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FO. O. I'purop’eB

OtechKuii HAIIOHAJIBHIIT MOPCHKHUI yHIBEpCHTET

METO/J HBIOTOHA TA MOTO BI3VAJII3AIIIS

AxTyanbHicTh poboTr. MaTeMaTnuHe MOLYIIOBAHHSA B PI3HUAX TajIy3sX HAYKU 1 TEXHIKU 9aCTO
IIPUBO/IATH JI0 HEJIIHIMHUX PiBHSIHb 00 CHCTEM TaKUX PiBHsAHL. /lajieKo He 3aBK /I I1i PiBHSTH-
HsI MOXKHA PO3B’s13aTH TOYHUMU MeTOJaMu. JacTillie JOBOIUTHCS 3aCTOCOBYBaTH HAOIMIKEH]
meroau. OgHUM 13 HANOLIBIN TOMYISIPHUX cepel HUX € MeTol HproroHa. Y cydacHuUX pobo-
Tax Meros HpoTOHA 9acTO CIIy>KUTH OCHOBOIO JjIsi PO3POOKH HOBUX HAOJIMKEHWX METOJIB,
AK1 IPUCKOPIOIOTH 3012KHICTD iTeparifHuX MmporeciB abo 3aCTOCOBYIOTHCS JJIsi PO3B’SI3aHHS
CHCTeM BEJIMKUX IOPSIKIB.

Mera poboru. BizyasizyBatu poboTy ajropuTmy pO3B’sI3aHHSI PDIBHSIHHS, & TAKOXK CHCTEMH
piBHsIHB 3a MeTOomOM HbroTOHA, m06 pesyabraTy 1miel poboTn MOXKHA OyJI0 BUKOPHUCTOBYBa-
TU TIPY CKJIAJIaHHI €IEKTPOHHUX MiAPYYHHUKIB 3 BUBYEHHS JAHOTO METOAY. IHIIOI0 MEeTOIo €
JIOCJTIJIZKEHHSI METO/Ly Y pa3i, KOJIM CUCTeMa Ma€ JEKiJIbKa PO3B’sI3KiB; BUBYUTH MOXKJIUBICTH
3aCTOCYBaHHS METO/Y /I PiBHSIHb 3 HECKIHYEHHOIO KiJIbKICTIO PO3B’sI3KiB.

MSC: 65H05, 65H10.

Karouo6i crosa: meainitine pieHAHHA, CUCTIEMA HEAMTHIUHUL DIBHAHL, NOTIOHG, MAMPUUA
Sxo06i, memod Hvromona.

DOI: 10.18524/2519-206X.2022.1-2(39-40).285581.

BcecTvn

Y paniit pobori posrisiaerbes Meros Heiorona [1] HabiauzkeHoro poss’s-

3aHHS PIBHSAHHS
f(x) =0. (1)
Skino piBHSHHS MICTUTH JIUIIE OJHY 3MiHHY &, TO HAOJUKEH] 3HAYCHHS X;

KOpeHs ¥ 009HuCII0I0Th 3a (POPMYJIOI0

mi:$i_1—m, 1= 1,2,.... (2)

Tyt x¢p — mogarkoBe 3HaYeHHS ITyKaHoro kopeusi. Meron HeioTona y3a-
raJIbHIOIOTH 1 JIJIsT piBHSIHB y GaraTopuMipHuX mpocropax: f : R™ — R™. Jlns
nporo y dopmymi (1) moximmy f (z;—1) saminooTs MaTpuneio Akobi, a mie-

HHS — OOEPHEHOI0 MaTpuIe. B npoMy Bumanxky dpopmylia HaOyBae BULISLY:
-1 .
Ti = Tj_1 — (f/ (331'—1)) fzic1), i=1,2,... (3)

Haditiwna 23.08.2022 © TI'purop’es 10. O., 2022
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Meton HrioToHa ©acTO BUKOPUCTOBYIOTH Y IPUKJIAIHUX 3a/1a9aX IIPU PO3-
B’si3aHH] HeJIHIHHUX PiBHAHB [2—6], a TakoxK 1eil MeToJ| 4acTO CIYKUTb OCHO-
BOIO JJIsT pPO3POOKN HOBUX HAOIMXKEHNX METOJIB, sIKi IPUCKOPIOIOTDH 30i:KHICTH
iTepariifiuux mporeciB abo 3aCTOCOBYIOThH JJIsi PO3B’SI3aHHSI CUCTEM BEJIUKUX I10-
pankiB. Tak, s po3B’s3aHHs CUCTEM N HEJIHINHUX PIBHAHBL 3 N HEBIIOMUMUI
JUIST BEJIMKUX 3HAYCHb 1 B POOOTI |7| 3ampomoHoBaHo HOBUI MeTOJ| PO3B’si-
3aHHS 3 BUKOPUCTAHHSM OJIOUHUX MaTpuilk JAkobi. Meron HrroTroma Mae KBa-
JpaTuYdHuil opsanok 30ikuocti. s migBuinents #0oro mopsiaky po3podsieHo
6ibine 200 pisHEX 6araTOKPOKOBUX iTepariiiHux MeTo/is [8]. 3Buuaitno Mmerosy
HperoTona 3acTocoByIOTH y BHIAJIKaX, KOJIU MaTpuid fKobi € KBaJIpaTHOIO,
a BU3HAYHMK Ii€l Marpuri BiaMiHHIi Big Hysns. Y poborax [9-11| merosn 6ys
y3arajabHeHUil Ha BUNAJIOK m # n. B pobori |9] Gysio 3ampornonoBano obuisi
YACTUHU MATPUYHOrO piBHsIHHS (1) IIOMHOXKHUTU Ha MATPUIIO, 10 CIPSKEHA
J10 sikobiana. TakuM YMHOM, 3HAXOMBCS ITICEBJIOPO3B’s130K piBHsHHS (1). YV
poGorax [10; 11] sikoBian npsMOKyTHOT hOPMU MOJABABCA Y BUIVIsII 10Oy TKY
TPHOX MATPHUIIb:

[ (@ic1) = Ric1J5Si—1,
ne R;_ 1 ta S;_1 — HeBHPOJ:KEHI MaTpHII, a

I, O
g 0 0 )
TyT 0 — panr Marpuns dko6i. O6epuena marpus (f/ (z;_1)) " samimoBanach

HaIiBOOEPHEHOIO MATPHUIICIO
- _ g1 yxp—1
Jio1=5_1J:R 4,

ne Jr — cupsikena Marpung. B pedysbrati iTepariiina cxema npuiiHsiia BU-
TJISIT;

Ty — Tj—1 *J{_lf(l’ifl), 1= 1,2,....

B po6orax [9; 11| ogepkano jesiki jgocrarhi ymMoBU 301KHOCTI 1IbOTO iTepartiii-
HOT'O IIPOIIECY JI0 TOYHOIO PO3B’si3Ky piBHsHHA (1).

Y namiit poboti y BuITajKax sikobiaHa MPIMOKYTHOI popMmu mmigbupasiuch
MaTpuili, 1o € obepHeHMMH 710 MaTpuilb Zlkob6i 3 mpasol croponu. Ilepimoro

MeTOI0 pobOTH € BizyaJiizallisi poOOTH aJrOPUTMY JJIsT TOTO, I00 pe3yJIbTaTh
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MOYKHa OYJI0 BUKOPUCTOBYBATU IPU CKJIAAHHI €JIeKTPOHHUX TiIPYIHUKIB, Ha-
MIPUKJIAJ], B KHATAaX CUCTEMHU JINCTaHIiifHOro HaBYaHnHs moodle. MoBoto mporpa-
myBanus Python ckiaieno koj peastizarii 110ro MeTO/Ly Ta CKJIAJEHO KO JJIs
fioro Bigyasiizariii, To6TO [jIs OTpUMaHHd aHiMarll poboru ajnropurmy. Ipy-
IOI0 METOIO € JIOCJIJI2KEHHS POOOTH AJITOPUTMY y BUIIAJIKAX, KOJU PiBHSIHHS
(abo cucrema piBHsIHB) Ma€ JIEKLIbKa PO3B’sI3KiB UM Oe3J1iv po3s’si3kiB. B ycix

BHUIIAQIKAX POOOTY aJrOPUTMY HAOTHO OYJIO0 MPOAEMOHCTPOBAHO HA PUCYHKAX.

OCHOBHI PE3VJIBTATHU

1. Metoa HeioToHa /ijisT piBHSIHHS 3 OHi€I0 3MiHHOIO

Y mpomy po3mijiii posryistHeMo MeTos HboToHa HAOIMKEHOTO pPO3B’sa3aH-
Hs1 piBHsiHHs (1) 3 ojmiero 3minHO0. PospaxyHkoBa (opmysia HAGIUKEHOIO
PO3B’si3aHHsI IOIO PIBHSIHHSI Ma€ BUIJIsi (2), e x; — HabJIKeHl 3HAUeHHSI
IIIyKAHOTO KOPeHs £, x( — oro modaTrkoBe 3HadeHHs. s Bigyasizarii poboTu

meroy Hetorona poss’sisanns pisasinHst (1) Mu B3sim dyHKIIIO
flz)=a3—2? -1

Ta MOYaTKOBY TOUKY xo = 3. Ha puc. 1 306paxkeno rpadik ¢pyHkIii Ta jamany,
1o iocTpye pobory anaropurmy HeroToHA.

Amnimariiro poboru aaropurmy HeioroHa Mu cTBopuIn MoBoio Python, BkJio-
YUBINU IHTEPAKTUBHUI PEXKUM Bimobpakenns rpadikis, 3aCTOCYBABIIN KOMAH-
ay plt.ion(). Bukitouaerbes pexkum komanowo plt.ioff(). s oHoBienus ma-

HUX BUKOPHCTOBYEMO KOMAH/I
plt .draw()

plt. gef().canvas. fluch _events()

i3 3arpuMkoo 0.001 cexkynu:

time .sleep(0.001)

Ha puc. 2 upepcrasiieno ¢pparMeHT KoOITy.

Tyt mukn BeneTbes Big 0 10 46 3 Kpokom 0.1.

[Tpu i = 0 BUMAIBOBYETHCSI TOUKA X HA puc. 1 (komanmu 64, 65).

ITpu 0 < i < 17 BUMaIBLOBYIOTHCsI Bifpisok xoMy (komanmu 66-69). Ieit
BiZpi3oKk po3buBacTbesi Ha dacTuHU JMOBXKUHU 0.1 i BUMAJIBOBYETHCS KOXKHA

qacTUHA IIHOI0 BiJIpi3Ka.
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17.5 A ]
AY MD
15.0 A m— [ pacik piBHAHHA f(x)=1y
-8— InwcTpauia MeTody HeloTOHa
12.5
Xo, X1, X2, ...~ Habnu»eHi 3Ha4YeHHA KOpeHA,
10.0 x" - KOpPiHb PIBHAHHA.
7.5 1
5.0 ~
2.5 A
0.0 -
: e Xo
T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Puc. 1. Bisyasizamnis poboru anropurmy HeroroHa

IIpu ¢ = 17 BumasboByeThCst TOUKa My (Komangm 70-72).

Ipu 17 < i < 34 BUMaJIbOBYIOThCSI KyCOUKH Biapisky Moz (komanm 73—

79). Hnst mporo mMu mobyryBasiu BekTop Moz, 3a KoopauHaTamMu To490k My Ta

1, TOIIMMIN Ha HOTO JOBXKWHY Ta OTPUMAJIN OIUHUIHUN HAIPSIMHUAN BEKTOP

€1 Biapizka Myxi. Koopaunaru 1poro BekTopa Mu mnosnadnsu depes el[0] ra

el[l]:

é1 (el[0], el[1]).

Ha mnaxy Moz, BumanboByeMo mnepiny miigaaky MoP mosxwuau 0.1. IT1o6

OTPUMATH KOOPJUHATUA TOYKH P, KOPUCTYEMOCH BEKTOPHOIO PiBHICTIO

OP = OMy + 0.1eq,

jge O — noyarok koopauHatT. OCKIIBKN HAJI BEKTOPAMU BUKOHYIOTbCS JIHIHHI

Jil, To Taki caMi il cIpaBeJIUBI 1 JIJT KOOPMHAT ITUX BEKTOPIB:

xp = x0 + 0.1e1]0], vy, =yo + 0.1el[1],
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Je Tp, Yp — KoopamHaTH TOUKH P, g, yo — koopmmnaru Touku My. Ana-
JIOTIYHO BUMAJIBOBYEMO iHIM JIIJSTHKEU Binpizka Moxi. B koxi ne peasizoBaHo
komaHgamu 76 Ta 78. Tak camM0O BUMAJIBLOBYEMO PEINTY BiIPi3KiB JlaMaHOI, IO

300parkeHa Ha puc. 1.

€3/ for i in np.arange(0,46,0.1):

64 if i==0:

65 plt.plot(x[0],0,'0",color="orange',linewidth=4)
66 if i<17:

67 ypl0l=1

68 ypll]=i+0.1

69 plt.plot(xp, yp,color="orange"', linewidth=2)

70 if i==17:

71 line3.set data(x[0],yI[0])

12 plt.text(x[0]-0.22,y([0]-0.4,'5M 05", fontsize=14)
73 ypl[1l=y[0]

74 if i»17 and i<34:

75 xp[0]=xp[1]

76 Xpl[ll=xp[0]1+0.1*el[0]

N ypl0l=ypl[1]

78 ypl[ll=yp[0]1+0.1*el[1]
9 plt.plot(xp,yp,color="orange", linewidth=2)

Puc. 2. ®parmMenT Koay CTBOPEHHSI aHiMaImil

IloBHicTIO KO OTpUMAHHS aHIMaIll MOYXKHA HMEPErVIAHYTH 38 MTOCHIAHHSIM:

https://bit.ly /43fX85B

Ty 6yna Bukopucrana mporpama Hamucana Mool Python sepcii 3.10.5
Ta 6ibsiorekn time, numpy, matplotlib.pyplot. Pesyiaprar poboru ajropurmy
y dopmati GIF MoxkHa mepersistHy TH 33 HACTYTHUM MTOCHIAHHSIM:

https://bit.ly /3PJrNp3

2. Meroa Hprorona aJyisi cucreMu piBHSIHB

Y mpomy myHKTI posrisHeMo Meton HeloTona mist cucteMu piBHAHB. SAKITO
piBusiHg (1) 3azae cucremy piBHsIHB, TO dopmyiay (2) cuix 3aminuru dbop-
mynoo  (3). Tyr f/(z) — noxigaa @peute (i1 6araTOBUMIPHEX IIPOCTOPIB
BOHA SIBJIiE€ CODOI0 MATPUIO fIKODI, MO CKIAIAETHCS 13 YaCTUHHUX MOX1THUX
Pynxniit saganoi cucremu), (f ()" — obeprena Marpug.

IIpuknax. 3a meromom HeroroHa pose’si3aru cucreMy PiBHSIHB

23+ y?—9.1=0,
2’ +y—5=0.
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I B 3 +y?—9.1
(1) o (227)

, _ 322 2y
f(X>_<21' 1)7

(f (x))*1 — obepHeHa MaTpUIsd. 3ayBakKNMO, IO OOEPHEHA MATPHUIA ICHYE,

TTozmaunmo

Tomi

axio BusHavdnvk |f/ (x)| Blaminawmii Big Hyss, To6TO
322 — 4y # 0.

3uauuTh, 0OepHEeHa MaTpuIls He icHye Ha npsimMux =0 ta 3x—4y=0. Ha mux
IpAMUX He MOXKHa OpaTu MOYaTKOBI TOYKU T = Xg, Y = Yo JJId SHAXOIKEHHS
PO3B’a3KiB cucTemu 3a MeToIoM HbioToHa. 3a MOYATKOBY TOUKY BI3bMEMO £0=3,

yo = 5. IIpu ¢ = 0 6ymemo maru

xO:(§>, f(xO>:<;"2'9>,
27 10 _ -1 10
f’(Xo)=< 6 1 ); (f' (x0)) 1:313< 6 _27>-

Ba dopmynoro Hetorona (3) 3HaiigeMo mepiie HaOJIMKEHHsT KOPEHsT

3 1 (-1 10 42.9 1.57273
X] = - — = .
! 5 33\ 6 —o27 9 4.56364

Amnanoriyno, nigcrasisioun y dopmysy (3) X1 3aMicTb Xq, 3HARIEMO Xg —
apyre HabjmkeHHsa Kopens. [IpomoBxkyrodum mporec Tak fgajii, 3HAKIEMO Ha

MIOCTOMY KPOIT pOSB’H3OK cucreMu
e = 1.753, Y6 = 1.927

3 moxu6komo 1 = |f (z¢,y6)| = 2.4 - 107°.

Ha puc. 3 zobpakeno rpadikm 3aaHux PiBHSHDb, MAPHIPYT OTPUMAHUX
HabJIMKEeHb Bif 3a71laHOl TOUKM Tg = 3, Yg = D JI0 PO3B’SI3KYy CUCTEMU ITg =
1.753, ye¢ = 1.927 (uepBona JiamMaHa), a TAKOXK JIHII, HA SIKMX HE MOXKHA

6paru MoYaTKOBI TOYKM (IITPUXOBI JiHiI).
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i
PERSTE B I
y=5-x2
Route —{—
4l Nesovmestimost = =
Nesovmestimost = =
-
-
-
F - -
2 -
0
a2t
-
_4 F
6}
_S i

6

HaOJIMKEeHHs! BiJ| HouaTkoBol Touku (3,5)

Nesovmestimost = = | 4
Nesovmestimost = =

X34y2-0.120 m——m
YE5%? e

Route ~@—
Nesovmestimost — —
Nesovmestimost = =

ey P p— a1 —
i ye5? y=5xE —
Route —— Route —@—
Hesovmestimast = = Nesovmestimast = =
B Hesovmestmast = = Nesovmestimast = =
6 L
4
2 -7
o
2
-
K]
-8
4 -2 ] 2 4 2 ] 2 il

. 5. MapmipyTtu Habiamzkenb Bl nodarkosux touok (1,1) i (-1,-6)
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Ha puc. 3 Bummo, mo cucreMa piBHIHb Ma€ YOTUPU PO3B’sa3ku. B3ss-
I 338 MOYATKOBY TOUYKY Xg = 3, Yo = D, MU 3HaAUNUIM HAROIMAKIUI 110
miel TOYKM PO3B’sI30K. BasaBmm apyry modaTrkoBy TOYKy g = 4, yo = 1,
sHalizeMo apyruil poss’sizok x7 = 2.022, y; = 0.9097 (puc. 4 niBopy4).
Bzssmu Tperio movuaTkoBy TOUKY xg = —2, yg = —6, 3Halimemo Tperiit
po3B’sizok x4 = —3.491, y4 = —7.186 (puc. 4 upasopyu). Bassmu dge-
TBEPTY IOYATKOBY TOUKY g = —4, yo = 1, 3HalineMo deTBepTHil PO3B’I30K
rs = —1.285, ys = 3.35. B po3mgHyTUX BUIE TYOTUPHOX BUIMAIKAX METO/I
Hrrorona mpuBoguB 10 PO3B’A3KY, HAWOJIMKYUE PO3TAIIOBAHOTO JI0 BUOpaHOI
MOYaTKOBOI TOUKHU. AJie, SIKIIO MOYaTKOBA TOYKA B3Ta OJM3LKO JI0 JTiHIl, J1e He
MO2KHA OpaTH MOYATKOBI TOYKHU, TO MaPIIPYT CTAE Helepe0atyBaHIM i MOXKe
IPUBECTH He JI0 HAllb/m»K4I0ro po3s’s3Ky cucremu (puc. 5). Ha puc. 5 siBopyu
3a MOYATKOBY TOUKY OyJIO B3ATO Tg = 1, yg = 1, a IpaBoOpydY 3a MOYATKOBY TO-
4uKy OyJio B3sTO 9 = —1, yo = —6. Ha npaBomy pucyHKy jipyre HabJIMKEHHsI
10 KOpeHsI 3HaXOIUThCS HeJAJIeKO Bim JIiHil, e He MOKHa OpaTh MOYaTKOBUX
TOYOK.

3. Habau>keuHs g0 eJimnca

VY romnepeHbOMY IYHKTI MM PO3B’SI3a/Id CUCTEMY JBOX PIBHAHBL 3 JBOMa
HEBIJIOMUMH, sika MaJjia 9oTupu po3s’s3ku. [likaBo, sik Oyze BecTu cebe MeTos
Hpiorona y Bumajky, Koju piBHsAHHs Ma€ 6e3J1i9 po3B’si3kiB? Y JaHOMY ITyHKTI

MU PO3IVISSHEMO PIBHSIHHSI €JIIICca

2 2
z Y
—+53—-1=0
a b
npu ¢ =5, b = 3. Kopensimu 1iboro piBHsIHHS € BCi TOYKH €Jiilica. 3HAWIeMO
OJTNH 13 INX KOPEHIB, KOPUCTYIOUNCh MeTooM HbioToHa. 3a MovIaTKOBY TOUKY

Bi3zbMeMO g = 6, yg = 5. [loznaummo
x T Y

Tomi
re=(3 %)

Tyr obepuenux marpunp (f’ (X))_1 y 3BHYaifiHOMYy po3yMinHi He icHye. AJe

icuye (i He omHA) MaTpUI, 10 € 0OGEPHEHOIO 10 OTPUMAHOI MATPHIL 3 TPABOL
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CTOPOHH. ¥ SIKOCTi TaKOl Bi3bMEMO

Sl 1L
(' ) 1—2<§2>.

2y
SayBakuMo, 110 obepHEeHa MaTPUllsl He iCHye Ha KOOPAUHATHUX ocstX & = 0
Ta y = 0. Ha mux ocax me MOoxKHa OpaTh IMOYaTKOBUX TOYOK.

Y BubpaHiit mo4aTKoBiit Touri xg = 6, Yo = 5 oTpuMaemMo

6 36 25 724 . 1.042
= =47 1=-""2-3218 / = .
0 ( 5 > o fBo) =554 225 - (1)) ( 0.45 )

3a dopwmysoo Heiorona

x1 =x0— (f (Xo))_lf (x0)

3HaIeMO TepIne HaOTUKEHHSI

1.042 2.64
X] = 0 — 0 3.218 = 647 .
5 0.45 3.552
Ha cromomy Kpolli oTpuMaeMo OJUH i3 KOPEHIB PIBHAHHS:

Ty = —0.122, Y7 = 3.0

3 noxu6komo f (r7,y7) = 3.8- 1074,

Ha puc. 6 sgiBopyu 306pakeno rpadik ejirca Ta MapIIpyT OTPUMaHUX
HabJIMKEeHb Bij 3a7aH0l TOUYKM g = 6, Yo = 5 J10 HAOJIMMKEHOTO PO3B’SA3KY
piBasinas 7 = —0.122, y; = 3.0 (uepBona JsamaHna).

K10 3a MOYIaTKOBY TOUYKY BizbMeMo xg = 1, yg = 1, To Aifiiemo /10 iHImoro
KOpeHs1 piBHsIHHA T4 = 4.442, 1y, = 1.377 (puc. 6, npasopyu).

4. Habsin>keHHs1 10 mmapabdosin

YV jnaHOMY IIYHKTI MU PO3IVISIHEMO DIBHSHHS 1apabosiu
z°—y=0.

Kopensimu 1150ro piBHAHHSA € BCI TOYKU Hapabosu. 3HalJIeMo OUH i3 1uxX
KOPEHIB, KOPUCTYIOUNCh MeTonoM HpoToHa. 3a MOYaTKOBY TOUKY Bi3bMEMO

xg = —1, yo = 7. IlozHauumo

X:<m>, fx)=a2*—y.
Y
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Ay Route Y Route

-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6

Puc. 6. MapmpyTn HabimKkeHb Bij nodarkoBux To4ok (6,5) i (1,1)

Tomi
f(x) = (21: —1) .

V grocTi 0bepHeHol 3 MpaBoi CTOPOHH Bi3bMEMO MATPHUIIIO

(F )" =3 (jl) -

SayBaxkumo, 1Mo obepHeHa MaTpulls He icaye Ha npsamiit @ = 0. Ha mii
psiMiil He MOXKHA, OpaTH MOYATKOBUX TOUOK.

Y Bubpawiit moyaTkoBiit Touni xg = —1, Yo = 7 oTpuUMaEmMo

o-( ) rmmerse e =3 (70

Ba dopmynoro Heorona (3) 3uaiigeMo mepiie HaOJIMKEHHsI

-1 1 (-0.5 —2.5
X] = - = —6) = .
Ha 3-My xpori Mu oTprMan ONWH i3 KOPEHIB PiBHSIHHSI:

r3 = —2.269, y3 =5.150

3 moxubKoio f (x3,y3) = 3 - 1075.
Ha puc. 7 miBopyd 3006pazkyemMo rpadik mapabdosin Ta MapIipyT OTPUMAHNAX
HabJIMKeHb Bin 3amanol Touku g = —1, yg = 7 10 HabOIUKEHOI0 PO3B’I3KY

piBHsiHHS T3 = —2.269, y; = 5.150 (uepBoHa saMaHa).
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AxIo 3a TOYaTKOBY TOUKY BizbMeMO xg = 3, yg = 1, TO ZiiijiemMo J10 iHIoro
KOpeHsi piBHsHHA T3 = 2.285, y3 = 5.223 (puc. 7, nmpaBopy4) 3 HOXHOKOIO

f(x3,y3) =6-107%.

Q 9

.‘V Route l\/ Route

3 8

7 | 7

Puc. 7. MapupyTu zHabimkeHb Bijg modarkoBux Touok (-1,7) 1 (3,1)

5. Habau>keHHs 40 eJiircoiga

Y naHOMY IIYHKTI MU PO3IVISTHEMO DIBHSHHS €JIIICOIIa
da? —2xy +3y° + 2yz+ 222 —x +y— 2= 0.

Kopensimu 115010 piBHSIHHS € BCI TOYKH eJIIcolga. SHAKAEMO OJUH i3 IUX Kope-
HIB, KOPUCTYIOYHCH MeTooM HbioToHa. 3a 11o4aTKoBy TOYKY BizbMmeMo xg = 0,

1Yo = 0, zg = 1. IlozHauumo

x=|y |, fx)=42®—2zy+3y°+2yz+22 —x+y— 2

Tomi
f(x) = (8x—2y—1 —2u + 6y + 22 + 1 2y+4z—1).
VY sgKocTi 06epHEeHOT 3 TIPaBOl CTOPOHU BI3bMEMO MATPHILO

L
1 8r—2y—1

/ -1 1
(f (X)) T 3| “2ereyT2et1
1
2y+4z—1

BayBaxkumo, 1m0 00epHEHA MATPUIlst He ICHY€E Ha ILJIONUHAX

8r—2y—1=0, —2x+6y+22+1=0, 2y+4z—1=0.
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Ha mux mromuHax He MOXKHa OpaTH MOYaTKOBUX TOYOK. ¥ BHOpaHiil moyaTko-

Bi#t Touri xg = 0, yg = 0, 20 = 1 orpumaemo

-3

I
o
|
|
—_
I
|
I
[y

X1

Takum anHOM,

1 ~1 8
1= 50333, 1= =011l 2= ~0.88.

Ha werBepTOMy KpOIli MU OTpUMAJIM OIUH i3 KOPEHIB PiBHIHHSI:
4 =0.194, y4=-0324, 24=0.777

3 moxubKoIo f (x4,ys,24) = 7- 1074
Ha puc. 8 306pazkyemo rpadik esiircoiza ta MapipyT OTpuMaHux HabJiu-
»KeHb Bif 3aganol Touku xrg = 0, yg = 0, 20 = 1 10 HAOJIUKEHOrO PO3B’A3KY

piBusiHHA T4 = 0.194, y4 = —0.324, z4 = 0.777 (uepBoHa JlaMaHA).

Puc. 8. Mapmpyr nabimkenHs Bijg nouarkosoi Touku (0,0,1)
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6. Meton HbroTOHA [JIsi HEBU3HAYEHOI CUCTEMU

Y manomy po3mini 3acTocyemo MeTon, HbioTona 10 HACTYyHmHOI cucTeMu PiB-
HAHD

2?24+ y?—2=0,
y+z2—-2=0.
OueBuiHO, MO I cucTeMa Mae 6e3jiid po3s’sa3kiB. Bel poss’si3ku cucreMu

JIexKaTh Ha JIHIA mepeTuHy napaboJoina 3 IIONIMHOK. SHANIEMO JIedKl 3 IHUX
PO3B’A3KiB.

Ilozmaunmo

2 2
¢+ Yy -z
f(x) =
y+z—2
Toumi
2z 2y -1
0 1 1

V stkocTi 06epHEHOI 3 MPaBol CTOPOHU Bi3bMEMO

1
2x

-1
(&) =10 55
0 2
2y+1

SayBakumo, 1110 obepHeHa MaTpulld He icHye Ha miomuaax x = 0 Ta 2y +

1 = 0. Ha mux mrommHax He MOXKHA OpaTH IMOYATKOBI TOYKH. 3a MOYATKOBY
TOYKY BizbMeMoO g = 1, yg = 1, 29 = 3. OTpumaemo

—
iy
—~ kﬂ
o) =
S—
| 2
- I
|
S O N ,l_.
Wi W= O ~—
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Ba dopmysnoro Hetorona (3) suaiigemo mepiie HabOIMKeHHsI

1 3 0 )
— 1 - —
X1 = 1 - O 3 ( 9 ) —
2
3 0 3
-1 3
1 2 2
= — 2 — 1
3 3
4 5
3 3 3
Takum arHOM,
3 1 5
=—-=15 = - =0.333 = - =~ 1.667.
1 5 ) 3 y 2l 3

Ha TperboMy Kpori Mu OTpuMaJId OJNH i3 KOPEHIB CUCTEMU:
r3 = 1.247, y3=0.333, z3=1.667

3 TOXU6KO™0 | f (T4, s, 24)| = 4 - 10724,
ko 3a mMOYaTKOBY TOYKY BisbMemo xg = 1, yog = —1,5, 29 = 3, T0o Ha

TPEeThOMY KPOI[l OTPUMAEMO HACTYIHUI KOPIHb CUCTEMU:
3 =0.829, y3=—-1.75, 2z3=3.75

3 ToXu6Ko™0 | f (74,4, 24)| = 41076,
Bassimn 3a mogaTrkoBy Touky g = 0.5, yo = —2, zp = 5, 32 YOTUPHU KPOKH

HIPUNJIEMO JI0 HACTYITHOI'O KOPEHS CHCTEMU:
4 =0.943, ys=—-1.667, z4=3.667

3 ToXu6Ko10 | f (74,4, 24)| = 5-1077.
SIKIMO K MOYaTKOBY TOYKY B3STH IHOIAJi BiJ PO3B’sI3KiB CHCTEMH, HAIIPU-

KJIAT, o = 2, Yo = 2, 29 = 2, TO OTPUMAEMO PO3DIXKHY OCJIIIOBHICTh TOUYOK.

BucHOBKUu

Pobota npucssiaena qoc/Ii2KeHHIO Ta BidyaJtizariil meroay Hoiorona mabn-

JKEHOI'0 PO3B’si3aHHsl piBHsIHb Buiy (1), 1e

f:R"— R™.
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Y pozaiii 1 po3riasgHyTO TPUKJIA HAOJIUYKEHOTO PO3B’s3aHHS 32 METOIOM
Hprorona ojiHoro piBHsSIHHS 3 ojHi€I0 3MinHOI0. MoBoio mporpamyBantsi Python
CKJIAJICHO KOJ, PO3B’sSI3aHHS IIHOTO HMpUKJIaLy. B pedynbrari orpumano daitn y
dopmarti gif, sskuit HAOTHO TEMOHCTPYE POOOTY AJTOPUTMY.

Y posmainmax 2 — 6 pobory meronay HbroroHa OyJIO JIOCIIiIXKEHO Ha BHIIA-
JIOK, KOJIM PIBHsIHHSI (94U CHCTeMa PIBHSIHB) Ma€ JEeKiIbKa PO3B’si3KiB abo 6e3-
Jig pos3s’sa3kiB. Ha mpukiragax 0y/10 mpogeMOHCTpOBaHO, 1mo MeToa HbroTo-
Ha TPAIOE i TOJi, KOJU PiBHAHHS a00 cuCTeMa PiBHIHb MAalOThL HABITH 0e3-
Jiid po3B’si3KiB. B nux Bumajikax y 3BMYaiiHOMY pO3YMiHHI He iCHYye MaTpHUIIb,
obepHeHnX JT0 MaTpuIh AKobi. Aste icHye 6araTo MaTpuIlh, 0OEpHEHNX 3 TIPaBOT
croponu. [luranus: siky 3 HUX Kpalie Bubparu, moTpedye Mo/ [aJIbIIIOr0 TEOPETH-
YHOTO JocIiKenHs. B poboTi npasi obepreni MaTpuili Mu migdupain HaBMaH-
Hsi. st wacTura poboTu OyJjia BUKOHAHA B CHCTEMI KOMIT FOTEPHOI MATEMATUKHI

wxMaxima. Pe3ynbraTrn Hao9HO IpejcTaB/IeHO Ha rpadikax.
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Hryhoriev Yu.
NEWTON’S METHOD AND ITS VISUALIZATION

Summary

Relevance of work. Mathematical modulation in various fields of science and
technology often leads to nonlinear equations or systems of such equations.
Far from always, these equations can be solved by exact methods. More of-
ten it is necessary to use approximate methods. One of the most popular of
them is Newton’s method. In modern works, Newton’s method often serves as
the basis for the development of new approximate methods that accelerate the
convergence of iterative processes or are used to solve systems of large orders.
The goal of the work. Visualize the work of the algorithm for solving the equa-
tion, as well as the system of equations according to Newton’s method, so that
the results of this work could be used when compiling electronic textbooks on
the study of this method. Another goal is to study the method in the case
when the system has several solutions; to study the possibility of using the
method for equations with an infinite number of solutions.

Key words: nonlinear equation, system of nonlinear equations, derivative, Ja-

cobi matriz, Newton’s method.

REFERENCES

1. Andrunyk, V. A., Vysotska, V. A., Pasichnyk, V.V., Chyrun, L. B., Chyrun, L. V. (2020).
Chyselni metody v komp ‘tuternykh naukakh: navchalnyi posibnyk [Numerical methods in

computer science: a study guide/. Lviv: Vydavnytstvo «Novyi svit—2000», 470 p.

2. Boichuk, A. A., Samoilenko, A. M. (2016). Generalized inverse operators and Fredholm
boundary-value problems. 2th ed. Berlin, Boston: De Gruyter, 298 p.

3. Chuiko, S. M. (2018). Pro uzaghalnennya teoremy Niutona—Kantorovicha u
banakhovomu prostori [A generalization of the Newton—Kantorovich theorem in a
Banakh space|. Dopov. Nac. akad. nauk Ukr., NeG, P. 22-31.

4. Chuiko, S. M., Boichuk, I. A. (2009). Autonomous Noetherian boundary-value problem
in the critical case. Nonlinear Oscillations, Vol. 12, Ne3, P. 417-428.

5. Chuiko, S. M., Boichuk, I. A.; Pirus, O. E. (2013). On the approximate solution of an
autonomous boundary-value problem by the Newton—Kantorovich method. J. Math.
Sci., Vol. 189, Ne5, P. 867-881.

6. Chuiko, S. M., Pirus, O. E. (2013). On the approximate solution of autonomous
boundary-value problems by the Newton method. J. Math. Sci., Vol. 191, Ne3, P. 449-
463.



24

I'puzop’es FO. O.

10.

11.

Khimich, A. N., Sidoruk, V. A., Nesterenko, A. N. (2020). Hibrydnyi alhorytm metodu
Niutona dlia rozviazuvannia system neliniinykh rivnian z blochnymy matrytsiamy
[Hybrid algorithm Newton method for solving systems of nonlinear equations with block

Jacobi matrix|. Programming problems, Ne2-3, P. 208-217.

Petkovic M. S. (2013). Multipoint Methods for Solving Nonlinear Equations. Amsterdam:
Elsevier, 344 p.

Ben-Israel A. (1966). A Newton-Raphson method for the solution of systems of equati-
ons. J. Math. Anal. Appl, Vol. 15, P. 243-252.

Chuiko S.M. (2017). To The generalization of the Newton-Kantorovich theorem. Visn.
Kharkiv. nats. un-tu. im. V.N. Karazina. Ser. matem., prykl. matem. i mekhanika. Vol.
85. Nel, P. 62-68.

Chuiko S. M. (2020). Obobschenie metoda Nyutona—Kantorovicha dlya sistem neli-
neynykh veschestvennykh uravneniy [A generalization of the Newton-Kantorovich
method for systems of nonlinear real equations]. Dopov. Nac. akad. nauk Ukr., Ne3,
P. 3-9.



Hocaidorcenns 6 mamemamuui © mexaniyi. — 2022. — T. 27, eun. 1-2 (39-40). — C. 25-89

YIK 517.925

B. M. €BtyxoB, C. B. T'o1ybeB

Osecbkuii HarioHayibHUN yHiBepcuTeT imeni [.I. MeunukoBa

ACUMIITOTNYHA TIIOBEJIITHKA PO3B’43KIB OHOI'O KJIACY
HEJITHINHUX JU®EPEHIIAJILHIX PIBHSIHb YETBEPTOI'O
IMOoPAIKY

JJ1st TBOWIEHOTO HEABTOHOMHOTO 3BHYAHOTO MUQEPEHIiaJIbHOT0 PIBHSIHHS Y€TBEPTOrO IMO-
PAAKY 3 €eKCHOHEHIIIaJbHOIO HEJIIHIHICTIO Ta HeePEePBHUM i BIAMIHHUM BiJl HYJIA y AEIKOMY
JiBomy okomml w (w < +00) KoedinienTom p(t) TOCTIPKYETHCA ACUMIITOTHIHA TOBEJIHKA TIPU
t 1 w omguoro 3 moxkausux TuiiB P, (Yp, A\o)-po3s’askis. Crouarky 3 BUKOPUCTAHHSM alpi-
OPHUX ACUMIITOTHYHMX BiacTuBoCcTel posrisiHyTux P, (Yo, Ao)-pO3B'sI3KiB BCTAHOBIIIOIOTHCS
HeoOXimHI yMOBHU TX iCHyBaHHsI, a TAKOXK ACUMIITOTUYHI 300parkeHHsI UX PO3B’SI3KiB Ta ix
MOXiTHUX JI0 TPETHOrO MOPSAKY BKJIOYHO. [IluTanus mpo daxTudHe icHyBaHHS PO3B’S3KiB
3 OTPUMAHUMM ACUMITOTUYHUME 300parkKeHHs BUPINIYEThCS IJISXOM HOro 3BeJeHHS J0 IIU-
TaHHS PO ICHYBAaHHA 3HUKAIOYUX B OCOOJIMBIN TOYI PO3B’S3KiB y CHCTEMHU KBa3LIIHIHHUX
nudepeHIiaJbHIX PIBHSIHDb, JI0 SKOI PIBHSIHHSI 3BOJUTHCS 3a JIOMOMOTOI0 JESKUX MePEeTBO-
p€HB, 10 BU3HAYAIOTHCS 3 YPaXyBAHHSM BUIY BCTAHOBJIEHUX ACHMITOTHIHUX 300parKeHb.
IIpu npoMy TakoK BHUPINTYyEThCS i MUTAHHS PO KiTbKICTH PO3B’SI3KiB piBHSHHS 31 3HANIEHN-
MU aCHMITOTHYHAMU 300DarKEHHSIMH.

MSC: 34E05.

K080 crosa: Hea8moHomHi Judeperyianori PIBHAHHA, eKCTOHEHUIAADHA HEATHITHICTI,
P, (Yo, Xo)- poss’asku, acumnmomuuna nosedinka P, (Yo, Ao)- poss’askie.
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BcecTyvn

Iliciist po3pobKM METOMIB JOCTIIKEHHsT ACHMIITOTHIHOI ITOBETIHKHA PO3B’ sI3-
KiB qudepeHIliaJ IbHIX PiBHIHD APYTrOro Ta TPETHOrO MOPSIKY 31 CTEIeHEeBUMU
Ta MPABWJILHO 3MIHHUMH HEJIHIHHOCTAMU TPOSIBUJIACS 3aIlIKABJIEHICTH JOCJTi-
JHUKIB 0 BCTAHOBJIEHHST aCUMIITOTUKH PO3B’SI3KiB IBOUYIEHNX HEABTOHOMHIX
nudepeHIiaJbHIX PIBHAHD N-T'0 MOPSIAKY 31 MIBUIKO 3MIHHOIO HEJIIHIHICTIO BU-

Ay

(n)

Y\ = aop(t)e(y),

Haditiwna 30.06.2022 (© €Bryxos B. M., l'ony6es C. B., 2022
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e ap € {—1;1}, p: [a,w[—]0, +00[ — HenepepBHa QyHKIisA, 0 < w < +00 Ta

¢ : Ay, —]0,4+00[ — nBiui HenepepsHo aAudepenIiitoBaa GYHKILA TakKa, IO
: abo 0, )
¢'(y) # 0,y € Ay, lim p(y) = T /;0 "W _
y—Yp abo 400, came  ¥—Y0 (y)
veAy, vehy)

Yy nopismioe abo mymmo, abo 00, Ay, — oaHobiuHMiT oKin Y.

BaxxymmBuM oKpeMHUM BUITQJIKOM TaKUX PiBHAHL € PIBHAHHS 3 €KCIIOHEHITi-
aJIbHOO HeJtiHilftHicTo. U1t 1iux piBHSAHB B paboTax €pryxosa B. M., pik H. I
[1], €BryxoBa B. M., HIunkapenko B. M. [2], €BryxoBa B. M., Xapbkosa B. M.
[3] 6y pospobiieni mMeTomm AOCTIIZKEHHST ACUMITOTUYHOI TIOBEIHKU KJIACY
PO3B’43KiB, sKi BU3HAYAIOTHCS Yepe3 eKCIIOHEHIaIbHy HeJIiHIHHICTD, 10 € He
30BciM mpupomHuM. HaiibGiabIn TpupOSHUM ySIBISIETHCS BCTAHOBJIEHHS aCHM-
NTOTUYHUX BJIACTUBOCTEH THX PO3B’A3KiB, Kl MOCHIIKyBaJUCd paHiIie Ipu
po3mIsii auepeHIiaJbHIX PIBHSAHD 3 TPABUJIBHO 3MIHHUME HEJIHIHHOCTSIMH,

a came Tak 3Banux P, (Yp, \g)-po3s’si3kiB (nuB., Hanpukiam, podory [4]).

Osnavenns 1 ([5]). Posp’si30k y Bkazanoro mudepeHniagbHOrO piBHSHHS
n-nopsiziky HasubaeTbest P, (Y), A\g)-po3s’sizkom, ge —oo < Ag < +00, SKIIO

BiH BU3HAUYCHUI Ha IIPOMIKKY [to,w[C [a,w| 1 33/10BOJIbHSIE HACTYIIHI YMOBH

y(t) € Ay, upu t € [to,w], ltley(t) =Y,
w

6 (n—1) 2
lim y® () = abo 0, (k=1,2,..n—1), lim g ®)]

).
o abo -+ oo, tw gD L)y (1)

B pmamiit pobori posriisgaeThesl JBOYJIEHE HEeaBTOHOMHE ydpepeHIiaibHe

PIBHSIHHST Y€TBEPTOTO MOPSIKY BUILY

y @ = aopo(t)[L +r()]e™ (o #0), (1)

ne ag € {—1,1}, po : [a,w[—>]0, +00[ — HemepepBHa, ab0 HeNEPEPBHO U~
dbepenuniiiopaa GyHkuis, —00 < a < w < 400, T : [a,w][—] — 1,400 —
HenepepBHa (DYHKIIiS Taka, 10
limr(t) = 0. 2
(1) @
B npomy piBusiani dyukiis ¢(y) = €Y (0 # 0) € mBuako 3MiHHOI QYHKIEO

Tinpku npu y — Yp = £oo. Ilpu npomy y sikocri okoutiB Ay, To490K Yy = 00
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MOYXKEMO OOUPATH TPOMIKKU

A — 10, +o0], sgxmo Yy = +oo,
o ] — 00,0, sxmo Yp=—o0

Takum unHOM, JIsi piBHsIHHS (1) OTpUMYy€EMO HACTyIIHE

Osnavenns 2. Po3p’si30k y mudepenmianpaoro piBasHHs (1) HasMBaeTbCA
P, (Yo, Ao)-posB’sizkoM, ge —o0 < A\g < +00, SKIIO BiH BU3HAYEHUIl HA 1IPO-

MiXKKY [to,w[C [a,w][ 1 3a10Bo/IbHSIE HACTYIIHI YMOBH

y(t) € Ay, upu t € [to,w|, ltle y(t) = Yo = £o0, (4)
, 60 0 PP
1 ®) (1) = a ’ k=1,2,3 lim ————"——=X. (6
tlTrBy ®) abo =+ oo, ( '2:3) tlTrg y@ (t)y W (t) - )

3 IIBOT'0 O3HAYCHHA 30KPEMa BUILJINBAE, IO YUCJIO

1, gaxmo Y= +oo,
vy = (6)
-1, gxmo Yp=-00

Bu3Havae 3Haku Oyub-akoro P, (Yp, \g)-po3s’si3ky i fioro neprioi moximgHoi B
JEeSIKOMY JIIBOMY OKOJIL Ww.

Metoro poboTH € BCTAHOBJIEHHSI HEOOXITHUX 1 JOCTATHIX yMOB iCHyBaHHS Y
mudepennianbraoro pisusinas (1) B, (Yp, A\g)-po3B’s3KiB y BUNIAJKY, KOJIH Ao €
R\ {O, %, %, 1} (He 0cobIMBHIT BUMAJIOK ), 8 TAKOXK ACUMITOTUIHUX 300DaKEHb
1pu t T w I TAKUX PO3B’sI3KiB Ta TX MOXITHUX 10 TPETHOIO MOPSAJIKY BKIIIOTHO
13 BUBHAQYEHHAM 1X KLIBKOCTI.

Bubip y manomy mociiKeHHI pIBHSHHS YeTBEPTOrO MOPSIIKY OB’ s3aHMIA
3 THM, [0 OTPUMaHI paHilie Jijist piBHAHD JIPYTOro i TpeTboro nopsiakis [7]; (8]
pesyabraru 1po noBeinky P, (Yo, Ag)-po3B’s3kiB He MOXKyTh OyTH Ge3nocepe-
JHBO TIONIAPEHUMU Ha, PIBHAHHS N-TO MOPSIKY 0e3 MOoNepeHboro JeTaabHOrO
JOCJIIPKEHHST PIBHAHHS Y€TBEPTOTO TOPSIJIKY.

IIpu BcTanosierHi HeOOXiTHUX yMOB iCHYBaHHS y AudepeHIliaIbHOIO piB-
usians (1) B, (Yp, Ao)-po3s’sa3kiB Oyjie BUKOpUCTAHUIT BitoMuii pe3yibrar €BTy-
xoBa B. M. nipo amnpiopsi acUMITOTUTYHI BJIACTHBOCTI TAKUX PO3B’sA3KIB, SKUi

BUILIUBa€E 3 poboru [5].
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JIema 1 ([5], Posuin 3, §10). Hxwo Ao € R\ {0,2,3,

P, (Yy, \o)-pose’azox dupepenyiarvrozo pishanns (1) 3adososvhae nacmynii

1} Mo KOHCHUTL

2PAHUNHT YMOBU!

o Ty a
ttw y(kfl)(t) A —1

) t, AKULO W = 400,
T, =
v t—w, Axwo w <400

(k=1,...,4), de am=MA—-kX+k—3, (7)

Kpim Toro, B pobori Oy/ie BUKOPUCTOBYBATHCH OJIHE BiOME TBEP?KEHHS
PO iICHYBAHHSI 3HUKAIOYUX B OCOOJIUBIIM TOUI PO3B’S3KIB Y CHCTEMU KBa3iJi-

HIMHUX qudepeHIiaJbHuX PIBHIHL BUJLY

4
+Zczk (t)ok + Vit v1, . .., 4)] (i=1,...,4), (8
=1

B dAKOMY (DyHKITiT
h, fi: to,w]— R (i=1,...,4) ¢ [to,w][— R (i,k=1,...,4)

€ HellepepBHUMUA i 3a/I0BOJIBHAIOTH YMOBU!

h(t) #0, upnm tp<t<w /|h(t)|dt:+oo7 9)
to
1tlef,()f (i=1,...,4), ltiTmcik(t):c?k (i,k=1,...,4), (10)

a dyukmii V; HenepepBHi HA MHOXKUHI
[to, w[xRp, me Ry = {(vl,...,v4) eR*: il <b(i=1,...,4), b> O}

1 33/I0BOJILHSAIOTE YMOBY

V:L(ta V1. .- 3’04)
11m
1|+t loa| =0 |01 | + - o+ |v4]

=0 (i=1,...,4) piBaomipnro 3a t € [tg,w]. (11)

3 reopemu 2.2 poboru [6] BUILINBaE HACTYIIHUI Pe3yJIbTaT Jijlst cucreMu (8).

JIema 2 ([6], Teopema 2.2). Hewali sukonyromovcs ymosu (9)—(11) i eparuuna

o . 2
mampuya koediuienmiec Cy = (Cgk)i o1

3 HYAv06010 Jitictoto wacmunoro. Todi y cucmemu JUPEPEHUIANDHUT DIGHAHD

HE Ma€E TAPAKMEPUCTNUYHUL ’KJOp@H’iS
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(8) icnye zoua 6 odun pose’asok (v;)iy : [t1,w[— R* (tg < t1 < w), wo npa-
mye do nyas npu t T w. Bisvwe moeo, ichye m-napamempuina Cim s maKux
P036°A3KI6, AKULO ceped KOPEHI8 TaparmepucmuyHozo pienanns mampuuyi Cg
ICHYE M KOPEHi6 (3 YPATYSAHHAM KPAMHUL), OUGCHI “aCMUNU, AKUT MAOMH

3HaK npomusedcHull 3naxy Gynkyii h ma npomisicky [to, wl.

Hani, mpu Ag € R\ {0, 3% 1} YBeIeMO JIO/IATKOBI JTOTOMIXKHI TTO3HATEHHSI

t
(Ao — 1)° _/ 3
K(Xo) = Moo 1) Jo(t) = [ 7, (T)po(7) dr,
Ag
Je
w, SIKIIO f|7rw )Ppo(T) dr < 400,
Ag
a, SKIIO f\ﬂw (1)dr = +00,
t t
Ji(t) = / 328 dr, Ji(t) = / Ji(r)dr, (i=2,3)
Al Ai
Je

0

w, saxmo [ i OE %‘ dr < 400,
ao

ap, SKIIO f|J21 )|dT = 400,

w, SKIIO f |Ji—1(7)|dT < 400

ap, sxmo [ |§8E:g\ dr = +o0,
Al — ali)) ag € [CL,LU[,

Y(t) =~ In(oo(—)K (o) o(),  a(t) =

Q
o}
[e)
N

OCHOBHI PE3VJIBTATU

Teopema 1. Hezat Ay € R\ {O, 51 % 1} as icnysanns y dudepernuianvrozo
pisnanna (1) P,,(Yo, Ao)-po3s’askie neobriono, w06 6ukony6aiucs nepiehocmi

0401/0)\[)(2>\0 — 1)(3)\0 — 2) > 0, aol/lK()\Q)Trw(t) >0, npu t E]a,w[, (12)
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1 HACMYNHL YMOBU

!/
apo K (XNo)Jo(t) <0 npu t€la,w[, lm (D) Jo(t) =400, (13)
tTw J[)(t)
(1)1 (1) 1 - Tw(t)a(t) Ao
e Ji(1) Mo—1 te  S() o — 1 (14)

w4 22 -1 aomo(t)J5(t)  3hg — 2
1 - limg(t) =1, 1 -
te  Js(t) o= 10 bma(t) =1 lm =0 N1’

nPUNOMY Kootchul maruli po3e’azox donyckae npu t T w nacmynui acumnmo-

MUNHE 300PANHCEHHA
1 1
y(t) = —gln(ao(—;)K()\o)Jo(t)) +o(1),

yP(t) = aoJa ()1 +0(1)], (k=1,2,3). (15)
HoBenennsi. Hexaii A\g € R\ {0, %, %, 1} iy: [to,w[— Ay, — P,(Yo, \o)-
posB’s30K udepenmniansaoro pisusnns (1). Toxi sriguo 3 (1), ymosamu (5),

(7) 1 yBejileHUMHU TO3HAYEHHSIMU
signy(t) = vy, signy'(t) =wvy, signy”’(t) = ap)o,

signy”'(t) = ap[( Ao — Drw ()],  signy™ (t) = . (16)

[Tpu npoMmy, sIK BKe OyJI0 BCTAHOBJICHO, BUKOHYEThCs yMoBa (12).

Kpiwm roro, 3 (7) Bummusae, 1o

YOO OO Y0 M@~ (Ao —2) y()

(4) ~ upu w
VRO =" v v v VY Go- DT mi PUITe
OO0y . o2 —1) ¢
O =" v YD et me ™ T

i romy 3 (1) micraemo

o _1)4
625,2) = )\0(2)\;)(_/\01)(31)?0 — 2)7Tf;(t)1)o(t)[1 +o(1)] mpu ttw (17)

/ o N3
joift)) - )\2((;\2\0 _11)7%(75)]90@)[1 +o(1)] opu ttw. (18)
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3 KX CIIBBiIHOIIEHb 30KpeMa OTPUMYEMO HACTYIIHI 3HAKOBI yMOBHI
vo = apsign[Ao(2X0 — 1)(3A0 — 2)],  v1 = agsign [Ao(Ao — 1)(2X0 — D)7y (2],

i Tozi BUKOHYIOThCs HepiBHOCTI (12), a TAKOXK 3riJiHO 3 yKe BCTAHOBJIEHUM
Ma€eMo, 110

Vg = .

Hauii, iHTerpyto4n acuMIToTHYHe CriBBigHOmeHHs (18) Ha IPOMIXKKY BiJ to 10
t, 3HAXOIMMO
s aoo—17 |
S _ apglAg — 3 _
s 22— 1) /%(t)PO(T)[l +o(1)]dr, ne s=y(t). (19)

y(to) to

Bpaxosytoun, 1o B (19) y(t) — Yo = oo upu t 1 w, a Takoxk IpaBusio obpaHHs

rpaHuIlh iHTErpyBanHs Ag B iHTErpasi Jy, 3HaAX0UMO

1 y y(t) >\0 — 1)3 /t
_ie_o- ’]T 1 + o0 1 d
- o 2A0 " (1)]
to
1
e~ = ag(= ) K (M) Jo(OL +o(1)] mpn 1w, (20)

3BisIKM MU oTpuMyeMo repiny ymoBy 3 (13). ITposorapudmyemo Bupas (20)

~oy(t) = Infao(~ K 0@l +o(D) won 1w, (1)

i orpuMaEeMo Iepiie 3 aCUMITOTUYHUX criBBigHOmeHb (15) st y(t). Bukopu-

croBytoun BiracTuBocTi (17), orpuMaemo, 1110

B ao(ho — D) wu(t)Jy(t)
y(t) = )\0(2)\00 —01)(3)\0 —2) e

[14+0(1)] upn t7Tw, (22)

abo 3 ypaxyBaHHSIM OTPHMAHOIO 3HauHHSI ()

ap(Ao — 1)* () Jy(t)

Ao(2X00 — 1)(3Xo — 2) ap(— ) (o) Jo(t )[1 +o(1)] wpu ttw, (23)

y(t) =

Ao — 1 m,()Jy(t)
3 — 2 (—%)Jg(t)

y(t) = 1+o(1)] mpn t1w, (24)
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Jie Ww(t)J(l)(t) > 0, sign Jy = signm,,. Ockinbku npu t 1 w, y(t) — Yy = +o0,
TO 3BiJICH BUILIMBAE CIPABEJIUBICTD JPYTrol rpanndaol ymosu (13).

Jai oTpruMaeMo aCUMITTOTUYHI CIIBBIIHOIIEHHS /IS TIOXITHUX MIEPIIIOro, APY-
IOTO Ta TPETLOIO IMOPSAJKY JJIs PO3B’sI3KY, BU3HAYUEHOTO IEPIIO0 (POPMOJIOIO
(15). IligcraBisiroun 1epiie acUMITOTHYHE CIiBBigHOmeHHs 3 (15) y npasy

yacTuHy piBHsiaHs (1), micranemo, 1m0
y W (1) = aopo(t)e”™ D npn ¢4 w. (25)

Inrerpytoun (25) Ha HPOMIXKKY BiJ to /10 ¢ 3 ypaxyBaHHSIM IIpABUJIa OOpaHHS
HIZKHBOI rpaHuIll inrerpysantst A; B inrerpasi Ji(t), Mu OTpEMaEMO aCUMIITO-

TUYIHE CITiBBITHOIICHHS
y"'(t) = a0 i(t)[1 +o(1)], tTw, (26)

TOOTO Ma€ Micie Japyre 3 aCHMITOTHYIHHX croiBBimHomens (15) mpu k = 3.
3Bijcu 3 ypaxyBaHHSIM I[paBUJI OOpaHHsI TpaHUIL iHTerpyBaHHs Ao Ta A3 B
inrerpasis Jo(t) i J3(t) B pesyibrari iHTErpyBaHHSI HA HPOMIKKY Bif to 110 ¢
cuiBBigHOMEHHs (26) TAKMM K€ THHOM BCTAHOBJIIOEMO CIIPABE/[JIMBICTD IHIIKX
ACUMIITOTHYHUX cHiBBigHOmenb (15) npn k = 21 k = 1. 3 orpumannx acum-
nTOTHYHMX criBBigHOIIEHD (15) 1 Toro dakry, mo y(t) ~ Y (t), 3 ypaxyBaHHsM
rpaHnIHuX yMOB (7) 6e310cepe/IHbO BUILINBAIOTH IIEPIIe, JPYre Ta TPETE IPa-
HUYHI criBBigHOMeHHs 3 (14).

Hosenemo crpaseusicts gerBeprol ymou (14). Ockinbrn

Vi) e URE | aoK Qg _ oK (o)m(po(t)

1) = B~ aods) aoJ3(t) @0 J3(t)

1 3TiJIHO 3 TEPINOIO 1 TPETHOI IPAHUIHOI YMOBOIO 3 (14)

00 5l0)
50 = 5y 7o) a1 =

(ho —1)°
(2% — )Xo

_ B@) @) Ni®t) 4o
ENAONADRAOKAL

o (H)po(t) =K (o) (t)po(t) npn t 1 w,

3Bijicu orpumaemo 10 ¢(t) ~ 1 mpum ¢ T w, T06TO Mae Micue uerBepra 3

rpanngauX ymMoB 3 (14). Jlasi moBeemo cipaBeinBicTh "PAHNTHOT YMOBH I’ SITh
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3 (14) Hns nosejennst 3acrocyemo npasuio Jlomitans y dpopmi [Itossis. [pu

BOMY 3 ypaxyBaHHsIM 4eTBeTol 3 yMoB (14) micranemo, 1o

N () ) Y/(t) -t
te ao(me()5(0) it 3hg—2 T3 -2
Odng(t) No—1 + 0(1)

10 JIOBOJIUTD CHPABEJIMBICTD 11'SITOT 3 'PAHUIHUX YMOB (14).

Teopemy TOBHICTIO TOBEIEHO.

Teopema 2. Hezaii Ao € R\ {0,3,2,1} i suxonyromves ymosu (12)-(14).
Hexati, xpim moeo

W

lim(1 — q(2))[Y'(t)]

=0 1 0. 27
i i apo > (27)

Todi dugpeperyiarvne pishanns (1) mae dsonapamempuuny cimo 10 P, (Yo, No)

PO36°A3KI6, W0 3a0080A6HAOMG NPU t T W GCUMNMOMUYHT 300DAAHCEHHA

. o / —a 0(]_) " —a O(].)
y(t)=Y(t) + o(1),y (t) =apJ3(t) 1+‘Y<t)‘% vy (t)=anla(t) Yol |
y" (1) = oo (1) |1+ 2 (28)
[Y'(t)|4

Hosenennsi. Hexait Ag € R\ {0,1,2,1} i Buxonytorscss ymosn (12)-

(14) i (27). Iokaxkemo, 1mo y npoMy BunaJky pisusaus (1) mae xoua 6 oquH
P, (Yp, \o)-po3B’s130K, 1110 3a/10BOJIbHsIE IpU ¢ T w aCUMITOTHYHI 306parKeHHsT
(15), 1 3’sicyemo nuraHHsi PO KUIbKICTh TaKUX po3B’s3KiB. Jljist Iboro croyarky

piBasiHHS (1) 3a J0MOMOrOI0 3aMiH
y) =Y (®) +ui(t), vy (1) = aodipOL +ypra ()], (k=1,2,3)  (29)

3BeEeMO JI0 CUCTeMU IUPEepPeHIiajIbHuX PiBHAHD

=aos) 1= a0+l o= )
! / 60(Y(t)+y1
yé=j§8 (y4—ys), yﬁ—ﬂg (L+r(t)—vm 1—3/4] (30)

[Mro cucremy OyIeMO pO3IVISIATH HA MHOXKUHI
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i uncio t1 € [a,w[ 0OpaHO TAKHM YHHOM, IO
. 1
Y(t)+y1 CAy, upu te€ti,w 1 |y]< 3
Ha maniit MHOXKUHI ITpaBi YacTHHU CUCTEMH HEIEpPEepBHi i MalOTh HeElepepBHi
YaCTHHI MOXIHI JI0 APYTOro MOPSIKY BKJIIOYHO 3a 3Mminnumu y; (1 = 1,...,4).
BukopucroBytoun ocraniit (pakT, yTOYHUMO BHUIVIS]I Y€TBEPTOTO PiBHAHHS CH-
o (Y () +y1) .
cremu. Posknazaioun “—5— npu dikcosanomy t € [t1,w[ 3a dopmoiryio
Teitnopa 1o 3MiHHIH ¢ B OKOJII HYJIsI 3 3aJIUIIKOBUM HjieHOM y dhopmi Jlarpan-

Ka, OyIeMo MaTn

o (Y (t)+y1) 1 eo(Y()+&1) )
v ittt gy v A Gl <lnl
Tomy ocranne piBHAHHS CUCTEMHU 3AIUIICTHCA Yy BUTJISII
J1(1) 1
=21 £1Y,,2
= 1 t))(1 — —1— ) 31
Ya J1(t) (L+r)A+y + 51¢ yi m (31)

Ockinbku [&| < |y1|i|y1| — 0, To icHye 0 Take, 1110 YeTBepTE PIBHSAHHS CUCTEMU

(30) MoxKe 6yTH 3AIMCAHUM Y BHULJISI

Ji(t
o= THL ) + (14 7(0)on — v + Rltsan)]
Jl(t)
1
e |R(t,y1| <y? upm |yi| <8 ans mesxoro 0 <4< 7 (32)

Haptaui orpumany cucremy Oy/1eMo pO3IUIsiiaTi Ha MHOXKHHI (g = [t1, w[ng.

3rigHo 3 Teopemoro 1 MaeMo

. 3ho—2 ) 20 — 1
1 t) = 1 t) =
tlrrg&( ) Ao —1"7 tlTIB&( ) A—1"
. Ao . 1
iméalt) = 327 I = 3 (3

3 ypaxysauusM Buiy byskuil & (t), nepenumiemo cucremy (30) y Buris

v = G {a @0 — a®) + w2},

v = wmy (&2(t)(ys — v2)}
Vs = s 16O W —v3)},

Vi = o 1&a®) [r(t) + L+ )y — ya + R(t, )]}
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3 MeToH aCUMIITOTUYHO BIDIBHSTH MHOXKHHUKM 1pu t T w B IpaBiii yacTuai

piBHsiHB cucTremu (37) 3aCTOCYEMO JI0 Hel J0JIATKOBE TEPETBOPEHHSI
3
y1(t) = vi(t), wa(t) = [Y (1) 1va(t),

ys(t) = |V () 2us(t),  walt) = [V (1) Foa(t). (35)

B pesyibTari 116010 1mepeTBOpeHHsT OTPUMAEMO CUCTEMY JudepeHItiaabHIX PiB-

HeHb (8), B sIKiit

)= O () 201 A0 = 00 - q@)Y O] s Y o),
fo(t) =0, f3(t) =0, fa(t) = &(t)r(t), (36)
Cll(t) = 0, 612(25) = 51 (t) Sign Y(t), Clg(t) = 0, 614(t) = 0,

Cgl(t) = 0, C292 (t) = 0, ng(t) = fg(t), 624(t) = 0,
c31(t) =0, c¢32(t) =0, c33(t) =0, c34(t) = &3(1),
C41 (t) = f4(t)(1 + ’l“(t)), C42(t) = 0, C43(t) = 0, C44(t) = 0,

a TaKOXK

V(t,v1) = &a(t)R(t, v1). (37)

B cuiy ymos (33) i (27) Ta Burusiny dyskiii Y (t) Bummsae, mo B 1iii cucre-

w 1
Mi limyy, fi(t) = 0, ge (i = 1,..,4) 1 [ D;i%'; dt = +00, TOOTO BUKOHYETBCS
t1

ymoBa (9) i mepma ymosa 3 (10). Takox tyr dyukuis V (¢, v1) 3rigHo 3 ymo-

Bamu Ha dynkiio R(t,v1) (32) samososbuse ymosi (11). Kpim Toro B cmy

yMoB (33) 1 Burvisay dbyuknil Y(¢), 1 mo sign Y (t) = 22—, rpaHu<dHa MATPHILS

signo’

koedirientis (cf,_,(¢)) npn ¢t T w Mae HaCTYIHHUIT Bu

3A—2
0 )\00—1 (sigga> 0 0
2X0—1
c| © 0 RS 0
0 0 0 24
ot 0 0 0

3 ypaxysanusaM (13) xapakTepucTuyHe DIBHSIHHSI IIi€1 CTAJIOl MATPUI Ma€ Ha-

CTYIHUN BUIJIAL
)\4 O ’3)\0 — 2”2)\0 — 1“)\0‘

 signo (Ao —1)%

(38)



36 €emyxos B. M., T'oaybes C. B.

(70]
sign o

3Hait/IeMO KOpeHi IIbOro piBHAHHSA. Y BUIAIO0KY, KOJIA = 1, xapakTepu-

CTUYHE PIBHAHHS MOXKe OyTH 3aIllMCAHUM Yy BUII

13X0 — 2[(12A0 — 1])[ Ao| 130 — 2[(]2X0 — 1])[Ao]

- P =0
Do —1)2 + Do — 1)
1 BOHO Mag€ JIBa JINCHUX KOPEHS
V1320 = 2[[220 — 1[[Ao]
Ao ==% 39
12 o 1] )
1 JIBa KOMIIJIEKCHO CIIPSI?KEHUX KOPEHS
{/Bh — 22 — 1N
Agq = *i . 40
3.4 Do —1] (40)
TakuM 9MHOM, OCKIJIBKU BUKOHYETHCS YMOBA Sigg ~ > 0, TO B 1IbOMY BUIIQJIKY

XapaKTepUCTHIHe PiBHAHHSA (38) Mae JOTUPH KOMILICKCHOCIIPSIZKEHI KOpeHi 3
BIJIMIHHOIO BiJT HYJIsI JIIMICHOIO YaCTHHOIO.
Toxi Ha ocHOBI JiemMu 2 cucreMa pudepeHIiaabHUX PIBHsIHD (8) Mae JBo-napa-
MeTpHuHy ciM’I0 po3B’askiB vi, ge (i = 1,2,3,4) na mpoMixkky [to, w[— R,
skl npsimytorh j10 0 pu ¢ 1T w. KokHoMy TakoMmy pO3B’#A3KYy 3 ypaxyBaHHSIM
samin (29) i (35) Bigumosinae poss’sizok y(t) : [to,w[— R audepennianbHoro
piBasiHHs (1), J1JIsT IKOrO MAIOThH MICIIe ACUMITOTUYHI 300pazkeHHs (28).
HeBazkko TakoxK mepeBipuTH 3 ypaxyBaHHSIM ITUX ACUMITOTUIHUX 300parKeHb
i Burssy piBasnas (1), mo mobyaosani sHamu poss’sizku € B, (Yy, Ao)-po3s’sas-
KaMH.

TeopeMmy TOBHICTIO JTOBEJIEHO.

BayBaxkennst 1. Iluranns upo icuysanus P, (Yy, \g)-po3s’sskiB y nudepen-

%)
sign o

miajbHOro piBHsHHS (1) y BUNAJKY, KOJIH < 0, 3aJIMITA€ThCS BIJIKPUTAM
i BoHO TOTpeby€e JOMATKOBOTO JIOCJIJIZKEHHS CKJIATHOIO BUIAJIKY, KOJU CEpejl

KOPEHIB XapaKTEPUCTHIHOTO PiBHSAHHSA € JIBA YUCTO YSIBHUX KOPEHS.

BucHOBKU

B nmamuiit poboTi mjist piBHSHHS 31 MIBUIKO3MIHHOIO HEJTIHIRHICTIO OTpUMAaHi
HeoOxiznui 1 gocrarni ymosu icaysanus B, (Y), A\g)-po3B’sa3KiB y BUIIAJKY, KO-
m Ag € R\ {0, %, %, 1} (He ocobmBuil BUIAJIOK), 1 BUPIIIEHO MUTAHHS IIPO
KUTBKICTb TaKUX PO3B SI3KiB.
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Evtukhov V. M., Golubev S. V.
ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF ONE CLASS OF THE FOURTH-
ORDER NONLINEAR DIFFERENTIAL EQUATIONS

Summary

The asymptotic behaviour as t T w of one of the possible types of P, (Yp, Ao)-
solutions of a binomial non-autonomous fourth-order ordinary differential equa-
tion with exponential nonlinearity and a continuous and non-zero in some left
neighbourhood w (w < +00) coefficient p(t) is investigated. First, using a priori
asymptotic properties of the considered P, (Yp, \p)-solutions, necessary condi-
tions for their existence are established, as well as asymptotic representations
of these solutions and their derivatives up to the third order. The question of
the actual existence of solutions with the obtained asymptotic representations
is solved by reducing it to the question of the existence of solutions that vanish
at a specific point of a system of quasilinear differential equations. This system
is obtained as a result of some transformations of the original equation, taking
into account the kind of established asymptotic representations. In addition,
the question of the number of solutions with found asymptotic representations
is also resolved.

Key words: non-autonomous differential equations, exponential nonlinearity,

P, (Yo, \o)- solutions, asymptotic behavior of P, (Yo, Ao)- solutions.
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ACUMIITOTHNYHI SOBPAKEHH{ PO3B’A3KIB OJHOI'O BUIAY
JNOEPEHIIIAJIBHNUX PIBHAHD n-ro IIOPAIKY

V naniit poboti po3rismacThes JudepeHIiiagbie PIBHSIHHSA N-T0 MOPSIIKY (r(t)u“”))("*m) =

> pku(k), n > 2, s IKOTO 3Ha/IeHi yMOBH iCHYBaHHSI Ta ACHMIITOTHYHI 300parkKeHHSs
PO3B’sI3KiB IpH JIESIKUX YMOBaX Ha DYHKITI px Ta QYHKINO 7. PO3B’s13KM TaKOro THILy PiBHIHD
npu m = 0 posrisgnanucs y pobori Xinrona, a npu § = 1 Ta m = n — 1 posrisgaincsa y
poboti Kirypanze 1.T. Pesynbraru, orpumui y maniit pobOTi Jijisi BKa3aHOrO PiBHSHHS, Yy
JesIKOMY CEHCI y3araJibHIOTh pe3y/abTaTH, oTpuMaHi B poborax XinTona Ta I. T. Kirypange.
IIpu orpuManHi aCUMITOTHYHUX 300paskeHb 38 JIOIMIOMOI0I0 3aMiH PIBHSHHSI II€PETBOPIOETHCS
y eKBiBaJIEHTHY CHUCTEMY KBasasiHIfHUX nudepeHIiajlbHuX PiBHAHD, I KOl BUKOHYIOTHCS
Bimowmi pesysnbraru JleBiHcoHA, PIBHAHHA y JeAKOMY CEHCI aCHMITOTHYHO €KBiBaJeHTHE 10
BIZIIOBITHOTO JBOYIEHHOTO MU EepPEHIiaIbHOIO PIBHSAHHS N-T'O HOPSIKY.

MSC: 34A34, 34C41, 34FE99.

Karouo6i caosa: dupepenyianvti piHAHHA N-20 NOPAIKY, GCUMNMOMUYHT 300DAAHCEHHA PO3-
8°A3KI68, cucmemu K6a3iNtHIUHUL JUPEPEHUIAADHUL PIGHAND, KEA3INOTIONI.

DOI: 10.18524/2519-206X.2022.1-2(39-40).294141.

BcecTyn

Posrnsnaerbes gudepentiiaibie piBHSHHST
m
(r@ut™) =) =3 "pu®, 0> 2, (1)
k=0

ne pr € Croe([a; +00])  (k=0,...,m),

po(t) _ .
A T T sign(po(a)), (2)

r(t) ra q(t) — nomarTHi ABiul HenepepBHO MudepeHIIHOBHI Ha TPOMIKKY [a; +00]
dbyuruil, Cioe([a;+00]) — upocrip sokagbHO HenepepBHUX (GYHKII Ha 1po-
MixKKy [a;+00], L([a;+oo[) — Banaxosuit npocrip inrerposanux 3a Jleberom
dyHKIITII.

Piusuns Bugy (1) nupu m = 0 posrusianucs y po6ori [2]:

(r(t)u(m))(nfm) +qy=0, n>2.

Haditiwna 11.06.2022 (© Kapanerpos B. B., 2022
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PiBustans Bugy (1) npu s = 1 ra m = n — 1 posmsiganucs y pobori [3]:

n—1
u® — Zpk(t)u(k)-
k=0

s Takux piBHSAHB OYJI0 OTPUMAHO ACUMIITOTUYIHI 300parKeHHsI PO3B’si3KiB IpU
HaKJ/JIaJaHi PI3HIX YMOB Ha KOeMIIieHTH.
MeTtoro mamoi pobOTH € BCTAHOBJICHHS ACUMITOTUIHUX 300parkKeHb PO3B’ 13-

KiB piBHsiHHs (1) mpu t — +00.

OCHOBHI PE3VJIBTATHU

OTpuMaHO HACTYIIHY TEOPEMY.

Teopema 1. Hexat dasn pisnwanns (1) sukonyemovcs ymosa (2), a makxoor

YMOGU,
(4)" ¢ L(las +ocD), ()
T8 e, Lo(9) 7 et @)
(7)) entwron. (£)(5)7F et
T T q "
Bt (D) T & Llos+ooD (= 2w, B0 (4) € Ll ).

Todi pienanns (1) mae pyndamernmanrvny cucmemy poss’askie uj (j = 1,n),

AKE JONYCKAIOMDH ACUMNMOMUYNHE 300DANCENHA

uf_l = q(t)iak'r(t)iﬁk'el‘p Aj . / (g); '[A§_1+O(1)]7 (kvj = 17”)7 (7)

a

de )\? — KOpeHi PI8HANHA
A" =o. (8)

doBenenHns.

Bacrocyemo no piBusung (1) mepeTBopeHHst:
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OTpuMaemMo cucTeMy KBa3lIiHIHIX PIBHSIHb, €KBiBaJeHTHY 10 piBHsHHs (1)

(

2p(t) = zia(t), 1<i<n—1, i#m
t)
o (f) = Zm-i-l( ,
= P (t)
2z, = po(t)z1 + ; pi(t) - zit1 + %  Zmtl-

Bamumiemo cucremy (10) y marpuuniit dopmi:

Z'=P-Z; (11)
e

1, 1<i<n-1, i#m, j=i+1,
1 . it
Ny t=m, ] =1 )
r(t) ’

P = (pi)i, pij = pict, i=n1<j<m, (12)

P i=ng=m+1,
r
0, otherwise.

e
Q(t) = diag [qalrﬁl...qanrﬁn} .

Y pesyibrari nepersopenss (13) orpumaemo cucremy
W= [Q7PQ-QTIQT W (14)

3ayBaXkKuMo, 110

1 1
—1 . .
Q - dzag |:qa17'61 .“qanrﬂn] :
qa”l-T’B”l, 1<i<n-—1, i#m, j=1i+1,
qam+1 .rﬁm‘H*l, t=m,j =1+1,
P-Q=(ay)t, ay= pi1-g* P i=n,1<j<m,

pm'qam+1 'TBerl_la Z:na]:m+17

0, otherwise,
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g BB < <n— 1, i#m, j=i+l,
gom+1—am ,Tﬁmﬂ*ﬁm*l’ i=m, j=i+1,
QilPQ = (blj)?’ bZJ = Pi-1- qai_an : Tﬁi_ﬂna ’L':’I”L, ]-Sjgma

Pm - qaerl_Oén . erJrl_Bn_l’ i:n, ]:m+1’

0, otherwise,

/

/
r . .
'D1+?'D23 Dlzdlag[ala'“aan]a DQZdZag[Bla“'a/Bn]‘

‘ L=}

Q'Q=

LS

O6epeMo «a; Ta [3; TaKUM YUHOM, 11100
Q2 — Q] =Q3 — Qg = ... = Q] — Oy = Qp — Qp—1 = 1 + a1 — ay = Tq,

/82_/81:/83_/82:...:/Bm+1_6m_1zﬂn_ﬁn—1:ﬁl_ﬁn:TB‘

3 ocraHHix piBHOCTEH BUILIUBAE, IO To = %, T8 = —%.
Toumi
a) —ap, =——1,
n
1 n-1
Qg — Op = — — 3
n n
1 n—m
QA1 — Op = -
n

1
Hexait Q'PQ = (4)™ - [K + V], ne K = (kij)T, V= (vij)7,

@_Ua i:/nujzla

1, 1<i<n -1, j=i+1, - = _
o J b 1‘ <g> ) Z:n72§j§m7

kil'j = U,’i:n,jzl, Vij = q r m
. Pm q\» . .
0, otherwise, — , 1=n,j=m+1,
q r
0, otherwise.

\

Omrxe, cucrema (14) mepeTBOPIOETHCS HA HACTYIIHY CHCTEMY
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/ /

w= (4 i vi- Lo+ Do w (15)

Ho cucremu (15) 3acTocyeMo mepeTBOpeHHst

t 1
Q(€)> "
h(t) = —= | ds. 16
© / (T(g) 19
a
Hexait rakox g-dyHKiiist, obepreHa 10 GyHKIT h, 1uist Beix ¢ >a g(h(t)) =t.
Ockinbku BEKOHYIOTBCst yMOBH (3)-(5) Teopemu, To h(t) — oo mpu t — oo.

Taxoxx maemo W(s) = Z(g(s)). Y pesymabrari nepersopenus (16) orpumaemo

CUCTEMY

W' =[K+V —a(s) D1+ B(s) D] - W, (17)

3 yMoB (3)—(5) TeopeMu TaKoXK BHILIHBAE, 11O
Z|a’(s)|ds _ 7' ((%ED_ ‘2) ds < +o0
Za2<5>ds _ / () ° (g)’)QdS e

Awnasoriuni pesyibratu € cupaseuBuMu 1 st 5(s).

ze

3=

Ta

Posriisinemo Tenep XapakKTepUCTUIHI IUCIA MATPHUIT

[K+V —a(s)- Dy — (s)- Dy . (18)

[Moznauumo ix sax A +77(s), 7 = 1,n, ne 7-(s) = 0 mpu s — 0, \;(7 =1,n)—

-
KOPEHI XapaKTePUCTUIHOrO piBHsSHHSA MaTpulli K, sike mae Burisiy (8):
A" =o.

Cami KOpeHi MarOTb BUIJISIT
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3 o3HaueHHst Y, ($) BUNAIUBAE, 110

0=det[K+V —a(s) D1 —B(s) Dy — (A +7-(s)) - I] =

m
:@+Z&k.(,)
9 -4 r

k
n

k
[T(cia(s) + BiB(s) + (rr +7-(s)+

=1

+ [ J(cie(s) + BiB(s) + (Ar + 72 (5)))- (19)

i=1

Y pesysbrari po3kyajganis npaBol dactuuu piBHsHHSA (19) Maemo

0= (Ar 473 ()" = (s + 92 (s ’”Zaz )+ BiB(s)+

—1)" [ [(cia(s) + BiB(s))+
1

K Kk
" T(wals) + BiBls) + (Ar + 72 (s))) + % —o. (20)

=1

()

3ayBaXKuUMoO, 1110

Zaizz&zo- (21)
i=1 i=1

Ockinbku a(s) — 0, 5(s) — 0, y(s) — 0, mpu s — +00 BuKoHy€eThCs (21)

Ta ymoBH (6) TeopeMu BUILIMBAE, IO iCHY€e Take dncyao M, 1o

((Ar + 77 ()" = o] < M(Ja(s)] + |B(s)])*. (22)

3 (22) TakoxK BUILIMBAE, IO ICHYE YUCIIO A, 10

=(s)] < A(la(s)] + |B(s)])*. (22)

Otrxe, 7(s) € L([a; +00[) Ta BuKOHYIOTHCS yMOBHU Teopemu 8.1 3 poboru [1])
Ta, HacJiaky 6.5 3 po6oru [3]).

Orxe, piBusuHs (1) Mae dyHIaMeHTAIbHY cucTeMy PO3B'a3KiB uj (j =
1,n), axi gomyckaiors acumnrornyni 3o06pazxenus (7). Teopemy nosmicTio J10-

BEJIEHO.
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BucHOBKU

[Tstxom 3amian piBHsAHHS (1) 3BOIUTHCS [0 €KBIBAJICHTHOI CHCTEME KBa3i-
JIHIAHIX TudepeHialbHuX PIBHIHD, 3aBAIKNA TOMY OOYI0BAHO aCHMIITOTH-

yHe 300pakeHHsl Po3B’s3KiB piBHsHHs(1) npu ¢t — +00.
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Karapetrov V. V.
ASYMPTOTIC REPRESENTATIONS OF THE SOLUTIONS OF SOME TYPE n-TH
ORDER DIFFERENTIAL EQUATIONS

Summary

In this work there is considered the n order differential equation
(r(t)um)m=m) = S~ peu) for which the existence conditions and asymp-
totic representations of solutions under certain conditions on the function py
and the function r are found. Solutions of this type of equation for m = 0 were
considered in the work of Hinton, and for s = 1 and m = n — 1 were consid-
ered in the work of I.T. Kiguradze. The results obtained in this work for the
indicated equation in some sense generalize the results obtained in the works
of Hinton and I. T. Kiguradze. For obtaining asymptotic images using substi-
tutions, the equation is transformed into an equivalent system of quasi-linear
differential equations for which the well-known Levinson results are satisfied,
the equation is in some sense asymptotically equivalent to the corresponding
binomial differential equation of the nth order.

Key words: n-th order differential equations, asymptotic representations of so-

lutions, systems of quasi-linear differential equations, quasiderivatives.
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A. O. JIatum

Osecbkuii HarioHayibHUN yHiBepcuTeT imeni [.I. Meunukoa

VCEPEJIHEHHS B JIITHIMHNX 3A KEPYBAHHAM 3AJJAYAX
OIITUMAJIBHOTO KEPYBAHHA CUCTEMAMUN B
JANCKPETHOMY YACI 13 SMIHHUM 3AIIIBHEHHAM

st TUuCKpeTHUX PiBHSHB KEPOBAHOTO PYXYy i3 3MIHHMM 3ami3HEHHSIM y CTaHI CHUCTEMHU Ta
3 mapaMeTpoM KepPYyBaHH:A, IO BXOJAUTH JIHIHO, OOGIPYHTOBAHO MOKJIUBICTH 3aCTOCYBAaHHSI
MeTOJy ycepenHeHHs. [l 3a/1a4i ONTHMAIBHOIO KEPYyBaHHs HAa TPAEKTOPIAX TAKOI CHCTEMH
3 TepMiHAJIBHIUM KPHUTEPIEM JIOBEJEHO TeopeMy PO OJM3BKICTH 3HAYE€Hb KPUTEpis Heycepe-
JHEHOI 3a7adi ONTHMAaJ/ILHOTO KepyBaHHsA Ha ONTHMAJbHOMY KepyBaHHI ycepegHeHOI 3aJadi
3 ONTMMAJIBLHAM 3HAYEHHSM KPHUTEpis Heycepemnenol (Buxinmoi) 3amadi. Tobro onrumanbue
KepyBaHHS yCepeJIHEHOl 33/a49l € ACUMIITOTHYHO ONTHUMAJIbHUM KEPYBAHHSIM JIJIS BUXIITHOL
3a7a4i. Po3pobiieHo 4mcIoBO-aCUMITOTUYHUI MeTOJ| PO3B’A3aHHS a/1a9i OITUMAJIBHOIO Ke-
PYBaHHS CHCTEMOIO B JIUCKPETHOMY dYaci, sIKa MICTUTBH 3MiHHe 3alli3HEHHsI B CTaHi Ta JIHINHO
3aJIe2KUThH BiJl IapaMeTpa KepyBaHHH.

MSC: 4637563475835.

Karowosi caosa: memod ycepednenns, piBHAHHA KEPOBAH020 PYTY, 340G ONTMUMAADLHOZ0
KEPYBAHHA, 30NI3HEHHA, OUCKPEMHI PIBHAHHA.

DOI: 10.18524/2519-206X.2022.1-2(39-40).294142.

BcTyn

Meton ycepegHeHHST MUPOKO 3aCTOCOBYETHCS /IO JTOC/IIPKEHHsT PI3HOMaHi-
taux cucrem. M. M. Kpunos i M. M. Borosito6oB B mepitiit moioBuni Muny-
JIOTO CTOJHTTSI PO3POOUIN ACUMIITOTUIHUN METOJ, SIKUI 3HAMUIIOB CBOE 3aCTO-
CyBaHHS He TiJIbKWA B HEJIHIWHIN MeXaHili, a i y pi3HUX rajay3eil MpuKJIaIHIX
Hayk. Kuura 2| npucesideHa oruisity aCUMOTOTHYHUX METO/(B HeJIHIHOI Me-
xaHikn. Pi3Humesi piBHSIHHS € MOJEISMU CHCTEM y JUCKpeTHOMY dYaci. [ljst
TaKUX PIBHSHBb TAKOXK OYJI0 OOIPYHTOBAHO MOXKJIMBICTH 3aCTOCYBaHHS METOJLY
ycepeiHeHnst [1], 1yisi UMCKPeTHUX CUCTeM 13 3aIli3HEHHSIM METO| YCePeIHeHHS
o6rpyHTOBaHO B [6]. MOXK/IMBICTH 3aCTOCYBAHHSI METOJLY yCepeJHEeHHsI JI0 3a-
Jad ONTUMAaJILHOTO KepyBanHs Brepiie Harojgocus M. M. MoiceeB. B poborax
B. O. IliroTHikoBa Ta y4HIB #I0r0 HaYKOBOI IIKOJIU METOJI YCEPEIHEHHS 3aCTO-

COBYETBCsI JI0O HOBUX KJIACiB 3a/au KepyBanusi [3; 5; 7; 8]. V sraganux poborax

Haditwna 04.10.2022 © Jarum. A.O., 2022
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IIPOTIOHYETHCST YCEPEIHIOBATH PIBHAHHSI KEPOBAHOT'O PYXY Ta CIEIIaJbHUM Uh-
HOM OyayBaTH KepyBaHHsI yCEPEIHEHOI cucTeMH. 1006To, KepyBaHHs BHXIITHOL
Ta ycepeaHeHol CUCTEM MalOTh Pi3HY BUMIPHICTB, pi3Hy npupomy. s auckpe-
THUX KEPOBAHUX CUCTEM Ta, JJISI JUCKPETHUX KEPOBAHNX CUCTEM i3 3aIli3HEHHSIM
TAKOTO POJIy METOJI yCepeIHEeHHsI 3anponoHoBano B [4; 9|. B mauiit po6ori mpo-
[IOHY€ETHCsI OOTPYHTYBAHHSA METOY yCepeIHEHHs I IUCKPETHUX KEPOBAHNX
cucTeM, Kl JIHIWHO 3a/1eXKaTh BiJl TapaMeTpa KepyBaHHSA Ta MICTATH 3MiHHE
3ami3HeHHs B CTaHi, IPOIOHYETHCS OOIPYHTYBAHHS MATOMLY YCEPEIHEHHS, KON
KepyBaHHS BUXIJIHOI it ycepeIHEHOI CHUCTEMHU OOUPAIOTHCS 13 OJTHIET MHOXKWHU
JIOIYCTUMUX KepyBaHb. JJIs 3a/1a4i ONTUMAJILHOIO KEPYBaHHS HA TPAEKTOPIsAX
Takol CHCTEMU 3 TepMiHaJbHUM KPUTEPIEM JOBEIEHO TEOPEMY PO OJIM3BbKICTH
3HaYeHb KPUTEPisd HeycepeaHeHol 3aJadi ONTUMAJILHOTO KEPYBAHHA HA OITU-
MaJIbHOMY KepYBaHHI ycepeIHEHOI 3a/1ad1 3 ONITUMAJbHUM 3HAYEHHSIM KPUTEPist
HeycepeaHeHol (Buxiguol) 3aa4i. Po3pobiieHo 9icI0Bo-aCHMIITOTHYHIH METO/
PO3B’sI3aHHs 3a/1a491 ONTUMAJILHOIO KePYBAaHHS CHCTEMOIO B JTUCKPETHOMY daci,
sdKa MICTHTBH 3MiHHE 3alli3HEHHsI B CTaHI Ta JIHINHO 3aJIEXKUTh BiJl ITapamMeTpa

KepyBaHHSI.

OCHOBHI PE3VJIbTATU

1. IlocranoBKa JiHiliHOI 3a KepyBaHHSIM 3aJa4i ONITUMAJILHOTO Ke-
PYBaHHSI CUCTEMaMU B JIUCKPETHOMY 4Yaci 3i 3MiHHUM 3ami3HEeHHSM.

Posriisinemo miniifiny 3a KepyBaHHSIM 3a/1a9y ONTHMAJILHOTO KePyBaHHS 3i
3MIHHUM 3alli3HEHHSIM BITHOCHO CTaHYy, sIKa JIiHIITHO 3aJIe’KUTh BiJl KEpyBaHHS

Ta OIHCYETHCA CUCTEMOIO PiBHAHBL B JUCKPETHOMY dYaci
Tiv1 =i+ & [l 25, 250)) + Al i, T5(5)) - wi] 20 = (1)
1 TepMiHAJBHUM KPUTEPIEM SKOCTI

J(u) = ®(zy) — znczg}, (2)

J1e 1ijie 3HAYeHHs { — MOTOYHMUI MOMEHT JUCKPETHOrO Yacy, M0 HAJIC?KUThH MHO-
xwuai i € I = {0,1,2,..., N}, tak sx N = |L/e|, L = const,e > 0 — manmit
napamerp, |c¢| — nisa yactuna uucia ¢; x; € D C (R™) — norounii n-BuMipHuii
CTaH cuUCTeMH, siKMil HajuekuTb MHOXKuHI D; u; € U C comp(R") — noroune
r-BUMipHe KepyBaHHsI, SIKe OOMPAEThCS 3 KOMIIAKTHOI MHOXKuHU U, 3a7aHa Iii-

nosuadna dyukmia s(i) € I, = {0,1,2,...,i} BU3HAIAE MOMEHT JAUCKPETHOTO
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Jacy BIUIMBY 3MIHHOTO 3alll3HEHHs Ha MOTOYHUIL i-Mii CTaH CUCTEMU, OYEBUJIHO,
o s(i) < 4 s 6yap-sikoro i € I; f(i, 74, T4(;)) — 3a7ana n-pumMipna byHKIis,
A(i, 2, () — 3amama n X r-marpuni; ®(r;) — 3ajana ckangpHa QyHKII;

0

T~ — 33JIJaHUU MOYATKOBUI CTaH CUCTEMU.

Osnauenns 1. Jlonycrumumu kepyBanHsiMu cucremu (1) Hazsemo byHKIT
u={u; € U,i € I} i3 komnakTHOT MHOKUHU U, JIJIst SIKMX 3HANIETHCS 3HAYECH-
He g9 > 0, He 3anexue Bijg u € U, Take, mo mis Beix € € (0, eg] Bianosignuii
po3B’si30Kk = = {z;,7 € I} cucremu piBusHb (1) Bu3HAUEHU yIst GYIb-sIKOTO

1 € I Ta HAJIE2KUTH 3aMKHYTIli MHOXKUHI D.

Osnadenns 2. OnrumanbouM KepysanuaMm 3ajgadi (1), (2) zassemo Take
nomycrume KepyBanust u* = {u} € U,i € I}, na sikomy kpurepiit sikocri (1)

npuiiMae MinimasbHe 3Hadenus J(u*) = mind(u).
ucelU

[Morpi6ro 3majitn Take momycrume kepysamust u* = {uf € U,i € I} i
Bianosigny ifomy Tpaekropito z* = {x},i € I}, sKa € PO3B’I3KOM CHCTEMH
piBasinb (1), mpu mpoMy KpuTepiit sikocti (2) mpuiiMae MiHIMAJIbHE 3HAYEHHSI

o
J(u*) = TEZI?J(U)

2. YcepeHeHHsI B JIHINHUX 3a KepyBaHHAM 33/a4aX KepyBaHHsI
cuUcTeMaMHu B AMCKPETHOMY d4aci 31 3MIHHUM 3aIlli3HEeHHSIM.

st poss’si3annst 3a/1a4i KepyBanHs cucreMoio (1) 3actocyemo merToJ yce-
pejiHenns. IlpuirycriumMo, mo piBHOMIpHO BigHOCHO 1ig0r0 ¢ > 0 Ta w', w? € D

icaytors dynkmii fo(w!, w?), Ag(w!, w?), axi 3a10BoMBHAIOTE yMOBH

1 q+h—1
hli_)ngo 7 Z f (j, wl,w2) — fo (wl,wQ) =0 (3)
Jj=q
1 q+h—1
hlim ’ Z A (j,wl,wz) — Ay (wl,w2) =0 (4)
—00 "
j=q

Cucremi (1) mocTaBuMO y BiAOBITHICTD yCEPETHEHY CHCTEMY

Yirr =i + € [fo (i Usiy) + Ao (Wi, Ys(i)) - i) w0 = 2°, (5)

ne y; € D C R™ — norounuii n-sumipHuii cran cucremu; v; € U C comp(R")
— IIOTOYHE T-BUMIpHE KEPYBaHHsI YCEPEIHEHHOI 3a/1a4i, 10 00MpaeThCs 13 Tiel

2K KOMITaKTHOI MHOXKHUHH U .
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Hoenemo, 110 st 6y 1b-sIKOTO JOIlyCTUMOrO KepyBaHHsI cucremu (1) a6o
6y/Ib-sIKOTO JIOIIYCTUMOTO KepyBaHHsl ycepeiHeHHol cucremu (5), 10 BinoBitae
obpaHoOMy KepyBaHHIO, TPAEKTOPil 000X 3a/1a4 OyayTh OJIM3bKI Ha CKIHIEHHOMY

ACUMIITOTUIHO BEJIUKOMY HpOl\Ii)KKy JAUCKPETHOI'O Yacy.

Teopema 1. Hezaii 6 obaacmi Q = {i € I;x; € D;u; € U} das cucmem (1) i
(5) sukonani nacmynmi ymosu:

1) dynwuia f(i,w', w?) ma mampuvnosnauna dynxuis A(i, w', w?) pie-
HOMIPHO 0Omedtceni cmanoto M > 0 i das ecix © € I 3adososvraroms ymosy

Jinwuua 3a wh, w? 3i emanoro X > 0;

L w? € D icnyromo

2) pishomipro 6i0HOCHO Uino20 3hauents q = 0 ma w
dynxuii fo(w!, w?), Ag(w', w?), axi sadosorvraoms sionowenna (3), (4);

3) Ppynruia s(i) nputimae yini snavenns i3 muoocunu Is = {0,1,2, ..., 4}
oan 6ydo-axozo i € I ma 3adosoansc ymosy Jlinwuuysa 3i cmanoro A > 0;

4) 0as 6ydv-axozo kepysanua v = {v; € U,i € 1} ycepednenoi cucmemu (5)
sidnoeidnuti tiomy poss’ssox y = {y;,i € I}, yo = 2° € D' C D eusnauenu
0as 6Yydo-axozo © € I ma pasom 3i c60im P-0KOAOM Hasencumb obaacmi D.

Todi dasn 6ydv-sxoeo n > 0 i L > 0 icnye maxe eo(n, L) > 0, wo das
scix € € (0,e0] i 6ydv-aroeo i € I = {0,1,2,....,N}, N = |L/e] cnpasedarusi
HACTYNHE MBEPONCENHA:

1) 6yodv-axe donycmume xepysarnsa u = {u; € U,i € I} cucmemu (1)
e donycmumum Kepysanmam ycepednenoi cucmemu (5), npu yvomy oan 6i0-
noGIOHUT YboMY Kepysanmio po3e’saskie v = {x;,i € I} cucmemu (1) iy =
{yi,1 € I} ycepednenoi cucmemu (5) 31 CNiABHOI NOYAMKOBON YMOBONW T( =

yo =2 € D' C D cnpasedausa ouirka:

llzi — vill < m; (6)

2) 6ydv-axe donycmume kepysarna v = {v; € U,i € I} ycepednenoi cu-
cmemu (5) e donycmumum kepysarnnam cucmemu (1), npu yvomy daa 6idno-
BIOHUT UbOMY KepysarHio po3e’askie y = {y;,1 € 1} ycepednenoi cucmemu (5)
i x = {x;,1 € I} suwionoi cucmemu (1) i3 3a2a40H010 NOYAMKOB0I0 YMOBOIO

Yo = w9 = 2° € D' C D cnpasedausa ouinka (6).

Hosenennsi. /loenemo nepiie TBepx/eHHst Teopemu. Hexait u = {u; €
U,i € I} noslibHe jorycrume Kepysanus cucremu (1), x = {x;,i € I} — Bin-

MTOBITHUI PO3B’ 130K Ii€l CUCTeMHU, AKWil BUSHAYeHU /Tt BCiX ¢ € I 1 HaJIeXKuTh
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saMkHyTiit MHOKuHI D. Hexait y = {y;,7 € I} — BianoBianuii nbomy X Kepy-
BaHHIO PO3B’sI30K ycepeHeHol cucreMu (5) 31 CHIIBHOIO TOYATKOBOI YMOBOIO
To = Yo = 20 € D' C D, ra axuit 3a YMOBOIO 4) TeopeMH BU3HAYCHWN 1715
Bcix ¢ € I i pasom 3i cBOIM p-oKOJIOM HajekuThb objacti D. Ile o3nauae, 110
kepyBatHst 4 = {u; € U,i € I} € gomycTuMuM i JijIsl yCepeTHEHHOI CHCTEMH.

Busnaunmo Biractusocti dynkmiit fo(w!, w?), Ag(w!, w?), mo BxomaTL B
ycepenneny cucremy (5). I3 mobymosu (3), (4) npu BukoHauui ymoBu 1) TeopeMun
BUXOJUTH, IO BCi BOHU obOMexkeHi crasoro M > 0 i 330BOJBHSIIOTH YMOBY
Jlimmus 3a w!, w? 31 cramoo A > 0.

Obepemo goBiabHe 3HavUeHHS 1) > 0 1 3adikcyemo foro. OiHUMO Pi3HUIO
MizK po3B’si3kamMu no4aTKoBoi cucremu (1) 1 BiIOBiHOT yeepeiHEHHOT cucreMu
(5) B oBinbHUIT MoMenT auckperHoro vacy i € [ = {0,1,2,.... N}, N = [L/e|.
st mporo obepemo 1iite 3nadenns 1'(¢), sike Mae Taki BIaCTUBOCTI

lim T'(e) = 400, lime-T(g) =0, (7)

e—0 e—0

Ha muoxuni I = {0, 1,2, ..., N} 3adikcyemo momenTu vacy kh, Bijggaseni
o/ Bij omHoro Ha Bifacrani 1'(¢). Ilpu npomy orpumaemo dac, Kuii moBiJIbHO
3MIHIOETHCST

kel,= {0, 1,2, ...,Nk}, Ni = LL/ETJ (8)

Jj1si IOBIIBHOIO 3HAYEHHSI JIMCKPETHOrO 4acy ¢ € I 3Halierbesi MOMEHT
nosisbHOrO Yacy k € Iy taxwmit, mo i € [kh, (k+ 1)h — 1) i 6yzne cupaseninsa

HEPIBHICTH
lzivt — yirill < llzivr — zrnll + Nlzkn — yrnll + lykn — il - 9)

B orpumamniit HepiBHOCTI OIIHEMO KOXKE€H JIOJAHOK OKpemo. s mepimoro

JoalKy B (9) 1pu BUKOHAHHI YMOB 1) T€OpeMu OTPUMAEMO

Tiy1 — yiv1]| <

i

<e|| D0 [f Ghwjra) + AU g, 2a) - ug] || <
j=kh

7
<e S0 (M + M ).
j=kh
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Buavennst u; € U gomycrumoro kepysanus u = {u; € U, 1 € I} cucremu (1)
06HpaloThest 13 KoMmakTHOl MuOKHHK U, ToMy 3Haiiersest Taka crana K > 0,

o Jy1st Oyib-aKoro ¢ € I Oyae cipaBeainBa OIiHKa
luil| < K, (10)
3BijICH JIIs1 IEPIIOTo JIOJAHKY B (9) BUXOUTH, 110
|xit1 — xgnl] < ehM(1+ K). (11)

Awnastoriuno jyist TpeThoro Joganky B (9) npu BUKOHaHHI yMOBH 1) TeopeMmu

i BracTuBOCTEN (PYHKIIH, IO BXOAATH B yCEPEeIHEHY CHUCTEMY, OTPUMAEMO

lYit1 — yrn|l <

<e || Y [Fo (Wivse) + Ao (U5 us) -] || <
j=kh

< ehM(1+ K). (12)

VY mepiBHOCTI (9) 3a7HMIIMIOCH OIIHATH JAPYTHii JogaToK. st mporo cucre-

mu (1) 1 (5) upu k € I, npencraBumo y BHAI

(k+1)h—1
esnn =+ Y [ (G as) + AU x5 2s0) w)
j=kh
(k+1)h—1
Y(k+1)h = Ykh T € Z [fo (yj, ys(j)) + Ao (ijys(j)) ‘uj] .
j=kh

PosristHeMo BifmoBiaHy pISHHUINO 1 IEpeTBOPUMO i1 3 ypaxyBaHHsIM OOMe-

kenHs (10) HACTYIHEM YHHOM

|2 @setyn = Yornn]| < lzen — yenll +

(k+1)h—1

el D, [ Ue) = fo (i vso)]|| +
j=kh

(k-+1)h—1

N

+e |l D0 [AG ) - w — Ao (U, Ys) - ui)
j=kh
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(k+1)h—1
< |wen — yrnll + € Z [f Gz zsey) — Jo (i us() ]|+
j—kh
(k+1)h—1
+eK > A ma) — Ao (U5 s) || (13)
j—kh

Y Bigaomtensi (13) oniHMMO KOXKeH JIOJIaHOK. [[Jist APYroro J0/IalKy 3 ypa-

XyBaHHSIM BUKOHAHHSI yMOBH 1) Teopemu 1pu Bcix k € I, orpumaemo

(k+1)h—1
el Yo [ Uzias) = fo(wivsp)]| <
j=kh
(k+1)h—1
<e Z \f (g zsy) = F (G Tins Tsemy) || +
j—kh
(k+1)h—1
+e Z . f Gy @kns siny) — f (ds Ykhs Ysqen)) || +
j=kh
(k+1)h—1
+e Z LS (G s Yseny) — Jo (Wkns Yseen)) ||| +
j—kh
(k+1)h—1
+e Z | fo (wrns yseeny) — fo (w5, ()| <
j—kh
(k+1)h—1
<ed Y (g =zl + [[eagy — zseml]) +
j—kh
(k+1)h—1
e Z (lzkn = yrnll + || Zswen) — vseem ||) +
j=kh
(k+1)h—1
+e Z F (G5 wrkhs Usteny) — e fo (Yrhs Yseny) || +
j—kh
(k+1)h—1
+ed D (lywn = sl + |lwseeny — vsii ) - (14)

j=kh
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OmuinnMo oKpeMo JiesiKi BUpasu, 1o BxoiaTh B (14). [Ipu BukoHanHi ymoB
1), 3) Teopemu Ta obmezkenns (10) st 6ynp-sikoro s(j) < 7, j € [kh, (k+ 1) h),
k € I, orpumaemo

sy — sy <

S€ Z [f (ta I, xs(t)) =+ A (ta I, xs(t)) ' ut] <
min(s(j),s(kh))<t<maz(s(j),s(kh))

<SeM(1+K)-|s(j) — s(kh)|| =
=eAsM (1+ K) - ||j — kh|| < ehAsM (1 + K). (15)

AHaJIONiYHO OTPUMAEMO OINIHKY JIJIsST BUPA3y

1955 — Vst <

N
™

Z [fo (Yt vsty) + Ao (s ysey) - we] || <
min(s(j),s(kh))<t<maz(s(j),s(kh))

<eM(1+K)-[s(j) — s(kh)|| =
=AM (1+ K) - ||j — kh|| < ehAM (1 + K). (16)

ITpu BukoHaHHI ymMOBH 2) TeopeMHU MaeMO iCHyBaHHsI Tpanuri (3), a 1e
O3HAYAE, IO 3HAleThCst MOHOTOHHO cra/Ha dhyHKIist ¥ (h), gKka 3a/J10BOJIbHsIE
BlJIHOIIIEHHS hlim ¥(h) = 01 Taka, mo a1 TPETHOroO A0MaHKY B (14) mpu Oyb-

— 00

axomy k € I, BUKOHYETHCS HEPIBHICTH

(k+1)h—1
3 Z F (G5 urkhs Usieny) — - fo (Yrhs Yseny) || < ehp(h). (17)
j—kh
Bpaxosyioun orpumani oninku (11), (12), (15)—(17), i3 nepisuocti (14) npu
BCix k € I} Gyme ciigyBaru omiHKa JApyroro jnojasky B (13) y sui

(k+1)h—1

€ Z Lf (g zsiy) — Jo (i vs() ] <
j—kh
(k+1)h—1

<2\ Y (ehM(1+K)+ehAM (1+K))+
j=kh
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(k41)h—1
+eA Z (lzkn — yrnll + ||2seeny — vsoem ||) + eMb(R) <
j=kh

< 2ehAehM (14 K) (1 + Xs) +ehyp(h)+

+ehA (|rn — Yrnll + ||2ssn) — Yseny||) - (18)

Y Biguomenni (13) ominumo rperiit noganok. [Ipu Bukonaunui ymos 1), 2)
Teopemu, 3 ypaxysanusam oniHok (11), (12), (15), (16) it icayBanHst rpaHunii

(4), st 6yap-sikoro k € I, orpuMaemo

(k-+1)h—1
ek Y (Al zs ) — Ao (yiys) | <
j—kh
(k+1)h—1
<el Y [|AG 2 2s) — A Gwwn zsm) || +
i—kh
(k+1)h—1
+eK Y A kns mseny) — A (G Ykns Usgeny) || +
j—kh
(k-+1)h—1
+eK Z A (4, ykh, Ysen)) — Ao (ks Yscen)) || +
j=kh
(k+1)h—1
+eK Z | Ao (Wkn, Yseeny) — Ao (5, ysi)) || <
j—kh
(k-+1)h—1
<k Y (Il — ol + [lwag) — zseall) +
j—kh
(k-+1)h—1
+eAK > (lewen — ywnll + || @seny — vseenl]) +
j—kh
(k+1)h—1
+ehK - — Z A (4, ykhs Ysin)) — Ao (Yrhs Ysien)) || +
j—kh
(k+1)h—1
+eAK Z (lyrn =yl + |wsen) — vsiil]) <
j—kh

< 2ehAKehM (1+ K) (1 + Ay) + ch K (h)+
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+ehAK ([|zrn — yinll + || Zsen) — Yseen ||) - (19)

Omxe, Buxoystan 3 orinok (18)—(19) juist gogaskis B (13), orpumaemo

|Zt1)n — s+ ]| < Nzkn — yrall +
+2ehAKehM (14 2K)(1 4+ X) + ehyp(h)+
+ehX ([|@rn — Yenll + ||Tsen) — Yseemy|]) +
+4ehAKehM (14 2K) (14 Xs) 4+ 2ehKy(h)+
+2ehAK (zkn — yanll + [[zskn) — vsaem |]) <
< |wrn — yrnl + 26RAehM (14 2K)? (1 + Xg) + h (1 + 2K) 9 (h)+
+ehA (14 2K) (|lzen — yenll + ||@s@ny — vsoen)||) - (20)

Bsenemo mosnavenns

5 = =y 21
k= maz [lz; =yl (21)

SVA

7o/l HepiBHiCTH (20) MOXKHA MPEICTABUTH Y BUIJIsII HEPIBHOCTI

2 w+1)n = Yoernl| <

< (14 2ehX (1 +2K)) - 6 + 2ehAehM (1 + 2K)? (1 + \,) 4+ eh (1 + K) 1(h),

sIKa BUKOHY€ETbCs Jiist Oyb-sikoro k € {0, 1, ..., N, — 1}, orxke

6N, < (1+2ehX (14 2K))-6n, ,+
+eh (14 2K) - [2ehAM (1 +2K) (1 + As) + 1 (h)] . (22)

Hagi orpumaeMo

On, < eh(1+2K) - [2ehAM (14 K) (1+ Ay) + (h)] x

(1+2ehA(1+ K))Mt -1 _
(1+2hA(1+K))—1 =

< |ehM (14 K) (14 X,) + wz(f)] (e”L(HK) - 1) . (23)
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3 ypaxysauusm orinok (11), (12), (23) mist 1o1aHKIB, 1110 BXOJAATH B IIPABY
qactury HepiBuocti (9), 1 mosuadenus (21) g Beix ¢ € [kh, (kK + 1)h — 1),

k € I} cipaBeIINBUM €

[#it1 = yiv1l] < 2ehM (1 4+ K) +

2

Bpaxosytoun noseniaky dyukiii ¢ (h), hlim ¥(h) = 0, 1 Bracrusocti (7),
— 00

h
+ [shM (1+K) (14 X))+ 1/1()] (em(HK) - 1) . (24)
JIJIsI TpaBOl YACTUHU OTPUMAHOI HEPIBHOCTI Oy/1e CIpaBe I IuBe CIIIBBIIHOIIEHHS

lim (25hM (1+K)+ [shM (1+K) (14 X))+ %(f)] <e2’\L(1+K) — 1)> =0.

Ile ozmauae, mo gag moBiibHO oOpanux n > 0 i L > 0 3HaiigeTbcsa Ta-
ke £0(n, L) > 0, mo mis Beix € € (0,&0] 1 Oynp-sixoro ¢ € I = {0,1,2,..., N},
N = | L/¢] i3 mepiBnocri (24) 6yzae BummBaru orinka (6). 3a yMOBOIO TeopeMu
posB’si30K y = {y;,7 € I} ycepennenoi cucremu (5) pasom 3i CBOIM p-OKOJIOM
HasieskuTh obsacti D. Bumararumenmo, mo6 poss’ssok © = {x;,1 € I} cucre-
Mmu (1) 3HAXOAMBCS B TOMY CAMOMY P-OKOJI DO3B’$I3KY yCEPEIHEHOI CHCTeMU
|xit1 — vitr1]] < m < p, a 3HaUNTH TaKOXK HasekaB obaacTi D, He BUXOISAIN 3a
11 Mexi.

ITepmia yacTuHa TEOPEMH JOBEICHA.

Hosenemo apyre Teep/pkennsi reopemu. Hexait v = {v; € U,i € [} —
JlonycTrMe KepyBanHus ycepeanenol cucremu (5), a y = {y;,¢ € I} — Bigno-
BiHUIT oMy DPO3B’A30K, KU 38 YMOBOIO TEOPEMU PA30M 3i CBOIM P-OKOJIOM
HastexkuTh obsacti D. Hexait ¢ = {x;,i € I} — BijnosigHuii poMy K Kepy-
BaHIO pO3B’s130K cucremu (1), sIKUil 3a/10BOJIBHSE CIILJIBHY IIOYATKOBY YMOBY
yo = xo = 2° € D’ C D. Ouinka pi3HuIi JyIsi PO3B’A3KiB HOYATKOBOI CHCTe-
mu (1) i ycepennenoi cucremu (5), 1110 BIANOBIAIOTE JOIyCTUMOMY KepyBaHHIO
v={y; € Ui € I} s ycepesHEHOI CHCTEMH, IPOBOJUTHCS TaK CaMo, siK 1 B
nepriiit yacruni goenenns. Bumora |11 — yir1]] < 7 < p st 6yjb-sikoro
i el =1{0,1,2,..,N}, N = |L/e| o3nauae, mo po3s’sizok x = {z;,i € I}
nouarkoBol cucremu (1) 3HaxX0IUTHCs B p-0oKoul po3B’si3ky y = {y;,1 € I} yce-
peanenol cucremu (5) 1 3a yMOBOMO 4) TeOpeMu HE BUXOJUTH 38 MEXKY 00J1acTi
D njis 2KomHoro MOMeHTY muckKpeTHoro dacy ¢ € I. Ile o3navae, mo KepyBan-

st v = {v; € U,i € I} ycepennenoi cucremu (5) mificHo € JomycTuMuMm i Jist
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noyaTkoBol cucremu (1), a jijist BANOBITHUX PO3B’SI3KIB X CHCTEM CIIpaBe-
JutiBa oninka (6) Teopemu. Tum caMuM JIOBEIEHO JIPYTe TBEP/ZKEHHSI TEOPEMHU.
Teopema moBemeHa.

3. YcepenHeHHs B JIHIHUX 3a KepyBaHHsSM 33/Ia4aX ONTHUMAaJIb-
HOTO KEepyBaHHSI B JUCKPETHOMY dYaci 3i 3MiHHUM 3aITi3HEHHSIM.

s 3amaqi ontumasbaoro Kepysantst (1), (2), B siKy KepyBaHHsI BXOJUTh
JIIHIAHO, PO3IVISHEMO BIAIOBIAHY yCepeIHeHy 3aJa4y ONTHMAaJIbHOINO KEepYBaH-
Hs1. 3aJ[ada OMHUCYEThCs ABTOHOMHOIO CHCTEMOIO DIBHSIHB (5) B JIMCKPETHOMY
gaci ¢ € I = {0,1,2,..., N}, N = |L/e], sika mictuTh 3MiHHe 3alli3HEHHs B

CTaHl, 1 TepMIHAJIBHUN KPUTEPIN AKOCT1

Jo(v) = ®(yn) — TCZI? (25)

Yepes v* = {v} € U,i € I} nosuatmmo onrtuMasbHe KepyBaHHs 3a1adi (5),
(25), Ha sikomy KpuTepiil sikocti (25) npuiimae mMiniMasbHe 3Hadenns Jy (V) =
minJo(v). BcraHOBUMO BiJIHOIIEHHS MizK ONTUMAJIBLHUM PO3B’SI3KOM BHUXIIHOT
vCU

sazadi (1), (2) 1 onTuMmasabHUM PO3B’sI3KOM yeepejHeHol 3ajadi (5), (25).

Teopema 2. Hexaii 6 obaacmi Q = {i € I;x; € Dyu; € U} dan 3aday onmu-
manavrozo kepyeanna (1), (2) ¢ (5), (25) suxonani ymosu meopemu 1. Kpim
moeo: 5) Pynwyia ®(r) sadosorvnae ymosu Jlinwuya 3i cmanoro A > 0. To-
di onmumanrvruli po3s’azor ycepednenoi zadawi (5), (25) e acumnmomuyuno
onmumasvrum po3e’askom 3adaui (1), (2), mobmo das 6ydv-axuxr n > 0 i
L > 0 suatidemvca maxe €9(n, L) > 0, wo das eciz € € (0,¢0] cnpasedausi

OUIHKU

|‘]*7‘]8<’<777 J(V*)*J*g’m (26)

de J* = J(u*) i J§ = Jo(v*) — onmumanrvre snavenns xpumepiie axocmi
sadawi (1), (2) i ycepeduenoi 3adaui (5), (25) sidnosiono, J(v*) — snauenna
kpumepia axocmi 3adaui (1), (2) na onmumasvromy rKepysanni ycepeonenoi

sadawi (5), (25).

JoBeneHHs. [3 nocTaHOBKU 3a7ad BUXOIUTH, 10 MHOXKUHA JOIIYCTHMUX
kepyBatb U BuxigHol cucremu (1) € HE MyCTOI KOMIAKTHOI MHOXKHHOIKO, a
MHOXKUHA BiInoBiHux po3s’si3kis D cucremu (1) e 3amkuenoro. [Tpu Buko-

HAHHI YMOBH 1) TeOpeMu BUXOAWUTD, 10 MHOXKUHA D € 06MEKEHOI0, a 3HAIUTH
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TAKOK KOMIIAKTHOIO, 1 JIUIs 3aJiadi onTHMaIbHOro KepyBanHs Buiy (1), (2) B
muckpernomy vacii € I ={0,1,2,..., N}, N = | L/e]| 3aBxau icHye onTumab-
ue kepyBanust u* = {uf € U,i € I} i BignoBigumii onTuMaIbHAil O3B I30K
x* = {af,i € I} nuas Gyab-sSKOro IOYATKOBOIO CTaHy cucTeMu. IIpu mpomy
KpuTepiit KocTi (2) HAa ONTUMAJIBHOMY KEPYBaHHI MIPUHMAE CKIHYEHHE 3HAYECH-
g J* = J(u*) = Z@éz(rjz] (u). Anasoriyno Jyist ycepeaHeHol 3a/1adi ONTHMAIIb-
Horo kepyBantsi Buiy (5), (25) B muckpernomy uaci i € I = {0,1,2,..., N},
N = |L/e| icuye ourumasnbue kepyBanusa v* = {vf € U,i € I} i Binno-
BinHmit poss’ssok y* = {y,¢ € I} i BiAnosigHe CKiHYeHHe 3HAYEHHS KPUTe-
pist sxocti J§ = Jo(v*) = cneingo(l/). BukonanHust yMOB TeopeMu i Oyib-
SIKOT'O JIOIIYCTUMOTO 3HadeHHsi kepyBanHst v = {u; € U,i € I} BuxinHol cu-
cremu (1) o3Havae, MO YMOBU TEOPEMH BUKOHYIOTHCS 1 JIjIsl OINTHMAJIBLHOIO
kepyBannst u* = {u} € U,i € I} 3 BIANOBIAHUM ONTHMAJILHEM PO3B’SI3KOM
x* = {x},1 € I} 3anadi (1), (2). Orxe, Ha migcrasi Teopemn 1 s obpaHnx
no > 01 L > 0 smaiigersest gg (o, L) > 0, Take, mo s seix € € (0,g0)
i 6ynp-sikoro i € I = {0,1,2,...,N}, N = |L/e| onrumaibHe KepyBaHHSs
u* = {uf € U,i € I} Buxignoi 3agadi (1), (2) € gomycruMuM KepyBaHHSIM yce-
penmenoi 3a1adi (5), (25), a my1st BinnosiaHux ftomy poss’askis z* = {z},i € I'}
Buxignol 3agad4i (1), (2) iy = {y;,7 € I} ycepenmenol 3anadi (5), (25) 31 cuib-

HOIO II0YAaTKOBOIO YMOBOIO Xy = g = 20 € D' C D cupaseyusa OIiHKA

127 =il < no-

Hepisuicts BuKOHY€eTbCs 1151 Oy/ib-gKOro ¢ € I, 3HaduTh i jist ¢ = N, TOMy

IpU BUKOHAHI YMOBHU 5) T€OPEMU OTPUMAEMO

|[J(u") = Jo(u)| = [®(xN) = @@N)| < A [l —Unl < Ao =70 (27)

Amnasoriuno ontumasbhe KepyBauus v* = {vf € U,i € I} ycepeanenol
2), a 1Jis BIINOBLIHUX
,(25)iT ={T,i € I}

sagradi (1), (2) 3i crisbHOO MOYaTKOBOIO YMOBOWO Y = Tp = ¥ € D' C D

sazadi (5), (25) € momycrumnm KepyBaHuaM 3agadi (1), (

)
fiomy poss’sizkiB y* = {yF,i € I} ycepennenoi 3aznaui (5)
CITPaBEJJINBI OIIHKU

1y = =il < no,
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[Jo (V") = J (V)| =12 (yn) =2 @N)| S A [lyy =Tl < Ao =7, (28)

Ha onTtmMmanbHOMY KepyBaHHI KpUTEpiil SKOCTI mpuiiMae MiHiMaJIbHE 3Ha-
YeHHsI, TOMY It OyJib-IKOT'O iHIIOrO JOIyCTUMOTO KEPYBAHHs BiIIOBIIHUX

3aJa" BUKOHYIOThCSI HEDIBHOCTI

JW) = J W), Jou)=Jo (). (29)

st onTuMabHUX 3HaYEeHb KpuTepiis sikocTi 3a1a4i (1), (2) 1 ycepentenol

sagaui (5), (25) MoXKe BUKOHYBATHUCH OJIHA 13 JIBOX HEPIBHOCTEIH
J W) = Jo(v*) abo J(u*) < Jo (V).
Y nepmiomy BunaJKy i3 (29), (28) maemo
T 3 T 2 Jo ) 2 T () —n, swinen |7 (@) — Jo ()] <1
Y apyromy Bunazky i3 (29), (28) maemo
Jo(u*) = Jo (V") > J (W) = Jo(w)—mn, sBimem |Jo (v*) — J (uF)] < 7.

Omrxke, B 000X BHIIAJKAX CIIPABEINBA [epIia HepiBHICTH B (26), i3 sikol 3 ypa-
XyBaHHsIM HepiBHOCTI (29) BUILIMBaE Apyra HepiBHICTH B (26).

Teopema noBesieHa.

OTxke onTuMaIbHE KEPYBAHHS YCEPETHEHHO! CHCTEMHU € aCUMIITOTUYIHO OTI-
TUMAJIBHUM JIJIsT BUX1JTHOI CUCTEMU.

4. Yucyi0BO-aCUMIITOTUYHHUI METO/]] PO3B’sI3aHHA 3aJad4i OnTUMA-
JBHOIO KePyBaHHsSI CHUCTEMOIO B JUCKPETHOMY dYaci 3i 3MiHHUM 3arri-
3HEHHSM Ta TaKOIO, IIO JIiHifHO 3a/1e2KNTh BiJ| MIapaMeTpa KepyBaHHI.

Takum ynHOM, HOBEHEHI TeopeMu OOIPYHTOBYIOTH HUHCJIOBO-ACHUMIITOTHU-
HUU MeTOJ] PO3B’si3aHHS 3aJladi ONTUMAJbLHOIO KEPYBAHHSI CUCTEMOIO B JIHC-
KPETHOMY dYaci 31 3MIHHUM 3ali3HEHHAM Ta TaKOIO, IO JIHIHHO 3aJeXKUTh Bil
napamerpa KepysanHsi (1), (2), peasizaliisi sIKOro 3/{HCHIOETBCsI HACTYIIHUM

YUHOM:

1. JInst kepoBanoi (yHKIIOHATBHO-TUbepeHTianbHol cucremu (1) Gyryemo

ycepejreny cucremy (5).

2. Posp’sizyemo ycepejHeHy 3ajady ontumasbHOro Kepysanus (5), (25),

3HAXO/IUMO OITUMAJIbHE KepyBaHHs V¥ ycepeHEeHOl 3a/1adi.
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3. Byayemo Tpaekropito x(t,v*) BuxigHol cucremu (1), sika Biamosinae ke-

pyBaHHIO V¥,

4. Jljst acHMIITOTHYHO ONTHUMAJJIBHOIO KEPYBAHHS U 3HAXOAUMO 3HATEHHS
dbyuxiionany sikocri (2), sike 3riHO 3 TEOPEMOIO 2 BiJPI3HIETHCS Bl

OIITUMAJIbHOTO 3HAYCHHA HAa MaJly BEJIUYIUHY 7).
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Latysh A.
AN AVERAGING IN LINEAR BY CONTROL OPTIMAL CONTROL PROBLEM ON
DISCRET TIME WITH VARIABLE DELAY

Summary

For discrete equations of controlled motion with a varying delay in the state
of the system and with a linearly input control parameter, the possibility of
applying the averaging method has been proved. For the optimal control prob-
lem on the trajectories of such a system with a terminal criterion, the theorem
on the proximity of the values of the criterion of the non-averaged optimal con-
trol problem on the optimal control of the averaged problem with the optimal
value of the criterion of the non-averaged (initial) problem has been proved.
That is, the optimal control of the averaged problem is asymptotically optimal
control for the original problem. A numerically asymptotic method for solving
the optimal control problem of a system in discrete time, which contains a
varying delay in the state and linearly depends on the control parameter, has
been developed.

Key words: averaging method, equations of controlled motion, optimal control

problem, delay, discrete equations.
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BcecTryn

Posrisiremo cucremy mudepenIiiabHuX PiBHIHD
A()Y =B()Y + f(2,Y,Y), (1)

ge Marpuii A : Dy — CP*" B : Djg — CP*" p < n,D; = {2z : |z <
Ri,Ry > 0, Dig = D1\{0}, marpunig A = A(z) — anajgituuna B ob6Jacti
Dy, a marpunig B = B(z) — ananituuana B obsacti Dyg. Bekrop-dyukiisa f :
D1 xG1xGq — CP, ne obacti G, C C™,0 € G, k = 1; 2, BekTop-dyHKIs f =
f(2,Y,Y") € ananiruuanoro B obacri Dig x Grg X Gag, Gro = Gi\{0}, k = 1;2,
ta mae B Touni (0,0,0) i3osboBany ocobiauBy TOUKy, a orxke, Touka (0,0,0) €

. /
YCYBHOIO 0COOJIMBOIO TOUYKOIWO Jjisi yHKIT 6araTeox 3minanx f = f(2,Y,Y")

Haditiwna 04.10.2022 (© Cawmxkosa I'.€., Jlimanceka I.€., 2022
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[1]. JoBusuaummo Bexrop-dyrkuito f y Touni (0,0,0) Tak, mob BoHa crasa
aHaJIITUIHOIO (byHKIEo B objacti Dy X (G1 X G9. Hexait poskiam BeKTOp-
byukuii f = f(z,Y, Y/) y 30ikHmit creneneBuii psag B okosi Touku (0,0,0) me

Ma€ BUILHUX Ta JIHIFAHUX YJICHIB.

OCHOBHI PE3VJIbTATHU

Cucremy (1) mocmimkyemo y npumyinensi, mo rangA(z) = p npu z € D;.

Beegemo dymkiio Y = col((Y1 Y2)),Y1 = col(Yi1(2),...,Y1p(2)), Y2 =
col(Yo1(2),...y ..., Yon_p(2)),Y1 : D1 — CP, Y5 : Dig — C"P. Bes obmerxe-
HHsI CIIbHOCTI Oyiemo BBazkaTH, 1o marpuri A(z), B(z) Ta BekTop-dyHKIIist

f=f(zY, Y/) MalOTh BUIUIA
A(z) = (A1(2) A2(2)),
B(z) = (B1(2) B2(2)),
[(&YY) = [1(2, %1, 2,71, Yy),
A1 : D1 — Cpo’
Ay Dig — (CpX(n—p)’
BliD10—>Cpo,
By : Dyg — (CpX(n—p),
detAy(z) # 0 npu z € Dy,
f*:DIXGll XGIQ><G21XG22—>(CP,
Gj1 xGjp=G;,Gj1 CCP,GjpCcC'P j=1,2

voe !’ ! . o
Ta, po3BUHEHHs BeKTOp-pyHKnil f* = f*(z,Y1,Ys,Y],Y,) y 30ixkunii cremneme-
Buit psij B okouii Toukn (0,0,0,0,0) He Mae BIIbHIUX Ta JIHIHHUX <ICHIB.

TToznaummo
ATN(2)Ba(2)Ya — A7 (2) A2(2)Ys + AT (2) £*(2, Y1, Y2, Y7, Ys) =
= F*(Z7Y1>Y27)/ilv}/§)'
Toni cucrema (1) naby/e BUTISA LY

Y, = AT (2)Bi(2)V1 + F*(2,Y1,Y2, Y], Vy). (2)
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Ba ymoBoro BekTop-dyHukiist F* = F*(z,Y7,Ys, le , Y2/ ) € aHAJITUYIHOIO B 00J1a-
cri D1 x Gio X G20 X G210 X G220, Gjro = G, \{0}, 7,k = 1,2, 70610 y TOUI]
(0,0,0,0,0) mae i3omapoBaHy 0cObIUBY TOUKY, oT2Ke TouKa (0,0,0,0,0) € ycys-
HOIO0 0CO0JIMBOIO TOUKOK jiist dbyHKIil F* [1]. JoBusnaunmo BekTOp-yHKILO
F* y roui (0,0,0,0,0) rak, mo 6 BoHa cTaja aHAITHIHOIO (BYHKIEH B 0618~
cti D1 X G11 X G192 X G91 X G99. He obMezkyioun cuiibHOCTI, Oy/1eMO BBazKaTH,
mo F*(0,0,0,0,0) = 0.

[Tig Hy, P 6yaemo posymiTu Kjiac (n—p)— BUMIPHUX aHAJITUYHAX B 06J1aCTI
D1y dyuxii, mo MaoTh B To4ri z = 0 moJI0C HOpagKy u, u € N.

Posrusinenmo sumnaiok, ko A7 ' (2)By(2)— amamitudana Marpuns B obracti
Dy Tta y Touni z = 0 mae mosroc mopsaaky 7,7 € N, a BekTop-dyHKIlsS Yo €
Hy P, Toni dyuxuis Yo = Ya(2) moxke GyTu 306pazkena y BULJIsIl 361KHOTO

psny Jlopana npu z € Dqg.
o0
Yo(z) = 274Y5 (2), = Z BjzF,
k=0

ne B, e C"P k=0,1,2,...,Y5(2) - ananitu4ana BeKTOp-dyHKIIisS B 00/1aCTi
D; raka, mo Y5 (0) = By # 0. Ockinbku By # 0, To BekTOp-DyHKILis Y2/(z) y
Touri z = 0 Mae noJiroc nopsaky u + 1.

Ockinbku BekTOp-PyHKINA F* = F*(Z,Yl,YQ,YII,Yé) — aHAJITUYHA B
obmacti D1 X G11 X Gia X Go1 X Gag, TO F* = F*(z,Yl,Yg,Yl/,YQ/) MOKHA

ysisutr B okosii Touku (0,0,0,0,0) y Burs 36i2KHOrO CTENEHEBOrO PsiLy

F*(2,Y1,Ys,Y,,Ys) = 3 Cajina 2 Y] V(Y] (Yy) "+
-+l [+ k||| =1, ||+ ]d]£0
m .
+ > Cajrvaz"Y{ Y3 (Y1) (Y2),

a+|j]+k|+|b|+|d|=2

me Cojipa € CP, = (41,5 dp), ] = G+ 4 jpy (V1)) = (Yir)7t . (Y1) P),
b= (by,...,bp), |b] = bit+-+by, (V1) = (V1) .. (Y1), k= (K1, ..., kn_p),
k| = k1 + + knep, Y)F = (Ya)Rr ... (Yopp)inr, d = (dv,...,dn—p),
jdl = di + -+ dyps (V) = (Vo)™ o (Yapp) e

IIpunycrumo, 1o icuyiors ¢ € N ta s € N Taxi, 1o

1. ms pesikux ag € N, jo = (Joi,-- -, Jop)s jon € NU{0}, h = (1,p),by =
(bots - - - bop), bon € NU {0}, h=1,p, mo upu |k|=q, |d|=s5, Cayjokboa #0;
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2. mig oyab-akux h,m € Nta p=1,2,....n—p,c=1,2,...,n—p,

Coj(kthe,)b(d+mee) = 0, axmo |k[ = g, |d] = s,e, — (n — p) — Bumipnuit
U~ ONUHUYHUI OPT.

Orxe esemenTn poskiajands dbysknil F* B okosi Touku (0,0,0,0,0) B
CTENEHEBUN PsiJl, KUl MICTUTh MAKCHUMAJIbHI CTyIIeHI BeKTOp-dYHKII Yo Ta

YQI 3 BIMIHHUME BiJ HysIsT KOedilieHTaMu, MATUMYTh BUIJISA
avivk /v’ b o r\d a—uq—(u+1)sy 7 (v *\k v’ b *! 4
Cajibaz Y7 Yy (Y1) (Ya) = Cajkbaz Yi(Y7) (V) (Y5 —uYy)

mpua=0,1,2...,[j] =0,1,2,...,]b| =0,1,2,...,|k| = q, |d| = s. IIpunaiivni
Taki CKJIaJOBI OymyTh mpum a = ag,j = jo,b0 = bg. Ilosmagmmo depes [ =
uq + (u+1)s, Ta

1 = min ag.
{a0€NU{0}:Cag jo kg s 0}
YV TakoMy BHUITQJIKY MOXKJIWBI JIBi JJOT1UHI CHTYyAaITil:
1) @p — 1 > 0. Toni mist oBibHOT dikcosanoi dyukmnii Y € Hy' P,
F*<Z,}/1,Y2,Y1/,Y2/) = F(5)(2,Y1,Y1/), ne F® :F(5)(Z,Y1,Y1/) — aHaJITHYHA

(byHKL[lSI y TO“IH‘i 0, 0, 0 ; 1 cucrema (2 IIPUBOJUTBHCA IO CUCTEMU
ZT1 1l == [ (5)<2)) 1 + Zrli (5)(2', Y 1 }1,>,

ne P®)(z) — amamituama marpuns y obmacri Dy, HO) = HO) (2, Y7, le) — aHa-
JiTHgHa BeKTOp-pyHKINA v 0bacti D1 X G171 X Go1. Leit Bunaiok pos3risiHyTo
y pobori [3, c. 33].

2) ap — 1l < 0, Toni BekTop-dyHKIia F* = F*(Z,}/l,Y27Y1/7Y2/) MOXKe OyTH
300parkeHa y BUTJIs/I

F*(2,Y1,Y2, Y], Yy) =

y ’ / d
=27 > Cajrpaz Y7 (V3) (V)P (2Y5) — rY5) +
a+|j]+|k[+[b|+|d|=1,|k|+|d|#0
oo
j * N x! N — ek x v vk
+ Z Cajkbdzayvl](YQ )k(}/l) (21/2 _TYQ) =z ZF (Z7Y17}/2 1Y1 7)/2 )7

a+|j]+|k|+|b]+|d|=2
ne F** — apamituana B obnacti D1 X G11 X G1a X Gao1 X G99 BEKTOP-(DyHKIIIs.

. . _ . ’
Bes obmeskenns crinbrocti, npu Yz € Hy P, ra dbynkniax Y5 (2), Y5 (2) ana-
. . / ! ’
miruaanx B obmacti D mosmaunmo F**(z, Y1, Y5, Y, Y ) = H(6)(Z,Y1,Y1),
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npraomy H(©(0,0,0) = 0. Cucrema (2) mpu 79 = maz(l,r) IpUBOIATECS 10

cucremMm BI/II‘JIH,ILy
20V, = 20" PO ()Y 4 20 HO) (2, v, YY), (3)

e marpuns A7 (2)By(z) = 27" PO)(2), PO)(2) — anamitiuna y obmacti Dy,
sexrop-dyukuis H® : D x Gip x G1a — CP, H) = H(6)(z, Y1, Yll) — aHaJIi-
trana y obuacti Dy X Gy X Gap, H®) = col(H1(6), .. .,Hi(,6)).

TakuM YMHOM, y JIAHOMY BHIIQJKY OyJIeMO JOCII/ZKYBATH NMUTAHHS iCHY-

BaHHS AHAJITHIHUX PO3B’S3KIB cHcTeMN (3) 3 HOYATKOBOIO YMOBOIO
H(z)—)O,z—)O,zGDlo, (4)
Ta dKi 33JI0BOJIBHAIOTH JIOJATKOBi#l yMOBI
’
Yi(2) =+ 0,2 —= 0,z € Dyo. (5)

1. JdomnomirkHa jema npo 3BeJeHHsi cucreMu (3) 40 cucremMu cre-

MiaJIbHOTO BUIJISIY.

. _ /
Osnavenns 1. Tosopumo, mo BekTOp-dyuKIis 20t H (6) (z,Y1,Y]) mae Bia-
crusicts V3 B okomi Touku (0,0,0), Ko y 1iit 061acTi KOMIIOHEHTH BEKTOD-

bynxmii 20 H (6)(7;, Y1, Yll) MOXKJIUBO PO3KJIACTU Y 3012KHI PSIIU BUTJISLY

o

S HO v ) =0t ST ey ey = Top,
s+dlgl=2
ne 59 e €, = cal (V...

Jlema. Srxwo y cucmemi (8) eexmop-gynruyin zm_lH(6)(z,Y1,Y1/) MaAE 6AA-
cmusicmo V3 6 okoai mouku (0,0,0), mo cucmema (8) moorce bymu 0dnosna-

YWHO MPuUsedeHa Jo cucmemu 8uzAAdY
20V, = 20" PO ()Y + 20 FO) (2, v7), (6)

de PO = PO)(2) — ananimuuna mampuus 6 o6aacmi Dy C Dy,0 € Dy, F©) =
F(©) (z,Y1) — anaaimuyna eexmop-gynkyia 6 obaacmi [?1 X éll C D1 x G,
(0,0) € Dy x Gy, F©(0,0) = 0.
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2. Cucrema (6) B3I0BXK BiIpi3Ky.

3riJ{HO 3 METO/IOM AHAJITHIHOIO IIPOJIOBXKEHHST PO3B’s13KiB [5| cucremy (6)
BUBYUNMO B3/I0BXK JBOX CiMeil KpHBHIX, a IIOTIM BHKOHAEMO aHAJITHIHE IIPOJIOB-
JKEHHsT PO3B’sI3KiB 3 KpUBOI O/Hi€l ciM'T 3a IOIIOMOTOI0 KPUBHUX JPYTOl ciM’T Ha
JIesKy obJIacTbh.

st nosinbaux dikcoBanux ¢ € (0, Ri],v1,v2 € R,v; < v2, BBOAUTHCSH
auokuna 1 (t) = {(t,v) € R : t € (0,t1),v € (v1,v2)}. Ipu 2z = z(t,v) = te',
muokuna I(t1) C R? craButhes y Bimmosimmicts no wmmoxmmm I(t) C C
I(t) ={z=te®” € C:t e (0,t1),v € (vy,v2)}.

Osuauenns 2. Hexaii p, g : I(t;) — [0,400). ToBopumo, mo dbyuKIis p Mae
BJIACTHUBICTD Q1 BimHocHO MYHKIHI g ipu v = vy € (v1,v2), AKIO QYHKIS p=
= p(t,vp) € DYHKIIEW BUIIOTO MOPsIKY MaaocTi BigHocHO dbyHKIii g = g(t, vg)
upu t — +0.

Osznauenns 3. Hexaii p, g : f(tl) — [0, 4+00). F'oBopumo, 1o dyHKIisS p Mae
BJIACTHUBICTD (J2 BiAHOCHO DYHKINT g HA MHOXKUHI I (t1), sIKIO iCHYIOTH TaKi

Ci1 > 0,0 > 0, mo Ha MHOXKHIHI I (t1) BUKOHYIOTbCSI HEPIBHOCTI
Cy - g(t,v) <p(t,v) < Cqy-g(t,v).

Beongrbes gomomizkni BekTop-dysknil p(z) = col(p1(2),...,¢p(2)), ¢ :
I(t1) — CPrra ¢(t,v) = col(P1(t,v), ..., Yp(t,v)),4; = I(t1) — [0;+00),j =
L,p, mpu z = Z(t7v) = tewawj(ta U) = |(,Dj(2(t,v))’,j = 1,p, byukuii wjaj =
1,p — € pailicHo3HaYHUMEU (QYHKIISIMA JIiICHUX 3MiHHUX t,v. Posrismaerbes

aHasiTuaHa Ha MHOXKUHI I (t1) BeKTOp-dDYHKIIA ¢ = ¢(z) Taka, Mo st 6y/Ib-

akux z € I(t1) as signosiganx dyskmiit ¢; = ;(t,v),j = 1,p, upu (t,v) €

I(t1) BEKOHAHO yMOBH:

"/’j(ta U) > Oa (¢j(ta U)); > 07 (@Z}J (t’ U)),/U >0

Ta pIBHOMIPHO BiIHOCHO v € (V1, ¥2) BUKOHAHO YMOBH:

$j(+0,v) = 0, (Y;(+0,v)); = 0,5 = L,p.

PosriistHeMo KOMIUTeKCHY 3MinHy 2 = te'V, me t > 0,t,v € R. Badikcyemo
v = vg,v9 € (v1,v2) 1 posruisremo cucremy (6) Ha BiApisKy Ly, (1) = {(¢,v) €

R?:t e (0,t1),v=1vp € (v1,v2)},v0 — Dikcoane duco.



72 Camxosa I'.€., Jlimancora /1. €.

Hosuaunmo Yi(z(t, 1)) = Y1(t), Yi(t) = Yi1(t) 4+ iYia(t), fflj(t) =
= col(Yij1(t), ..., Yijp(t)),j = 1,2, byuxuii Y11(t), Via(t) — e aiticnosnadmu-
Mu dyHKIisMu giiicuol sminnoi t. PO)(z(t,vg)) = [ﬁﬁ) (t)]jkzl = ]51(6) t) +
G (6 (6) /NP (6 (6) /1y | (6 :
PO (), POW) = L0, = 1.2, a0 B () = B (1) + iBh (1), 4, k =
1, p, bysxmnii ]55.?28 (t),7,k =1,p — e aiiicnozHauauMu DYHKIIAMHI JifICHOT 3MiH-
HOT ¢ Ta eJIeMeHTaMi MaTPHUIlh 158(6) (t),s =1,2.

Ipu dikcosaromy v = vy, vg € (v1,v2) Bekrop-dynkiio F(©) = FO) (z(t, v),
Y1 (Z(t, 1)))) Y4ABUMO dK F(G) (Z(t,v()),}/l (Z(t,’l)o))) ( )(t YH Ylg) ( )(t Yl) =
:COZ(Fl(G) (t,Y11,Y12), . - . ,Fzgﬁ) (t,Y11,Y12)), Fj(G) (t, Y11, Yi2) :Fl(j)(t, Vi1, Y1) +
+ in(?) (t,Y11,Y12),5 = 1,p, ne Fl(?), F(6) ,j = 1,p — e niificHosHauHuME byH-
KIIgAMHI JifiCHUX 3MIiHHUX.

Cucrema (6) 6yse 3BejieHa J10 BULJISIILY
470 (}71’1 + 1?1’2) _ tro—r(Pl(ﬁ) + Zp2(6))(f/11 + if/lz)e(l—r)ivo + tm—le(l—l)ivo‘

-(RQF(G)(ZL/,?H,?U) —i—z’ImF(m(t,ffu,?w)). (7)

Hopisusiemo miBopyd i mpaBopyd B cucreMmi (7) JificHi Ta ysIBHI 9aCTHHA BEKTOP-

dbyHKI, OTPUMAEMO CUCTEMY 2P PiBHAHB Ta BBEAEMO TaKi MATPHUII Ta BEKTOP-

dyHKITITO
~(6) 7(6)
56) ([ Fr () =Py (1)
P () ( 152(6)( ) = (6) ) ;

1
~ N ReF©)(t, Y11, Y;
7(6) (t7Y117Y12) _ I;F( )(( 11 ~12)) > ;

- _ cos((r — o) B sin((r — 1)vo) B

Qs(vo) = < —sin((r — 1)vo)E  cos((r — 1)vo)E ) J
5 (o) — cos((l = Dvo)E  sin((l — 1)vo) B
Qs(v0) ( —sin((I — Dwo)E  cos((I — 1)vg)E ) ’

ne E — omunuyana MaTtpura p X p.

Toni cucrema (7) 3BeJeTHCS 0 CUCTEME
Vi, (t Via(t
7o ( ~/11( ) ) 70— rP ( )QS(UO) ( }711( ) ) +

+£70 7' Qo (v0) fO (¢, Y11, Vi2). ®)
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Taxum unHOM, cucrema (6) B310BXK Biapizka L, (t1) npu goBlisHOMY dikcoBa-
HOMY v € (v1,V2) 3BEJETHC JI0 CUCTEMHU JIHCHUX qudepeHIiajlbHIX PIBHSIHD
(8).

3. Cucrema (6) B3I0BXK Jyru KoJa.

PosristreMo KOMILTIEKCHY 3MinHy z = te'V, ne t > 0,t,v € R. Badikcyemo
t = to,to € (0,¢1) 1 posrisinemo cucremy (6) B3mosxk jyru xoma Oy (tg) =
{(t,v) € R? : t = tg,v € (v1,v2)}, npu dbixcosanomy to € (0,t1).

Mosmaumvo Y7 (2(tg, v)) = Y1(v), Y1(v) = Y11(v) +iY12(v), Y1 (v) =
= col(fflﬂ(v), e ,Yljp(v)),j = 1,2, dyuxmil 1711(1)), Ym(v) — € JifCHO3HAYHY-
vu dbynxmisyu giitcuol aminnoi v. PO (z(tg,v)) = [ﬁﬁ) (v)]p = ]51(6) (v) +

iR (), PO (0) = B 00 s = 1,2, 20 ) (v) = B (v >+zp§,22< ).j k=
1,p, dynxuii pgk)s(v), j,k = 1,p — e mificnozHaunumu byHKIiSME JIificHOT
3MIHHOI ¥ Ta eJeMEHTAMI MATPHUIlb ]55(6) (v),s =1,2.
Bekrop-byuxiio  FO (z(t,v),Y1(2(t,v))) npu bikcoamomy t = to,
to € (0,1) yasmmo six FO)(z(tg,v), Y1 (2(to,v))) = FO (v, Y11, Y1),
FO (0, Y11, Y12) = col (F{7 (0, Y11, V12), . .., 37 (v, Y11, Yi2)),
F( )(U Vi1, Yig) = o )(v Y11, Yi2) +ZF2( )(0,1711,?12), j=1p,
ne B9 B9
Cucrema (6) Gye 3BejieHa 70 BUIJISILY

j =1,p — € npificHozHAYHIME (DYHKIIAMA JTiHCHIX 3MIiHHIX.

0L (Vg 4 iV75) = it (P (0) + i B (0)) (Vin + iV12)e
-l-’itgo_le(l_l)w (ReF(G) (’U, ?11, ?12) -+ iImF(G) (’U, }A/H, ?12)). (9)

HopiBHsiemo JiBopyd i npaBopyd B cucremi (9) ificHi Ta ysiBHI YaCTUHUA BEKTOP-

YHKIIIN, OTPUMAEMO CUCTEMY 2p PIBHSHB Ta BBEJEMO TaKi MATPHII] Ta BEKTOP-

dyHKIIIO
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Toxi cucrema (9) 3BeIETHCSI 10 CUCTEME

o ( i ) = £ PO )05l ( o ) +

12V

t00 7 Q6 (v) fO (v, Y11, Yia). (10)

Taxum qunoM, cucreMa (6) B3g0BxK gayrn kosa Oy, (to) npn goBiibHOMY bikco-
BaHoMmy to € (0, 1) 3BeieThest 710 cucremu JiificHux audepeHIialbHUX PiBHIHD
(10).

Bseneno momomikui BiaacruBocTi Sg, Mg BIIHOCHO aHAJITHIHOI BEKTOP-
dynrii ¢ = p(2), 1 9(2) = col(@1(2), -, 2(2)), B3 (1,0) = iy (2(,v))], 5 =
1,p.

Osnavennst 4. ['oBopuMoO, IO MaTPHUILs P(G)(z) MAa€ BJIACTUBICTEL Sg BITHOCHO

BeKTOP-DYHKIIT ¢ = ¢(z), AKIIO BUKOHYIOTHCS YMOBH:

1. st kozxroro vy € (v1,ve) dbymxii 70 (1;(2(t, v))); MAIOTH BAACTHBICTD
. . : N —
(1 BLOUOBIIHO BIIHOCHO (PyHKINi £70 T|p§-j ()| (2(t,v)),j = 1,p npu
v = vp;

2. @yuxmii 70~ (1);(t,v)), MaOTh BrACTHBICTL Q9 BIIOBHO BimHOCHO
dbyuxuiit tr0_7’|]§§-?) (V)| (t,v),j = T,p na muowumi I(tz) mas nesxoro

to € (O,tl);

3. st koxkHOTO v € (V1,v2) DYHKIGT t’"O*T\ﬁﬁ) (t)|Yx(t, v) matoTh BiACTH-
BicTh (1 Bimmosigno BigHOCHO dyHKIiH 70 (1)) (t, ), 5.k = 1,p,j # k

IIPU U = Vp;

4. Qynkuil tTO’T\ﬁﬁ)(U)Wk(t,v) MAIOTh BJIACTUBICTB (2 Bi;LHOBi,ZLIjO BigHO-
crio dymkmii 7071 (¢;(t,v)),, 4,k = 1,p,j # k na smosxumi I(tg) ms
nesikoro to € (0,t1).

Mosnammo muoskmmn (8, ¢(2(t,v0))) = {(t, Y11, Y12) : }7121]' + ?1223‘ <
< 5]2(wj(t,vg))2,t € (0,t1)},J :~1,p~. MuoxuHa Q(5,gp(z(t,1~10))) MoxKe OyTu
PO3IUIHYyTa fK Heperun MEOXKIH §2;, (5, p(2(t,v0))) = ?:1 Q;(6, p(2(t,v0)))-

YacTuay MexKi MHOXKHIH Qj, je{l1,2,...,p} bymemo nozHavyaTH K

09 (0, 0(2(t,v0))) = {(t, Y11, Y12) : l71213' + 371223‘ = 532‘(1/%(757”0))273712119 + Yig <
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< 5/%(¢k(ta UO))Qa k= mv k 7é j7 le (01 tl)}
Qi (1, 0(2(t0,v))) = {(v, Y11, Vi2) : Yi3; + Vi < 77 (05 (t0, v))?, v € (v1,v2)},

Jj=1p.

Muoxuna (7, ¢(2(to,v))) Moxke OyTu PO3IVISHYTa IK IE€PETUH MHOXKHH );,

Q(1, 0(2(to,v))) = ?:1 Qj(7, 0(2(to,v))). Hacruny mexi muoxkuu 2,5 €

{1,2,...,p} Gyaemo mosHavaTH K
8Qj(7'= p(2(to,v))) = {(%?1173?12) : Y121j + 1}122] =
= 73'2(1/13'(750,“))27?12% + Vi <
< T (Wr(to,v))* k=T, p, k # j,v € (v1,v2)}.

Osnavenns: 5. Losopmmo, mo sekrop-dynkuis F©) = F©) (z,Y1) mae Bia-
crusicrb Mg BijHOCHO BeKTOP-bYHKIIT (0 = (2), SIKIIO BUKOHYIOTHCSI YMOBH:

1. Jlist xosmoro vy € (v1,ve) mpu (¢, Y11, Y1) € (6, p(2(t, v0))) dymkmii
tro_lﬁ’g) (t, Yi1, 3712) MalOTh BJIACTHUBICTH (J1 BIAIOBIAHO BiAHOCHO (PYHKIII
0| (0|41, 0), 5 = Tp,k = 1,2 npu v = v;

2. ns oynp-axux (v, Y11, Yi2) € Q(1, o(2(to,v))) bdysKIil
t’"o’l}%]g?)(v,}}n,}}u) MalOTh BJIACTHUBICTH Qo BiAmoBimHO BimHocHo QyHKIHA
tTO_T\ﬁ§?)(v)|zpj(t,v)),j = 1,p,k = 1,2 na muoxuni [(ty) mns meskoro ty €
(0,t1).

(6)

Beesiemo obmacti A} (t2), k € {+, —}, aKi BUSHATAIOTLCS HACTYITHIM “TH-

HOM

AL (t2) = {(t,) : cos((r—1)v—&\D (1)) > 0, sin((r—1)v—al? (v)) > 0,5 = Tp,

t € (0,t2),v € (v1,v2)};

ALY (t2) = {(t,) : cos((r—1)v—&\D (1)) > 0, sin((r—1)v—a\? (v)) < 0,5 = T,p,

t € (0,t2),v € (v1,v2) };

ne dynkiii dg'?') (1), @g?) (v),j = 1,p BusHaveni y [3].

He 06Mezkyio4n CriibHOCTI, Oy1€MO BBazKaTH, 1110 Af)k(tg) #o,ke{+,—}.
(6)

Osnauenns 6. ['opopumo, 1o cucrema (6) nanexurs xknacy C o,k € {+, -},

sxmo Marpunst PO)(z) = PO (te) raka, mo (t,v) € Af)k(tz), ke{+, -}
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4. PopMyJIIOBAHHS OCHOBHUX Pe3yJbTaTiB.
Beenemo obsacti

R

©) (t2) = {z = 2(t,v) : 0 < |2] < ta, (t,0) € AV (t2)}, k € {+, ).

Teopema 1. Hezati p < n, A(z) — anaaimuyuna mampuys 6 obaacmi D1 ma
rangA(z) = p npu z € Dy. Hexat cucmemy (1) moorcauso npusecmu do 6u-
eandy (2). Cucmema (2) npu Yo € Hy, " moorce 6ymu npusedena do cucmemu
(3). Bexmop-dymxuia 270 HO) (2, Y7, Yll) MAE 6AACTNUGICTD V3 6 0KOAT TROWKU

(0,0,0). Kpim moezo, das cucmemu (6) 6uKOny10OMbCA YMOGU:

1. Mampuuasa P(6)(z) — AHAATMUNHA Mampuus 8 obaacmi Dy i mae 8aa-

cmugicms Sg 6i0H0CcHo anarimuunol eexmop-dynruii ¢ = p(2);

2. Bexmop-gynruia F©) = FO) (2, Y1) — anarimuuna 6 obaacmi Dy x G,
F(ﬁ)(0,0) = 0 7 mae saacmusicmv Mg 6idnocno eexmop-pynrkyii p =

p(2);
3. Cucmema (6) nasresrcumv 00HoMY 3 KAGCIE Cf)k, ke {+,-}.

Todi dns woorcnoeo k € {+,—}, daa dearozo t* € (0,t2) i daa xoocnozo Yo €
Hy P icrnyproms pose’sasku cucmemu (1) Y (2), nepwi  xomnonenmu xompux
3adososvnaome nowamrosum ymosam Y1(z9) = Yio npu zp € Gf)k(t*),Ylo €
{1 : Y1;(20)| < 85]l¢j(20)],d; > 0,5 =1, p}, ananimuuni 6 obaacmi Gf)k(t*) i

ONS YUT P KOMMOHEHIN PO36 A3KIG Y 3a3HAMEHIT 00AACTE CNPABEOAUBT OUTHKU

Vi;(2)]* < 5l (2)1%, 5 = Tp. (11)

HoBenennsi. 3a ymosoro cucremy (1) MOXKINBO HPUBECTH JIO BUIISILY
(3). Bexrop-dynxmis 270 HO) (2, Y7, Yl/) Ma€ BJIACTUBICTL V3 B OKOJII TOUYKH
(0,0,0). Bacrocyemo Jlemy 1, 3rigHo 3 sikoro cucrema (3) Moxke OyTH OJHO3HA-
IHO TpuBezeHa 10 cucremu (6).

1. Posrusinemo cucremy (6) Ha BijipisKy Ly, (t1) npu dikcoBanoMmy 3HaYeHH]
vo € (v1,v2). Hexait T(%) — BexTOp HOJIS HAIPSIMKIB CHCTEME (8) B JoBiIBbHI
dbixcosamiit o (t, Y11(t), Yia(t)) € 0Q;(6, p(2(t,v0))),5 € {1,...,p}.

(#0705 ) = 082030, 0) w0y + £ G Beos(( — o)+
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+BS o (t)sin((r — 1)vo))a2 (1 (8, v0)* + 707" 3 (Bl (H)cos((r — 1)vg)+
k=1k=#j

bS]

+pSn (B)sin((r—1)v0))x(Vi1 Vi1 + Vize Vig)+707" S (55 (8)sin((r—1)vo)
k=1

— i (H)cos((r — 1)v0)) % (Viop Y11y — Vi1 Yiag) + 70~ (F{) cos((1 — )vo) + Fy)-

sin((1—1)v0))Yigj + 70~ (—E S sin((1—1)yvo)+EF5) cos((1—1)vo))Yizj. j = T, p.

OCKIJIBKH, 38 YMOBOIO, MaTPHUILS P(©) nvae BracrusicTs S, a BeKTOp-PYHKITisT
F©) = FO)(2Y]) mae Bracrusicts Mg BimaocHo BekTOp-byHKIIT 0 = (%),

TO

(710, 52) S0 + G eostir - 1w - aP )

j=T1,p,t — +0.

ik,k € {+,—}, To icuye

take t*, mo upu t € (0,t*) cupaseyuBo (tTOT(G),Nj/Q) > 0,7 = 1,p. Orke

Ockinbkn cucrema (6) HaszexnThb ogHOMYy 3 Kiacis C

upu t € (0,t*) nosepxus dQ;(8, p(2(t,v0))) € noBepxmeo Ge3 KOHTAKTY jyTst
cucreMu (8), IPUYIOMY TIPH CIIQJIAHHI 3MIHHOI ¢ iHTerpajbHa KpHBa BXOJIUTH B
obmacts (8, p(2(t, v0))).

BrijgHo 3 TomosoriyHuM npuHIUIOM Bazkescbkoro [6], uepe3 KoxKHY TO-
ay muoxun (6, p(z(t,v0))) U 0Q(6, p(2(t,v0))) N (8 = ), € (0,t*)
IPOXOJUTH X0ua 6 OJHA IVIaJKa iHTerpajbHa Kpuba cucremu (8), 1 Bci iHTe-
rpasibii KPUBi a0l cHeTemu, 1o mpoxoaaTs qepes Touxn (8, p(2(t, vo)))U
99 (6, o(z (t, vo))) N (t = t**), +* € (0, t*), samumaiorbes B obacTi
(8, p(2(t,v0))) mpu (t,00) € A, (*),k € {+,~},v0 € (v1,v2). Mpusomy

BUKOHAHI HEPIBHOCTI

Y1 (2(t,v0)) > < 63 (¥5(t, v0))?, 5 = T,p, s = 1,2 (12)

npu (t,00) € A (1), k € {+,-}.

2. Posrusinemo cucremy (6) B3moex ayru kosa Oy (tg) npu dikcoBano-
my sHadenni tg € (0,t1). Hexaii 7 — BEKTOP IIOJI HAIPAMKIB CHUCTEMU
(10) B noBimbmiit bikcosamiit Touri (¢, Y11(t), Yi2(t)) € 9Q(7, ¢(2(to,v))),j €
{1,...,p}.
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Posrnsgnemo ckansgpunii modyTok

(tro—1T(6)7]\2fj>: 10 7240 (b0, v) (15 (to, v)), " (B (v) sin(((r — 1)v)-

— P (v)cos(((r—1)v)) T2 (1 (o, v) >+t ™" D7 (B (v)sin((r—1)v) —piy(v):

k=1,k#j
-cos(((r — 1)v)) x (YiteYa1j + Yi2eYioj)+
p

TO—T ~(6 ~(6

573 () (v)cos (1~ 1)v) + iy (v):
k=1
sin(((1— 1)v)) x (VirYizj — VizrVigy) + 0 (B sin(( — 1)v)—
_FQ(?)COS((Z - 1)”))%1]' + tro_l(F(J)cos((l —1)v)+
+E5Dsin((1 = 1)v)) Y125, j=1,p.

OCKIJIBKH, 38 YMOBOIO, MATPHUILS P©) nmae BracusicTs S, & BEKTOP-(DyHKITist
F©) = FO)(2Y]) mae Bnacrusicts Mg BimaocHo BekTOp-byHKI 0 = (%),

TO

(12170, 59 8k + G5h0nsin( - a0,

j=1,p, upu tg — +0,v € (v1,v2). Orxe, sign((tro*lf“(@, %)) =
~ (6)

Jj
HoCTi jiy1st KokHOrO (ikcoBanoro tg € (0,t*) mosepxms OSU(T, p(2(to,v))) €

= sign(sin((r — 1)v — & (v))),7 = 1,p,v € (v1,v2). Bes obmexenns criib-
Af.)k(t*), k € {+,—} e noepxueto 6e3 konrakry jyist cucremu (10).

Ockinbku cucrema (6) HAJIEKUTDH OJHOMY 3 KJIACIB C(ﬁawk € {+,—}, 1o
Oynp-sika iHTerpajabaa Kpusa cucreMu (10), M0 MIPOXOIUTH Yepe3 TOUKY MHO-
samn (7, 0(2(t, v))) N (v = v0), v € (01, v2), sKmO (0, v0) € AL, (%), samu-
maerses B obmacti (7, p(z(to, v))) upu craganni v, a sxmo (g, vg) € AS_G.)_ (t*),
sammaerses B obacti (7, o(z(to, v))) upn 3pocranmi v.

ITona Toro BUKOHaHI HEPiBHOCTI
Vi (2(to, 0))I* < 72|¢(to,0)*, 5 = Tp, s = 1,2 (13)

npu (to,v) € Af)k(t*), ke{+,-}
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3. Anagoriuno josegennto Teopemu 1.1 [2] npuiycTuMo, 110 BUKOHYIOTHCS
HepiBHiCTD 532 < T]-Q, j=1,p.

B nepmmomy etari joBegeHHSA 1€l TeOpeMU OTPUMAHO, IO B3JI0BXK KPUBOI
Ly, (t),v0 € (vi,v2) mpu t € (0,t*) icrHye xoua 6 oxun HemepepBHUil audepeH-

IIOBHUI PO3B’SI30K CUCTEMU

Yi5(2)1? < 03| (2)*,5 = Lp,s = 1,2,

aKuii 3a7o0BosbHsE oniHKaM (12). ITosHadmMO MHOXKHHY TakUX pO3B'sI3KiB

{Y1(2(8,0)) }-

Bu6epemo po3s’sizok Y7 4, (2(t,v)) 3 muoxunu {Y1 4, (2(¢,v))} Ta 3aiiicanmo
floro aHasiTHYHE IPOJOBKEHHs 3 Ly, (t*), (t,v) € A(f_)k(t*) npu (hiKCoBaHOMY
vo € (v1,v2) Ha 061ACTD, siKa MICTUTE Ly, (1*), 31 30epexkentsm orinkn (12).

3 zipyroro eTaily J0Ka3y Iii€l TeopeMy BUIUIMBAE, 10 [IPU BUKOHAHHI HEPiB-
Hocti (13) po3B’sa30K Y7 4, (2(t, v)) npu dikcoBaHOMY v) MOXKHA IIPOJIOBKUATH 3
Bigpiska L, (t*) B3moBxk kpuBnx Oy, Ha MHOXKHUHY Q(r, o(z(to,v))) N (v = v*)
upu t € (0,¢*), upu nboMy aHAJITHYHE IPOJIOBXKEHH T03HAINMO Y1 (z). OTpu-
MaeMo MHOKHMHY po3B’si3kiB {Y)(2)}.

VY mincymKy, 6yab-skuil po3B’st30k Y1(z) Moxke OyTH aHAJITHYIHO MTPOJIOB-

L)< (Y« [Yiy| < 6l;(20)], 5 = T,p, s = 1,2}, mpurionty
B JlaHiil obJsiacTi BUKOHAHO HepiBHicTh (11).

KeHnii B obstacti G

A smHauuTh, ais kKoxkHoro Yy € Hy P cucrema (1) mae xoua 6 oqun
PO3B’130K Y (z), mepImi KOMIIOHEHT sIKOT'O € aHAITHIHAMHA (DYHKIIAME B 00J1a~
cTi Gf)k(t*) 1 171 IUX p KOMIIOHEHT PO3B’d3Ka y 3a3HadeHiil 061acTi BUKOHY-
10Thest oninky (11).

Teopema noeeseHa.

BucHoOBKUu

Takum umHOM, OyJIO JeTajbHO BUBYEHO cucreMmy (1) y mpuiymieHsi, mo
marpuni A(z), B(z) — npsMOKyTHI Marpuri po3MipHocTi p X n,p < n, i
rangA(z) =p npu z € Dy. Toai cucrema (1) Oyme mpuseneHa 10 BUIJISIILY
(2). PosrustyTi Burmakn, Ko marpurs Ay H(2)By(z) — amamitidna B ob1a-
cti Dig Ta y Touri z = () Ma€ mOJIIOC TOPANKY 7, a Yo B34TO 3 Kjacy PpyHKITIH
H,, P ta nosejieno Teopemy npo icHyBaHHs pO3B’s3KiB jiis 3ajaui Komti (2),

(4) y mpumytienHi, Mo BUKOHY€ETbCS JonaTkoBa ymosa (5). A came, Ko Ma-
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tpuns A7 (2)Bi(2) — amamitiana B obmacti Dig ta y Touni z = 0 Mae mosmoc,
a Yy B3ato 3 kinacy dynxuii Hy, 7, a marpuna A (2)Bi(z) — anamituuma B
obstacti D1g Ta y Toumi 2z = 0 Mae mojIoc, 3HAHAECHO TOCTATHI YMOBH iCHYBaH-

HA x04a 6 ogHOro po3s’si3ky 3amadi Ko (2)—(4), meprini KOMIIOHEHTH sIKOTO

(6)

€ amajitnanEME GyHKIiAMET y obmactax G (t%), k € {+, —}, y npunymensi,

II0 BUKOHYETHCS JI0ATKOBa yMoBa (5).
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Samkova G., Limanska D.
THE SYSTEM OF ORDINARY DIFFERENTIAL QUESTIONS WITH RECTANGULAR
MATRICES THAT IS PARTIALLY SOLVED TO THE DERIVATIVES NEAR THE POLE

Summary

In modern theory of ordinary differential equations and systems of equations
with an unknown complex-valued function of a complex variable, a prominent
place is occupied by systems of equations that are either unsolved or partially
solved with respect to derivatives. The system of ordinary differential equa-
tions, which is partially solved with respect to the derivatives, with rectangular
matrices around the pole has been studied. The article presents conditions for
transforming a system of ordinary differential equations, which is partially solv-
able with respect to derivatives, to a system of ordinary differential equations
with a special form. The theorem with sufficient conditions of the existence
at least one solution of the Cauchy problem is proven, some components of
the solution are analytic functions in domains with the fixed singularity on the
boundary, and the remaining components are functions chosen from a certain
class of functions.

Key words: system of ordinary differential equations, that is partially resolved
relatively to the derivatives, Cauchy’s problem, fixed singularity, isolated sin-

gularity, pole.
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0. O. Yemnok

Heprxapunit 3akaa “TliBaeHHOYKpaTHCHKII HAIIOHAJIBHIH TTeIaroriaTHuit

yuiBepcurer imeni K.JI. Ymuncbkoro”

ACUMIITOTUYHI 30BPAXKEHHS P, (Y, Y1, +00)-PO3B’I3KIB
JNO®EPEHIIIAJIBHOT'O PIBHSAHHS JPYILOI'O IIOPAJIKY, SIKE
MICTUTHh JOBYTOK PIZHOI'O TUITY HEJITHIMHOCTEM BI/I,
HEBIJIOMOI ®YHKIIII TA Ii ITIOXITHOI

JocmiKeHHsT aCHMTOTHIHAX 300parKeHb PO3B’I3KiB AupepeHItiaIbHIX PIBHSIHHS, 30KpEMa
JPYTroro MOPSAKY, sIKi MiCTATH y IpaBiil YaCTUHI HEJIHIHHOCT] pi3HUX BHUJIB, IPAIOTh BarXKJIUBY
POJIb Y PO3BUTKY sAKiCHOI Teopil AudepeHniaaTbHIX PIBHAHD. Y POOOTi pO3IVIAHYTO THI Aude-
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y" = aop(t)po(y')e1(y), (1)

e ap € {—1;1},p : [a,w][—=]0, 400 (—o0 < a < w < +00), @; : Ay, —]0, +00]
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Kpiwm Toro, 6yemo BBaxkarn, mo GyHkiis ¢1: Ay, —]0, +00[ € npaBuibHO
aminHoO (muB. |1, c. 17|) mopsiaky o npu npsiMyBaHHI aprymenty jo Yy, a
dbyuriis ¢o: Ay, —]0,+oo[ asiui Henepepsuo audepeniiiiosHa Ha Ay, Ta

TaKa, 1110

lim o(y) € {0, +oo}, o(y) #0mpu y € Ay;, lim

2
ey 2 (b))

3 ymoB (2) BuiumBae, 1m0 QyHKIsi ¢o Ta 11 MOXiJHa IEPIIOro MOPSJIKY €
MIBUJIKO 3MIHHUMHU [IPU NpsiMyBaHHI aprymenty 0 Y7 (mus. [6, c. 91-92]).

Y cuity Biaacrusocreii pyHKIIT ¢o Ta Teopemu 3.10.8 3 poboru [1] dyHKIis
(pp Ta 11 HOXiZHA TEPIIOro MOpsJIKY HajexkaThb kKiacy (gyukmiit I', skuit 6yB
seesennit JI. Xanom (aus., Hanpukiaz, [1, c. 75]), a rakox kuacy Iy, (Zp),
sikuii 6yB BBeseHnit y pobori [3] sik ysaranbaenns xiacy L.

st piBasinb Tuiy (1) po3risiHeMo HACTYIHUI KJIaC POB’sI3KiB.

Osnauvenns 1 ([5]). Poss’sa30k y piBusiaus (1), Busnauenuii Ha [tg, w[C [a, w],
nasuBaerbest B, (Yp, Y1, Ao)-poss’szkom (—oo < Ao < 400), SIKINO ClpaBe/jin-

BUMHI € HaCTyHHi TBEP/I2KEHHA

! 2
J9ltowl— A, Tmy(0) = ¥i (= 0,1) ggm “d. (3)

Y pobori [2] 6yso BCTaHOBIEHO yMOBU iCHYBaHHsI y piBHsHHs (1)
P, (Yo, Y1, \o)-po3s’sizkiB y Bumaaky Ao € R\{0, 1}.

Metroro manol poboTH € BCTAHOBJICHHS HEOOXITHUX 1 JIOCTATHIX YMOB iCHY-
Banus y pisasuas (1) P, (Yy, Y1, £00)-po3s’a3KiB, a TaKOXK aCHMITOTHIHUX
300parkeHb 1pu t 1 w s X PO3B’A3KIB Ta 1X MOXiTHUX HEPIIOro MOPSIKY.

BayBaxkumo, mo y pobori [5]| BcTaHOB/IEHO Taki AnpiOpHI ACHMIITOTHYHI

cuiBeigaomenust P, (Yo, Y1, A\g)-pO3B’sI3KiB, 1110 PO3IJISIIAIOTHCS:

M = 0 M =o0 npu w
oy Wk gy e e ()
ze
t, AKIINO W = 400,
Tw(t) =

t—w, KO0 w < +00.

Hagenemo o3nagenmsi.

*TIpu Y; = +oo(Y; = —00) BBaxkaemo, mo ¥y > 0 (y! < 0) simmosizmo.
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Oznauenns 2. Hexait Y € {0,000}, Ay — gesxuit oxuobiunmit okin Y. Heme-
pepsHO nudepentiiioaa dyukiis L : Ay —|0; +0o[ Ha3uBaeTbCsT HOPMAJII30-

BAHOIO MOBLIBHO 3MiHHOW dyHKIie npu y — Y  (y € Ay) (aus. [6, c. 2-3]),

SKIITO
L/
lmy yL (v) _ 0.
o (v)

Osnavenns 3. ['oBopsTh, Mo MOBLIBHO 3MiHHa pn §y — Y (y € Ay) dyn-
kiist 0 : Ay —]0; +00[ 3a10BlIbHSIE yMOBY S IIpU [PsIMyBaHHI apryMeHTy JI0
Y (mams., manpukian, y [5]), skumo jyist 6yib-sKOI HOPMaJIi30BaHOI MOBLIBHO
sminnol ipu y — Y (y € Ay) dyukuii L : Ay —]0; +00[ mae micue crisij-

HOIIIEHHA
O(yL(y)) =0(y)(1+o(1)) mpuy =Y (y€ Ay).
OCHOBHI PE3VJIbBTATHU
OTpuMaHO HACTYIIHY TEOpeMmy.

Teopema 1. Hexati o1 # 1, dynxuia 1(y)|y'|~7" 3adosoavrae ymosy S npu
vy = Y1 (v € Ay,). Todi xoocen P,(Yo,Y1,+£00) — poss’aszox dupepenui-

anvho20 pienanns (1) moorce bymu npedcmasaenuts y eueandi

y(t) = mo(t)L(t), ()

de L : [tg,w|— R — 0dsiui nenepepsro dugepenyitiosna Gynkyis maxa, uo

yomu(t)L(t) >0, L'(t)#A0 npu t€ [t1,w] (to <t <w), (6)
. . . Ww(t)Ll(t)
lim L(t 0;£ | t)L(t) =Yy, lim ——=——==0. 7
i L(1) € {0500}, Hmmo(1)L(0) = Yo, lim ™o (7)
IIpu yvomy y 6unadky icHY6aHHA CKIHYEHHOT a0 HECKIHYeH ol eparuyl
()L (t)
lim —————~= 8
) ®)
MAIOMb MICUE HACTYNHE CNIBEI0HOWEHH.A
()L (t)
ltlTIBW =—1, aol'(t)>0 mnpu tet,wto<ti<w), (9)

agL/(t)
o) = 0 )
(LI 01 (ma(t)) - 90 (L) |1+ =0EO])

npu t 1 w. (10)
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Hosenennsi. Hexait dyukuist y : [to, w[— Ay, P,(Yo, Y1, £o0) € poss’ss-
koM piBasinus (1). Toxni manuii po3s’s30K Ta #i0ro NOXiAHI IEpIIoro Ta APyroro
HopsAJKIB 36epiraloTh 3HAK Ha JESKOMY HPOMIKKY [t1,w[(typ < t1 < w) Ta
BHKOHYIOTBbCs ymoBH (4). Y cmiy mepmol 3 ymos (4) icmye (|7, c. 15]) raka
HOpMaJIi3oBaHa MOBLIbHO 3MiHHaA npn ¢ T w dbyskuis L(t) : [to,w[— R, sika
3a/I0BOJIbHSIE TIepIIy 3 yMOB (6) Ta ocTaHHIO 3 YMOB (7), a TaKOXK J1JIst IKOT Ma€
micre piBaicTb (5).

3 (4) ra (5) BUIIMBAE, IO

t)L'(t
y'(t) = L(t) [1 + WW(L)(t)()} =L(t)[1+0(1)] mpu t71Tw, (11)
3BiJIKH, 3BaxKaoun Ha (3), BUKOHYIOTHCs TIepiia Ta jpyra ymosu (7) TeopeMu.

3 (5), (11), ockinbku y € po3B’s3koM piBHsHHS (1), TO Mae miciie piBHICTH
2L/ (t) + my, () () L (t) = aop(t)po(mu(t)L(t))p1(y' (1)) (12)

VY BUIIQJKY iICHYBaHHSI CKIHYeHHOI ab0 HecKiHueHHOI rpanuri (8), BUKOpH-
croBytoun npasuiio Jlomirans y dpopwmi lrosbia, 3 ypaxysauusm ymos (6) Ta

(7), maemo

=1 M — imw
O_ltlTIB L(t) _1+1tTw o (13)

3BijKK BuIUBa€ nepia 3 ymos (9). 3 (12) ta (13), maemo npun ¢ T w

<t>L"<t>] _

050 oz = o 2+ 00

aop(theo (10 |1+

= L(O)[1 + o(1)].

Ockinexu dyukis 01(y') = ¢1(y')|y'| 77" 3am0BobHSIE yMOBY S Ta, BHKO-

uyerbes (11), To

o (t) L' ()

L(t) ]) |70 (£) L(£) |71 01 (7, (2)) =

aop(t)po (L(t) [1 +

=L'®)[1+0(1)] upu t1tw.

Orxke, cupaBeyIMBUME € JIpyra 3 yMoB (9) Ta acUMIIOTHYHE 300parKeHHsI

(10). Teopema oBeseHA.
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OsnaveHHs 4. ByjeMo roBopuTH, 10 BUKOHYETHCS yMOBa, N, SIKIIO ISt JIe-
[t07w[—> R(to € [CL,WD,

sikoi HerepepBHO nudepentiiiosrol dyukiii L(t)
(14)

sIKa, 3a,10B0JIbHsAe yMOBH (5)—(7) Ta (9), Mae Mmicie 306parKenHs
[+ 7@,

OéoL/(t)
t)L'(t
(L)(t) : ):| )

p(t)
T (L1701 (ma(8)) - 0 (1) [1+ 2
qe r(t) : [to, w[—] — 1; +00] — HenepepBHa (DYHKIIisI, SIKa IPSIMYE JI0 HYJIsI TIPH

tTw.
Beenemo nosnadenns
po = signgo(y'),  01(y) =1 (W)lyl™", X () = L(t) - ex(t),
oo
oo Posgxe o (E)
Tw(t) L (t)po (X (t))’ (@6(14))2 N
poly)) V=X®
o (t)L'(t) ()L (t)
€1 (t) + L(t) y €9 (t) + L/(t)
Host nux dyukuiii, y cuiy (2) ta (7), BUKOHYIOTBCS HACTYIIHI TBEP/KEHHS
1)
lim e (£) = lim e (t) = 1 (15)
lim H(t) = +o0, lin a(t) =0, (16)
2) SKIIO iCHY€ IPaHUIS
!
lim L,(t) - H (t)g’
to L'(t) |H(t)|2
TO/1
!/
tim 20 0, (17)
to /() |H(t)|2

Hiiicno, tBepmzkentst (15) Gemocepesabo BuimBaoTh 3 ymoB (7) Ta (9)

Tepzkennst (16) BUILIMBAIOTH 31 CIIPABEINBOCT] TBEP/XKEHb:
1
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(%wwg’
(X ()eh(X(1) _ |, \#(X(1)
(wh(X(1))* (X (1)
PH(X(2))

TBepmkennst (17) 1OBOIUTHCS AHAJOTIYHO JI0 BIAMOBIHOTO TBEPJIZKEHHS,
HaBesieHoro y pobori €sryxosa B.M. ta Yepnikosoi AT [3].

CupaBeJIMBOIO € TEOPEMa,

Teopema 2. Hexati 01 # 1, Ppynruia 01 3adososvHiae ymosy S, 6UKOHYEMBCA

ymosa N ma
. Tw(t)L(t) 1
lim ————=|H(t)|2 = . 1
im PO (@ =, 09 <0 (15)
Todi 3a ymosu

aopoyo > 0 (19)
dugpepenuiarvre pienanms (1) mae odnonapamempuyuny cim’o Po,(Yo, Y1, £00)-
PO36’°A3KI6, OAA KONCHO20 3 AKUT MANOD MICUE HACTRYNHE ACUMNIMOTMUNHE 30~

bpasicerna npu t T w:

y(t) = mo(t) - L) (1 + o(1)), (20)
/ po(X (1)) L,
y(t) = X(t)+ X (D) [H(t)]2 - o(1) (21)

HoBenennsi. o piBusinusg (1) 3acrocyeMo nepeTBOpeHHs

y(t) = o (t) - LX) - [L+ 21 (2)],

roen _ Po(X (1))
Yy (t) = X(t) + m : ZQ(t)'
OTpumyemo cucreMy qudepeHIialbHuX PiBHAHD
o= Ml(t) Jeerz 4+ 14 K(H)er(t)za), (22)
- wo(X (1))
2o = L'(t) - ea(t) - mx
aop(t)|m(t) - L(1)|7101 (7w (1)) po(Ya(t, 22)) - N(E,21)
L'(t)

XL+ 2] =142 -q(t)], (23)
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e
~ po(X(t)) = Bt z)
0= Xwenx@y N = o
_ B ©o(X (1))
Yi(t,z1) = mo(t) - L(t) - [L+ 21(8)],  Ya(t,z2) = X(t) + m 2o (t).

Ockinbru dyukiis Yi(t, z1) € npaBuIbHO 3MIHHOIO TOPsiIKY 1, dyHKIs 01
3aJI0BOJIbHSIE YMOBY S, TO

11
lim N (¢, 21) = 1 piBromipao 3a 21 € |—=, = | . (24)
ttw 2°2

Y cuny ymosu N

aop(t) |y (8) L(1)|71 01 (7w (1)) w0 (Ya(t, 22)) _ po(Ya(t, 22))

o) xR

Posknamaroun npaBy wacruny (25) npu dikcoBanomy t € [t1;w] 3a dopmy-

jioto Maxkjopena 3 3aumkoMm y ¢dopwmi Jlarpamxka, Mmaemo,

oY1 (t,21)) | M+r@)]=1+r®)] (1+22)+ R(t, 22),

po(X (1))
e
o (x(0+ 25 ) o x(e)
R(t,z5) = [L+7(t)]- - 3,
Po(X (1))
€] <[22
Ockinbku
Yit.2) = X(0) |1+ xa))@i(x@) 5] :
eo(X (1))
1o 3 ymoB (2) Ta (7) BuIIMBaE, 1110
o2 X(t) + 909(X(t)) €
METRETT I e . S
0 ¥0 .
o (0 + 35 <)

lim d; (¢, z2)= 0 pi i € 11
1m z 1IBHOMIPHO 3a 2 .
m dy (1, 2 p p 2 5
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Ba jsemoro 1.2. 3 [3], ockinbku g, € I'y; (Z1) 3 noparkoBoo GyHKIIED

g= % TO CIIPABEJJINBOIO € PIBHICTH

/oy
0

A ) ARXD) ¢

o (x0+% L e )],

e
lim dy (£, 25)— 0 pismoni e|-L1
im z9)= 0 piBHOMIpHO 3a z ——,=.
poo) 1\t 22 p P 2 979
Omrxe, st Gyb-sikoro € > 0 icHyoThb Taki t1 € [to;w[ Ta 0 < § < %, 10

|R(t,20)| < (1 +¢€)|20* mwpum t € [t1;w],|21] < 0. (26)

Bubupaemo j1oBisbHUM 4nHOM unciao € > 0 ta posmisiHeMo cucremy (22)—(23)

Ha MHOXKHHI
1
0= [tl;w[xD, ,Z[eD:{(Zl;ZQ) ERQ, |21| Sé, |ZQ| < 5}

Cucrema (22)—(23) na € mae Buj

7 = Ml(t) [A1121 + Ara29 + 1, (27)
b wo(X (1)
2o = L'(t)ea(t) - @S(T(t))x
X [Agl(t)zl —+ Agg(t)ZQ + Ry (t, 21, ZQ) + Rg(t, 21, 22)] , (28)
e
A11(t) = —e1(t), Az =K(t)ei(t), Aan(t)=o01, Axn(t)=1,
Ri(t, 21, 22) = <(1 ha r612)@]\7)(t, ) 1) (1+ 0121 + 22) + q122,
Ry(t, 21, 22) = S ng)(tN)(t’ & (012122 + (14 22) (L + 21)7 =1 —0121)) +
—i—R(t, ZQ) ) (1 + 22)(1 + Zl)glN(t, 2’1).

€9 (t)

BayBaxkumo, 1o 3 ypaxysauusm (2) ta (15),

limA11 == *1, limA12 =0.
tTw tTw
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Kpim Toro,

lim Ry(t;21;22)= 0 piBHOMIpHO 3a 21,29 : |2i| < =, i =1,2.
t——+o00 2

Ry (t; 215 22)
m —F==
t=+oo |z1| + | 22|

Bacrocyemo 1o cucremn (27)-(28) monaTkoBe IepeTBOPEHHS

z1(t) = v1(t),

VY pesyibTaTi 0TpUMaEMO

’Ui = ﬂwl(t) . [cll(t)vl + c12v2 + 1], (31)
, 1 L(t) H'(t)signH (1)
vy = h(t) |ca1v1 + ca2v2 + 3 () . |H(t)]% v
+W-Rl<t,m, |H<t>|%v2<t>>+7““(£)(f)'(“-fz2<m1, H()Bea) |, (32)
e
00 = EOXD ), = e, = KOaIHOR (33
co1 = Ww(i)(f)/(t Aoy, coo = WW(z)(f)/(t) \H(t)\% <Aoo
3 (6), (7) maemo t
/h(T)dT = +o00. (33)
3ayBakKUMO, II10
1 po(X(t)) 1
K(t)ei(t)|H(t)|2 = L(t)%(X(t))!H(t)! =

Otrxe
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. . . 1 Qoo
limcio = lim K (t)eq (t)signH (t)|H(t)|2 =
iz = lim K (s (Osien ()| H (0] = °2
3 (14)—(16), (22) ra (23) maemo
%} €22 = Qf0Y0 1#3} ca1 = 0. (34)
3 (17) maemo
1 L(t) H'(t)signH(t
L 1O H OB @) _ -
thw 2 L'(t) |H(t)|2

Omxke xXapaKTEepUCTUYIHE DIBHSIHHSI I'DAHUYHOI MATPHUIL KOeMDIIieHTIB mpu

-1 o0
Yo
0 agrovo

(p — aopor0)(p+1) = 0.

VU1 Ta U2

Ma€ BU/JL

3 yMOB TeopeMu BUILJIUBAE, IO y IIHOI'O PIBHSHHSI PIBHO JIBa JIMCHUX KOPEHi
PpI3HUX 3HAKIB.

Otrpumyemo, 1o st cucremu udepeniianbaux piBasiab(31)—(32) Bukona-
HO Bci ymoBu Teopemu 2.2 3 [4]. Bignosiguo 1o miel reopemu cucrema (31)—(32)
Ma€ OJIHOTIAPAMETPUIHY CiM'10 po3B’askis {v; }2_, : [t*, +oo[— R? (tx > t;),
JKI IPAMYIOTE 110 Hysisd upu t 1T w. [luMm po3s’si3kaM BiAMOBiHai0OTh PO3B’SI3KU
Y [t*, +oo[—> R (tx > t1) piBasiaHs (1), m0 JoIycKaTh 1pH ¢ 1 w acUMIITO-
TraHi 300pakenHst (20)—(21).

3 Buay nux 300paykeHb MaeMo, 1o orpumani po3s’ssku € B, (Y, Y1, £00)-

posB’s3kamu piHsiHHs (1). Teopema 1oBHICTIO j10BeIEHA.
BucHOBKU

Omrxke s udepeHIiajbHIX PIBHIHD JPYTOro HOPSIKY, siKi MICTSTD y IIpa-
Biff wacTuHi 10OYTOK NMPaBUIbLHO 3MIHHOI (DYHKINI Bif HeBimomMol (byHKII Ta
MIBUIKO 3MIiHHOI (DyHKIIT Bi/T MOXiqHOT HEBiTOMOT (PYHKIII IpK apryMeHTax, 1o
MPsIMYIOThH, BiIIOBIMHO, 0 HyJid D0 HECKIHYEHHOCTI, TOOYI0BAHO aCUMIITOTU-
qHI 300parKeHHsI PO3B’sI3KiB Ta 1X MOXIIHUX HEPIIOro HOpsiaky. OTpuMaHHO

HeoOXimHi Ta mocTaTHI yMoBH icHyBaHHs moBiabHO 3minaux B, (Y, Y1, +00).
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Chepok O. O.

ASYMPTOTIC REPRESENTATIONS OF THE F,,(Y), Y1, £00)-SOLUTIONS OF THE
SECOND ORDER DIFFERENTIAL EQUATION, WHICH CONTAINS THE PRODUCT
OF DIFFERENT TYPES OF NONLINEARITIES FROM AN UNKNOWN FUNCTION
AND ITS DERIVATIVE

Summary

The study of asymptotic representations of solutions of differential equations,
in particular, of the second order differential equations, which contain non-
linearities of various types in the right-hand side, play an important role in
the development of the qualitative theory of differential equations. This paper
considers the type of differential equations of the second order, which con-
tain in the right part the product of a regularly varying function from an
unknown function and a rapidly varying function from the derivative of an
unknown function when the corresponding arguments tend to zero or infin-
ity. Necessary and sufficient conditions for the existence of slowly varying
P,(Yp, Y7, +00) solutions of such equations have been obtained. Asymptotic
representations of such solutions and their first-order derivatives are also ob-
tained. Note that when additional conditions are imposed on the coefficients
of the characteristic equation, such P, (Y, Y1, £00)-solutions of the equation
exist as a one-parameter family. Similar results were obtained earlier when
considering second-order equations, which contain in the right-hand side the
product of a rapidly varying function from an unknown function and a regu-
larly varying function from the derivative of an unknown function when the
arguments tend to zero or infinity. For the equations considered in this paper,
similar results are new.

Key words: nonlinear second-order differential equations, asymptotic represen-
tations of solutions, P, (Yo, Y1, Ao)-solutions, rapidly varying functions, regu-

larly varying functions, slowly varying first-order derivatives.
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ACUMIITOTUYHE 30BPAXKEHHS TEIKNX KJIACIB
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IOPAIKY
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3 ACHUMIITOTUYHO MajauMu Koediniearamu. 3a3Hadene JO3BOJIUIIO, IEBHOIO MipOIO, JONOBHUTH
BiJIOMi pe3yJIbTaTh 010 ACUMIITOTUYHUX BJIACTUBOCTEH PO3B’sI3KIB JIHIAHUX jTudepeHIiaib-
HUX PIBHSIHb TPETHIO MOPSIJIKY.
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BcTyn

Pozrnsinemo nudepenrianbie piBHAHHS

y" = aop(t)y|In]yll°, (1.1)
ne ap € {—1,1}, 0 € R, p: [a,w]—>]0, +00[ — HenepepsHa dyHKIsA, —00 <
a<w < 4oo*.

IIpobema oTpuMaHHsT yMOB iICHYBaHHSI PO3B’sI3KiB 3 IEBHUMU BJTACTHUBOCTSI-
MU JIJIsI JIEIKAX KJIaciB quepeHIiiajbHuX PIBHSHB TPETHOTO MOPSJIKY HEOHO-
pa3oBo migHIMaIach y poboTax JOCIIHUKIB Y raIy3i aKicHOI Teopil 3BUdaitHux
JudepenIiiaJbHuX piBHsAHb. OCHOBHI PE3YJIBTATH JIOCTII?KEHb [TOHAJ TPU Je-

CATUWIHTTA TOMYy copmyaboBano y monorpadiax 1. Kirypaaze ta T. Hantypil

*Baxkaemo, mo a > 1 npu w = toonuw —a < 1 npu w < +00.

Haditiwna 11.06.2022 (© lapait H.B., IlInakapenko B.M., 2022
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[1] Ta M. I'peryma [2|. 3Baxkatoun Ha IPUKJIAHI 3aCTOCYBAHHS Ta PI3HOMAa-
HITHICTB TPOOJIEMATUKY, JOCTIIPKEHHS 3BUYaiiHuX I epeHIiajlbHIX PIBHIHb
TPETHOTO MOPSJIKY € aKTyaJbHUM 1 B HAII Yac.

Posp’st30k y piBusung (1.1), axwuit 3ajanunii i BiaMinamil B Hy/Is Ha mpo-
MiKKY [ty,w[C [a,w], Gymemo nasuBaru P, (Ag)-po3B’sI3KOM, SKIIO BiH 3aJ0-
BOJIBHSIE HACTYITHUM YMOBaM:

" 2
imy® ) =d 0 01,2, W g
thw abo =+ oo w3y ()Y (t)

B po6orax [3-5] must piBasinast (1.1) Gysu BCTaHOBJIEHI YMOBHU iCHYBaHHsI
P, (Xo)-posB’si3kiB y Bunajky, skmo Ag € R\ {0}, a Takox Oyau onepxani
ACUMIITOTUYHI TOJAHHS /I TAKUX PO3B’si3KiB Ta 1X MOXiJHUX JI0 JPYTrOro Io-
PsIKY BKJIIOUHO. [Ipy 11boMy BCTAHOBJIEHA KLIBKICTH PO3B’SI3KIB 31 3HAMICHIM
ACUMIITOTUIHUM 300PaKEHHSIM.

B pobori [6] muist qudepenifiagbHOro piBHSIHHS JIPYTOrO MOPSIIAKY BUIJISIILY
(1.1) orpumani ymoBu icHyBanusi Ta acumuroruka P, (0)-po3s’s3kis.

Metoro naHol pobOTH € BCTAHOBJIEHHST HEOOXIIHUX Ta JIOCTATHIX YMOB iCHY-
BanHs y judepenniaabhoro pisasuus (1.1) P, (0)-po3s’3kiB, a TaKOXK acHMII-
TOTUIHOTO 300paskeHHsI IpH ¢ T w JJIsT BCIX TaKUX PO3B’3KIB Ta IX MOXIIHUX 10
JAPYTOro MOPSAKY BKJIIOTHO.

Homomi>kHi TBepaKeHHsI

st oTpuMaHHS PE3YJILTATIB MO0 ACUMIITOTUYHOIO TTOBOJZKEHHS PO3B’3-
KiB judepennianbroro pisasiuus (1.1) chopmyrroemo jiBi JieMu, mepiia 3 siKux
[OB’s13aHa, 3 alpPIOPHUMHU aCUMITOTHIHUME BiactuBocTsmu P, (0)-po3s’s3kis,
ApyTa jgeMa — 3 iCHyBaHHsIM 3HUKAIOYNX B OKOJI 0COOJMBOI TOUYKHU PO3B’SI3KiB
KBa3imiHIiHNX cucTteM audepeHIliaabHuX PiBHsAHB. BBeaeMo HeOoOXigHy y IO-
JaJIbIIOMY (DYHKIIIO
ro(t) = t, AKINO W = +00,

t—w, gKImo w < +o00.
Ha migcrasi nemu 10.6, sika gosegena B pobori 7] (Imasa 3, §10, 143-144),

MOZKJIMBO OTpHUMATHA HACTYIITHE TBEP/I2KCHHA.

Jlema 1. /Jlaa xoorcnozo P, (0)-poss’asky dupepernyianvhozo pienanms (1.1)

Maroms micue npu t T w HaACmMYynHi aCUMNMOMUYNHE CNIGEIOHOUEHH.A
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)~ a0 0, o0 =o( L), (2.1)
)y ()

V sunadky ichysanns ckinwenoi abo pienoi £00 eparul l#m% Mae
ttw
Micue cnieeioHOUEHHA
!
m y" (1)
y o (t) ~ — npu tTw. 2.2)
0~ (

Jaui, posriasgHeMo cucTeMy audepeHItiaJbHIX PIBHIHD

3

v}, = h(t) [fk(tyvlav%vi’)) + Zlcsz' + Vk(vl,v2,v3)] (k=1,2),
1=
3

(2.3)
vy = H(t) |:f3(t7vlvv27v3) + ;CSiUz’ + Vi (v1, U2,U3)} ,

B sKiit cp; € R (k,i=1,2,3), h, H : [to,w[— R\ {0} — menepepsro nude-
penritiopani bynxmii, fi : [to,w[xR3 (k= 1,2,3) — Henepepsni dbymxiii, mo
2

3a10BOJIbHAIOTDH yMOBI/I
liTm fr(t,v1,v2,v3) =0 pisromipro 0 (v, v2,v3) € RY, (2.4)
tTw 2

e

1
R :{(’Ul,vz,vg)ER?) : |’Ul’§§ (i:1,2,3)},

(SIS

aVy: R‘{i — R (k =1,2,3) — menepepsHo audepeniiiiopani (yHKIiil Taxi,
2
1o

aVk (tv 07 Oa 0)

o =0 (i,k=1,2,3). (2.5)

Y BignosigHoCTi 3 Teopemoio 2.6 3 paboru B.M. €sryxosa Ta A.M. Camoii-
nenka (8] miast cucremu udepeHIiaibHUX PIBHSAHDb BUrIsay (2.3) mae micie

HaCTyIIHE TBEPI2KECHH.

Jlema 2. Hexat ¢ynxuit h ¢ H 3adosorvHaoms ymosam

lim i /H )dr = o0, lim Hl(t) (Z(;)))/ —0.  (2.6)

Hexati, oxpim mozo, daa mampuys Cy = (Cki)iizl uCy = (Ckz)i i1 BUKONHYIO-

muea nacmynni ymosu: det Cs # 0, a Co He MaE 8AGCHUT 3HAUEHD 3 HYABOBON)
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diticroro wacmunoro. Todi cucrmema dugepenyiarvrur pietans (2.3) mae npu-
natimi 0dun pose’asox (vg)i_; : [t1,w[— RY (to < t1 < w), axud npamye
do nyan npu t T w. Biavwe mozo, axuio cepef? saacrux 3navenv mampuyi Co
€ M BAACHUT 3HAYEHD (3 YPATYSAHHAM KPAMHUL), QiCHT 4ACTNUHY AKUT Mi-
cmamo 3nak, npomuaestchul suaky Gynkyii h(t) na npomiocky [to, w[, mo npu
suKONaHHE Ha npomicky [to, w| nepienocmi H(t) (det C3) (det Ca) > 0 maxux
po3e’askie y cucmemu (2.3) icHye M-napamempuyna Cim’a, a npu SUKONAHHI

npomusescnoi nepishocmi — (m + 1)-napamempuuna cim’s.

OCHOBHI PE3VJIbTATU

st popMyIIOBaHHSA OCHOBHOTO PE3YJILTATY BBEIEMO JOTOMIXKHI pyHKITIT

Pi(t) = [ p(7)dr, Py(t) = [ Pi(1)dr,
/ /

Ja(t) = /WW(T)p(T)|ln\7rw(7')]|‘7d7', 1(t) = /JA(T) dr,
A a

e
w
a, skmo [ p(r)dr = +oo,
A = @
w, axmo [ p(7)dr < +oo,
a
a, SIKIIO f | Py ()| dT = +00,
Ay =
W, SKIIO f |Py(7)| dT < +00,
a, SAKIIO f|7rw 7) |in|my, (7)||7dT = +o0,
A pu—
W, SKINO f|7rw 7) |In|my, (7)||7dT < +o0.

Teopema 1. IIpunycmumo, wo icuye (ckinvenutd abo piehut £00)

lim o (t) 'y (t)
ttw JA(t) '
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Jlugpepenuianvre pienanns (1.1) mae P,y (0)-po3s’asku modi i miavku modi,

KoAaUu 6UKOHYIOMBCA YMOBU

. T (t) S (1) :
limm,(£)Ja(t) =0, lim —~2A — 1 Jim I(t) = £o0. 3.2
lim m, (£)Ja (1) = lim I(t) = o0 (32)

Ipu yvomy Koorcen i3 marxuxr po3e’3Kie Jonyckae HACMYnHi GCUMNIMOTUNHE

300pastcenta npu t T w :

y(t)

gy~ M@+ (3.3)

Infy'(t)] = el (£)[1+ o(1)], (3.4)
y”(t) B

g~ cola@ll+o()]. (3.5)

Biavwe moeo, axwo ymosu (3.2) euronari, modi dupeperyianvhe piHAHHA
(1.1) wmae deonapamempuuny cim’to po3e’a3Kie, AKa MAE ACUMNMOMUYHI PO3-

sunenna (3.3)=(3.5) npu t T w, ax y sunadky w = +00, max i w < +00.

Hosenennsi. Heobxionicmo. Hexait y : [t,, w[— R — nosineunii P, (0)-
po3B’s30K nudepeniianbaoro pisasinas (1.1). Toxi, B BimosigHOCTI 3 03HAYE-
uusam P, (0)-poss’ssky icnye to € [ty,w|[ Take, mo In |y(t)| # 0 Ha nmpomixKy
[to, w[, 1 3a JieMor0 2.1 BUKOHYIOTHCS acuMITOTHYHI cripsiguomennst (2.1). Bin-
HOBIJIHO IO IIEPINOro i3 aCHMTOTHYHUX CIIBBijHOIIEHb (2.1) MaeMO acuMIITo-

TH4Hi 300pakeHHst (3.3), 3 IKUX 30KpeMa MaeMo

y(t) ~ mu,(t)y'(t), mpm t1w.

L[e O3HaYa€, IO BUKOHYETHCA 3o6pa>1<eHH;1

mpu t T w.

Hane 300pazKkeHHs1, Ko w = +00 (3a O3HAYEHHAM T, (t) = t), cynepeunTnb
ocrauaboMy criBBignomenuo (2.1). Ilpn w < +oo sKio npoiTerpysary,
OJIEPKYEMO

In|y(t)| ~In|m,(t)] upm t1 w.

B cnty nux acumnroTnaHuX criBBigHOMeHb 3 (1.1) orpumaemo

y"(t) = aop(t)m ()| In |7 ()] 7y (O [1 + o(1)] mpu ¢ 1w,
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TOI
yy/((;)) = aop(t) T, ()| In |7u(t)]|7[1 + o(1)] upu ¢ 1 w. (3.6)
OckinbKu o / ” o
Yy Yy ly
(59) =% - vwm)]

i 3 osnauenns P, (0)-po3s’sa3Ky

A0k
GRZION

SO v
<y'<t>> g e

Tomy acumrrrorudHe criBsigHomeHHs (3.6) MOKHA 3aIMCaATH Y BULJIST

=0.

3Bigkn

(L9) = aopttyme( mlma 00+ o) mpn o1

[aTeprpytfoun mane criBBigHOIIEHHS Bil tg 10 ¢, OIEPKYEMO
t

) = cg + ag /p(T)T{'w(T)| In |7, (7)]|7[1 + o(1)] dr, (3.7)

to

Jie ¢g crasia, abo 3 ypaxyBaHHsSM BHOOpPY T'paHUIl iHTerpyBaHHst A B yHKITT

Ja

y'(t)
O) =c+apJa(t)[1+0(1)] mpu t1 w,
e
A
¢ = co+ag /p(T)m(T) n | (7|11 + 0(1)] dr-

VY Bunajiky, koo A = a, inTerpas y npasiit wacruni (3.7) npsimye 10 +00 11pu
t 1w, irToai (3.7) Moxke GyTH IEpENUCAHO B BULJIsIL
y"(t)
y'(t)

[Tokazkemo, 1110 y BUMAJIKY, KOJIM IHTErpaJ y mpasiit gactuui (3.7) upsiMye 110

=apJa(t)[l +o(1)] mpu t7Tw. (3.8)

HyJst npu t T w, TOjl TaKOXK BUKOHYETHCs CHiBBigHOMIEHHs (3.8), T06TO MU

Ma€eMO

=c+o(l) upn tTw.
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e 306pazkenHsi, Koau w = +0oo (100610 Ty, (t) = t), CylepeunTb OCTAHHBOMY
cuiBBinHomenHo (2.1), a gKmmo m,(t) < 400, TO NUIIXOM IHTErpyBaHHs OJep-
JKYEMO

Inly'(t)] =c1 +0(1) npu tfTw (c; = const),

1o cynepednTs nepiriit ymosi (2.1). Tomy B KOXKHOMY 3 JIBOX MOXKJIMBHUX PO3-
IVISTHYTUX BUIAJIKIB BUKOHYETHCSI ACUMIITOTHYHE CIiBBigHOIEHH: (3.8), TO6TO
BUKOHYy€TBHCs (3.5), 1 38 JOMOMOT0I0 OCTAHHBOTO 3 ACHMITOTHYIHUX CIIBBiIHO-
mieHb i3 (2.1) BuKoHyeThesi nepiia ymosa (3.2).

Kpiwm Toro, 3 (3.7) Ta (3.5) Bumsmsae, 1o

VIO SO Loy e 1w,

Toni
ro(y"(8) _ 7l T4()
y"(t) Ja(t)

i B cuy icynBanns rpanuni (3.1) (ckingenol abo piBHOI +00) Ta, KOPHCTYIO-

[140(1)] npu tTw (3.9)

9HCh JIeMOI0 2.1, IPUXOMMO JI0 BUCHOBKY, 10 3 ypaxyBaHHsaM (2.2), i3 (3.9)
BUILIMBAE CIIPaBE/JIUBICTD Apyrol 3 ymMoB (3.2).
Kpim Toro, inTerpyroun crisigHorensst (3.8) Ha IpOMeXyTKY Bif to 10 t,

OTPUMYEMO

In |y ()| = ¢+ ao / Ja(T)[1+ o(1)] dr.

Ockinbku, 3a ozuadenusim P, (0)-poss’askis, limIn |y (t)| = +oo, Toai Tpers 3
tTw
yMOB (3.2) BUKOHaHA 1 Ile CIIBBITHOIIEHHS MOXKe OyTH 3ammucano sk (3.4).
Jlocmamnicmoy. Hexait ymosn (3.2) Bukonani. [Tokazkemo, 1o y 1ipoMy Bu-
nasky jqudepeniianbie pisasians (1.1) mae B, (0)-po3s’si3Kku, 110 JIOMYCKAIOTH
upu t 1 w acumnrornyani 306pazkens (3.3)—(3.5), 1 aMo BIIOBI/Ib HA INTAHHST
PO KUIBKICTh PO3B’sI3KIB 3 TAKUME BJIACTUBOCTSIMH.

OCKIJIBKY BUKOHYETHCSA TOTOXKHICTH

ma)a(t) = =0 1),
TOzi 3 yMOB (3.2) BHUILIHBAE, IO
lim T Jal) _ (3.10)

tTw I(t)



Acumnmomuune 306pasicerns, po3e’askie udepenyianvonozo pleHAHHsA 103

Kpim Toro, 3a npasusom Jlomitams

i I(t) = lim =
lggm—lﬁw w(t)Ja(t) = 0. (3.11)

BacrocoBytoun 10 pisasins (1.1) meperBopeHHst

(D1 + 01 (1)),

<

S = ag a(®)[1 + vs(1), (3.12)

In |y ()] = aol(A)[1 + v3(t)],

OJIEPYKUMO CUCTEMY TuDEpPEHITIaIbHUX PIBHIHD

,

1=~y — a0 Jat) (1 +o1)(1 +va),

<

vy = =220 (1 vy) — agJa(8)(1 + va)2+

Jal(t)
J(t) In |y, (¢) (14+v1)]|7 I(t)(1+v o
54 (1 on) PR 1 4 oo gty |7

—

vh = T (14 vg) — T (1 + vy).

1)
[Toznaummo
hO = AO=T) B0 =om05,0,
B () (t) B apl(t) ~ Inf1 4]
d2(t) = T(S +1, 03(t) = _m» da(t,v1) = m

Ta, MMEPEIUIEeMO OJIEPKAHY CUCTEMY TU(DEPEHIATBHUX PIBHIHSHD Y BUTJISIIL

( Ui = h(t) [fl(tv U17v27U3) _Ul]a
vy = h(t)[fa(t,v1,v2,v3) — v1 + Vo], (3.13)
Ué = H(t) [U2 - U3] )

ne dyukil fi(t, vy, v2,v3), fa(t, v1, v, v3) MAIOTH BUTJIST

fl(t,vl,UQ,Ug) = 51(t)(1 + 2}2)2 — (52(t)(1 + 1)2),
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fz(t,vl,vg,vgg) = 51(t)(1 =+ ’U2)2 — (52(t)(1 + Ug) + (1 + Ul) .

Ja(t) 1+ 04(t,v1 ’

Ockinbku BuKoHyoThest ymMoBH (3.2) Ta (3.11), mus dyskiiii 61, de, d3, 04 BU-

1+ |14 84(t,v1)|7|1 +

KOHYIOThCS TPAHUYHI CHiBBITHOIIEHHS

ltiTm yi(t)=0 (i=1,2,3) (3.14)
i 11
ltiTm d4(t,v1) =0 piBHOMIpHO IPH V] € [—2, 2} . (3.15)

3BaXkaruu Ha OTPUMAaHI "PAHWYHI CIiBBIIHOIIIEHHSI, MU BUOMPAEMO IUCTIO ty €
Ja,w[ Takum umnoMm, mo s t € [to,w| Ta |v1] < 3, |vs] < 3 BukonyroThCs

HACTYTHI HEPIBHOCTI

(53(t)(1 + 1)3)

<L
1+ 64(t,v1) |~ 2

Jlai posrisgHeMo cucTeMy PiBHSIHb Ha, MHOXKHIHI

1
Q= [to,w[xRi, ne ]RB: = {(vl,vg,vg) e R3: lvs| < 3’ 7= 1,2,3}
2 2

1ty — Jesike YUCIIO 3 IPOMIXKKA [a, wl.
IIpaBi wacTunm cucreMu HerepepBHi Ha Iilt MHOXKWHI, dyuKil h, H Heme-

pepsHO-udepeHiiiioBani Ha iHTepBai [tg,w), a 3a ymosamu (3.14), (3.15)
ltle fe(t,v1,...,v3) =0 pisnomipno mpu  (v1,ve,v3) € RI (k= 1,2).
w 2

Takum anHOM, cucrema JudepeHniagbHuX piBHsiHb (3.13) € KBasiniHiiiHow cu-
cremoio udepenrianbanx piBugab Tumy (2.3). Ilokaxkemo, mo s miel cu-
CTEMU BUKOHYETBhCH BCi ymoBH Jiemu 2.2. BpaxoBytoum Buriisi dyHkiiit [ ta

Ja
t

/H(T)dTN1H|JA(t)|—>:|:OO kot T w.
to

Oxpim Toro,

H(t) _ mu(t)Ja(t) 1 (H(t))/zlJr?Tw(t)JA(t) o (t)Ja(t)

Ja(t) I(t)
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i Tomy, BpaxoBytoun gpyry 3 ymMoB (3.2) i ymoBy (3.10), orpumyemo criBsigHo-
HICHHS

H)  m®)dalt) 1 (HOY - mJ4l)  mu()Jalt)
- ’H(t)(h(t))‘” )

Ja(t) It)

h(t) 1(t)

10610 Jiutst cucremn (3.13) BukoHytoThCst ymMoBH (2.4) stemn 2.2.
[Momitumo, mo marpuini Cy ta Cs posmipy 2 X 2 ta 3 X 3 (BijauosigHo) 3

JeMu 2.2 y BUIIQJIKY cUCTeME JuepeHIiajibHuX piBHsAHb (3.13) MaroTh BULIIsi

-1 0
Cy = ,

Bracaumu 3nadenasyvu matputli Co € KOpeHi ajaredpaldHoro piBHSHHS
A=1)(A+1)=0,
T0bTO umcaa A\; = 1 > 0, A = —1 < 0. Kpim Toro,
detCy = —1, detC3=1.

Takum gunOM, JyIsi cucremu judepeHniaabuux piBasiab (3.13) Bukonyto-
ThCs BCl yMOBH JieMu 2.2. 3TiJIHO 3 IIEI0 JIEMOIO cucTeMa JTudepeHIiibHIX PiB-
HsaHb (3.13) Mae npuHaiivi oguH poss’asok (vg)3_y ¢ [t1, w[— R3 (t1 € [to, w]),
AKUH mpsAMye 110 Hysad upu t T w.

Bisnbie Toro, ockijibku cepej BiacHux 3Hadedb Marpuill Cy € ojHe Bij emue
i onne nomarne yucio ta det Co = —1, det C3 = 1, To 3rijgHO 3 TBEPIPKEHHSIMU
JaeMu 2.2, SIKIIO BUKOHYeTbes HepiBaicTb h(t) > 0 (h(t) < 0) ma mpoMixky
[to,w], Tomi cucTema audepeHniagbHuX piBHAHD (3.13) Mae oHOIApAMETPUIHY
ciM’t0 po3B’sI3KiB, sIKI 3HUKAOTH Upu t — w y BUnaJKy, kKoau H(t) < 0 Ha
[to,w[, 1 mBOHApaMerpuuHy ciM’l0 po3B’si3KiB y Bunajky, ko H(t) > 0 na
[to, w[.

JLy1st OCTATOYHOrO BUPIINIEHHS MUTAHHS PO KiJIBKICTh 3HUKAIOYUX 1Ipu t T w
po3B’si3kiB y cucremu (3.13) HeoOXiaHO BU3HaunTH 3HaKW byHKIEH A 1 H Ha

IPOMIKKY [tg,w|.
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Ockinbku h(t) = 7, 1(t), Toni 3 BusHAueHHs bYHKI T, MaeMo

i h(1) 1, gkmo w = 400,
sign =
& —1, gxmo w < 4o0.

st yukiil H y BignoBigHocTi 3 o3nadeHHsIM QyHKIN I MagMo

= J[‘?g) = |4 ()] AKIo  t € [to,w).

J ()] dr

H(t)

Kopuctytounch onep:kanmmu ymoBamu 11 GyHKINN h Ta H, orpuMaeMo Ha-
crynHi ¢iHaJbHI BUCHOBKH MO0 KUJIBKOCTI 3HUKAOUNX 1pu ¢ T w PO3B’sA3KiB
y cucremn udepeniianbaux piBagnb (3.13):

1) sik1mo w = +00, To upu o < 1 cucrema judepenifianibHuX piBHIHD (3.13)
Ma€ OJIHONAPAMETPUYIHY CiM 10 3HUKAIIUX IpH ¢ T w po3B’s3KiB, aipu o > 1 —
MIPUHAKMHI OJINH TaKUil PO3B’sI30K;

2) gKmo w < 400, To pu 0 < 1 cucrema gudepenIiatbHuX piBHgHb (3.13)
Ma€ TpUIApPaMETPUYIHY CiM 10 3HMKao4unX pu ¢t 1 w po3B’sa3KiB, anpu g > 1 —
JIBOTTAPAMETPUYHY CiM’I0 TAKMX PO3B’SI3KIB.

Kopucryouncs  nepersopennsivu — (3.12), KOYKHOMY PO3B’SI3KY
(vg)i_; ¢ [t1,w[—> R3 cucremn judepennianbuux pisusans (3.13), axuit ups-
MYE€ JI0 HyJisl, BijroBijae po3s’si30K ¥ : [t1, w[— R pudepeniianbHoro piBHsH-
us (1.1), sikwit npu ¢ T w Mae acumurornyni 306paxkenns (3.3)—(3.5). Kopucry-
I0YHCH [UMU 300payKeHHIME Ta, yMOBOIO (3.2), HEBarXKKO JIOBECTH, IO KOKHUI
rakuil po3s’si3ok € P, (0)-po3s’sskom jaudepenniagbaoro pisasaas (1.1).

Teopemy mOBHICTIO TOBEIEHO.

BayBaxkenust [Ipu nepesipuyi suxonanms ymos (3.2) moorcauso esasica-
mu, Wo 8 CuAY NEePWoi 3 YUT Ymos Opyaa ma MpPems YMoelu eKGIAAECHMHT

610N06I0HO YMOBAM

w

lim p(8) 3 (1) I [ (1) = 0. / 7o (1)p() lIn o (7)|dr = +o0.
a
Hapenemo npukia 3aCTOCYBaHHS JOBEIEHOI TEOPEMHU JJjisi PIBHSHB OlIbII
3araJbHOrO BHIY. 3BEPHEMO yBary Ha Te, IO TeopeMa 3.1 OXOILTIoE BUIAI0K
o = 0, Tobro komm mudepentianbue piBasuas (1.1) e minefinum nudepenri-
AJIbHUM piBHHHHHIVI BUTLJIANY

/!

y" = agp(t)y. (3.16)
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st piBustang (3.16) i3 Teopemu 3.1 3 ypaxyBaHHsM 3ayBayK€HHsI Ma€ MiCIie

HACTYIIHUI HACJIJIOK.

Hacainok 1. IIpunycmumo, wo ichye (ckinuena abo pisha +00) epanuis
(3.1). dan ichysanns y dugepenyianvrozo pienanns (3.16) P, (0)-poss’askie
He0OTIOH0 1 JOCMATMHBLO BUKOHAHHA YMOB

w

7T2
im0y [ nPptr) ar = oo
[ o (T)p(T) dr a
A
%iTm 73 (t)p(t) = 0. (3.17)

IIpu yvomy woorcnuti 3 marux P, (0)-poss’askie donyckae nacmynni acum-

nmomuuri 300pascenna npu t T w :

y@®) _ .
gy~ O+l (3.18)
In |y/(#)] :a0/|77w(7')|2p(7') dr[l + o(1)], (3.19)
y'(t) _
(o = CopOmO+o(1)]. (3.20)

Biavwe moeo, axwo ymosu (3.17) sukonani, modi dudepenyiarvre pica-
nna (3.16) mae dsonapamempuuny cim’io po3e a3Ki6, AKG MAE ACUMNIMOMUYHI
soopaoicennsn (3.18)—(3.20) npu t T w y sunadkar w = +00, a MaKoIHC KOAU
w < +0o0.

BucHOBKU

Y poboTi BcTaHOBJIEHO HEOOXi HI Ta JIOCTATHI YMOBHU iCHYBaHHS Y JudepeH-
miaspHoro piBasians (1.1) P, (0)-po3B’3kiB, a TAKOXK aCHMITOTHIHI 300parkeH-
oga npu t T w JUId BCIX TaKUX PO3B’3KIB Ta 1X MOXIMHUX [I0 JAPYTOro HOPSIKY
BKJIIOYHO.

PesynbraTn, chopmynvoBani y Hacainky 3.1 y BUmajgky w = —+00 JIOIOB-
HIOIOTDb PE3y/IbTaTH JIJIsl JHHITHIX JudepeHIiaJbHUX PIBHIHD 3 ACUMIITOTHIHO

masimmu Koedinienramu, mo HaBegeni B pobori [1] (Pozmin 1).
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AKTyaIbHICTD OMAJIBINNX JOCIPKEeHb BOAYAEMO V¥ BCTAHOBJIEHI YMOB iCHY-
BanHs Ta acuMiToruri P, (Ag)-po3B’3KiB jyist piBHSIHB 3 y3araJbHEHUM BUTJIsI-

JIOM HEJIIHIHHOCTI.
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Sharai N.V., Shinkarenko V.M.
ASYMPTOTIC REPRESENTATION OF SOME CLASSES OF SOLUTIONS THIRD-
ORDER DIFFERENTIAL EQUATION

Summary

The conditions for the existence of one class of solutions of a binomial non-
autonomous differential equation of the third order with a nonlinearity close
in some sense to a linear one are established. Using the a priori properties of
the so-called P, (Ao)—solutions, asymptotic at ¢t T w (w < +00) images were
obtained for such solutions connections and their derivatives of the first and
second order in the case A9 = 0. The propositions proved for the nonlinear
equation are transferred to linear differential equations of the third order with
asymptotically small coefficients. This made it possible, to some extent, to
supplement the known results regarding the asymptotic properties of solutions
of linear differential equations of the third order.

Key words: equations of the third order, asymptotic images, moderately variable

nonlinearity, existence of solutions .
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H. A. dkimoBa, M. €. Kiinuna

Opnecbkuit HamionaypHUl yHiBepcuTeT iM. [.I. Meunukosa

MATPUYHE IIOJJAHHS OIIEPAIIIN HAJI TPA®AMU

Teopisa rpadis Mae muUpoKe PO3MOBCIOIKEHHS 3 IPAKTHYIHOI TOYKH 30Dpy. I'padu orouyors
HAC y NOBCSIKJEHHOMY >KHUTTI (HAIIPHUKIIA]|, KapTH JOPIr Ta IUIAXIB), a TAKOXK BiAirparoTh Ba-
2KJIMBY POJIb Yy HAYKOBHX JIOCJIJIPKEHHX (HAIPUKIIAJ, eJeKTpocxemn). s moGyToBoro 3a-
cTocyBaHHsI, 6€3yMOBHO, HAW3PYUHINIUM € reoMeTpudHmii crocib mojganns rpadis. Aje s
KOMIT'IOTEpPHOI 00pobKU iHdopMaIiil 11e He € palioHaJbHUM. B ux BUMaaKax BUKOPUCTOBYE-
THCS MATPHUYHE [TOJaHHA I'padiB y BUIISII MATPHUIb CyMizKHOCTI 00 MAaTPHUIb iHIIUIEHTHOCT.
Tomy Bce GibIIOro 3Ha4eHHsT HAOYBAIOTH JOCJIII?KEHHSI, IPUCBIYEH] caMme IIiif Temi. Y cTarTi
PO3IJISAIAETHCS MOXKJIMBICTh BUKOHAHHS ONEpAIliil HaJ MATPUISIMU, SKUMHU TOJAHO Tpadu.
I1i meTomm MaroTh CBOI OCOOGIMBOCTI Ta 0OMexKeHHs. Boru Takoxx posrisnyTi y crarrti. s
KOXKHOI oItepaliiif 3alpoIlOHOBaHU BapiaHT OOPOOKH sIK MaTPHUILl CyMi»KHOCTI, TaK i MaTpHUIIL
IHITUJIEHTHOCT 111 Opi€HTOBAaHMX Ta HEOPIEHTOBAHMUX rpadiB, MMOKA3aHO BiJMIHHOCTI Takol
00pOoOKY B 3aJ1€2KHOCTI BiJl By rpady.

MSC: 03G05, 03G25, 03F52, 06E25, 15B34.

Karowosi caosa: opienmosanutll ma Heopienmosanutl 2pagd, Mampuys CYMIHCHoCmi, Mampu-
UA IHyudenmrocmi, onepayii Had 2pagdamu, esemeHmapHi A02iuHT onepayii, 6yaesa Mampu-
YA, 6a2aMOZHAYHA N02TKA.

DOI: 10.18524/2519-206X.2022.1-2(39-40).294514.

BcecTyvn

CrOroJieHHsI CTAaBUTH TIepe]T HAyKO BCe OIIBINY KIJIBKICTb 3a/1ad, OB s3a-
HUX i3 KoM torepusariiero. Came orpebu KOMIT IOTEpHOT 00pobKu iHpopMariil
OTPEOYIOTh JOC/IPKEHHS MOXKJIUBOCTEHl MATPUIHOTrO TOJaHHs rpadis i, sk
HAaCJIJI0K, MATPUYIHOrO MOJAHHS YCiX MOXKJIMBUX IlepeTBopeHb rpadis. Ouepa-
il zHayt rpadaMu — 1ie TepInil BAXKIUBUI KPOK HA ILJISIXY TAKUX IEePETBOPEHD.
Marpudse OIaHHST ITUX OMepalliif Mae cBOl 0COOJIMBOCTI B 3aJI€3KHOCTI B BUIY
KOY»KHOTO KOHKPETHOI'O rpady, TOMy IpOIELypa IX BUKOHAHHS HE € IIOBHICTIO
yHiBepcasbHoto. PizHi Buau rpadis moTpedyioTh CBOIX 1HIUBIAYAILHAX IIi1X0-
JIB 10 X PO3IVISIIAHHs. 3a MATPHUISIMUA CyMi’KHOCTI Ta IHIIMIEHTHOCTI MOXKHA
IIOBHICTIO OXapakTepu3yBaTu rpad Ta BiIHOBUTU WOro reoMeTpUUHY peaiza-
mifo. [urst mpocTux HeopieHTOBaHNX rpadis i MaTpuri € OyaeBumu. SKino rpad

He Ma€ KpaTHuUX pebep, TO HOoro Marpuild CyMi2KHOCTI € OyJIeBOIO He3aJIe2KHO

Haditiwna 11.06.2022 © fximosa H.A., Koima M.€., 2022
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Biz Toro, opienToBanuii meit rpad um mi. Marpurs iHIUIEHTHOCT] € OyI€BOIO
Jitie Jiyist HeopienTtoBaHoro rpady. Tomy st MATPUIHOTO BUKOHAHHS OllEpa-
it Hay rpadgamu Tpeba 3asydaTu He Jinile anapar OyjaeBux Marpuib [1], a i

arapar 0araTo3HaYHOI JIOTIKHU Ta alapaT 3BUIalHIX apuMOMEeTUIHAX OIEPAITiil.

ITIOIMEPEJHI PE3YJIBTATH. Oxgicio 3 BasKJIMBIIINAX aJIredOpaldaHux
MoJlesiell € amapar MaTpHUIlb, SKHWii MOyKe OyTH 3aCTOCOBAHUN B HaraTbox sK
TEOPETUYHUX, TaK 1 MPUKJIATHAX TATY3sIX MaTEMATUK.

OsnavyenHsa. Mampuuys Ha3u8aembvCa OYAe8010, AKWO ti CAEMEHMAMU €
A02iuHi ckanspu i3 noas K={0,1} [1].

TobTo enemernTamMu Oy/1eBOl MAaTpUIll € HyJi Ta omunuil. Hampukmam, Oyste-

BoOIO OyJie MaTpuilst 2]

h

Il
O = =
o = O
—_ o

fAximo maTpuii € OyJIeBUMU, TO 3 HUMHM MOXKHA& BUKOHYBATH sIK 3BUYAMHI aJre-
Opaluni omepariil HaJl MATPHUIIMI, TaK 1 omepariil JBO3HAYHOI JIOTIKH, OIMMCAH]
B [1]. fkmo marpuii He € GyjeBuMH, TO JijIsi BUKOHAHHS 3 HUMH JIOTIHUX
omneparliii 1u3’foHKIT Ta KOH IOHKITI Tpeba 3acTOCOBYBAaTH amapaT OaraTo3Ha-
9HOI JIoriku. B mpoMmy BuIaIKy omepalil Ju3’IOHKIINI Ta KOH IOHKINI MaTpHILH

BUKOHYIOTbCS 33 HACTYIHUMU MpaBuiaMu |3

x Vy=max{z,y}, (1)

x Ay =min{z, y}. (2)

OCHOBHI PE3VJIBTATHU

Moxx/tuBicTh MaTPUYHOTO BUKOHAHHSI OCHOBHUX Ollepalliii Haj rpadamu
MOXKHA TIOKa3aTu Ha IpUKJajax. Po3risinemMo nBa opientroBaHi rpadu, 306pa-

»KeHi Ha puc. 1.
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Puc. 1. Opienrosani rpacdu

st 0box 1ux rpadiB MOKHA MTOOYIYyBATA MATPUIL CYMiKHOCTI:

1110100 1100100
0000O0O0O 0010000
0001110 0000110

AG)=]0 1000 10|, AGy)=|0 200 0 0 0
00000T11 1000000
000000 1 0001011
0000O0O0 1 0000101

IIi marpuri mobyIoBaHO BHUXOAAYM 3 TOrO, IO HOMED PAJKa BiIIOBimae
MMOYATKOBIN BEpINNHI, a HOMEpP CTOBIIISA — KIiHIIEBili BepINNHI KOXKHOIO pebpa.
Aute i rpadu MOXKYTH OyTH Bij CAMOro MOYATKY 3aJaHi IIUMH MaTPUIISTME.
Bukonanns omepariii Haj Takumu rpadamMu He oTpedye BiTBOpPEHHS X reo-
METPUIHOI peaJizalil.

I'pad G71 He MicTuTh KpaTHHX pedep, TOMY HOro MaTpPHIlsS CYMIiXKHOCTI €
6ynesoo. I'pad G2 micTuTh cyBopo mapasenabHi pebpa es(vy,v2) 1 eg(vy, v2).
Tomy iioro MaTpuIld CyMi2KHOCTI MICTHTH €JIEMEHT a42 = 2, TOOTO OyJIeBOIO
He €. AJle sSIKIO BpaxyBaTH, IO olepallisi A3 I0HKINI JJIs 6araTo3HaYHOl JIori-
KU BUKOHYETBHCs 3a mpaBmiioM (1), To jau3’toHKIIisl JIJIst [UX MATPUIL HaOyBae

BUIJISAY:
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1110100 1100100
000O0O0OGO 0O 001 0O0O0O
0001110 0000110
AG))VAG2)=10 1.0 0 0 1 0fVv|0O 2 0000 O0]=
000O0O0T171 1000000
00 0O0O0O01 0001011
000O0O0OTO0T1 000O0T1TO0OT1
1110100
001 0O0O0O0
0001110
=02 0001 0]=A4y
1000011
0001011
000O0T1O0°1

ko onepayito 06’ cdnanms BKazaHux rpadiB BUKOHATH I'PadivHO, TO OTPH-

MaeMo Trpady, 300parkeHunii Ha puc. 2.

Puc. 2. I'padp G1 U Gy

Jlerko mobaumnTu, 1o MpoMy rpady BiAIOBiTaE MAaTpUIlst CyMiKHOCTI Ay.
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Axro BpaxyBaTu, 0 /it 6araTo3HaYHOI JIOTIKU Omepariis KOH IOHKIIi1 BU-
KOHYETBCs 3a IpaBmaoM (2), To KoH'OHKINA s Marpuis A (G1) i A(G2)

HabyBae BUIJIALY:

1110100 1100100

0000000 0010000

0001 T1T10 0000T1T10
AGI)ANAG)=]0 10001 0|A[0200000]|=

0000011 1000000

0000001 0001011

0000001 0000T1O0°]11

1100100

0000000

0000T1T10

—(o 10000 0]=4n

0000000

0000001

0000001

dAxio onepayito nepemuny BKazaHnx rpadiB BUKOHATH IpadidHo, TO OTpHU-

MaeMo rpad, 300pakeHuit Ha, puc. 3.

Puc. 3. I'pad G1 N Go

Jlerko mobaumnTu, 1o MpoMy rpady BiAIOBiTaE MaTpUIlst cyMiKHOCTI An.
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Bukonaemo tenep 3 marpurgvu A (G1) i A (Gg) onepaiito cymu 3a Mo-

BiZITOBiTHOT cyMU Ha 2:

1110100 1100100
00000O0O 0010000
0001110 0000T1T10
AG)®AG)=]01 000 1 0|l®|l0o20000o0[=
0000011 1000000
000000 1 0001011
00000O0O0 1 00007101
0010000
0010000
0001000
=101 0001 0]|=4g
1000011
0001010
00007100

Aximo BukoHATH T'padidHO onepayito kiasvuesoi cymu rpadis G1 i Go, To

oTrpumMmaemo rpad, 306pazkenuit Ha puc. 4.

Puc. 4. I'pad G1 ® G-
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s nporo rpady TakoxK JIETKO MOOAvUTH, IO HOMY BiJIIIOBiTae MaTpHUIlsd
cymikHOCTI Ag.

B nux rpadax koxkHoMmy pebpy HaJlaHuil IOPsiIKOBUI HOMep. B mpakTudHo-
My 3aCTOCYBaHHI IIi HOMEPHU MOXKYTh O3HAYATH SIKECh II€BHE 3MIiCTOBHE HAaBaH-
TakKeHHs1. AJjle TIpU MaTPUIHOMY BiTOOparKeHHI Ieil 3MICT MOXKe BTPAdaTUCS.
Matpurs Binobparkae HassBHICTH ab0 BijICyTHICTH pebpa, TOOTO HasBHICTH abo
BiZCyTHICTD 3B’s13Ky Mik 00’ekTamu. Tomy, sIKIO B ABOX rpadax MixK IBOMA
BEPIITIHAME OJTHE ii Te came pebpo Mae pi3He 3MICTOBHE HABAHTAYKEHHS (HAIIPH-
KJIaJ[, aBTOMOOLIbHA Ta I'PYHTOBA JIOPOTH), TO MATPUIs CYMIKHOCTI IIOKazKe
JINIIIE HASIBHICTH ab0 BiJICYTHICTH IBOrO 3B’s3Ky 0e3 MOsICHEHHS MOro Xapak-
Tepy. AJle 3a3BHYail y IPAKTHUYHUX 3aCTOCYHKaX iHMopMalil Ipo HasSBHICTH
3B’s13Ky OyBa€ JIOCTATHBO, TOMY Ijisi OiHApHUX Oleparliii HaJ OPIEHTOBAHIMU
rpadamu [4] 3acrocyBaHHs eJleMEHTaPHUX Ollepariiit 6araTo3HAUHOI JIONIKY HaJ
MAaTPUISEME CyMiYXKHOCT] € e(DEKTUBHIM MATEMATHIHUM alapaToM.

3acTocyeMo Terep O3HaueHHs KUIbIEBOI cymu rpadis. 3riJHO 3 HUM, MHO-
»KuHa pebep KijbieBol cymu rpadis BuU3HAYaEThCs 31 criBBimHomenns Fg =
{(Eg,UEg,)\(Ec,NEg,)} [4]. Buxoasun 3 11p0ro CIiBBiHOIICHHSI, BAKOHAEMO

apu@METHIHY OIepaliio BiaHiMamusa MaTpuii A Bix marpumi Ay:

AU—AQZ

SO O = O O O =
O O O N O O =
oS O O O O = =
O = O O = O O
_ O O O = O =
O R = =R = O O
= = = O O O O
|
S O O O O O =
S O O = O O =
o O O O o o o
O O O O o o o
o O O O = O =
o O O O = O O
== 0O O O O O
Il

Il
o O = O O O O
o O O R O O O
S O O O O =
S = O O = O O
_ O O O O o O
O R R R O O O
O O H O O O O
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st maTpurs 36iraeThest 3 MaTpuIeio Ag s KijibieBol cymu rpadis G
i G, TOOTO MaTpuIilsi CyMi2KHOCTI rpada, OTPUMAHOTO B PE3yJIbTaTi KijbIle-
Bol cymn JBoX rpadisB, MoxKe OyTu obumcienoio i B Takuit cmocib. Ileit mpu-
KJIaJT HA0YHO MTOKA3Ye, M0 /I MATPUIHOIO BUKOHAHHS Olepariiit Haj rpada-
MU OJIHOYACHE 3aCTOCYBAaHHA 1 apudMeTUIHUX, 1 JIOTIUYHUX omepaliil € mpu-
nyctumuM. J[71s1 mporpaMHOl peastizaliii mepeTBOpeHb MaTPHUIlh IIe TAKOXK HeE €
nepertkoo0. OJHAK CJIiJ 3a3HAYUTH, 110 sIK apru@MeTHIHi, Tak i JIOrivHi orre-
paliil Ha/T MaTPUIAMU BUCYBAIOTh ITEBHI BUMOTHY JI0 PO3MIPHOCTI IUX MaTPHUILh:
onepariii apudMEeTUIHOrO NOJABAHHS 1 BiHIMAHHS, & TaKOXK JIOTiYHI omepa-
il u3’IOHKINI, KOH IOHKINI Ta CYMH 3a MOJYJEM 2 MOXKHa BUKOHYBATH JINIIIE
3 MaTPHIEIMA OJ[HAKOBOI po3miprocTi [1|. 3 mporo BuiumBae, 110 B onucanuii
c1ocib MOYKHA BUKOHYBATHU OIEPaIlil B MATPUIHOMY MOJAHH] Julie jisi rpadis,
y AKUX 36iraroThbCs MHOXKUHU BEPIIUH, IPUYOMY He JIUIIEe 33 KIIBKICTIO, a if 3a
3MICTOM.

Curig TakoxK 3a3HAYUTH, M0 KiIbIleBa cyma rpadiB He MOXKe MICTUTH 130-
JIbOBAHUX BEPIIUH. ZKIO IpU BUKOHAHHI ITi€] onleparllil Taki BEPIITUHA YTBOPIO-
FOThCSI, TO 1X Tpeba BUIAISTH 3 Tpada.

Budanenns sepwuny 3 rpady Tarae 3a cobOIO BUIAJIEHHS BCIX 1HITUIEHT-

nux 70 Hel pebep, TOOTO BUIAJIEHHS BCiX 3B’g3KiB IIbOro 00’eKTa abo By3ja 3
iamME 06’ekTamu abo Byassamu. lle oszHauae, 110 Ipu BUAAJEHHI BEPIIMHU v;
3 MATPUI CyMi>KHOCTI Tpeba BUIAIUTH i-i PSJIOK Ta -if CTOBIENb. Y 3B’s3KYy
3 M aJITOPUTM BUKOHAHHS OIEpAIlil BUIAJE€HHS BePIIUHU v; 3 rpada B MaT-
PUTHOMY TIOJaHHI AHAJIOTIIHUN aropuTMy 00y10Bu Minopy M;; mjist MaTpuit
cyMmizkaocTi mporo rpady. Hexait, manpukian, 3 rpady (G1 Tpeba BuIaInTH

BepiHy vy4. [lo0ymyemo st marpuri A (Gq) minop Myy [5]:

O O O O O =
O O O O O =
O O O O O =
o O O = O =
_— == O O O

SO O R Rk O O

Orxke, HOBOMY Tpady G,1 = G1\{v4} Byze BinnoBinaTu MaTpuIlst CyMizKHO-

cTi
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AJtropuT™M BUIAJIEHHS 3 MATPUIL PSIKIB Ta CTOBIIIIB ByKe KOMII IOTEPU30Ba-
Huit. ¥ JaHoMy BUIAJIKY [IPOrpaMHa peasiisallis Oy/e mepeadadaTn BUKOHAHHS
JIBOX 3CYBiB: JJis psAKiB Ta croBHiiB. s rpada 6e3 i30/1b0BaHUX BEPIIUH J10-
I1JIBHO IIPOBOJIUTH IIIO OIIEPAIIO caMe 3 BUKOPUCTAHHAM MATPUILl CYMizKHOCTI.

Y MaTpuIli CyMiKHOCTI 03HAKOIO 1307 Ib0BAHOI BEPIIUHU € HASBHICTH OJIHO-
WMEHHUX HYJIBOBUX PAJIKA 1 CTOBIIE. Y MaTPUIL iHIMIEHTHOCTI 03HAKOIO i30-
JIbOBAHOI BEPIINHN € HAsIBHICTDL HYJILOBOTO pagka. OTKe, sIKIIO BEPIIUHA, AKY
Tpeba BuaaauTH 3 rpady, € i30/1b0BaAHOIO, TO B IIbOMY €IUHOMY BUIAIKY 3Py IHi-
1€ TIPOBOJANUTHU ITI0 OTEPAIliI0 3 BUKOPUCTAHHSIM MAaTPHUIN iHIMIeHTHOCTI. [Ipn
BUJAJIEHHI HYJIBOBOI'O PsJIKa 3 MATPHUIN iHIMIEHTHOCTI >KOMHHUI 3B’sI30K MixK
irmmMu BepimaaMu (06’ekTamu abo By3JiaMu) He HOpyInyeThesi. Tomy He 1mo-
TPIOHO BiAC/IIKOBYBaTH IMOSIBY CTOBIIIIB, sIKi IICJIA BUIAJIEHHS IIHOTO PSIIKA
OyIlyTh MICTUTH JIUIIE OJIHY OIWHUINO, IO HE € MPUIYCTUMUM JJIsi MATPHUIL
innuaenTHocTi [4]. Bukopucrantsi MaTpuIll IHIMIEHTHOCTI U BUJIAJIEHH] 130-
JIOBAHOI BEPIINHI CKOPOUYE BJIBIUl IporpaMHy peaJizariiio (He Tpeba oJHOYa-
CHO BHUJIQJISITH IIle i CTOBIIEIb, JI0 TOTO K 3CyB Oyje Texk Jsmire ofuH). Hexait,

Hanpukia, rpad G3 3amanuii cBoero Marpurero cymizxuocti A (Gs):

N

—

()

w

N—

Il
= o = = O
= O = O =
= O O = =
O O O O O
S O ==

Marpuns A (G3) MiCTHTH HOBHICTIO HYJIBOBI 4-if psAIOK Ta 4-if CTOBIEID.
e cBimauTh PO i301bOBAHICTL BepIIUHU V4. Ll MarTpuis moBHICTIO cuMe-
TpudHa, ToMy rpad G3 € HeopieHTOBaHUM. VOro MOXKHA BBaXKATU TIOBHICTIO

3a/laHUM BEPXHBOTPHUKYTHOIO dactuHoio Marpuni A (Gs). VY BigmosimHocti 3



120 SHximosa H.A., Kaiwun M.E.

AJITOPUTMOM, OLMCAHUM B [4], 3a Ii€f0 MaTPUIIECI0 MOXKHA [OOYLyBaTH MaTpPU-
o inruaentrocti I (G) rpada G 6e3 BiAHOBIIEHHS OO T€OMETPUIHOI pe-
amizamil. Takum anHOM, HeopienToBaHoMmy rpady (3 Biamosimgae MaTpuilsd if-

IUJIEHTHOCTI

111000
100110
I(Gs)=]0 101 0 1
000000
001011

B marpuni innuaenraocri I (Gg) i301p0BaHiil BepiiiHi v4 BiIIOBIIa€ HYIIBO-
Buit 4-it psamok. [1lob Bumanutu 3 rpada (3 10 i30/1b0BaHy BepinuHy Tpebda
i3 marpuni [ (G3) Bugamuru jumie 4-i psaok 6e3 MOJAJIbIIOro JI0JaTKOBOTO

. !
BHasIeHHsl Hu3Ky croBuiis. Takum wunoMm, juis rpada Gy = Gz\{vs4} Maemo

MaTPUITIO THIUJIEHTHOCT1

111000

I(Gé)z 1 00110
1 01 01

0 01011

3a moTpebu 3a Ii€I0 MAaTPUIICIO MOYKHA, BIJIHOBUTHA N€OMETPUYHY PeaJi3alliio
/ . .
rpacda G5 abo iforo marpumio cymizkuocti [4].

Onepauia sudasenns OHOTO pebpa niepedadae 3HUKHEHHs i3 rpady sKo-

rock ojiHOro pebpa (3B’s3Ky abo BijHOIIEHHsI) 31 30€peKeHHSIM BCIX BEpIIUH
(06’exTiB abo By3/iB) Ta pernTH 3B’a3KiB Mixk 00’ekramu [6]. Takum dunom,
Yy MaTpHUIll CYMIXKHOCTI 3MiH 3a3HAIOTH JIMIIE T1 €JIEMEHTH, K1 BIIIIOBIIAIOTH
pebpam, Mo BUIAISIOTHC. Perrra eleMeHTiB MATpPHUIl CyMizKHOCTI 30epiraiorsb
cBOl 3HadeHHst. [lopsiioK MATPHUIll TAKOXK 3AJTHUIMAETHCSI THM CaMuUM, 00 HisKa
BepINMHA BHACIIIOK BHUIaeHHsS pebpa i3 rpada He sHuKae. [Ipu BumaieHHi
OPIEHTOBAHOTO pebpa 3MEHITYEThCS JIUIIE OJINH eJIeMEHT MATPUIN CyMiKHOCTI.
[Tpu BumageHHI HEOPIEHTOBAHOIO pedpa OTHAKOBHX 3MIiH 3a3HAE Hapa CHMET-
PUYHUX eJIeMeHTiB MaTpulli cyMizkHocti. Hexait Mizk Bepmunamu v; i v; Heobxi-
JTHO BUJIQJINTHU TI€BHY KIJIBKICTh ll-_j pebep. Orxke, Jist BUKOHAHHS IIET omiepartii
Tpeba BHKOHATH Ollepariiio apudmeTrndnoro signiManusa marpuni A Big Ma-

TpuIi cyMizKHOCTI mogaTrkoBoro rpady. ¥ marpuri-sig'eMuuky A, enemenTH,
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IO BiZIITOBiaIOTh pedpam, fKi BUIAIAIOTbCs, OYIyTh HOPIBHIOBATU ll_] Pemra
€JIEMEHTIB Il MaTpuIli Oy/1yTh HYJIHOBUMHU.

Posriisinemo, mampukitan, rpad Gp U Ga, SSKOMY BiIIIOBigae MaTpHIl CYy-
MixkuocTi Ay. B 1iit Marpuri € napa cUMeTPUYHUX €JIeMeHTIB asg=ags—=1. 111
€JIEMEHTHU BiJIOBIiMAIOTH ITapi MPOTUIEXKHO CIIPsIMOBAHUX pebep, SKy MOXKHA
3aMiHUTU OJHUM HeopieHTOBaHUM pebpom. Hexait 3 miporo rpady Tpeba Busa-
JINTH T1e HeopieHToBaHe pebpo. Hexait 1o Toro K 3 1nporo rpada Tpebda BUIAIN-
THU TaKOXK OJIHE 3 CYBOPO ITapaJjieIbHIX OPIEHTOBAHUX pedep Bill BEepIIUHU vy 10
BepiuHu V. lle o3nadae, mo B marpuni A_ BigminauMu Bin Hyss 6y1yTh Jin-
e esileMeHTH =11 lyg=lgs—1. O1Ke, mo6 06UMCINTH MATPUILO CYyMizKHOCTI

rpada

(G1UG2) = (G1UG2)\ {7 (va,v2)}\ {e (va,v6)}

(3ammc K O3HAvAE, 10 JaHe pedpo € OPIEHTOBAHUM ), MOXKHA OTPUMATH, BHKO-

HaBIK HACTYITHE apupMETUIHE BiTHIMAHHS:

Au—Ae_:

o O = O O O =
S O O N O O =
S O O O O = =
S = O O = O O
= O O O = O =
O R = =R = O O
o O O O o o o
Il

= o= = O O O O
|
O O O O o o O

O O O = O O O
O O O O O o O
O B O O O O O
O O O O O O O
O O O = O O O

= A((GLUG5)).
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O = = O = O O
_ == O O O O

IIporpamMua peastizariisi miel omepariil 3HaYHO MpOoCTiia, HiXK 11 aaredbpaid-
He obrpynryBanHs. Jjist 1T BUKOHAHHS JOCTATHBO 3MEHIIUTH Ha BEJIUINHU l;j

BIIMTOBIIHI €JIeMEHTH MATPUIlN CyMi>KHOCTI ITOYATKOBOTO I'pada.
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Onepauisa donosherts BU3HAYAETHCsT sl HeopieHToBaHUX Tpadin. Tomy,

JKIIO rpad € OpieHTOBaHUM ab0 3MIMIAHUM, CIIOYaTKy Tpeba MO0y yBaTH JIJIst
HBOTO acoriiioBanuit (abo cuiBBinHecenuii) rpad [4], a morim Bxke I 11HO-
0 HOBOI'O rpady BUKOHYBATH OIIEPAINIO JOIMOBHEHHsI. 3 MATPHUIN CyMi>KHOCTI

A(G) nouarkoBoro rpada obuncioemo HoBy Marpuiio A°(G) 3a npasuioM:

o 5 = min {1, max {a;;,a;}} . (3)

Orpumana maTpurtig Oye OyeBoro. Ajie BOHa MOXKe MICTUTH OJIUHUII] HA TO-
JIOBHIH siaroraJii, To6To Bimobpaxkatu rpad 3 neriasamu. CriBsigaecenuit rpad,
KU He MOXKe MICTUTH TET/Ii, BUKOPUCTOBYETHCS B ITUX OOUNCTICHHSIX JIUIITE STK
mpoMiKHIHN pedyabTar. ToMy mo30yTHCs X MeTeh MOXKHA OJIMH pa3 BXKe Ha
OCTaHHBOMY KPOITi, & He Mopa3y s BCiX TpOMiXKHUX MaTpuilb. HacTymamm
KPOKOM JIJIsi OTPUMAHHSI MATPHUIN CYyMi2KHOCTI noroBHeHHS rpada G Tpeba Bu-
KOHATH JIONYHY omnepaiiiio 3anepedenns [1] marpuni A*(G), Tobro obuncianTu
matpuiio A%(G).

st npuk/iaay 3HAfIEMO MATPHUIO CYMIXKHOCTI JIONOBHEHHST OPI€EHTOBAHO-

ro rpada Ga. Ilobyayemo mis mporo rpada marpuro A (Ga):

1100100
1011000
0100110

A*(Gy)=]0 10001 0
1010001
0011011
0000111

Tenep obuncimmo 3amnepedenns 1iel Marpuri, To6To Marpuro As(G):

1100100 0011011
1011000 01 00111
01T 00T1TTPO 1 011001
As(Go)=|0 1T 00 01T O0O|=]10111°01
1010001 01 01110
001 10T1T1 1 100100
000O0TTT1 1111000
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Tenep Tpeba mo30yTHUCS IIETENIH B OTpUMaHOMY rpadi, TOOTO OIUHUIIL HA TO-
JIOBHIH miaroHaJti orpumanol Marpuii. [Ijst iiporo Tpeba BUKOHATH 11 KOH IOHK-
Iif0 i3 3alepedeHHsIM OAMHWIHOI MaTpuili. B pesynbraTi Oyme oTpuMano ma-

TPHUIO CyMI2KHOCTi rpada-T0IOBHEHHS:

0011011 0111111
0100111 1011111
1011001 1101111

As(Go)AE=11 01 1 1 0 1|Af1 1 1011 1|=
0101110 1111011
1100100 1111101
1111000 1111110
0011011
0000111
1001001
=[(1 01010 1|=A(G).
0101010
1100100
1111000

s mHeopientoBanux rpadis dopmyiia (3) HAaOyBa€ BUTJISIILY

a;; = aj; = min {1, a;; }. (4)

Jlnst meopienToBanux rpadiB 6e3 KparHux pedep MATPHUIO CYMiKHOCTI
rpada-I0MoBHEHHS MOXKHA OTPUMATH Bi/Ipa3y KOH IOHKIEIO 3allepedIeHHs Ma-
TpHUIi CyMizKHOCTI IT0OYaTKOBOrO rpada 3 Marpuieio k.

B Oyutesiit anrebpi KOH TOHKIIIS 3 OJMHUIICIO HE BILTUBAE Ha pe3yibTaT. Tomy
B IIporpaMHiil peaJizaliii Ha OCTAHHBLOMY KPOIl HOOYIOBH MaTPHIL A(é) MO-
2KHa IIPOCTO IMMPUCBOITH HYJTHOBE 3HAYEHHS YCIM eJIeMEeHTaM TOJIOBHOI JTIiaroHaJIl,
TOOTO BCIM ejleMeHTaM, [JIsi sIKUX 30iraloThCs HOMED CTOBIIIS 1 HOMED pPsijiKa
(i = j)-

Onepauia e6edenna pebpa € 3BOPOTHOIO JI0 oriepariil BugaieHHs pedpa. [Ipu

BBE/IEHHI OPIEHTOBAHOIO pebpa ImepeadaiacTbCs 30LILIEHHsT OTHOTO eJIEMEHTa
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MaTpuili cymixkaocti. [Ipu BBeneHHI HeopieHTOBaHOTO pebpa OJHAKOBUX 3MiH
3a3Ha€ mapa CUMETPUIHIX eJIEMEHTIB MaTpuIli cyMizkHocTi. Hexait mixk Bepiu-
HaMH v; 1 v; HeoOXi/THO T0JIaTH TIeBHY KiIbKICTD l;]'- pebep. Ilpu nporpammiit pe-
aJizariil BiOyBaeTbCs 301IbITIEHHST BiIITOBIHUX €JIEMEHTIB MATPHUIIl CYMi2KHO-
cTi moYaTKOBOrO rpada Ha BKazaHy BeaumuuHy. Ajrebpaiuna peasrizariisi miel
omepalriil epesidadae apupMeTuIHy cyMmy JABOX Marpuilh. OJHUM 3 JTOJAHKIB €
MaTpHIs CyMizKHOCTI TIo9aTKoBoro rpada. ¥ apyromy jojganky A7l enemenTw,
10 BiZIIOBiIaI0TH HOBUM pebpaM, JTOPIBHIOIOTD l;; Pemra enementiB gpyroro
JOJIAHKY € HYJIHLOBUMU.

Hexait, nanpukmnan, g0 rpady (G HeoOXiIHO BBECTH JiBa CYBOPO Iapa-
JIEJIbHUX OpPI€HTOBaHMX pebpa BiJl BepIIMHU vo IO BEPIINHU V4 1 OIHE He-
opienToBane pebpo Mixk BepmmHaMu v3 1 v7. lle o3Havae, mo B maHOMy BU-
MaIKy l;}l =21 l;} = l}g = 1. Toni marpwuItto cywmi>kHOCTi Tpada Gll, =
G142 {€ (v2,04)} + {e(v3,v7)} MOXKHA OTPUMATH, BUKOHABIIM HACTYIIHY

apudMETUIHY CyMYy:

1110100 00000O0O
00000O0O 0002000
0001110 0000GO0O0 1

AG)+AF=10 10001 0|+]000000O0O0|=
0000011 00000O0O0O
00000O0 1 00000O0O
00000O0GO01 0010000
1110100
0002000
0001111
=101 00 01 0]|=A(G)
0000011
0000GO0GO01
0010001

Ormepartiito sgedettsa sepuiuHy 6 Pedpo PO3TIITHEMO TAKOXK HA IIPUKJIAJI I'Pa-

da G. [i 3pyuninre BukonyBaTu 3 MaTpuIiero inueHTHocTi. 1o MmaTpuirio s

rpacda G1 MOXKHA OTPUMATH i3 fioro MaTpurli cymikHOCTI abo Oe3rocepe Hbo i3
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reomeTpudHOl peastizartii. s 3pydHOCTI B MaTpuIl iHmuaeHTHOCTI OyJsio 30e-
peXkeHo Ty HyMepaillio pebep, siky ogaHo Jjis 1boro rpada wa puc. 1. s

HAOTHOCTI 3aIIUIIEMO ITI0 MATPUIO Y BUIJISIAI TAOJIAIIL.

€1 | €2 | €3 | €5 | €eg | €9 | €109 | €11 | €12 | €14 | €16 | €17 | €18
v; | 1 1 1 +1

| v -1 1|1 1
I6G)= vy 11|41

s A A 1 1
ve -1 1| 1 -1

Hexaii TpeGa BBecTH BepimHy w B peGpo e2(v1,vs5) 1 Beprmmy w” B pebpo
e14(vg, v7). Obumsa i pebpa € opiearoanumMu. [Ipu BBeieHH] BepiuHu B pebpo
HAIPSMOK PYyXy HOBUMH peOpaMu Mae 30iraTucs 3 HaIpsSIMKOM, SKuil OyB y
craporo pebpa. Cxemy aJrOpuTMy HEpEeTBOPEHHS MATPUIL IHIUIEHTHOCTI JIJIst

BUKOHAHHS ITi€T oIlepallil 1Mo/laHo Ha puc. b.

7 m
es | eg | €9 | €10 | €11 €14 | €14 | €16 | €17 | €18

-1

-1

-1 -1

-1 | 1| A

Puc. 5. Cxema 1miepeTBOpeHHsI MATPUI 1HIMJIEHTHOCT] DU BBEJICHHI BEPIINHA

B pebpo

IIpu BBeneHHI BepIIMHU w’ pebpo ez (v1,v5) 3 rpada BumaLsgeTbCH. AHa-
JIOTI9HO TIPW BBEJIEHHI BEPITUHA w” BUJIAJISIETBCsT pebpo e14(vg, v7). Ha cxemi
BiamoBimHI 1mM pebpaM CTOBIII MATPHUII iHIMAEHTHOCTI 3adapboBaHO TOPHUM
KOJIbOPOM. 3aMicThb pebpa (v, v5) 3'sBIsA0ThCs 2 HOBI pebpa (J1Ba HOBI CTOBII-
g3 6,2 i eg B MaTpulli). Pyx muMu pebpaMu Mae MOBTOPIOBATH HAIPSIMOK PyXY

’ .
pebdpom ep. Tomy modyaTkoBa BepmnHa pebpa e, Mae 30iraTncs 3 MOYaTKOBOIO
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BepIIUHOIO pebpa eo. 3 KIHIIEBOIO BEPIINHOIO pebpa eo Mae 30iraTucst KiHIEBa
BepInHa pebpa eg. TaknM YHHOM, HOBA BEpIIMHA W € TPAH3UTHOIO IPU Pyci
BiJI BepIIMHU v 0 BEPIIMHN V5. 100TO BOHA € KIHIEBOIO MjIsI HOBOI'O pebpa
6/2 i TOYATKOBOIO 7T HOBOTO pebpa eg. Psimok 11t HOBOT BepIIMHN B MaTPHILI
Mag€ 3’SIBUTHUCSI B IPOMIXKKY MIXK PsIJIKaMHM, IO BiIIIOBIAAI0OTh IPAHUYHUM BEp-
IIMHAM CTaporo pebpa. 3pydHilre I0JaBaTH HOro Biapaldy Micjsi MOYaTKOBOL
BEPIUHA, TOOTO B JAHOMY BUIIQJIKY IiC/Is BEepIIwHU v1. IIpn npoMy ememenTn
«— 1» B croBIIIi elg i ememenT «1» B CTOBIII 6/2/ Oy/lyTh €IUHUMU €JIeMEHTaAMU
B PSJIKY T1i€1 BEPIIUHMU.

Awnasoriuno 3amictb pebpa e14(vg, V7) TAKOXK 3’SBIISAIOTHCS J[Ba HOBI pebpa
(HOBI crToBIIII €l14 i 6/1/4 B Marpulli). BepimHa vg € mM09aTKOBOIO JIJIsl CTapOro
pebpa eq4 i HOBOrO pebpa ell 4. BepinHa v7 € KiHIIEBOIO J1jIsl CTaporo pedpa ejy
i HOBOTO pebpa 6’/{4. Psanox ana moBol TpaH3UTHOI BEPINUHU w” Oyae micTuru
Jlanie JiBa HEHYJIbOBI eJleMeHTH: «— 1» y CTOBIII 6/1 4 1 «1» y croBumi 6/1l4. Heit
HOBUI PsiIOK Oy/1e PO3TAIIOBAHUN MiXK PSIIKAME Vg 1 v7. PsIIKM HOBUX BepITUH
Ha cxemi puc. 5 3adapboBaHO 3e/IEHIM KOJILOPOM, & CTOBIII HOBHUX pebep —
cipum. TakuMm YMHOM, MaTpPHI IHIUMIEHTHOCTI HOBOro rpada Oyie MaTu BU-

TJISIT;

T el 7 e
e | e 2 | €3 | €5 | €g | €9 | €19 | €11 | €12 | €14 14 | €16 | €17 | €18

v, | 1 1 1 +1

vy, | 1 -1
V3 -1 11 1
Vy 1 /1|1
Vs -1 -1 1 1
Ve -1 -1 1 -1
w'" -1 1

161")=

3a norpebu Bix 1€l MATPUIl MOXKHA IEPEUTH 0 MATPUIN CYMiKHOCTI
A(Gllﬁ) abo reomeTpuyHOl peasizalil rpada Gllﬂ.

Y BUIAJIKy, KOJIM HOBA BEPIIMHA BBOJIUTHLCH JI0 HEOpi€HTOBaHOro pebpa,
AJITOPUTM II€PETBOPEHHS MATPHUIN IHIWIEHTHOCTI Oy/ie TaKuM caMuM. Biamin-
HiCTb OyJie TOJIATATH JIMIE B TOMY, IO HOBI pebpa OyIyTh TaKOK HEOPIEHTO-
BanuMu. ToMmy BCi HEHYJIbOBI €JIEMEHTH HOBUX CTOBHIB OY/IyTb J0JIATHUMU,
TOOTO JOpiBHIOBATH <+ 1.

Bukopucraemo marpuro innmaentaocri 1(G), mo6 AocaianT aaropuTm
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i1 IepeTBOPEHHS U BUKOHAHHI 0NePayil 3amMuKanHs (0MOMOoHCHEHHA) GEPUUH.

st omepartist MOXKJIUBA, JIUIIIE JIJTsi CYMiXKHUX BepinuH. Y rpadi G TakuMmu Bep-
[IMHAMY, HATIPUKJIA, € BepIIUHA V] 1 v5 (1X 3B’d3y€ pebpo €3), & TAKOXK BEPIIH-
HI V2 1 v4 (1X 3B’s13y€ pe6OPO e5). OTOTOKHUMO KOXKHY 3 I[UX I1ap BEPIINH. 3TiHO
3 O3HAUEHHSIM Ii€l onepariii [4], yci Bepimtu, cymizkui xoua 6 3 ojiHi€0 3 0TOTO-
JKHIOBAHUX BEPIINWH, OYIyTh CYMi2KHI 3 HOBOIO Bepiinuoio. [le o3naqae, mo yci
pebpa, iHIMIMIeHTH] X04a 6 3 OIHIEI 3 OTOTOKHIOBAHUX BEPIIHH, 30€piraroThCst
B rpadi i OynyTh iHnummentHi HOBiit Bepuni. Pebpo, 1110 3B’s3y€ OTOTOXKHIO-
BaHi BEPIIUHU, [IEPETBOPIOETHC Ha meTiio. TakuMm unHoM, y marpuri I(Gh)
Mae 3'SBUTHCS HOBUIl PSJIOK, IO Bi/oBinae Hogiit Beprmuni. Moro enemenTn €
apUPMETUIHOIO CYMOIO BiIIIOBITHUX €JIEMEHTIB PsI/IKiB TUX BEPIIUH, JJIA STKUX
MIPOBOIUTHCS OIEPaIlist 3aMUKaHHSA. Ps/IKM Tapyu OTOTOXKHIOBAHUX BEPIIUH ITPU

ObOMY 3 l\lanI/ILLi BHUJIAJIAIOTHCS. CXGMy ouX IMepeTBOPEHDb ITOKa3aHO Ha PUC. 6.

€, | €z [ €3 | €5 | g | €9 | €39 | €11 | €12 | €14 | €16 | €17 | €18
vis] 1 [+1| 1 -1 | +1 1 1 vt Vs
Vza| -1 =1 |1 |1 vy + 1y

Puc. 6. CxeMa nepeTBopeHHsI MATPUIIl IHIUACHTHOCT] IPY 3aMUKAHHI BEPIINH

Pebpa eg 1 e5 neperBoprincs Ha et (Ha cxemi BiamosiauHi crosmi 3adap-
6oBaHo pokeBUM). Psiikm, 10 BiAIOBIIAIOTH BepIIMHAM, siKi OyII0 3aMKHEHO
(v1 3 V5 1 V2 3 v4), 3 MATPUIL] IHIUJIEHTHOCTI BUIATIAIOTHCs (Ha cXeMi I PsiKu
sadapboBaHO YOpHUM). Y MATPHUIL 3 SBJISIIOTHCST HOBI PSIJIKH, 110 BiJIOBIIAI0TH
HOBHM BepIHAM — pe3ybTaTaM 3aMuKannsa. Ha cxewmi 11l psaku 3adapOoBaHO
3esieHNM. EneMenTn pajka v 5 JOPIBHIOIOTE apudMeTHIHil cyMi BiAIOBIAHNIX
eJIeMEeHTIB PSAJIKIB V1 1 v5, a eJIeMeHTHU PsAJKa V2 4 JIOPIBHIOIOTH apudMeTHIHiil
CcyMi BiJIIIOBITHUX €JIEMEHTIB PsJIKiB v 1 v4. TakuMm YMHOM, MATPUIIS iHITUIEHT-

. +
HocTi HOBOTO rpacda GGf  Mae BUTUIAL;
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€1 | €2 | €3 | €5 | €g | €9 | €19 | €11 | €12 | €14 | €16 | €17 | €18
vis) 1 |1 1 -1 +1 1 1
+ Vo4l 1 +1 1|1
1G] )=~
( 1 ) vs -1 1] 1 1
Ve -1 -1 1 -1
vy -1 | 1

VY pa3si, gaximo rpad € HeOPiEHTOBAHNM, TO CXEMa, [IEPETBOPEHHS HOT0 MaTpU-
i IHITMIEHTHOCTI 3aJNIMAaEThCsT TAKOIO YK CAMOIO, ajle 3aMiCTh apu(MeTHIHOl
CyMU €JIEMEHTIB OTOTO2KHIOBAHUX BEPIINUH BUKOHYETHCS OIEPAIlisi CYMH 33 MO-
JyJeM 2 1ux ejgeMenTiB. fK i npu BUKOHAHHI TOIIepeIHiX omnepariiit, 3a moTpebu
BiJI OTPUMAaHOI MATPHUIIl IHIUAEHTHOCTI MOXKHA MEPeidTH JI0 MaTPHUIl CYMizKHO-
cTi ocaiKyBanoro rpada abo BiJHOBUTH HOr0 M€OMETPUYHY PeasIi3aliiio.

Onepauia cmazyeanma pebpa BiiOyBA€ThCS 38 TUM CAMUM aJITOPUTMOM, IO

i olepallisd 3aMUKAHHS BEPIIUH, ajie 3 MOJAJIbINNM BUJAJIEHHAM 3 rpada oTpu-
MaHUX IeTeIb. TaKuM UMHOM, IIPU CTATyBaHHI pedpa CIoYaTKy BilOyBaeTbCs
OTOTOYKHEHHSI BEPIIWH, [0 € TPAHUIHUME JIJTs I[bOr0 pebpa. OTxe, KO JJIst
rpacda (1 cTOITh 3aja4a CTATHYTH pedpa ez i e5, TO MOYKHA TAKO2K CKOPUCTATHU-
cs1 cxeMoto Ha puc. 6. CouaTKy 3a M€ CXeMOI0 3aMUKAIOTHCS TTAPU BEPIITHH V]
i vs (e rparMuHMME JIs1 pebpa €3), a TAKOXK Vg 1 vy (€ TpaHUIHUMHU JJIs pebpa
e5). B pesyibrari 11p0ro 3aMuKaHHsi yTBOPIOIOTHCs JIBI meTyii (poKeBi CTOBIII
Ha cxeMmi), ki Tpeba BuganuTu 3 rpada. K HACTIIOK, 13 MATPUI IHIM/IEHT-
HOCTi Tpeba BHUIAJIUTH CTOBIII €5 1 es. IleTui, 1m0 He MAlOTH BiIHOIIEHHS 10
2KOJTHOI 3 OTOTOXKHIOBAHUX BEPIIUH, V rpadi 3auMaThesd. ToMy B MaTpuIl i
CTOBIIII TAKOXK 3aJIUINAIOTLCs Oe3 3MiH (croBmIi €11 1 e17). B pesysbrari Oye

. . +
er.
OTpuMaHa MaTPpUIld 1HIIUACHTHOCTI HOBOI'O Fpacba Gl :

€1 | €3 | €g | €9 | €10 | €11 | €12 | €14 | €16 | €17 | €13
vyis| 1 1 -1 | 1 1 1
ety | V24| -1 1|1
1(61) = vy -1 11 1
vg -1 -1 1 -1
v, -1 | 1| 1
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BucHOBKU

HesiKi orepaliil 3pyvHillle BUKOHYBATH 3 MATPUISIMU CYyMi>KHOCTI, a JIesAK]l —
3 MaTpungMu iHmuaenTHocTi. Onni it Ti caMi ajropuTMu MaloTh BiJIMIHHOCTI
B 3aJIe’KHOCTI BiJ TOTO, OpieHTOBaHI Uu BiibHI Irpacdu 6epyTh ydIacTb y PO3-
IJISHYTHX ollepallisgx. B 3ajexkHocTi Bim BuAiB rpadiB TakoXK € OOMEKEHHsI
Ha BigoOparkeHHsT 3MicTOBHOT iHdOpMAaIlil MaTpuIsIMu X rpadis. Ase B mpa-
KTUYHUX 3aCTOCYHKAX Il OOMEXKEeHHs, sIK MpaBujo, HecyTTeBl. OTXKe, My KO-
JKHOI orepariil HaJr rpadamMu Ta KOXKHOTO BUy rpadiB MOXKHA 3allPOIOHYBATH
KOMOIHAIIO asrebpaidyHux onepariiit (apudMeTuyHIX Ta JOTTIHHX ), 10 J03B0-
JISIIOTh OTPUMATHU MATPHIIO HOBOrO rpada, abo YiTKU JIErKO MPOrpaMOBaHUil
AJIPCOPUTM [IEPETBOPEHHS MATPHIH TOYaTKOBUX rpadis. 2Kojima 3 po3ryisgHy Tux
ormepalriiit Ha 1 rpadaMu He € HEMOXKJTUBOIO B MATPUIHOMY BUKOHAHHI. 3aITpOIIO-

HOBAaHI AJI'OPUTMU MOXKYTh 3HAYHO CIIPOCTUTU KOMII'IOTEpHY 00pOobOKY rpadis.
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Yakimova N.A., Klishyn M.E.
MATRIX REPRESENTATION OF OPERATIONS ON GRAPHS

Summary

This article considers the possibility of matrix execution of both unary and
binary operations on graphs. Graphs, as an abstract mathematical construc-
tion, have a very wide range of practical applications. First of all, it is al-
gorithmization and computer processing of information, electrical engineering,
etc. Therefore, it is important to have a mathematical apparatus that allows
you to transform the graphical presentation of information about objects into
algebraic models for their further research using purely mathematical meth-
ods. If necessary, it is always possible to return from such an algebraic model
to a graphical representation of the object (for example, to a graphical rep-
resentation of a circuit diagram in electronics). For each of the considered
operations on graphs, either a combination of algebraic operations or an easily
programmable matrix processing algorithm is proposed, which can be used to
represent any graph. Attention is also paid to the differences in such processing
depending on the type of graphs involved in the considered operations. Some
operations are more convenient to perform with adjacency matrices, and some
- with incidence matrices. This article also considers these features of matrix
execution of operations on graphs. All the proposed algorithms are illustrated
with specific detailed examples. Thus, it is shown that for all operations on
graphically presented objects, their matrix interpretation is possible. This re-
sult greatly facilitates the possibility of software implementation of work with
such graphic objects.

Key words: directed and undirected graph, adjacency matriz, incidence matriz,
operations on graphs, elementary logical operations, Boolean matriz, multival-

ued logic.
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ON NUMBERS OF THE TYPE n = (u? + dv?)w IN ARITHMETIC
PROGRESSION

Let us R(n) denotes the number of representations of positive integers n by form
n = (u> +v?)w, u,v € Z, w € N. The function R(n) is an analogue of the divisor function
ds(n). Summarize the Heath-Brown results on distribution of value of the divisor function
ds(n) on an arithmetical progression n = a(modq), (a,q) = 1, with increasing the arith-
metical ratio together with z, an asymptotic formula for summatory function for R(n) was
being construct, which is a non-trivial for ¢ — co. The proof of this result use the truncated
functional equation on the line Res = 1 + A, |A| < 3 of the Hecke Zeta function with
transport of an imaginary quadratic field Q(v/—d).

MSC: 99A99, 88B88, T7CT7, 66D66.

Key words: imaginary quadratic field, Hecke zeta-function, Dirichlet series, functional equa-
tion, summatory function.

DOI: 10.18524/2519-206X.2022.1-2(39-40).294516.

INTRODUCTION

Definition. Let denotes by R(n) the number representations a positive integer
n in the form n = (u? + dv*)w, u,v € Z, w € N, d is a free square positive
integer. The function R(n) you can consider as an analogue the arithmetic
function d3(n) (a number of representations of n as a product of three natural

numbers: ds(n) = > 1).

n=ninans

We denote
K(d) = {u+z\/&v1u,v c Z}.

For a € K(d) we put N(a) = u? + dv?, Sy(a) = Au = ARe(a). Our aim

deduce an a asymptotic formula for summatory functions

F(z) =) R(n);

n<e

n=a(modq)
n<x

Received 01.06.2022 (© Belozerov G. S., Vorobiova A. V., 2022
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NoTATION. We will use the following notations:

o G := {a +b/di|a,be Z,i% = —1} is the ring of integer elements of the

field Q(v/—d);

G, is the ring of residues of G module ~;
« G ={weG,, (w7)=1};
e sc€(C, s=0+ Res, t=1Ims;

e I'(2) is the Euler gamma function;

by f < g (or f = O(g)) for x € X, where X is an arbitrary set on
which f and ¢ defined, we mean that exists a constant C' > 0 such that
|f(x)| < cg(x) for all z € X.

Let us denote shifting the Hecke function

egmiarg(erJl )

Zm(8;01,02) = Z . miRe(bu)
welG N (w + 51)

Res > 1, 01,62 € Q(v/—d), d is a free-square, d > 0; (the pair (01, 52) we call
a shift of w). Here g — is the number unit in G, t.e. number unit « from G,
N(a) =1.

In the domain Res > 1 the series for Z,,(s; 1, 02) is defined by an absolutely

convergent Dirichlet series.

1. AUXILIARY ARGUMENTS

Lemma 1. The shifting Hecke zeta-function of the field Q(v/—d) satisfies the

functional equation
75T <g\;n| + S) Zm(8;61,02) =

— g~ (1=9)7 (glgm‘ +1-— S) Zm(1 — 5;—09, 51)672mRe(6162).

Moreover, Z,,(s;01,62) is an entire function if m # 0. If m = 0 the for 62
not integer element from Q(v/—d) the Z,,(s;d1,02) is also entire function. For
m = 0 and d2 is an integer element of Q(v/—d) the Hecke zeta-function is

holomorphic except at s = 1, where it has a simple pole with residue .
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Proof. For §; = 6o = 0 and m = mg, where g is a number of units in
the ring G, we get the well-known Hecke zeta-function Z,,(s,G) of the first
kind with the exponent m (see Hecke [3]). In [1] this lemma has be stated in
case d = 1. But for the completeness of treatment we restore a proof of our
statement.

We start from the relation

oo
[(s) - jw+ 01|72 = /ea:p(—x w4 6122 da.
0

For Res > 1 and m € Z we have

02
g . _ —z|w+d1)%,.s—1
F<2]m\+s) Zm(s,él,ég)—/ Z e x5~ .

0 UJEG
w#—0d1

Let us denote 0; = d;1 + i\/géjg, j=1,2.

Then grountruthing shows that the functions

2
f(u1,u2) = exp <_x (811 4 u1)? + d(S12 + U2)2]> )

~ T 71_2
flur,uz) = 2P <_x (611 + u1)* + d(d12 + U2)2]>

satisfy the conditions of Poisson summation formula. Hence, putting

G)m(x, (51, 52) =
=D wea exp(—z(w + 51)%) - (w + 61)9exp (QWRe(gw))

and applying the Poisson formula, we find

7.(.2

Oo(z,d1,02) = g@o <$,52, —51> exp (—27m'Re(51$)) i

Consider the operator
d 0 0
— = — +iVd—.
= 2 Ve,
Then the following equalities hold for the m > 0

m

(~20)" Oz, 51, ~02) = O (61, 62)
1
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and
T N\ 4 77'2 . —
;(—QM) TOm <x’61’ —52> exp (—2%1(6162)) =
m 2
(ng (WGO < ;02 ,—51> exp (—27m'Re(51(52))> .

So, for any m € Z the following functional equation

T\ gm+1 w2 . —
O (x,01,02) = (E) Om <x,52,61> exp (7271'1Re(5152)) (1)

hold.
Now, applying reasoning used for the proof of functional equation for Rie-
mann zeta—function (see [4]) by the functional equation for a theta—function

O, we infer
glm| : = (1-28) g (o 5y
r 5 + 8| Zm(s;01,02) =7 exp ( 27mRe(51(52)) I,,(01,92),

where
In(01,02) =

00 _ 1

= [ 3 exp(—z|w+ 81 *)(w + 61)9" - exp(2miRe(Saw)) "2+ 29" gy =
’ wl;éinsl

[+ [ = Tm1 + T2

0

™

In integral I,,, we apply the functional equation (1) for ©,,(x,d1,d2) and

make substitution x = 72y~!. We have

r <1g|m| + 8> Zm(5561,02) = 72 lexp (—2772'Re(51572)) X

/ Z exp( x!w+51\ Y(w + 62)9"exp(—2miRe(5w))w *8+2\9m\dx+

T weG
w#—bd2
i / S° eap(—alw + 81[2)(w + 61)™ eap(~2mi Re(Fpw) e+ 2y
T wel
w#—01
™ . — i
+ e(m, d2) —3 e(m, 61)exp(—2miRe(d102)) - — (2)
where
1 ifm=0andacdG,
e(m,0) =

0 otherwise.
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The relation (2) was obtained for Res > 1. However, the right part of
this equality is an analytic function in all-complex s-plaines except maybe the

points s = 0 and s = 1, which can be the poles.

Finally multiplying (2) be exp(2miRe(810))7 2571 and making the substi-

tution s — 1—15s, d;1 — d9, d2 — 1, we obtain that the right part doesn’t vary,

and hence proved the following functional equation for m > 0

7T <g|m\ + S) Zm(8;01,02) =
= =t (%|m| +1- 5) Z (1 — 5309, 61)exp(—2miRe(6162)).

For m = —m/, m' > 0, we put 6; = —0}, d2 = —05, and then we obtain
(8 52,51) (8 —(52, 51) and Z (1 — S, 51, —52) (1 — S5 —51,52)

Thus, for any m € Z
I ( |2 m| + s) Zm(s;02,01) =
— (=8 <9|m| 11— ) Zom(l - s; _61762)6—27TiR6(E62) _
— (=8 <g|;n| 1 ) Z_m(l — 851, _52)67271*1'1%6(552)‘

Consequence 1. For d; ¢ G (but 62 € Q(v/—d)), then Zy(0;1,02) =0

Consequence 2. In the strip € < Res < 14 ¢ we have

(5 — 1) Zm(5;01,09) < ([t| + 3)(t* + m?)krgh2,
1—20)(1—
where k1 = ( 01)5_ 2{-:0 + 6), ko = — 10_:_2&;, € > 0 an arbitrary little num-

ber, holds.

This follows of once if we employ by the Phragmén—Lindel6f principle and
the estimates for Z,,(s;d1,d2) on the band edge —e < Res < 1+ ¢.

For ¢ € IN let us denote x a multiplicative character of the group Gy :

l l
X(@) := x(N(«a)). We have for §; = ql 0oy = qQ li,lo € Zy:

. l2

Iy egmiargw 2miRe( 2w

Zm, <3§X7 q> = Z WXQ (N(w))e (q >7
wel
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Iy lg) 1 ( 12>
Zm Sy —y — - Zm SIX, — .
( q q @(Q)Z Xy

X

In [3] we have the following truncated functional equation.

Lemma 2. Let q € N, m € Z, d > 0 be a free-square rational integer, R 728 an
ideal class of the field Q(v/—d); s € C, s=o+it, 7 € C, argr = actg?,
o+ 9
2
4 ifd=1;
g=192 ifd=3;

1 in other cases;

1 1
ag® (2 + (§Im| + o)) dg? (2 + (§lm| +0)°)?
v 27| 7| rY= 27|72
2(M +5 2(M +5
X:<1+(+)logac>; Y:<y—|—(+)>.
glm| glm|

Then for t> + gm? > const the following truncated functional equation for

l2>
Zm | $5Xgy— | =
< g

< (1
egmiargw 2mRe<*2w> g 277N (w)
= Y —— [ x¢(N(w)e a xI'* [ s+ =|m|, ——=——— +
wER N(w)s a 2 \/(716]
N(w)<x
1
2

L(s+glml)  ,eg Nw)i=

dq2
i (w)
N(w)<x
27N (w)

* g -M -M
)T (1= s+ Ipm|, 772NN ) Lo (x—M L y-M),
(S e )) ( )

—e (I‘ (4m|+1 - s) 5 X2 (N (w )e—gmiargwe*%me(é@ "

where M > 0 is an arbitrary number.

. g 200N (w) > ( g 2N (w) ) g -1
I"({z4+=m|,————7 | =T (z+=m|, ———7- ) - T (z24+Z|m .
(2 §iml. 2220 2, ) (s Gl

201N
Moreover I'* (z + g\m|, Wﬂ) in all indicated parameters have the
2 \/ﬁq
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estimation

< ea:p( *! |+ )
2|m|+Rew 2 2 %
P s ) e )
N (i (Yot +o2) ) )

I 1
Similarly truncated equation is true for Z,, < 1 , 2) , where l1,12 € Gy.
q g

We shall need

Lemma 3. The zeta—function Gurwits £(s,u) determined by the relation for
Res >1
1
C(s,u) = Zi(n—i-u)s’ 0<u<l)
n=0
is an analytic for all s € C (except s = 1), where it has a prime pole with

residue 1. Moreover &(s,u) satisfies the following Gurwits relation

o' (1 —s) | . ms <= cos2nma TS = Sin 2n7a
C(s’u)_W{81n2;W+COSQnIW .

Lemma 4. Let s = 0 +1it, |o| <2, 7 € C, argr = <I + \t\*1> sgn(Ims).
There exists a constant to > 1 such that uniformly at |t| > to, T, we have the

truncated functional equation

F (s; (n + u)7§ﬁ> +anF (1 —s(n+ u)75ﬁ>

(n+u)®

77)) Z F <1 — s;m—%ﬁ) o—2minu

ul—s

+

_l’_

1

1) b F <—s;n72 ﬁ)

5 l) Z nl-s +
2 In|<ylogy
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+0 (™ 4y,

where
sgn(n) if n#0; .
an = gnin) #n# by, = —isign(n)e*™ ™,
1 if n =0;

1 1
r=[t|2(V27))7Y, y=|t2|7|(V2)"t, M >0 - arbitrary constant.

Moreover, uniformly in all parameters

Rew -1

Z|? Z 1.1 |z
F(w,Z)=1+0 m’p{—"}- |—1| X 1+—|t|2—u

T\ ez 20 e

where | =1 if [n +u| < x and |n| <y, and | = 0 in other cases.

Lemma 5. Consider a Dirichlet polynomial, s = o +it, |o| < 2

N

an
P(s;l,q,N) := Z vt

n=1
n=l(modq)

For any real values Ty and T, T > Ty we have

47 N N
P(s;l,q, N)|*dt < T+ — - — anl?
/r i G X
n=l(modq)

(It is some generalization of Montgomery Theorem for an integrals at the

Dirichlet polynomials).

MAIN RESULTS

Let us C' denotes the following conditions

Iy +ilyVd

6:#, li,la €2y, ge N, ¢g>1;
(13 + 1y - d)ly = a(modq);
a,ly € Zy, (a,q) = 1.

Then the generating series for R(mg + a) have the form

F(s;a,q) = ZZ0< 7 ) <sl;> Res > 1, (3)

(C)
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l
where ¢ (3, 0) is Gurwits zeta-function.
q
Thus the Perron formula for an arithmetic progression gives

C+iT
s

Z R(n) = 2%” (F(s;a,q) - Z R::)) : %ds—l—

n=a(modq) cir neB
n<e

where B := {a,a(l £ gN(w)|w = 1, £i}.
l
The Gurwits function ¢ (s, 0> is an analytic on all completely s-plane
q

except at the point s = 1 with residue 1. At a point s = 1 there is expansion

C(s,ij):Sil—f—co(l;)—i-cl(l;)(s—l)—f-..., (5)

Iy
where cg < > E+ ( ] ) , E it Euler constant.
q 2

in series

Moreover, Z,,(s; 01, d2) is an analytic function on all plane of complex num-

bers except of the case m = 0, dy € G, when Z,,(s; 01, d2) have first polarized:

Zo(s:6,0) = S_Ll+a0(5)+a1(5)-(s_1)+... , (6)
where
ag(8) = E+ L'(1,xa) + bo(8) + Y N1 6+ B), 6 #0, (7)
peB

E is the Euler constant, B = {0, +1, +i};

X4 is the Dirichlet L-function with the non-principal character module 4;

1
|bp(d)| < an absolute constant, by(d) =4+ O <N2(5)> . (see [3], [6])
Applying the Phragmén—Lindel6f principal and the estimations & (s, b>
q

0
and Z <s; ,0) on the boundary of the strip —¢ < Res < 1 + € may be
q

calculated for I'ms =t, |t| > to > 3

1+e—6
1 3 1+2¢ ote
F(s;a,q) < <q2+s\t\ 2+E) (¢ 1e) 1z (8)
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(with constant in symbol ” <« ” is an absolute constant).
S
Let us calculate res {F(s; a,q) - :c} . We have use the expanding (5) and
S= S
(6):

2

F(s;
’;’gf{ (530,9)~
T
+*2 E a0<q

T secy
N(ap)=a(modq)

}:W<logg;+E—l>+
q

7))

where p(a, ) is the number of solutions of the congruence u? +v? = a(modq),

(a,q) =1, and ag ag> = agd from (7) for 6 =

Hence (7) gives
(7B + L'(1,x4) + O(1)) +

<6 + O;“) . (10)

Pz ()

Q

aoEGq
N(ap)=a(modq)
o LN

T2
BeB

q C%OGGq
N(ap)=a(modq)
Next,
% Z Z N1 <5+ a0> =0 (ﬁlogw) (11)
q 9 2
apelGy BEB q2
N(ap)=a(modq)
p(a7 q) = C(a,q)qH <1 — X4I§p)> , 0< C(CL, Q) <2
pla
(see [2]).
So,
_ %2“’@ <1Og$2+E—1> +0( Sloga ). (12)
q q q§

res {F(s;a,q)i} -

s=

Now we are in a position to prove the main theorem.

Theorem. Let us a,q € N, (a,q) = 1. Then the asymptotic formula
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Y R(n) = cla, q)%H (1 . X‘ip)) <log;2 YE- 1) +

n=a(modq) plg
n<x
3
x5
+0 Y log®z |,
qbs
holds.
Proof. Consider the rectangle with the vertexes in points
. P R L
c—1T, c+T, —+T, - —1iT
2 2
(T > 1 and its precise meaning be determined).
We have
s R(n)\ R\ @
1 n)\ T n)\ x
5 / <F(s;a,q)—z e >Sd3:res { (F(s;a,q)—z o ) S}—l—
c—iT neB
c—iT %-HT %-i—iT
1 1 1 R(n) \ z*
- - I, F . _ NS 7d —
2 / o o / ( (si0,0) = 3 =5 ) s
1. 1, 1, neB
§_ZT i_ZT §—ZT
R(n) \ «*
_§E§{<F(S,a,q) - Z e ) S} + 1 — I~ I3 (13)
neB
is say.

In the integrals I; and I3 we apply an estimate under the integral function
by (8). So we have

1 2
¢ 273
I, I <<%+I - (14)
q q2
Next
To T —Tt
I3 <« / + / + / = Jo+ J1 + Jo. (15)
To To =T

We put Ty = ¢°, € > 0 an arbitrary constant.
Then

[

)
Jo < =1 log?T.
q§
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The integral J; and Jy estimate in the same manner.
We shall estimate Jj.
It is well known that [5]

T
1 1
Fo(end) -
To ? uz™
The truncated functional equation for Z,,(s,d1,0) forth m = 0. We can

1
write <f0r g, ac Gy, s= 3 +it> :
q

2
dt < T'log? (qT). (16)

Zo(s;01,0) := Z(s;61,0) = N(Q)s{ Y. N e
w=a(modq)
N(w)<X1

7rf2it F(l—lt) _oriRe( %YW 1.
T e LD VI D IS
N27"(q) 2 N(w)<vi

10gX1Y1 —M+2
+O(N(q) >+O(yty )

(X1 = x,Y1 = y in designation of Lemma 2) =

=Y +3 40 <1O§V)((ql)yl> +0(|t7M2) ()

_|_

its say.

Now using (9), the Cauchy inequality and the relation (16) we obtain

%-‘riT
/F(saq)ZR(n)xd <
1. neB
§7zT
1 |dt
< ‘ ‘ t - | —
/Z+Z ‘(Jrzu) %+z’tt<<
U
1
’ dt 1 1 2dt o
/(’21’ ’Z ‘ >t/ (2+’Lt,U> _T%Jﬂ‘t ? -xr2+4
0

+0 <E‘?Z)> +0 (ng log? T) . (18)
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1
5
Hence, putting 7' = x—4 we from (13), (14), (16), (18) obtain the statement
q5
theorem.
CONCLUSION

Having used Z,,(s;01,0) rather than Zy(s;01,0) may be achieved the
asymptotic formula of distribution of values of the function R(n) in arithmetic

progression and in narrow sectors.

Beaosvopos I'. C., Bopobiiosa A. B.
Yucsia suay n = (u? + dv?)w B APUOMETUYHIA [TPOIPECI

Pesrome

Hexait R(n) o3madae KiabKicTh 306paskenb HaTypaabHoro n y Burisami n = (u? 4 v*)w,

u,v € Z, w € N. ®ynkuiss R(n) € anamorom byskuil ainpHuKIB d3(n). YsaragpHoo0un
pesynprar Xiz-Bpayna npo posnogin smagens dbymukmil ds(n) ma apudwverndaniit nporpecii
n = a(modq), (a,q) = 1, 31 3pocraiouo pasom 3 x pisHHUNEI nporpecii ¢, mMobyIOBa-
Ha acuMITOTHYHA opMya Jisa cyMaropHol dyskuil jisa R(n), saxa HerpusiagpHa s
q < x%log_Sx. IIpu moBemenHi 1BOTO pe3y/IBTATY BUKOPUCTOBYETHCS CKOPOUYEHE (DYHKITIO-
HaJbHe piBHAHHS n3eTa-byHKIII [ekke 3 ysaBHOro xBaaparmanoro mois Q(v/—d) 3 scysom
Ha npamiit Res = 1 + A, [A] < 1.

Karouosi caosa: yasue keadpamuune noae, ddema-gpynkuisa [exxa, pad ipizae, dynruyio-

HAALHE PIBHANHA, CYMAMOPHA GYHKULA.
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THE DYNAMICAL PROBLEM ON ACTING DISTRIBUTED LOAD
ON THE ELASTIC LAYER

The wave field of an elastic half-layer is constructed, when a dynamic normal load distributed
over a rectangular area acts on upper face at the initial moment of time. The lower face of
the half-layer is rigidly fixed to the foundation, and the side border is in the conditions of a
smooth contact. The method of decomposing the system of motion equations into a system
of equations and an independently solvable equation is used, this approach was proposed by
Popov G. Ya. Laplace and Fourier integral transformations are applied directly to the motion
equations and boundary conditions, which reduces the problem to a vector one-dimensional
boundary value problem, which is solved by the matrix differential calculus method. The
output displacements are obtained using inverse integral transformations. The case of steady
oscillations was considered and the amplitude of vertical displacement occurring in the layer
was analyzed depending on the shape of the distributed load section, the material of the
layer medium and the values of the natural frequency of the layer oscillations.

MSC: 74B10, 74/HO05, T/H45.

Key words: exact solution, elastic layer, dynamic load, integral transform.

DOI: 10.18524/2519-206X.2022.1-2(39-40).293955.

INTRODUCTION

Dynamic problems of the elasticity theory are solved for during construction
to obtain the displacements in elastic bodies. Displacements lead to damage
or deformation of the structure. Therefore, in mathematical physics, many
authors solve the problems of the elasticity theory. Popov G. Ya. developed
the method of presenting the Lame equations through two jointly and one
separately solved equations in his work [7]. The exact solution for the mixed
problem of the elasticity theory was found in [8]. Also, Popov G. Ya., in
collaboration with Vaysfeld N. D [10]., found a solution to the Lamb problem
using this method. In [15], a solution was found for semi-homogeneous and
non-homogeneous problems of the elasticity theory for a semi-infinite layer in a
static formulation. Dynamical problem for an elastic quarter space was found
by Fesenko A. A., Bondarenko K. S. in [3]. Dynamical stresses in elastic half-

space were analysed in [16] by Winfried Schepers. Plane contact problem on

Received 01.06.2022 (© Fesenko A. A. Bondarenko K. S., 2022
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the pressure of a stamp with a rectangular base on a rough elastic halfspace
was considered in [12]. Also, solution methods of dynamic problems have been
described at book [11]. Some problems of the elasticity theory for an elastic
layer were solved in [1; 5; 6]. Also, a solution was found for the dynamical
problem for the infinite elastic layer with a cylindrical cavity by Fesenko A. A.
in [2].

The aim of this work is to obtain the exact formulas for displacements that

appear in a elastic layer when a dynamic compressive load acts on upper faces.

MAIN RESULTS

1. Statement of the problem. Consider the elastic layer z > 0, —oco <
y < 00, 0 < z < h. The dynamic normal load is acting on the boundary of
the layer z = h along the rectangular zone 0 < z < A, —B < y < B. The
smooth contact conditions are set at the side boundary x = 0. The boundary
z = 0 is rigidly fixed. It is necessary to find displacements of the points of the
layer U(z,y,2,t), V(z,y,z,t), W(z,y,z,t) with zero initial conditions. The

statement, leads to the following boundary conditions

Uz(xaya h7t) = —p(.ﬁC,y)P(t), 0<z< A; -B < y < B,
sz(xuya h,t) =0, sz(CU,y, h,t) =0,

U(z,y,0,t) =V(x,y,0,t) = W(z,y,0,t) =0, (1)
oV (0,y, z,t oW (0,y, z,t
U(0,y,z,t) = ( e ) = (8:6 ) =0.

The motion equations in vector form have the form |[7]

2 <a@ 90 a@> P <82U 2V 82W> -

AV W)+ = 9z’ 9y’ 9z ) o2 912 o2

G

Where A — Laplace operator, k = 3 — 4u, ; — Poisson’s ratio, © = % + g—; +
%—f — volume expansion, p — material density, G — shear modulus.
To obtain a solution to the given problem, it is necessary to obtain a solu-

tion for the dynamic force concentrated at an arbitrary point on the boundary

z=~h

p(z,y) = —6(z — a)d(y — b),

where § — Dirac function, and then distribute it over the required area.
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Let’s introduce new functions [7]

0 0
Z('Ia Y, Z) = 7U([L‘, Y, Z) + 7V(3’J,y, Z)a

ox y
~ 0 0
Z(Sﬂ,y, Z) = %V(ﬂf,y,Z) - %U(xvyvz)'

Then the system of motion equations (2) and boundary conditions (1) taking
into account the new functions will be rewritten in the form:

2 0 OWN  (k—1) p O*W
AW <Z+ 8z>_(l£—l-1)G o2 3)

k—10z

2 ow p 0*Z
AL+ Ve (“az) = Gor
~ 92z
A7 = — 4

0
VaeyW(z,y,h,t)+ aZ(a:, y,h,t) =0,

k—1

_75(3;—61)5(1/—5)13(’5)7

0
%W(:m Y, h7 t)

Z(I7 y7 07 t) = Z(x7 y7 07 t) = W(‘/'E’ y? O) t) = 07 (5)

(B3—k)Z(z,y, h, t)+(1+K)

0 ~
—7 h,t) =
Ep (xaya ) ) 0,

0 0 -
aw (07 y”Z?t) 8:6 (O’y’ Z? t) (0’y7 Z? t) 0’

where Vg, = 88—; + 68—;2
The initial boundary value problem takes the form (3)—(5) under the initial
conditions
~ ) ~
[W,Z,Z} ’ —0 2 [W,Z,Z} ‘ —0.
t=0 ot t=0
After finding the functions W, Z, Z to find the displacements U and V the

Poisson equation should be solved

B o ~ B 0 =
wU=—0——7, Vo V=—0+—7.
Vel = 5.7 = 5.7 YV = 5 2+ o (6)

2. Reduction the problem to a vector one-dimensional problem.
The cos - Fourier transform with respect to the variable x, the Fourier trans-

form with respect to the variable y and the Laplace transform of the variable ¢
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with parameters «, § and p, respectively are successively applied to the (3)—(4).

(e oluNe ele o]

s =

where N? = o? + 2.

W(x,y,z,t)

PV cos ax e Pt dy dx dt
(z,y,2,t)

The function Zagp(z) satisfies the homogeneous problem

20 50(2) = (N2 + p*) Zagp(2) = 0, 0 < 2 < h, Zg,(h) =0, Zapy(0) =0 (7)
and therefore Z(m,y, z,t) = 0.

3. A case of steady-state oscillations. To consider a steady-state
oscillations suppose that load applied across the area 0 < z < A; —B <y <
B over the plane X0Y changes according to the harmonic law P(t) = ™!
and p(z,y) = P, where P — constant intensity of the load, w — is a natural
frequency of vibrations. In this case, substituting into the system of equations
and boundary conditions p = iw according to the [4].

Let’s introduce the values

2 9 (1)
1 — sy vy — )
G k+1 G

(8)

where ki, ko — the wave numbers.

The system of equations (3) and boundary conditions (5) take the form

"o, 2 ok —1
Waﬁ(z, kl,kz) + 1 O(ﬁ(z k17k2) N o + 1

+k72Wa5(Z; ]{71, k‘Q) =0 (9)
2 +1
bz k) = —— NPW (=i kr, k) — NZZ_ Zop(z: k1, ko) +
+k1 Ocﬁ(z; kla k?) — 0)

Wap(z; k1, k2)+

—N*Wopg(hi k1, k) + Zlz(h; ki, kg) = 0,
k—1
G " (10)

(8 = k) Zas (s ki, ko) + (s + D)W (hi ko, k) = —

Zap (05 k1, ko) = Wop(0; k1, k2) =0
N?=a%+ 62.
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To reduce problems (9) (10) to a vector one-dimensional one, an unknown

transform vector of displacements is introduced

Was(2: ki, @))

V(2 k1, ko) =
Zap(z; k1, k2)

as well as matrices

10 () J— =l k2 0
I= . Q= RAL) P o= [ et ., T=|"7? .
(0 1) ° (‘ﬁNf 0) (0 ) (0 K

So, the system (9) and boundary conditions (10) takes the form

LQ}_"(Z; k1, k?z) =0,0<z<h,
UO[S;(Oa klu k:Z)] - 907 (11)
Uy[¥(h; k1, k2)] = ©1,

where the differential operator Lo has the form
Loy (2 k1, ko) =13 (2; k1, ko) + QY (23 k1, ko) — N°P¥ (23 k1, ko) + T¥ (23 k1, k).

Let’s enter matrices and vectors

(0 wla) (ot o)
0 (3—r) (1+£K) 0

P(k—1)
G

where symbol T means transported vector. Edge functionals are

0 = (0,001, ® = (0, - cos aae®)T

Upy] = Iy(0; k1, k),

UL [y] = A¥(h; k1, ko) + By (hs ky, ko).

The solution of the vector equation (11) is built on the basis of the solution of
the matrix equation Lg [Y(2)] = 0. Substitution Y (z) = €V*I is made to form
the characteristic matrix M(s) = Is?> + Qs — N2P + T. The inverse matrix
has the form
M) = (sz_NQm% i z>,
+ k3

[Tizi(s —si) %]\ﬂ 52_N2%
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s1=1/N2—k3, so=—\/N2—k3, s3=1/N2—k? sy =—/N2—ki.

Here s; (i = 1,4) are the roots of the characteristic equation det[M(s)] = 0.

The solution of the matrix equation is constructed according to the formula
9]

1
Y(z) = — ¢ M (s)d
(Z) 271-2 \%‘6 (S) 87
C
where C' is a closed loop covering all zeros of the determinant of the matrix

M(s). The residues at the poles s; and s3 give an increasing solution that has

the form
(k+1)N2 (k+1)
Y (2 k1, ko) = L ehr _(“_1))A1 I eh2? (o= 82 12
y vl - 2 Kt+1)N2 2 _(r41) ;2 N7 ’
2k1 S M) 2R N,

The residuals at the poles so and s4 give a solution that descends.

2
1 (k+1)N 1 1 _ (K‘Fi) AQ 1
Y (2 ki ko) = — e—Alz (r—1)Aq _ e—Azz (r—1)
( s V1 2) Qk% (r+1)N2 A Qk% _ (st1) pr2 N2 )

(k—1) (k—1) Ao

where Ay = /N2 — k2, Ay = \/N? — k3.

The solution of the vector equation (11) is constructed in the form

¥(2) =¥o0) + ¥0y,

where ¥;, ¢ = 0,1 - the fundamental basis matrices of the solutions, ®;, i =
0,1 - the right-hand parts of the boundary conditions.

The fundamental basis matrices is constructed through the fundamental
system of solutions of the homogeneous differential equation (11), using the
formulas ¥; = Y_(2)CY+Y_(2)C}, i =0,1. C?’l, — are matrices of unknown

constants [9]. The matrices of unknown constants can be found from the

relations by satisfying the boundary conditions U;[¥] = §;;14,j = 0,1
Ci = (Ui[Y1(2)] = Ui [Y_(2)] - (Up[Y_(2)]) " - Up[Y_(2)]) ",

CY = —(Uo[Y_(2))) - Uo[Y+(2)] - C1,

2
1 _ (k+1L)N 1 (K+1)A2 1
UolYi(2)] =5 [ [ =05 )+ G0
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2
1 (k+1)N 1 (Kf"}) AQ 1
UolY- ()= o (0 ) )+
2 k+1)N2 (r+1) A2 N2 ’
2k1 ¢ )1) —Aq DV Ay

(r—

1[N (R4 A ) edih = 2n,00e0)
Ul[YJr(z)]:_@ 2_Aih 2 1.2\ LAsh
1 \(k+ 1) (—2NZeP1h 4 (2N? — k%) e22h)
(2N? — k}) eArh — 2N2eh2h

(k— 1) <—2A16A1h + A (2N - k2) eA2h)

Uiy (] = L (EV? (2800 = (I o) o)
1Y - =—53
26T \(k + 1) (—2N2e~81h 4 (2N2 — k2) ¢~ A2h)
(2N?% — k?) e~ Bl — 2N2e=A2h )

(k— 1) (2A16—A1h — L (2N2- ) e‘AQh)
Taking into account that Ug[Y_(2)] 71 Up[Y 4 (2)] = —I we get that C}=CY.
Since ®¢ = (0,0) then ¥q is not of interest. Matrix ¥, has a form

1 ”'H (AQ sinh Agz — N2 inh Alz)
\Ill = — l

2]% cosh Agz — cosh Az
542 N2 (cosh Ay z — cosh Agz) cl
A1sinh Az — X—z sinh Agz r

After simplification, expressions for the transformants were found

A
Wag(z;kl,kg):—cos% 2[(A Assinh Agz— N? smhAlz)

X (2N2 cosh Ayh— (2N2 k:2 cosh A1h )—i—
+N? (cosh Agz—cosh A1 2) x
((2N2 kQ)smhAlh 2A1AQSIHhA2h)] (12)

N2
Zaﬁ(z;kh]@):_cos% —[A1A (cosh Az —cosh Agz) X

X (2N2 cosh Agh — (2N? — k7) cosh At h) +
+ (AlAQ sinh A1z — N?sinh Agz) X
x ((2N? — ki) sinh Ajh—2A1 Ay sinh Agh)]

A = AN?A1Ay(2N? — k3) — (8N* — AN?k? 4 k)AL Ay cosh Ak cosh Agk+
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5k — 3
k4
TR /<a+1)

93k +1

1 sinh A1k sinh Ask.

+ N?(8N* — 4N?k?

Based on the formulas (6), (7), the transformants of the remaining displace-

ment were found

[0
O Zap(zih1, k), Vas(zi b1, ko) = o Zag(z: b, o).

Thus, an exact solution of the vector problem (9) (10) in the space of trans-

Uap(2; k1, k2) =

formants was obtained.
4. Construction of original solutions.

Let’s introduce functions dependent on N

Fyw (N, z; k1, ko) = [(A]_AQ sinh Ayz — N2 sinh Alz) X
X (2N2 cosh Agh — (2N?% — k) cosh Arh) + N? (cosh Agz — cosh Ay z) x
x ((2N? — ki) sinh Ajh — 2A1 Ay sinh Ash)]

Fz(N,z; ki, ke) = [A1Ag (cosh Az — cosh Agz) x
X (2N2 cosh Ash — (2N2 — k:f) cosh Alh) + (AlAz sinh Ayz — N?sinh Agz) X
x ((2N? — ki) sinh Ath — 2A1 Ay sinh Ah)] .

After applying inverse integral transformations to the solution of (12), the

original displacements were obtained

Wz, y, z; k1, k2) = e / /iFW(N,z) cosaae PU=Y cosax dB da,
o 0

V(x,y, 2z k1, ko) = 7r2 o // —Fz(N,z)cosaae” By cos ax dB da,

—oo 0

Ul(zx,y,z; k1, ke) = G7r2 2 // “—Fz(N, 2) cos aa e PV cos ax df da.

—oo0 0
Using the parity of the function related to the variable o under the integral

and applying Euler’s formula, the displacements are rewritten in the form

Wz, y, z; ki, ko) =

/ / —: FW N, 2) *m(aﬂ)*iﬁ(y*b)dﬁda’

—00 —O0

4G772
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Vi@, y, 2k, k) = / / —Fy(N, z)e telo=2)=iBly=b g o,

—0o0 —O0

4G7r2 Ay

P o [ [N? | 4
U(x’y’Z;kl’@)__élGﬂ?@x/ /AFZ(N%)em(ax)Zﬁ(yb)dﬁd@

—00 —O0

In order to get rid of the double integral by the parameters of the Fourier
transforms, the relation connecting the Fourier and Hankel transforms was
used [13]

[e.9]

A .
/ /F< a2+52+xz) —zax—lﬁydadB:/SF( /82+X12)X
—00 —00 0
X Jo(sv/x? + y?)ds,

where Jy(s) is the Bessel function, x; = k1, x2 = k2. After simplification, the

displacement formula takes the form

Wiey,zihishe) = o [ D92 [/ al + (= 0P+

+Jo(sv/(z +a)? + (y — b)?) | ds,

Vi sihihe) = g2 [ 28D /T = P + 0P+
0
+Jo(sv/(x +a)2 + (y — b)?)| ds,
Ui k) = s [T (s /= o + (= 0P+
0

+Jo(s\/ (x4 a)2+ (y — b)?)| ds,

Fy (s, z) = 09 [((5152 sinh 832 — s% sinh 51,2) X
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x (2s* cosh doh — (2s* — ki) cosh d1h) +
+ 5% (cosh 63z — cosh 61 2) ((252 — k?)sinh 61 h — 20105 sinh 52h)] ,

Fz(s,2) = N?[6165 (cosh ;2 — cosh §22) x
x (2s? cosh doh — (25® — k7) cosh 01h) +
+ (5152 sinh 512 — 52 sinh 522‘) ((252 - k%) sinh 51h — 25152 sinh 52h>] s

Ay = 4526102(25% — k?) — (8s* — 45%k? + k16182 cosh &1 h cosh dah+
93Kk +1 ok 5k — 3
Lr+1 Y+

where 6 = \/s2 — k}, 6o = \/s% — k3.

Using the parity of the Bessel function Jy(s), we will continue the integra-

+ 5° (854 — 45k > sinh & A sinh 8o,

tion in an odd way to the interval (—oo, 0), we will find the displacement from

the load distributed over a rectangular area

A B o
P o Fyz(s,z
VAB(fv,y,z;kl,@)__way/// ZL )
0 —B—

A B o~
P 0 Fy(s,z)
AB . _ - Z ) .
U ($7y’z’k17k2) - WG@J:// / As §X
0

x [Jo(s\/(x—a)Q—i—(y—b)Q + Jo(sv/(z + a)% + (y — b)2| ds dadb.

Using the results of the works [14], [3] and integral representation of the Bessel
function, on the transformation of the integral, write the displacements in the

forms
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4P OOFW(S, 2) "
TGN Ag
0

N cosszy/1— 7',? sinsAy/1 — 7',3 COs YTy sin s BTy,

k=1 S5TEr /1 — T’?

4P T Fy(s,z) "

TGN Ag
0

N cossxy/1— T]? sinsA4/1 — T,? sin syTy sin s BTy

/ 2
k=1 S 17716

WA (2, y, 2 k1, ko) = —

ds, (13)

VAB(2,y, 2, k1, k) =

ds,

s,z

0
N sin sxTy sin AT cos sy, /1 — 7’13 sin s By
) d

2
k=1 S lka

UAB (2, y, 2; k1, ko) =

S

where 7, = cos (%w) — zeros of the Chebyshev polynomial of the 1st kind.

5. Results of numerical calculations. The graphs represented below
are distribution for vertical displacement on the upper face W48 (., y, h; ky, ko)
from (13) for the values of Poisson’s ratio u = % and p = % for frequencies,
using formulas (8) w = 0.3; 1; 3, p = 8.5, G =40, h = 1. Three forms of the

load distribution section along the face z = h are considered
1. B = A/2 the load is distributed across the square;

2. B = A - the load is distributed along a rectangle stretched along the Oy
axis;
3. B = A/4 - the load is distributed over a rectangle stretched along the

Oz axis.

Comparing the values of vertical displacements for different values of Poisson’s

ratio, it can be seen that the behavior of the graph is similar, but for values
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0.000 0.000
—0.002
—0.004
-0.006
—0.008
-0.010

-0.012

Flng:A/2,w:03,,U,:1/3 io. 2. w:17N:1/3

0.000
—0.002

—0.004

-0.006
—0.006
-0.008

~0.008 -0.010

—0.010 -0012

—0.014
—0.012

Fig. 3. B=A, w=0.3, u=1/3 Fig. 4. B=A, w=3, pu=1/3

0.000
0.000
-0.002

-0.002 -0.004

_0.004 -0.006

-0.008
-0.006
-0.010

—0.008 -0012

_0.010 —-0.014

-0.018

Fig. 5. B=A/4, w=103, n=1/3 Fig. 6. B=A, w=0.3, p=1/4

w1 = 1/4 the amplitude of oscillations is larger (Fig. 3, Fig. 6)). Comparing the
graphs of vertical displacements for the same frequency w = 0.3 and Poisson’s
ratio p = 1/3 under different sections of the load distribution (Fig. 1, Fig.
3, Fig. 5), it can be seen that the maximum absolute values achieved with
the shape of the section B = A, which corresponds to a rectangle elongated

along the y-axis. In the case when the load is distributed over a rectangle
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elongated along the x-axis, the displacement has a minimum amplitude and
its maximum displacement is about —0.01 units (Fig. 5). In the case when the
load is distributed over the rectangle B = A, with an increase in the vibration
frequency (Fig. 2, Fig. 3, Fig. 4), the amplitude of displacement grows.
Positive displacements are observed, which means the lifting of the face of the

elastic layer. The maximum absolute values achieved with w = 3 (Fig. 4).

CONCLUSION

The dynamical problem’s solution of the elasticity for the elastic layer was
derived, when the lower face of the layer is rigidly fixed to the foundation, the
side border is in the smooth contact, and upper face is under the influence of the
normal dynamic compressive load, applied at the initial moment of time and
distributed across a rectangular section. Application of the integral transform
method directly to the movement equations reduced the initial problem to
the one-dimensional vector problem. The last one was solved exactly using
the matrix differential calculus. The proposed approach makes it possible to
obtain an exact solution of the problem in the transform’s space.

In the future, it is possible to consider different cases of boundary conditions
and evaluate the influence of the defect inside the layer on displacements and

stresses.

Decenro I. O. Bondaperxo K. C.
JIMHAMIYHA 3AJIAYA TIPO /IO PO3IO/IIJIEHOTO HABAHTAXKEHHS HA TPYXKHUIT IIAP

Pesrome

IlobynoBano XBuIbOBE IIOJIE NPYZKHOTO IiBHIAPY, KOJIM Ha OAHIM rpani y MOYATKOBUI MO-
MEHT 4acy [i€ IUHAMidyHe HOpMaJibHe HaBaHTaKEeHHs, PO3MO/iJIeHe 3a IMPsIMOKYTHOIO TiJISTH-
Koro. Hipkua rpanuig miBIIapy >KOPCTKO 34YeIIEHa 3 OCHOBOIO, & TODEIb 3HAXOIUTHCA B
YMOBaX IVIAJKOTO KOHTAKTy. BUKOPHUCTOBYETHCS METOJ PO3BAJIy CHUCTEMH PiBHSHb pyXy Ha
cruCTeMy DIBHSIHb Ta HE3aJIeXKHO PO3B’si3yBaHe DIBHSIHHsI, Teil miaxim OyB 3ampOMOHOBAHUI
TTonosum I'. 4. BacrocoByrorhesa inTerpasbhi nepersopenns Jlammaca ta @yp’e Gesmocepe-
JIHBO JIO PIBHSAHB PYXy Ta KPANHOBUX YMOB, III0 3BOJIUTH 33/a9y JI0 BEKTOPHOI OJITHOBMMipHOL
KpaioBol 3a/1adi, IKy PO3B’sI3aHO METOJIOM MAaTPUYIHOro AudepeHIiiinoro aucaenus. Buximgni
MepeMilleHHsI OTPUMAHO 3aCTOCYBaHHSIM OOEPHEHUX iHTEerpajibHUX MMepeTBOpPEHb. Posrisny-
TO BUIQJIOK YCTAJEHNX KOJUBAHB Ta MPOAHATIZ30BAHO AMILIITYAy BEPTUKAJIBHIX ITEPEMIIIEHb,
IO BUHUKAIOTH Y MIapi B 3a/I€2KHOCTI BiZl hOpME MIJISHKY PO3IOMIIEHOTO HABAHTAYKEHHS, Ma-

Tepiajly CEpeJIOBHINA IIapy Ta 3HAaYEeHb BJIACHOI YaCTOTH KOJIMBAHb IIIapY.
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Karouosi caosa: mounuli po3s’asok, JUHAMIMHE HABGHMANCEHHA, NMPYHCHUL Wap, THMe-

2PAADHE NEPEMBOPEHHA.
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NECESSARY EXISTENCE CONDITIONS OF
P,(Yy,Y1,)-SOLUTIONS OF SECOND-ORDER DIFFERENTIAL
EQUATION WITH RAPIDLY VARYING NONLINIARITY

We consider a differential equation of the second order of the general form y"’ = f(¢,y,y'),
where [ : [a,w[xAy, X Ay, — R~ a continuous function, —co0 < a < w < 400, Ay,— one-
side neighborhood of Y;, Y; € {0,+0c0} (i € {0,1}). Under certain conditions for the func-
tion f, this equation can be represented close to the two-term differential equation, namely
y" = aop(t)p1(y')(1+0(1)) at t T w, where ;1 is a rapidly varying functionat ¢y — Y;. Found
the necessary conditions for the existence of solutions for which ltlTrB y () =Y; (i € {0,1}),
v’ (1))*
v(t)y" (1)

presented in works by Evtukhov V.M., Belozerova M.O. when studying the two-term equa-

limgqe, = Ao, so called P, (Yo, Y1, Ao)-solutions. This type of solution was previously
tion 3" = aop(t)po(y)e1(y’), where ag € {—1,1}, p : [a,w[—>]0, +00[-continuous function,
@i : Ay, —]0, +o00[ (i = 0, 1) —continuous regularly variables for z — Y; (¢ = 0, 1) functions
of orders o; (i = 0,1), and 09 + 01 # 1. Further, in the studies of V.M. Evtukhov, A.G.
Chernikova for equation y” = agp(t)po(y) necessary and sufficient conditions are established
existence, as well as asymptotic at ¢ T w representations P, (Yo, Y1, Ao)-solutions in the case
when g is a rapidly varying function at y — Ybo.

MSC: 34A84, 34F99.

Key words: two-term differential equation, P, (Yo, Y1, Xo)-solutions, asymptotic representa-
tions of solutions, rapidly varying function, one-, two-parameter family of solutions.
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INTRODUCTION

Consider the differential equation

y' = f(t ), (1)

where f : [a,w[x Ay, x Ay; — R is continuous function, —oco < a < w < 400,
Ay, (i € {0,1}) is a one-side neighborhood of Y; and Y; (i € {0,1}) is either 0

Received 01.06.2022 © Kusik L. I., 2022
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or +oo. We assume that the numbers p; (i = 0,1) given by the formula

1 if eigher Y; =400, or Y;=0
and Ay, is right neighborhood of the point 0,

—1 if eigher Y; = —00, or Y;=0
and Ay, is left neighborhood of the point 0,

pi =

satisfy the relations
pop1 >0 for Yg=4oco and popr <0 for Yp=0. (2)

Conditions (2) are necessary for the existence of solutions of Eq. (1) defined

in a left neighborhood of w and satisfying the conditions
yD(t) e Ay,  for t € [to,w], ltiTmy(i)(t) =Y, (i=0,1). (3)

One of the classes of Eq. (1) solutions with properties (3) that admits some
asymptotic representations is the class of P, (Yp, Y1, A\g)- solutions.
Definition 1. A solution y of Eq. (1) on interval [to,w[C [a,w] is called
P, (Yo, Y1, \o)- solution, where —oo < \g < +o0, if, in addition to (3), it
satisfies the condition o
y(t
o y[<t>(y')']<t> B

Depending on A these solutions have different asymptotic properties. In [1]

0-

such ratios

()Y (1) A ()Y (1) 1
f R\ {1} lim el — A0 1 _
or )\O < \ { } tITI(EI y(t)/ AO —_1° tl’rri)l y/',(t) AO 1
for Ap=1 lim mu(t)y () _ +oo, lim 7r”(t,)y ) _ +oo,
" e ot
: W)y (T . mul(t)y (T
for M=+ lim = =1, lim =0,
’ o Y(t) ttw Y (1)
where
t f =
Ww(t) = ! w +OO’
t—w if w<4oo,

are established.

Now consider a case A\g € R\ {1}. We impose a condition on the function
f so that it becomes a two-term of a special form.

Definition 2. We say that a function f satisfies condition (FN1)y, for
Ao € R\ {0,1} if there exist a number ag € {—1,1}, a continuous function



162 Kusik L. 1.

p: [a,w[—>]0, +o0[ and twice continuously differentiable function p1 : Ay, —
10, +o0[, satisfying the conditions

‘ . w o (w
S(w) £0,  lm pi(w) =1 € {0,400}, lm LU _y )
el v (i (w)

Y; Yy

such that, for arbitrary continuously differentiable functions z; : [a,w[—

Ay, (i =0,1), satisfying the conditions

limz(t)=Y;, (i=0,1),

tTw
CmAb N w1
1151T13J1 Z[)(t) a )\0 — 17 ltlTILIul Z1 (t) N )\0 — 17
one has representation
f(t; 20(t), 21(8) = cop(t)pr(z1(8))[1 +o(1)] as ¢ T w. (5)

Moreover, under condition (F'N),, sign of second derivative of any
P, (Yo, Y1, \g)-solution of Eq. (1) in a left neighborhood of w coincides with

the value . Then taking into account (2) , we have

app1 >0 for Yp =400 and apu; <0 for Y =0. (6)

MAIN REsSULTS
1. Auxiliary statements

We choose a number b € Ay, such that the inequality
b<1 for Y1=0, b>1(b<—-1) for Y =+00 (Y1 =—-00)
is respected and put
Ay, (b) = [b,Y1] if Ay, is a left neighborhood of Y7,

Ay, (b) =]Y1,b] if Ay, is aright neighborhood of Y.

o
b if {m(é’) = *o00,

rod
O : Ay, (b) — R, @1(w):/ °  B=
B

5 Yi
#1(s) Y, if [ sof(ss) = const,
b
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w

¢ a if  [p(r)dr = zoo,
hi) = [prdn A= °
4 w if [ p(r)dr = const,

a

vt = O (ol (t), ps=sign pi(w) for w € Ay,.

Note that the function ®; retains its sign on Ay,, tends either to 0 or to oo
as w — Y7, and increases on Ay, due to ®)(w) > 0. Therefore, it has an
inverse function ®; ' : Az, — Ay, , where, due to the second of conditions (4)
and the increase <I>1_1

Zy = lim @;(w) € {0, +o0}, (7)

w—Yq
weAYl

Z1| if Ay, is a left neighborhood of Y;
Azl_{ [21,Z1] 1 y, Is a left neighborhood o 1, = ®1(h).

| 121,21 if Ay, s a right neighborhood of Y1,

Definition 3. Let f : Ay, — R\ {0} be a twice continuously differentiable
function. We will say that f € T'(Y1, Z1) if it satisfies the following conditions

. or 0,
flw)#0,  lim f(w)=21, Zy=|
UlJUEAyll etgther =+ oo,
4
lim f (fU)f(gv) _1
o (fw)

First of all, we note that, by virtue of definition 3, any function from I'(Y7, Z1)-
class is rapidly varying as w — Y.

In [2] using the properties of functions from the class I' introduced and
studied in detail in the monograph Bingham N.H., Goldie C.M., Teugels J.L. [3]
(Chapter 3, item 3.10), the following auxiliary assertions about the properties

of functions from the class I'(Y7, Z1) were established.

Lemma 1. If f € T'(Y1,Z1) then there exists a continuous function g :
Ay, — R\ {0}, called complementary to f, such that

lim M:e“ for any u€eR,

e f(w)

wGAyl
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moreover, the complementary function is uniquely determined up to functions

equivalent as w — Y1, for which, for example, one of the following functions

[fwa)a Jrow 0y
Fw) 7 fw) T f(w) b

w
[ f(z)dx
1%
where
21 if hH}} f(w) = o0,
W= oy
Yiodf  lim f(w) =0,
o
can be chosen.
Lemma 2.
1. If f € I'(Y1, Z1) with complementary function g then lirg % =0.
w—Yq
weAYI

2. If f e T'(Y1, Z1) with complementary function gthen for any continuous

function u : Ay, — R that satisfies the conditions

lim wu(w)=up € R, wh_}n& fw+u(w)g(w)] = 2,

w—Yq
wEAYl weAyl

there is a limit relation

lim
w—Y7 f 'u))
wGAyl

Lemma 3. If f € T'(Y1,Z1) strictly monotone with complementary
function gthen its inverse function f=1 : Ay — Ay, is slowly varying at

z — Z1 and satisfies the limit relation

-1 _ 1
lim / ()\2)71 ) =In\ forany A>0,
BT )
€Az,
moreover for any given A > 1 limit relation is satisfied uniformly in A €

[ LA } )
/\ )
Note also, it follows from the Representation Theorem for I" ([3],Chap—

ter 3, item 3.10, position d) that for a function f € I'(Y7, Z;) there exists a
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continuously differentiable function f; € I'(Y7, Z1) such that

lir% f(u)) =1 and lir% whi(w) =100
uean fi(w) vean hiw)

2. Main results

Theorem 1. Let Ao € R\ {0,1} and let the function f satisfies condition
(FN1)y,. Then, for the existence of P,,(Yp, Y1, No)- solutions of the differential
equation (1), it is necessary that the conditions (2), (6),

MOMl)\O(AO — 1)7Tw(t) > 0, a0u311(t) <0 fOT’ te [a,w[ (8)
(7)) ltle Il (t) = Zl, (9)
L (O)m(t) - m(Oper(Y() _ a

W T BTG o1 10
are hold.

Moreover, each solution of this kind admits the asymptotic representations
ast T w

— My[l] 1 1 "4y = v 1 11

y(t) = o) O)mu(t)(1+0(1)), (1) =YL +0(1)].  (11)

Proof of Theorem 1. Let \g € R\ {0,1} and y : [to,w|— Ay, be
an arbitrary P, (Yp, Y1, Ao)— solution of Eq. (1.1). Then there is a number
t1 € [to,w][ such that y®) () # 0 (k = 0,1,2), signy® (t) = ps, (k = 0,1) for
t € [t1,w[. Moreover, from the equality

v\, vy

; =1-""

y () (v'(t))

and conditions (3), the definition of the P, (Yo, Y1, A\o)— solution immediately

implies that

t)y'(t A )y (t 1
ttw y(t) )\0 —1 tTw y/(t) /\0 —1
From this, in particular, it follows that the first of the sign representations (8)
holds. Due to (12) and the condition (FN1),, which the function f satisfies

from (1) we have

y'(t) = aop(t)er(y (1)) [1 +0(1)] as ttw (13)
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> y"(t)
e1(y'(t))

Integration of (14) on the interval from ¢; to ¢ leads to the limiting equality

=aop(t)[1 +0o(1)] as tTw. (14)

t t

/%—ao/p(ﬂdT [14+0(1)] as tTw

or by virtue of the definition of the limits of integration A and B
O1(y' (1) = apl1(t)[1 +0(1)] as tTw. (15)

It follows from condition (4) that the function ¢; together with its deriva-
tive of the first order are rapidly varying as ¢y’ — Y7, because

! ! / /N /
im YY) o W) (16)
vy o1(y) = 1Y)

/
Yy EAyl y' e Y

~

w) ey
ei(y)  ey)
addition, taking to account the L’Hopital rule in the form of Stolz, we can

follows. In

Also from (4) as y' — Y7 the equivalence

assert that

1
D (¢ / NG
lim 1§y) ~lim sol,gy)/ _ 5901/(1/)) o
[ —Y [u— e Iy
vedy, = v el v A)ely)
Lo (Y) L (@ () ]
hence
O (1) ~ — 1 as Y — Y1,
1) 1 (y) vy
(18)

DY)l (y) <0 for o € Ay,.

A consequence of conditions (18), (15) is the second of the inequalities (8).

Condition (17) implies as ¢y — Y7 fulfillment of the equivalences

1 _soﬁ(y’)cpl(y/)
) _eily)  a) ) wily) ~1. (19)
oi(y)  dy) @) (PW))? 1
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Hence taking into account the lemma 2.14 (see |2, Chap. II, Sec. 2.3, P. 54|)
it follows that the function ®; belongs to the class I'(Y7, Z;) with a comple-
mentary function g, for which one can choose one of the equivalent functions

@/ / q) / /

}/(y/) N ,l(y,) N _soll(y/) as Y oYL

21(y)  2y)  ily)
Further from (14), (15), (18) by virtue of (9) and (16) the first of the conditions
(10) follows.

Because the function ®1 belongs to the class I'(Y7, Z;) and complementary

/
to it can be chosen as g(y') = —Z}EZ,; From the definition of Z1, us, the
1

second of sign conditions (8) ®; ! (apli(t)) € Ay, as t € [tg,w[ and (9) follow.

Therefore, based on the lemma 3 we have the limit equality

tTw %)

which we can rewrite in the form

e (aoli(t)[1+0(1)]) = @7 (aoli(1) +

Thus, the second of (11) is established, since

Yl@)e (YW@ "oy
lim ' g ) = lim Y 801(3,;) = Foo0.
B (Y sn s aly)

Invoking the first of (11) from (12), we obtain the first of the relations (11).

Now we write (13) in the form
o1 (YH)
¢ (Y1)

Then, as a complementary to the function ¢ € I'(Yy, Z1), we choose g(y') =
£1') " Then, taking into account that liTmY[l](t) = vy, Y(t) € Ay, at
ttw

y"(t) = aop(t)er | Y () + [14+0(1)] as ttw.  (20)

o1 (y)
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t € [to,w], we obtain

(1] t)) /
v @) + <,0/1(Y(O(1)> ;L e1y)
1m%< aomo V) e gaw(O:L
e o1 (y[l} (t)) g e1(y)

which in turn leads to
(Yl @)

1 ¥1
1 (Y[ It) + Wo(l)) = ¢ (Y[” (t)) [L+o(1)] as ttw.

Therefore, relation (20) takes the form

y'(1) = aop(er (YI®) L+ 0(1)] as t1w.

From the last representation, taking into account the second of the limit equal-
ities (12), we obtain he second of conditions (10).

The theorem is proved.

CONCLUSION

In this paper, we consider the differential equation of the second order,
which is asymptotically close as t T w to a two-term equation with rapidly vary-
ing with respect to the derivative component. Received necessary conditions
for the existence of P, (Yp, Y1, A\g)— solutions, as well as asymptotic representa-
tions for such solutions and their derivatives. To obtain sufficient conditions for
existence solutions of this class, it is required to involve the results of the work
[4]. It is also possible to refine the asymptotics of B, (Yp, Y1, Ag)—solutions in

terms of functions ¢, Y, 7.

Kycix JI. 1.
HeoBX1HI YMOBHU ICHYBAHHS P, (Yo, Y1, Ao)- PO3B’S3KIB IMGEPEHLIAJIBHOI'O PIBHSIH-
Hsl JIPYTOTO TOPSJIKY 3 IIBUJKO 3MIHHOIO HEJITHIHICTIO

Peszrome

Posrusinaemo qudepeHiianbHe PIBHAHHS JPYroro NOpsaKy 3araabroro suny y' = f(t,y,y'),
ne f o [a,w[xAy, X Ay, — R — nenepeppHa byHkuist, —00 < a < w < 400, Ay, —
opmocropouHiit okin Y;, Y; € {0,+00} (i € {0,1}). Ilpm meBrnx ymoBax Ha dyHKHO [ 1e
piBHsIHHSA MOKe 6yTH mojiane GJIU3HKUM JI0 ABOUJIeHHOTO0, a came 3y = aop(t)p1(y’)(1+0o(1))

mpu t T w, ne p1 — mBHAKO 3MiEHa mpu y — Y: dynkmia. 3uaiizeHo Heobximmi ymosu
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v/ (1))
y(t)y" (t)

P, (Yo, Y1, Ao)-po3s’sa3kis. Takoro tuity po3s’si3ku panime 6ysio BBesieHO B poborax €BTyxo-

icHyBaHHS PO3B’A3KIB, NJI SKHX %:iﬁrgy(i)(t) =Y (i € {0,1}), limspw = )Xo, T. 3.
Ba B. M., Benoszeporoi M. O. npu Busuenti asousnentoro pisuaunsd y' = aop(t)eo(y)p1(y'),
e ao € {—1,1},p : [a,w[—]0, +oo[-Henepepsua dyHKis, @; : Ay, —]0,+o00[ (i =0,1) —
HEMepepBHi MPaBWJILHO 3MiHHI pu z — Y; (1 = 0,1) dbyskuil nopsaakis o; (i = 0,1), npu-
qomy oo + o1 # 1. Haumi, y mociimkennsx €sryxosa B. M., Yepnikosol A. I'. qya piBHsHHS
y" = aop(t)po(y) BeTanoBIEHO HEOOXiTHI, TOCTATHI YMOBM iCHYBaHHS, a TAKOYK ACHMITOTHY-
ui npu t T w 306paxkenus P, (Yo, Y1, \o)-po3B’sa3KiB y BUNAJKY, KOJIH (o — IIBUIKO 3MiHHA
npu y — Yo dyHKIIiA.

Kaowosi caosa: deounenne dudepenyiarvre pisnanna, P,(Yo, Y1, Xo)-poss’asox, acumnmo-
MUYHL 300Padtcents Po36°A3KI6, WEUIKO 3MIHHG PYHKYIA, 00HO0-, 080NAPAMEMPUIHG CIM A

P038°A3%K16.
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