for some nonzero vector A;.

The converse is also true. In fact, if a;; and \;, satisfy equations (19),(22),

(23), then for
Jij = 0’ 9aigs;,
aiqa® = 5!

take place (15) when Tjjx = 0 and ¥; = —A59°*Fai-
Let f‘?] be the Christoffel symbols of the second kind derived from the

tensor g;;. Given that

- Yl 0B~ ~
oare, = gaﬁaTaf — gaﬁ(gaﬁ,i + QgMFZ%),

taking into account (15), (7) we find

wi = F?oz - Piaa (24)

which indicates the gradient of the vector o;.
But then for the tensor

2
Gij = ¢ Y ia (5]04 +(1+€) Fﬁ)

from (17) and (15) the conditions (12) follow. Obviously, g;; is a metric
tensor of a pseudo-Riemannian space with a completely parallel f-structure
— _  =h
(Vnagz’j> Fj)-

Thus, the proved

Theorem 1. In order for a pseudo-Riemannian space with an absolutely paral-
lel f-structure (Vy, gij, th) to admit 2F PM(11)s, it is necessary and sufficient
that in this space there exists a non-singular, symmetric, doubly covariant ten-
sor a;j that satisfies the equations (19), (23) for some vector A\; # 0, related by
the conditions (22).
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Equations (19) represent a linear form of the fundamental equations of
the theory of canonical 2F-planar mappings of the second type of spaces with
f-structure.

2°. A useful corollary follows from the proved theorem. Before formulat-
ing it, let us recall that a Riemannian space (V},,g;;), in which there exists a

vector field & # 0, satisfying the equation

ij = PYij (25)

is called equidistant [1; 9]. Such vector fields are called concircular [1; 9]. An
equidistant space is considered to be of the fundamental type when p # 0 and

of the special type when (19).

Theorem 2. FEvery pseudo-Riemannian space with a absolytely parallel f-
structure (Vn,gij,FJ?) in which there exists a concircular vector field &, that
satisfies equation (25) when p # 0, admits a nontrivial 2F PM(11) provided
that {;, #0.

Indeed, let there exist a vector field &; in (Vn,gij,th) satisfying (25) and
& # 0. Then for the tensor

2
aij = C1gij + C2Fij + C3(& + &) (& + fj)

with such constants C, Co, C3 # 0, that a;; will be non-singular, we have:

2
aijr = N9k + Fjr),

where
X =C3(& +&).

By direct verification, we will see that for a;; and A\; # 0, the properties
(22) and (23) hold. Hence by Theorem 3.1 (Vn,gij,F;) admits 2FPM(II).
3°.  Let us generalize the concept of a concircular vector field. To do this,

we introduce into consideration vector fields that satisfy the conditions

9
Gij = P19ij + p2Fij- (26)

Let us call them quasiconcircular.

It takes place
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Theorem 3. Fvery pseudo-Riemannian space with o absolutely parallel f-
structure (Vn,gij,F;), in which there exists a quasi-concircular vector field (;,
that satisfies equation (26), admits a 2F PM(1l) under the conditions p1 #

p2, pr#0, p2#0, G#0.

Let in (Vn,gij,ﬂh) there is a vector field (;, which satisfies (26) and p; #

p2, pr#0, p2#0, G#0.
Then, by direct calculation, we can verify that the vector field

(p1 = p2)G — p2G;

is concircular and, therefore, in accordance with Corollary 3.2, our space admits
2FPM(II).

4. FUNDAMENTAL THEOREMS OF THE THEORY OF 2FPM(II) oF
PSEUDO-RIEMANNIAN SPACES WITH ABSOLUTELY PARALLEL f-
STRUCTURE

1°.  Let us be given a pseudo-Riemannian space with an absolutely paral-
lel f-structure (V,,, gij, F*), i.e. we know its metric tensor g;;(z) and the affinor
of the f-structure F*(x).The question is whether the space (V;,, g;;, F*) allows
the first type canonical 2F-planar mappings is reduced to the study of equa-
tions (19) with respect to the tensor a;; and the vector A; # 0 , which satisfies
the conditions (22), (23).

To do this, let us consider the integrability conditions of the equations (19).
Taking into account the Ricci identity, they have the form:

o (i Rk = Qig)ki)» (27)
where
2
Qijrt = Niy(gjk + Fik),

the square brackets denote the operation of alternation by the corresponding
indices.

Hence, using suitable algebraic transformations, we find

2
(n—2k)X\;; = V<gil + Fil) + <%,3R_°§ﬁ + alea> (28)
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where v = )\aﬁg“ﬁ — invariant.
In equations (28) new unknown invariant v has appeared, for which dif-
ferential conditions must also be found. To do this, we write the integrability

conditions of the last equation:

2
(n— 2k + 3)\aRjj1 = <1/,[k - AaR[O;;> (gm + Fm) -
(29)

—Qap (Rfjkf + 55}2%,5) ‘

Hence, by certain algebraic transformations, we find:

(n— 2k — D)y = 2(n — 2k + DARY + aagp (Rgf + Rff?k‘fé). (30)

Equations (19), (28) and (30) form a closed system of the first order partial
differential equations of Cauchy type with respect to the unknown functions
aij, Ai, v. Let us denote it by (A). In the theory of differential equations

regular methods have been developed for such systems. Thus, we proved

Theorem 4. In order for a pseudo-Riemannian space with an absolutely par-
allel f-structure (Vy,,gij(z), F'(z)) to admit a canonical 2F-planar mapping
of the second type, it is necessary and sufficient that the system of differential

equations (A) has a nontrivial solution

@) =ajlo), detlag(ell £0). A0 vla)
which satisfies the conditions (23).

2°.  From the theory of differential equations it is known that the system
(A) has at most one solution for each set of Cauchy initial values
aij(xo) = Qjj, )\Z’(ﬂfo) = )\l’, I/(l‘o) =V,
o © °©
therefore the number of arbitrary constants in the general solution of the equa-
tions (A) is limited. Note that this system is not always compatible and the

existence of non-trivial solutions depends on whether the set of integrability

conditions (A) and their differential extensions are compatible.
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The integrality conditions of (19) are obtained from (27) after replacing

the derivative of the vector A\; with the expressions (28) in the form:

aas Tl =0, (31)

where
af Bpa o sBpa 107
Ejkl = Qk(n - Qk) ((5] R.ikl + 5@ R.jkl> + T(ij)[kl}?

1a[3 2 2 2
Tiji = (R%_ﬁ - R;‘éf) <2k(67 + F)gji + (2k6] +n F)') Fyy, )

We obtain the integrability conditions of (28) from (29) after replacing the

derivatives of v in them with the expressions (30) in the form:

~ 2
aas Py + (n— 2k + 3)(n — 2k — )X Q5 (57 + Fﬁ) =0, (32)

where

2
Py = (R ol med ) (7 )
Qfﬁk = gaﬂngglk’

A 1

2 2
ik~ o or — 1 <(51}$ + F)Ry — (6] + Flh)Rik>> (33)

Q=R

1
n—2k—1#0,  k=cRg|lF||#1.

Note that the tensor (33) is invariant under canonical 2F'PM of the second
type. It was built by us in [4].

Similarly, the integrability conditions of equations (30) are as follows:

aapSp + ALy =0, (34)

where S,C:lﬁ and L7, are expressed in a certain way through the internal objects
of V.. We do not provide them due to their complexity.

Let us denote the integrability conditions of the system (A), which we
present in the form (31),(33),(34), by (B), and their differential extensions by
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(B1),(B2),(Bs),... As we can see, (B), (By), (B2), (Bs3), ... are a system of
linear homogeneous algebraic equations with respect to  a;;, A;, v  with
coefficients from V,,. Since the number of unknown functions is limited, there
will be a natural number s such that (B;s) and the following extensions will be
the consequences of (B), (B1), (B2), (B3), -..,(Bs—1)-

From the analytical theory of differential equations, for the system (A)
there is a nontrivial solution in the neighborhood of the point M, if and only
if the system of equations (B), (B1), (B2), (B3), ...,(Bs—1) have a nontrivial
solution at this point.

True

Theorem 5. In order for a pseudo-Riemannian space with an absolutely paral-
lel f-structure (Vn,gij(:c),Fih(x)) to admit a canonical 2F-planar mapping of
the second type, it is necessary and sufficient that the system of homogeneous
algebraic equations (B), (B1), (B2), (Bs), ...,(Bs—1) has in (Vu, g5, F') a

nontrivial solution
o) =ane). detllaal £0). N(o) £0. (o)
which satisfies the conditions (22),(23).

CONCLUSION

Theorems 4.1 and 4.2 can be considered as the fundamental theorems of the
theory of the first type canonical 2F-planar mappings of pseudo-Riemannian
spaces with absolutely parallel f-structure, since they give a regular method
that allows for any such space (V,,, gij, Fih) either to find all pseudo-Riemannian
spaces (Vn,gij,ﬁh) onto which V,, admits 2FPM(II)s, or to prove that there
are no such spaces. However, it should be recognized that for large n directly
solving of this problem may be technically quite difficult. Therefore, it is very
important to develop other approaches to studying the problem of the existence

of 2FPM(II) and their features.
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Casuenxo O. I'., Konosenro H. I
TIPO CHEMIATBHI 2F-TIJTAHAPHI BIJIOBPAYKEHHS ITCEB/JO-PIMAHOBUX MTPOCTOPIB
3 f-CTPYKTYPOIO

Pesrome

Posrismatorbes mesaki mmranis Teopil 2F -mutaHapHUX BifoOpakKeHb MHOIOBH/IIB, AKI1
HaiTeHl ahiHOPHOIO CTPYKTYPOIO meBHOrO Tuiry. Mu moBesn, mo 11i BigoOpakeHHsT MOXKYTh
GyTu Tppox BuAis: n0BHI (0OCHOBHOIrO Tuiy) i kanoniuni I, IT Tunis.

Paninmre Mm mok/1a1HO BMBYAJIM TIOBHI Ta KAHOHWYHI Iepmroro tuiy 2F-mmanapHi Bin-
obparkeHHs. Y Il CTATTI PO3TVIAIAIOTHCS OCHOBHI MUTAHHS JTsT KAHOHIYHUX 2 F -TiytlaHapHuUX
Bimobpaxens 11 Tumy.

Bymo noBeneno teopemu, sKi JAIOTh PEryASpHUl METO, MO AO3BOJISIE JIsi OYIb-sIKOTO
LICEBOPIMAHOBOIO [IPOCTOPY 3 abCOJIIOTHO LAPAJIEJIbHOK f-CTPYKTYPOIO (Vn7gij,Fih) abo
3HalTH BCl pocTopu (Vn,ﬁi]-,??), Ha aki V, pomyckae kamoniune 2F-manapue BimoGpa-
JK€HHH JPYyroro tuiy, abo H0BeCTH, II0 TAKUX IIPOCTOPIB HEMAE.

Mu, 30Kkpema, TOKa3aJu, IO MCeBIOPIMAHOBUI MIPOCTIp 3 abBCOIIOTHO MapasieIbHOI f-
CTPYKTYPOIO, B SIKOMY ICHY€ KOHIIMPKYJIspHe ab0 KBa3iKOHIMPKY/IsSpHE BEKTOPHE IOJe, J0-
MIyCKa€ HeTpHBiasibHe KaHOHIYHe 2F -mmanapHe BifoOpakeHHs APYroro THUILY.

Karowo86i caosa: npocmip aginnoi 36°a3nocmi, pimanosutd npocmip, menadop Pimana, mensop

Pivyi, f-cmpyxmypa.
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