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VIIK 517.13

M. €. Ayakiu, O. FO. HTio>keHnkoBa
Hamionanbauit Texuiunuit Yuiepcurer Ykpainn “KuiBcbkuit Iomitexniaamit

TacruryT imeni Irops Cikopcbkoro”

PO TOYKOBUN CIHEKTP, III0 BUHUKAE TPV CUHT'YJIAPHO
HECVUMETPUNYHO CKIHYEHOI'O PAHIY 3BYPEHHAX KJIACY
H_1 CAMOCIIPA2KEHOTI'O OIIEPATOPA

B poGoti mobymoBaHuii CHHTYISIPHO HECUMETPUYHO CKIHYEHOTO PaHry 30ypeHuil omeparop
Kiacy H_1 i3 3aJJaHMMU HOBUMH TOYKAMH TOYKOBOTO CIIEKTPOM 1 BiJIIOBIMHUMU 38 JaHIMU
BJIACHUMH BEKTOPaMu. TOYKHU CIIEKTPY MOXKYTb OyTH JOBIIHHUMU 1 HAKJIAIATHCS HA HEIe-
pepBHUil crieKTp He30ypeHoro oreparopa. BiiacHi BeKTOpU BHOMAIOTHCSA i3 YMOBOIO, IO 1X
JliHiliHAa 060JIOHKA HE JIEXKUTD ¥ 00J1acTi BUSHAYEHHsT He30yPEHOro orepaTopa. 3aporoHOBa-
HUIT MeTOJT TOOYTOBU € HOBUM 1 JIJIsT CAMOCIIPSI?KEHUX JIOCTATHBO MTOBHO JIOCII?>KEHUX 30y PEHb.
Jitst moGymoBY BUKOPUCTAHE y3araJlbHEHHsI CHHTY/ISIDHO PAHTY OJIMH HECUMETPUYHI 30y peH-
Hs KJIaCy H_1 CAMOCIIPSI?)KEHOT'O OIIEPATOpa Ha BUIIAIOK CKiHYEeHOro paHry. Posrismarorbest
sauire 30ypeHHS Kjaacy H-_1, TO K HaBeJeHi JBa BapiaHTa HOOYIOBH 30yPEHOIO OIEPATO-
pa, Tobro y npsamiit popmi i y dpopmi pe3obBEHTH, sIKa € 3araJbHOI0, JTOCKOHAJIIIOI i Mae
MOJIAJIBIIN TEPCIIEKTPUBH Y JIOCiI2KeHHsIX. JIJIsi HOBHOTH Ta 3PYYHOCTI JIOC/IiI?KEeHb HABE IeH1
O3HAYEHHsI CUHTY/ISIPHO HECUMETPUIHO CKIHIYEHOTO PAHTy 30ypeHOro omeparopa Kiaacy H_i
i3 30ypeHHsIM 33/IaHUM MIOBHOIO & He JiaroHaJIbHOI0 MaTpuIeio. [Ipu nbomy 306pakents 30y-
peHoro omneparopa y npsamiit ¢popmi i y popmi pe3osibBEHTH € TAKOXK HOBUMHU.

MSC: 4TA10, 4TA55, 4TATS.

Karowosi caosa: cuneyaapre 30ypenna, pare 30ypenns, Kaac 36ypents, pDe3ons8eHma, Cnexmp,

B8AACHT YUCAA, BAGACHL BEKMODU.

DOI: 10.18524/2519-206X.2021.1(87).246534.

1. BcTvn

Cumerpudni 30ypeHHSI CAMOCIIPSIKEHUX OIIEPaTOPIB, sIKi BEIYTH 0 CAMO-
CIIPSI?KEHOT0 30YPEHOr0 OIepaTopa J0CTATHLO JETAJIBLHO OMUCAHI ¥ MOHOrpadi-
sx [1; 2].

B po6orax [3; 4] Buepiie po3riisiHy Ti CHHIYJISIDHI HECUMETPUYHI PAHTY OJIUH
30ypeHHs CAMOCIIPSI2KEHOI'O OI€PaTOPa Ta OMUCAHI BiIMIHHOCTI TOYKOBOIO CIie-
KTpa, AKWil BUHUKAE IIPU TAKOMY 30ypeHHI.

B po6ori [5] Brepiiie posriisiHy Ti CHHIYJISIDHI HECUMETPUYHI CKIHUEHOrO PaH-

ry 30ypeHHsI CAMOCIIPSIZKEHOT'O OIlepaTopa.

Haditiwna 30.06.2021 © M. €. Hyzkin, O. 0. Hioxenkosa 2021
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B [6; 7| nyist 1OBITBHOTO cAMOCTIPSIZKEHOTO OTlepaTopa OyIye€ThCsl CHHTYJIsIp-
HO 30ypeHmii omepaTop i3 3aJaHVMKU HOBHUME TOYKAMHU TOYKOBOTO CIIEKTPY i
3aJIAHUMU BJIACHUME 3HavdeHHsIMU. [IpoTe omeparop OyayeThcs PeKypEeHTHIM
YHUHOM, TILJISIXOM ITOCJIIOBHUX 30YpPEHb.

V 1iit pobOTI IPOMOHYIOTHCS y3arajbHEHHs pe3yIbTaris pobir [6; 7], Ta [3;
4] Ha BUIIAJIOK HECUMETPUIHUX KJiacy H_1 30ypeHb cKiHueHoro panry. I meros
o0yI0BU He PEeKYPEeHTHUI, 110 € HOBUM 1 JIJIsI CAMOCIIPSI?KEHOT'O BUIIAIKY.

Tobro, posrisaaerbest y cenapabebHOMY TijbbepToBOMYy mpocTopi H He-
30ypeHunil caMocnpsizkeHuii oreparop A i HecuMeTpuIHO 30ypeHUil 3aMKHEHUI
oneparop A, sikuif 36iracTbest i3 A Ha geskiit mibHii MEOKIHI B H (30Kpema
i A* Takox 36iraeTbest i3 A Ha jesKiil minbmiii MHOKuHI B 7).

Tenep Hexait 3agani uncaa A; € C i Bekropu p; € H ta ¢; € H, i =
1,2,...,n < o0 i3 JAedKUMU HEBaKKUMHU YMOBaMH. 3ajada POOOTHU IOJISITAE Y
moOyI0Bi orepaTopa A, sixuit He TLIBKK 306iracThest 3 A Ha MIUIBHIH MHOMKHIHI,
aje Ipu HOMY flgpi = \ip; Ta fhﬁi =\, i =1,2,...,n < 00.

1. ITonepeasni BimomocTi.

Hexait y cenapabembroMy rimbbeproBoMy mpoctopi H, 31 cKajasipHUM J10-
6yTkoM (-,-) 1 mopmomo | - || = /(+,+), 3a1aH0 HeOOMEKEHUIT CAMOCIIPSIZKEHNU I
oneparop A i3 obsactio BusHadenuss D (A). [losnaunmo yepes p(A) MHOKHUHY
PEryIsIpHUX TOYOK omepaTopa A.

Posristremo JaHIor mpocTopis, modyIoBaHmil 3a onepaTopoM A:

H_oDH_1 DH=HoDHs1 D Hyo, (1)

ne Hop, = D(|A|*?) — nosurusmuit poctip 3 mopmoo ||¢||1x = ||(|A|+1)* 20|,

© € D(|A|*?), H_}, — nonosrenns H 3a mopmoo || f||_r = ||(|A] + I)~*/2f],
feH, k=1,2, I — onpuamanwmii oneparop B H. OueBuguo Hio = D(A). Yepes
(+,+) MOBHAYMMO JyasIbHUI CKAJISpHUIT J00yTOK MixK npocropaMu Hyq i H_q.

Posmupenns oneparopa A 3a HemepepBHICTIO Ha Bee H_1 MOXKHA BBAXKATH
0OMEKEHUM OTIepaTopoM, 1o Jie 3 Hq1 B H_1. Take po3mupenHst, TAMYACOBO,

ITO3HAYNMO 1depe3 A.
n

VY sanmgory (1) posrisiaemo obMerkenuit iniiinnii oneparop V =Y oy (-, w;)d;,
i,j=1
n < 00, wj,6; € H_1 i3 obmacrio Busnadenus D (V) C H4q i obiacrio 3HaYEHD
R(V) C Hoy, X = {am}?,j ~ MaTpullst KOHCTaHT 3B'si3Ky, ge «;; € C\ {0}.

Cyma A +V € obMexReHUM OIepaTopomM B H_1.
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Posrnsinemo omeparop A, 3amamuit BUpa3oMm:

A:A—FV:A—I— Z ai,j<-,wi>5j (2)

,j=1

n
SKHil pO3yMIeThest sIK orepaTop A + Y o (-, w;)d;, 3 mpocropy Hy1 B H_1,
ij=1
sByzkenmit Ha H. Takuit omepaTop Ha3WBAIOTDH (3a AHAJIOTIEIO 13 CAMOCIIPSIZKe-
HUME BUIAIKAMU) CHHTYJISIPHO HECUMETPUIHO 30ypeHuM Kiracy H_1 BiTHOCHO
omeparopa A.

Y pasi, Ko xo4a 6 OUH 3 BEKTOpPIB 0j,w;, 4,7 = 1,2,...,n < 00 He Haje-
JKUTh H_1, ajle HAJIeXKUTh H _g, rornepeiHi MipKyBaHHsI (& TAKOXK 1 T10/IAJIbIII )
He 3MICTOBHI.

HaJuii y pobori 6ymeMo TpaJuliiiHO BUKOPUCTOBYBATH IO3HAYKY A 3aMicTb

A gxkiio 1e He Oye BECTH JI0 CYIePeYHOCTI.

Osnadenns 1 ([5]). Hexait A — HeoOMexkeHHIT CAMOCHDSIZKEHHI OIepaTop
B cenapabejbHOMY TijbbepToBoMy mpoctopi H. Ins nabopis JiiHiliHO He3a-
nexHuX BekTOpiB {w;}’ , C H_j i {@}?:1 C Ho1, n < 00, TAKHX IO
QNH = {0}, AnH = {0}, ne Q = span{w;}}", A = span{d;}"_,, ore-
parop A Ha3MBAETHCsl CUHIYJISPHO 30ypeHuM Kiacy H_i BigHOCHO A, sIKIIO

npu jiesikomy bikcoBanomy z € p(A) itoro ob6sacTh BU3HAYCHHS

DA) =0 =0— > bij(2)dw)(A-2)7"5 | seD(A)y, (3)

i,j=1

1e b; j(z) — enementn mMarpuni Bi(z) = RG1(2)71, Gi(2) = (I + ®1(2)R), 3a
ymopn det Gi(z) # 0, R = {a; ;17 4, ®1(z) = (6, (A= 2) " wy))r o T~
OJIMHIYHUHN OIIEpaTop; Ta

D(A) =Dy, Fspan{(A — 2) 71,37,

Dy, = {$€D(A) | (A—2)p, (A—2)'wy) =0, j=1,2,...n},
(4)

3a ymosu detG1(z) = 0; i mist Ha BexTopax 3 D (A) 3amaeTHCs TPABIIOM
(A=2)9 = (A= 2)¢. (5)

Takuil oneparop Ho3HAMAETbCT A € Pr(A).
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Hacnpaszi, o3nadennst 1 € 6ibin 3araabauM, a HiXK B |5, ockiibku B [5]

BUKOPHUCTOBYBaJlacCd ,ILiaI‘OHaJIbHa MaTPpHIIA.

Teopema 1. /Jia cum2ysapHo HECUMEMPUYHO PaHay 1 30YpPeH020 CamMoCnpsi-
orcenozo onepamopa suzasdy (2) na eexmopax 3 obaacmi eusnavenms D(A) (3)

(ma 3oxpema (4)) sadosorvnac (5).

JoBesieHHA TeopeMu MaJIO BiIpI3HAETbCA BiJl HABEIEHOI'O y YACTUHHOMY
(maronanbHOMY) BUIRJAKY B [5] 1 63 0COOIMBUX 3yCHIIb [IEPEHOCUTLCS Ha He
JiaroHaJIbHUN BUIMIAIO0K.

Taxox B [5] Hasegeno omuc A € P™,(A) y dbopmi pe3obBenTH.

Teopema 2. [5]| Hexaii A — neobmesrcenuti camocnpagicerutd, onepamop 6 ce-
napabeavromy 2iavbepmosomy npocmopi H i A € P (A). Todi pesoaveenmu
R.=(A—-2)"' iR, =(A-2)"" nos’azani opmyrcro muny M.Kpetina, dan

z,§ € p(A) N p(A):

R.=R.+ ) big(2) (- ni(2))my(z) (6)

ij=1

13 6EKMOPHO-3HAMHUMU PYHKULAMU

nj(2) = (A=&)(A=2)""n;(€), mj(2) = (A=) (A—2)"'my(€), j =1,2,...,m,
(7)
de nj(z),mj(z) € Hi1 \ Hyia, i mampuuno-snaunoto dynryicro By(z)~! =

{bij(2)} =1, maxoro wo
Bi(2)"' = Bi(&) 7! = (2 = OT(ni(€),m;(2)), (8)

de I'( - - ) — mampuus I'pama sexmopie ni(z) = R.w;, m;(z) = R,0; i xoegpi-

uienmu 0 < |oy| < o0, 4,5 =1,2,...,n.

JList TIOMaJIBITIOTO PO3TJISALY TaKOXK Oyje BUKOPUCTOBYBATHCS 1 obepHeHa

3a/1a94.

Teopema 3. [5| Hexat 6 cenapabesvromy 2iavbepmosomy npocmopi H sada-

Hull camocnpascenuts onepamop A, modi onepamopHo-sHauHa GyrHKYisL

Roi= (A—2)7"+ 3 biy()mi(2)my(2), = € p(A) (9)

ij=1
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€ PE30ABLEEHMON CUHYAAPHO 30Ypero20 Kaacy H_1 onepamopa, AKu0 O0AA

ni(2), mi(2), j = 1,2,...;n ma Bi(z) = {b;j(2)}}';=1 euronyromvca cniceio-

nj(2) = (A= )(A=2)"n;(), my(2) = (A—)(A=2)""my(©), j = 1.2, om,
(10)
Bi(2)™" = Bi() ™ = (= — OT(mi(€), ns(2)), (11)

i span{n;(2) }iy,span{m;(2)}7_; C Hy1 \ Hia.

2. HoBi TOYKM TOYKOBOT'O CHEKTPY.

Hexait 3amgani pesiki umciaa A; € C 1 Bekropu @; € H ta ¢; € H, i =
1,2,...,n < oo. Ilobyayemo omeparop A, saxuii 36iraerbcsa 3 A Ha IIUILHIA
MHOKUHI, 1 11 siKoro obpani uucia A; € C € BIaCHUMU YHCIAMH, & BEKTOPH

p, €EHrmay, eH,i=1,2,...,n < 00 — BJIaCHUMU BEKTOPAMH.

Teopema 4. /laa 3adanozo camocnpasicernozo onepamopa A 6 cenapabesvromy
2iavbepmosomy npocmopi H 1 nabopy wucea Ay € C, 1 =1,2,....,.n < 00 ma
sexmopis i, i € Hy1, maxuzr wo span{p; 1, € Hi1 \ Hio, span{y;}l, €
Hi1 \Hyo, ichye Qunuli cuneyaapHo HECUMEMPUHO Paney N Kaacy H_q1 one-
pamop A € P (A), maxud wo Api = Nigi i Ay = N, i =1,2,...,n < oo.

IIpu yvomy onepamop A nodaemvces y euzandi:

A = A — Z am(-,wi)éj (12)

,j=1

de sexmopu w;, 0, 1,5 = 1,2,...,n 6UHAUAOMBCA GUPA3AMU
wi= (A= X, & =(A-N)g;, i,j=12...n, (13)

a mampuys koncmanm 36°asky X = {a; }?j—l € obeprenoto do mampuui G =
=

{(A = Npi, ¥}1_1, 3a ymosu detG # 0.

ﬂOSedeHHﬂ. 3anuiremo 3aa49y Ha BJIACHI 3HaYEHHS JJId oIiepaTopa BUIVIAIY

(12):

n

/ngpk = Apy — Z ;i j(Pr,wi)dj = \ppr, k=1,2,...,n,
ij=1

3BijiKH, BUKoprcToBytoun (13), orpumyemo

n
Z @i j(r,wi)d; =0, k=1,2,...,n.
ij=1
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Ockimbku BeKTOPU @i, © = 1,2,...,n € JiHIHO HE3ATCKHUMH, TO 1 §;, & =
1,2,...,n — TakoXK € JIHIHO He3aJIeXKHUMU Yepes JiHiiHicTh A. OTKe 3 ocTan-
HBOI PIBHOCTI OTPUMYEMO

n

Z az;](spkhwl)é] = 07 SKIIO j 7é k?

1,j=1

n
> i j(or, wi)0; = Ok, mxmo j = k.
2,7=1
3 — n
fAxmo, Tumuacoso, nosHaunmo enement Marputi G = {g; j}i;_;, T0 3 ocTan-

HIX piBHOCTEH HOTPIOHO IMOKA3ATH

n

> (905) " (orswi)dj = 1.
ij=1
Bzaraai G~! = {AAi’j Tie1s

obuncenni obeprenol marpui G, i A = detG. [iiico nisa j = k:

Je A; ; — BinnosigHi anrebpaivni JONOBHEHHA PN

A1 Aj2 Ak A
: : e R =2 =1,
A gkl + A gk + ...+ A Jk.n A
A iz j # ke
Apq AN A 1
ﬁ’ Gkt ﬁ’ Gk2+-.+ ank,n =X (Ap 191+ Dp2gr2+ ... + Dpngin) = 0.

OcranHiii BUpa3 JOPiBHIOE HYJIIO, TOMY IO I1€ BU3HAYHUK MATPHUIIl V SIKOI Ha Ha
micti psika (gp;) HOCTABIIEHHI 11T pa3 PAIOK (gk,i) I PO3KIAIOM 3a IHM Dsif-
KOM OOYMC/IEHUI BU3HAYHUK, TOOTO BUBHAYHUK MATPHUIL Yy AKOI JBa OTHAKOBI
PSLIKI.

AHaJIOriYHIM YHHOM PO3B’SI3YETHCS 1 3a/1a9a sl CIPSI?KEHOT'O OIEPATOPAa:

n

A*gok = Apy — Z @j7i(1[)k, 51')&)]' = Xkﬂ;bk" k=1,2,...,n.
i =1

€uHicTb BUILIUBAE i3 dopMmu moby 108U A. 3a sananumu HabOPOM |HCET
Ai € C, Ta BekTOpiB @i, ¥; € Hi1, 1 = 1,2,...,n < 00 OJHO3HATHO OYIIYIOTHCS
BeKkTopH w;, 1 65, 4 = 1,2,...,n < oo ta marpunga G = {((A — X\i)gi, ;) 11,
AKa, OJHO3HAYHO BU3HAYAE N = {ai7]~}ﬁj:1. 3posymino, mo dpopMa I0JAHKY €

€/INHOIO 13 TOYHICTIO O yHITapHOI €KBiBaJIEHTHOCTI.
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DakT HAJEKHOCTI OTpEMAHOrO omeparopa A mo xmacy H_; BHILIHBAE 3
toro, mo 3 span{g;}’ ; € Hi1 \ Hiz, span{y;}l, € Hyr \ Hyo, cainye
span{w; }"; € H_1 \ H, span{d;}, € H_1 \ H. Lle € HaCIIAKOM OCHOBHOI
JIEMU CHHTYJISIPHO 30yPEHUX OIEepPaTOPiB 3 BUKOPUCTAHHAM METOJLY 3CYBY, JIHB.
[10]. OT2Ke Tepema MOBHICTIO JOBEIEHA.

B sikocTi HacHiaKy 10 Teopemu 4 chOPMYIIIOEMO BHIAI0K CAMOCIIPIZKEHOTO

30ypeHHs, IKWil € Ha, ChOT'OJIHI HOBUM 1 HE MICTUTBCH Y IIUTOBAHUX JIKEPEJIax.

Hacainok. /las sadanozo camocnpasicenoz2o onepamopa A 6 cenapabesbHomy
2iavbepmosomy npocmopi H 1 nabopy wucea Ay € R, ¢ = 1,2,....n < 00 ma
63AEMHO OPMOLOHAAPHUT 6eKMOPI6 p; € H 1, makux wo span{p; 11 € Hi1\
Hio icnye eunutl cuneysipHo cumempuyno 36ypenutd paney n, xiacy H_1
onepamop A € P (A), marut wo Api = Nipi, i =1,2,...,n < .

IIpu yvomy onepamop A nodaemuvca Y 6u2aadi

n
A=A (s w)w,
i,7=1
de eexmopu wj, i,j = 1,2,...,n susnauaromovca eupasom w; = (A — X\j)p;,
i=1,2,..,n, a (cumempuuna) mampuys Koncmanm 36°asky N = {Oéi,j}?jﬂ
I

e obeprenoro do mampuyi G = {(A = N)pi, pj};1-

Bokpema, Jyisi CaMOCIPSIKEHOrO BHIAJKY MarTpulld G 3aBXK/U Taka, o
detG # 0.

Ockisnbkn 30ypeHnii ornepaTop MOKHA HogaTH 1y GHOpMi PE30JILBEHTH —
TeopeMa 3, TO TAKOXK (POPMYJIIOETHCS 1 TeOpeMa PO CIIEKTP — AHAJIOTITHO JI0

Teopemu 4.

Teopema 5. J[aa s3adarnozo camocnpastcenozo onepamopa A 6 cenapabesvromy
2iavbepmosomy npocmopi H i wabopy wucea N; € C, 1 = 1,2,....n < 0o ma
sexmopis i, ¥ € Hy1, maxuz wo span{p; 1, € Hi1 \ Hio, span{y;}l, €
Hi1 \ Hoo, icnye eOunull CUHRYAAPHO HECUMEMPUNHO Paney N Kiacy H_1 one-
pamop A € P (A), maruti wo Ap; = Ni; i@ Ay = Ay, i =1,2,...,n < 0.

Ipu yvomy onepamop A nodaemvcs y euzandi:

Rz = Rz + Z biJ(’u ni(z))mj(z)7 (14)
3,7=1
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de sexmopu n;(Z), mj(2), 1,7 = 1,2,...,n eusnauaromoca supazamu

ni(2) = (A=X)(A=2) " i, mj(2) = (A=N\)(A—2)" e, 4,j=1,2,..,n,
(15)

a mampuya B(z) = {b;;}1',_1 € obepreroro do mampuui G(z) = {(pi, ni(2)) =1,

3a ymoeu detG(z) # 0.

,ﬂOSedeHHﬂ. 3anuiremo 3aJa49y Ha BJIACHI 3HAYEHHS JJId oniepaTopa BUIVIAIY

(14):

R.or = R.pp — Z bi (ks ni(Z))mi(2) = A\ — 2) tor, k=1,2,...,n,
ij—1

3BiJKH, BukopucToByoun (15), nst koxkaoro k = 1,2, ..., n, OTpuMy€eMO

n
Z bi (P, ni(2))m;(2) = (M —2) (A= N (A—2)""or = (A — 2) ' (2).
i,j=1
Ockinbku BekTODH 04, ¢ = 1,2,...,n € JiHIiHO He3ajekHUMHU, TO 1 n;(2),
i = 1,2,...,n — TakoXK € JIHIAHO He3a/IeXKHUMK depes JiHiiinicrs A. Orxke

3 OCTaHHBOI PIBHOCTI OTPUMYEMO

Z bij(pk,ni(2))d; = 0, axmo j # k,

3,7=1

> bij( ek ni(2)8; = (Ao — 2) "6k, axmo j =k,

i,j=1
[Tokazkemo, 110
n
D bij(rni(2)my(2) =1,
i,j=1

_ JAVIF . . . ..
3 {bij} =G 1 ={ A =1, e A;; — Bianosinmi anrebpaitmi jonosnenms

npu obuncienni obepuenol marpumi G, i A = detG. Hiiicro, nia j = k:

Ak Ago Agn A
b ~b “bppn=-—=1,
N + N + ...+ A Ok A
A, s j # ke
A A JAN 1
Pl bk71—|— P2 bk,2+---+ B bk,n = Z (Ap,lbk,l + Ap,Zbk,2 + ...+ Ap,nbk:,n) = 07

A A A
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Ocranniii Bupa3 JOPIiBHIOE HYJIIO, TOMY IO 1€ BU3HAYHUK MATPHUIL y SKOI Ha
micTi psgka (by ;) mocrapirennii me pa3 pagok (b ;) i pO3KIAIOM 3a UM DPsIJi-
KOM ODYHCIeHN BU3HAYHNK, TOOTO BU3SHAYHUK MATPHII i3 1BOMa OTHAKOBUMUI
PSIIKAMU.

AHaJIoriYHUM YHHOM PO3B’SI3YEThCS 1 3a1a4a
n
Rign = Rite — Y bya(tn, ma(2))nj(2) = O — 2) "oy, k=1,2,..m,
i,j=1

Haui BukopucroByemo Teopemy 3. [liiicno, Bekropro-3HauHi dyHKIil (15)

sajoBosbHs0TE (10). do (15)

ni(2) = (A=A -2, milz) = (A= A\)(A—2) g, i=12..m,
(16)

3aIIUIIeMo 1

’I’Ll(f) = (A—j\i)(A—f)_lgbi’ ml(é) = (A*)\i)(Aff)_lgDi, 1= 1,2,...,n.
(17)
3 nepmux pisrocreit psaaxis (16) 1 (17) maemo:
(A= 2)(A=X)"ni(z) = ¥ = (A= E)(A = X)) ni(€).
Orme ni(2) = (A— &) (A —2)"1ni(6),i=1,2,...,n.
Awnajioriuno, 3 apyrux pisaocreii psizikis (16) i (17) maemo:

(A= 2)(A=X)"'mi(2) = @i = (A= (A = \) " 'mi(€)

Orxe m;(2) = (A —&)(A —2) " my(€),i=1,2,....n.

Marpunsg B~!(z) zamososnusge (11). iiicno

{(pisni ()} =1 — (i, n ()} =1 = (i [ (2) = ni (D} =
{0, (A= X)(A = 2) 7"y — (A= M) (A = O ])}ijmr =
{(pi, (A= M)[(A=2)7" = (A=) y)}ijmr =
{(pis (A= X) (2= ) (A= 2) (A=~ y)}ymy =
(2 = (A=) (A=) i, (A= ) (A - 2) 7 i}y =
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(z = ET(mi(§), nj(2))i=1-

€auHICTD 1 pakT HAJIEKHOCTI OTPpUMAHOTrO oneparopa A 1o Kiracy H_1 Te-

Iep BHIUINBAIOTH i3 TeopeMH 3, 30KpeMa 3 Toro, mo 3 span{p; 11, € Hi1\Ho,
span{y; }I" | € Hi1\H42, orpumyernes span{w;}; € H_1\H, span{d;}} , €
H_1 \ H. le € HACTIIKOM OCHOBHOI JIEMU CHHTYJISIDHO 30yPEHHUX OllepaTopiB 3

BUKOPHCTAHHSIM MeTojy 3cyBy, auB. [10]. OTke Tepema MOBHICTIO J0BejIeHA.

2. BucHOBKHu

Takum 49rHOM B pobOTI MOOYIOBaHI CHHI'YJISIPHO HECHMETPHUYHO 30ypeHi
OIEPATOPH CKIHYEHOTO PaHry Kjacy H_i 13 Halepe] 3aaHUMHU BJIACHUMH UU-
cJaMM 1 BJACHUME BeKTOpaMu. 3ajada Po3B’sizaHa y ABOX (popMax — HpsIMiit i
dopi pe30/IbBEHTH — HE 3aJIE2KHO Bif TOrO, CKIJIbKY 1 sKi BJacHi ducsa Oy y
He30yPEHOro CaMOCIIPSIZKEHOIO OIIEPATOPA, Ta, SIKi 3 HUX IPONAJIH IIPU 30y peHHi,
a sIKl I1e HOBI 3’SIBUJIMCS KPIM 3aIaHuX.

Y momaabiioMy IJIAHYEThCS MEPEHECTH Il Pe3y/IbTaTh Ha BUIAJIOK He CH-
MeTPUIHOro 30ypenHHs Kiaacy H_o. lle Bumarae mompaiioBaTu o3HadYeHHS 30y-
peHOTo olepaTopa Ha BUIIAJIOK HE JTiarOHAJBLHOI MATPHIl, Ta BPaxOBYyBaTH IIPU
IIbOMY MapaMeTpH, siki 06’€KTUBHO IPHU IIbOMY BHHUKaIOThH. OKpemuii iHTEpec
TAKOXK BAJIUIIAETHCS 38 30yPEeHHSIM HECKIHYeHHOTO PAHTY HaBITH y CAMOCIIPSsI-
KEHOMY BUIIQJIKY 13 Hallepe/ 3a/lJaHuMU BJIaCHUMHA 9YUCJIaMU BJIACHUMU BEKTO-

pamu, oOyI0BaHUMU Y HE PEKYPEHTHHIT CIIociO a 3a OIUH KPOK.
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Ayoxun H. E., Tooicenrosa O. FO.
O TOYEYHOM CIEKTPE, BO3HUKAIOIIEM I[TPU CUHT'YJISPHO HE CUMMETPUYHO KOHEY-
HOI'O PAHI'A BO3MVYIIEHUSAX KJIACCA H_1 CAMOCOIPSIYKEHHOTO OIIEPATOPA

Pesrome

B pabore mocTpoeH CHHTYISIDHO HECHUMMETPHYHO KOHEYHOT'O PAHTa BO3MYIIEHHBIN OIEpa-
TOp Kyacca H_1 € 33JaHHBIMA HOBBIMH TOYKAMU TOYEYHOTO CIIEKTPOM M COOTBETCTBYIOIIN-
MM 33JIaHHBIME COOCTBEHHBIMU BeKTOpaMu. TOUKHU creKTpa MOryT ObITh IPOU3BOJILHBIMU U
HaKJIaIbIBATbCsI Ha HENPEPBIBHBIN CIIEKTP HEBO3MYIIEHHOrO oneparopa. CobCTBEHHBbIE BEK-
TOPBI BHOMAIOTHCS C yCJIOBHEM, UTO UX JIMHEHHAsT 00O0JIOUKA He JIEXKUT B 00JIACTH OIIpejie-
JIEHWsI HEBO3MYIIIEHHOTO omeparopa. lIpenjiokeHHBII METO MOCTPOEHUS SIBISIETCS HOBBIM
U JIIsE CAMOCIPSIKEHUX JOCTATOYHO IIOJTHO MCCJIEIOBAHHBIX Bo3MyIneHuil. st mocrpoenus
HCII0JIB30BAHO ODOOIEHNEe CUHTYJISIPHO PaHra OJWH HECUMMETPUYHbIE BO3MYIIEHUs KJIacca
H_1 caMOCHpsI?KEHOI'O oIlepaTopa Ha CJaydail KOHEYHOro paHra. PaccMaTpuBaroTCsi TOJIBKO
BO3MYIIIEHUsT KJIacca H_1, a MoceMy MpUBEIEHBI JBa BapUaHTa MOCTPOEHUsT BO3MYIIEHHOTO
omepaTopa, TO €CTh B IMpsiMOil popMe U B pOpMe Pe30JbBEHTHI, KOTOPas SBJISIETCsS OOIIElt,
6oJiee COBEPIIEHHON M MMeeT JajbHEeMIINe IePCIeKTPUBLI B UCCIIeI0BaHUAX. JlJist MOJIHOTHI
u y;1o0CTBa MCCIEIOBaHMl IPUBEIEHDI OIPEJIEJIEHNs] CUHTYJISIPHO HECUMMETPUYIHO KOHEYHO-
ro paHra BO3MYIIEHHOI'O OIlepaTopa KJacca FH_i ¢ BO3MYIIEHHEM 3aJaHHBIM IIOJIHOW a He
JUaroHaJibHOM MaTpureit. [Ipu sToM mpecTaBB/ieHNsT BO3SMYIIEHHOTO ONEPATOPA B MPSIMOIA
dopme u B GopMe PE30JIbBEHTHI TAKIKE SBJISIIOTCS HOBBIMU.

Karouesvie cao8a: Cuneysaphovie 603MYWEHUS, PAH2 BO3MYULLHUS, KAGCC BO3MYUWEHUS, De-

30Ab6eHMA, CNEKMP, cobcmeerHvle “Hucaa, cobcmeerHvLe G6EKMOPDL.

Dudkin M. E., Dyuzhenkova O. Y.
ON A POINT SPECTRUM ARISING BY SINGULARLY NON-SYMMETRICALLY FINITE RANK PER-
TURBATIONS H_1-CLASS OF A SELF-ADJOINT OPERATOR
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Summary

A perturbed singularly of asymmetrically finite rank operator of class H_1 with given new
points of the point spectrum and corresponding given eigenvectors is constructed. The
points of the spectrum can be arbitrary and overlap with the continuous spectrum of the
unperturbed operator. The eigenvectors are selected under the condition that their linear
spen does not lie in the domain of the unperturbed operator. The proposed method of
construction is new and for self-adjoint perturbed operator that is sufficiently fully studied.
To construct, we use a generalization the singular rank one nonsymmetric perturbation of
the class H_1 of a self-adjoint operator in the case of a finite rank. Only perturbations of the
class H_1 are considered. For completeness and convenience of research, the definitions of a
singularly asymmetrically finite rank of a perturbed operator of class H_1 with perturbation
given by a complete and not a diagonal matrix are given. The representations of a perturbed
operator in direct form and in the form of resolvents are also new.

Key words: singular perturbations, tank of perturbation, class of perturbation, resolvent,

spectrum, eigenvalue, etgenvectors.
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KYBUYECKWE CTEIIEHHHBIE PSIObI, IIPON3BEIEHUE SMJIEPA
N TOTA-OYHKIINN PAMAHY/I2KAHA

B crarhe paccmarpuBaeTcs ssieMeHTapHBIN METOJ, 6A3UPYIOMMIACST Ha CBONCTBAX KyOUIeCKUX
T9Ta-PYHKIW, B CBA3U C MOJyYeHHEM HOBBIX (DOPMYJ, B KOTOPBIX U€pe3 SUTEPOBO TPOU3-
BeJleHHE BBIPAXKAIOTCSI CTEIIEHHBbIE PsAABl ¢ KOd(hdUIMEeHTaMN, PABHBIMH 3HAYEHUAM (QYHK-
MM CyMMBbI HEUETHBIX CTeleHeil gesuTesteil (min ¢ K03 puuuenTaMu, paBHBIME 3HAYEHUAM
TEOPETUKO-IMUCJIOBOI Tay-dbyHKImN) Ha apudMeTHIecKoil nporpeccun pasHocru 3. B kade-
CTBE CJIEJICTBUI MOJIyIe€HbI HECKOJIBKO YMCJIOBBIX PABEHCTB B cTmie PamaHymkaHa, a TakxKe
aCUMITOTHYECKast (DOPMYJIA ITOBEIEHNS CTETIEHHOTO PsiZia BOJIM3K KOHIA HHTEPBAJIA CXOINMO-
cru. [IpuBesena obiast popmysia Jijisi TaK Ha3bIBAEMOI'0 KyOUYECKOr0 CTEIIEHHOIO PSIIa depe3
Kybuueckue Tora-QpyHKInn PamMaHy»kKaHa, 1 TPOBEJEH aHAIU3 CIYy9aeB, KOIJa B 9Ty 3aBU-
CHMOCTB BXOJUT PAIMOHAJIBHO JIUIbL OECKOHEYHOE MJIEPOBO TTpon3Beaenue. Jjist moryaenust
9TOU 3aBUCHMOCTH WCIIOJb30BaHA 3HAMEHUTAsI TeopeMa PamMany/zkana o psmax JU3eHITel-
Ha, a TAaKXKe IMPUMEHEH BapHAHT MapaMETPUYECKOTO METO/IA, B KOTOPOM OIHY W3 TJIABHBIX
poJieil urpaeT BhIpayKeHUE IapaMeTpa depe3 KyOMYeCcKyIo TITa-(PyHKIHIO.

MSC: 11A25, 30B10, 33E05.

Kaoueswie caosa: kybuveckue cmenennvie padsl, npousdsederue Suaepa, mama-pyrkyuy Pa-
MAHYOAHCAHE, DAL DUseHWMETHA.
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1. BBEIEHUE

XOpOoIIo U3BECTHO, UTO UJIEH, BO3HUKAIOIINE Ha CTHIKE PA3JIMIHBIX MaTeMa-
TUIECKUX HAIIPABJIEHU, SBJIAIOTCS BECbMa IIJIOOTBOPHLIMU. BasKHOCTE Kjiac-
CUYIeCKOl Teopuu TITa-PYHKIUN I TEOPUU Yuces ObLIa JOKa3aHa eIle BO
BpeMeHa Jitiepa n FKobu B uX paboTax 10 pa3bUeHUsIM U IPEICTABJICHISIM Ha-
TypaJbHBIX YHCET B BUJIE CyMM KBaJIpaTOB. B JIaHHOI 3aMeTKe aBTOP MONbITAJI-
cs OYepeTHON pa3 IMPHUBJ/edb BHUMAHWE JIOOUTEe MAaTeMATHKU K HACJIEIIIO
WHIUHCKOrO MaTeMaTuka Pamanymkana n K paboram ero mocjenoBareseil, u
OKAa3aJI, YTO JazKe C IIOMOIIbIO 3JIEMEHTAPHBIX PACCY2KJEHUN MOXKHO Pa3BUTh
X pe3yJIbTAThI, & TAKZKe ITOJYyIUTH JIIOOOIBITHBIE CJIeICTBUA 13 HUX. OCHOBBI
TEOPUH JLUTUITHIECKUX (DYHKINH abTePHATUBHBIX 0A3UCOB ObLIN 3a/I07KEHBI B

paborax Pamanypkana [1, c. 89|, MHOIHe BazKHBIE TEOPEMbI KOTOPBIX, HE OILy6-

Honyuena 22.09.2021 © Tmanyn C. E. 2021
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JINKOBAHHBIE paHee, ObLIM CUCTEMATU3UPOBAHBI U U3JaHbI NCCIEI0BATEISAMA 1
[IOCJIeJIOBATE/IIMI €r0 TBOpUYECTBa B Tak HasbiBaeMbIX "Lost Notebooks" Bcero
HECKOJIBKO JIeT Ha3aJl, ¢M., Haupumep, [2] . Ocoboe BHuManme Pamanyjxan
VeI CBI3aHHBIM C TOXKJIECTBAMU IJIA TITa-PYHKIUNA MOIY/ISIPHBIM YpaBHE-
HUSIM, B KOTOPBIX OH OBLII M OCTAeTCsI HEIIPEB30i e HHBIM MacTepoM. Ero paboTh
HACTOJIBKO TIyOOKHW U YHUKAJIbHBI, YTO BBISBIBAIOT OCOOBI MHTEpPEC U 00bEe -
HSIFOT MaTEMATHKOB Bcero Mmpa. lenmit PamanymKaHa 3aKI0YaAJCS eIlle W B
TOM, YTO OH yKa3aJl Ty 00JIaCTh MaTeMaTHKH, B KOTOPOIl COKPBITHI HEMCUYEPIIa-
eMble DorarcTBa TEOpeM, U CJIEIOBAHME II0 9TOMY IIyTH HEeM30e:KHO IPUBOIUT
HaC K HUCTUHE.

Ha nanmyro pabory aBTOpa BIOXHOBWIA yAWBHATEIbHasi (popMmysia Pama-
Hy/KaHa s QYHKINA 9ucjia pa3dueHuii Ha apudMeTHIeCKOH MPOrpecCun ¢
pasHoctbio 5. Popmysa ynomunanack B [3, crp. 130, (6.7.1)]. ITosHoe noka-
3aTeJIbCTBO 9TOi popMysbl PaManymKaH ommyOJInKOBaThL HE yCIIes U3-3a CBOEi
npexkieBpeMenHoii cmepTu. Koporkast cxema npusejiena B [4, crp. 212-213)].

Bpemena dpopMyiI ele He IPOLLIT, XOT HAET 3pa BHIUUCIUTEIbHONR TEXHHU-
k. ITo MHEHUIO aBTOpa, POPMYJIBI HHAMICKOTO TPArHIHOIO MATEMATHIECKOTO
IeHUsl HUKOIJIa He YTPAaTAT CBOell aKTyaJabHOCTH. VIMEHHO B 310Xy CyHEpKOM-
ILIOTEPOB OHU JEMOHCTPUPYIOT, UTO MaTeMaTUKa BCe OOJIbLIIE POIHUTCS C KC-
KyccrBoM. B dopmynax PamanyizkaHa NpHCyTCTBYIOT INIYOMHA, BHYTPEHHSIS
KpacoTa U HEIIOBTOPUMOCTD, ABJIAIOIINECs XapaKTepUCTUKaMM KazKJI0Io HaCTO-
AIIEro UCKYCCTBa TAKOr'o, KaK »KMBOIINCH, CKYJIBIITYPa, apXUTEKTypa, My3bIKa,
[1093HUsI WM UCKYCCTBO IporpaMmupoBaHusi. OcobeHHO mopakaeT BooOparKe-
HUE€ TO, 9TO BO BPEMEHA TAaKMX MaTEeMaTHUKOB, Kak dilaep, I'aycc mim Pama-
HyI_L}KaH KOMIILIOTEPbI BOO6H.I€ 6bI.HI/I HE HYZ>KHBI, TaK KaK 9TU yLIeHbIe IIpOCTO
MOIVIM 3aMCHHUTH KOMIIBIOTED.

MeToauka oty deHust HOBbIX (hOpMYJI, IIPe/JIaraeMbIX B JAHHONM CTaThe, Ya-
cTuvHO Gasupyercs Ha pe3ysbrarax MoHorpadmit [1] u [2], a Takxke monosHsier
uzeio pabotrsl |5]. Takum o6pa3oM, aBTOPOM TPEJIOKEH TITa-OUHOMHUATBHBII
METOJ, KOTOPBI MOXKET CJIy?KUTh JIJIs [TOJIyUeHUsT IIIIPOKOro KJiacca (OpMyII,
cojlepkammux Kybmdeckue TdTa-yHKIMU Pamanymkana u HyHKIIUIO CYMMBI
HEYETHBIX CTeleHell fgenTeieil Ha apudMeTHIECKOR IPOrPECCHH C PA3HOCTHIO
3. Kpome 31010, B cTarbe IOKA3aHO, KaK METOJ IPUMEHSIETCS IJIs UCCJIeI0-
BaHUsI CBOWCTB TEOPETUKO-4ncsIoBoil dbyukimn Pamanymkana 7(n). das Ber-

BOJIa, OOIIUX 3aKOHOMEPHOCTEN MPUMeHEH BApUAHT ITapaMeTPUIeCcKOTO MeTO/Ia,
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CBONCTBEHHBIN TEOpUH TITA-(YHKIIHIA.

DopMYJIBI [T IUCIIA TPEACTABIECHNN HATYPATbHBIX YUCET CYMMaMu OnHap-
HBIX KBapaTHIHeX bopM Buga m?2 +mn +n? nomydens: B ncrounnkax [6], [7]
u [8]. MHOXKeCTBO MHTEPECHBIX TOXKJECTB JIJIsi 000OIIEHHON (DYHKIMU CyMMBI
JeuTeNieil u pAnoB Tuia Jlambepra, a TakXKe UX MPUIOXKEHUil IpecTaBe-
HO B pabore [9]. Ha ceromusimnnii nenn tara-dynkiun Pamanyzkana siBiisi-
I0TCsI OYEHD TIOIYJISIPHBIM O0BEKTOM JIJI U3YYEHUs] YIEHBIMU PA3HBIX CTPAH.
Hagepnoe, 510 cBsi3aHO ¢ TAMHCTBEHHON Cy1b00#t camoro Pamanykana, Kus-
HU U TBOPYECTBY KOTOPOI'O IOCBSIIEHO OI'PDOMHOE YMCJIO KHUT U CTATeH, CM.,
Hanpumep, pabors! [10-13]. B gannoit pabore ocperaercsi TOJIBKO TEOPETUKO-

YUCJIOBas CTOPOHA BOIPOCA.

OCHOBHBIE PE3VJIBTATHI
Mycre ga moboro n € N, a(n) =3 g, d n op(n) =3y, d*- dbyukumm
CyMMBI JIeJIUTE el U CyMMBI k-X CTEeIleHel Jie/iuTeell HaTypaabHOrO TUCTa 7.

Tpoiika Kybuueckux Tara-dyHKIuii npeacrasisgercs paaamu [1, ¢. 93|

a(q) = Z qm2+mn+n27 b(q) — Z wm—nqm2+mn+n27
c(q) == Z g(mHL/3) (A 1/3)(n41/3)+(nt1/3)%

m,n=—00

e w = e2™/3 Beroy Mbl nosaraem ¢ = €7, rie Im(7) >0u = e,

st nanpHeiinero HaM OHAI00STCsT TaK Ke psiJibl Difenmnreiina [1, ¢. 105]:

0o ng"
L(g) :==1-24 E —_—
(q) n=1 1= qn,

n3qn
M(q):=1+240) -,
n=1 1-
n5qn
N(g):=1-504) " =
n=1

Ilepeiimem K pacCMOTPEHNIO OCHOBHBIX Pe3yJIbTATOB paboTol. Tak, B Kpyre

lg] < 1 cupasemnBa TeopeTuKo-4nCIOBast HOPMyIIa:

03(2) + 03(5)q + 03(8)¢® + o3 (11)g® + -+
o(2) +o(5)g+o@®)@2 +o(1l)@3+--- 3a*(q). (1)
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Ucnonssyst pesyabrar paborst |5, dopmysy (1) MoxkHO nepenucaTsb B BUJE:

03(2) 4+ 03(5)q + 03(8)¢* + o3(11)¢> + - - -
(1= - )1 - ¢}
(I—al-)(1—¢) -}

st mokazaTeIbCTBa HAM IMOHAI00UTC CIEAyIONIee yTBEPXKIACHNUE.

= 9a°(q) (2)
Jlemma 1. /Jlaa kybuueckot moma-pynkyuu a(q) cnpasediuso moostcdecmeo:
a(q) + wa(wq) + w?a(w?q) = 0.

Jlokxazamenvcmeo. BocmosbzoBasimcs onpe/ienenneM Tata-byHKImn a(q), mo-

JIVIHUM CJIETYIONIYIO IENOYKY PABEHCTB:

o0
a’(Q) + wa(WQ) -+ wQa(w2q) — Z qm2+mn+n2

m,n=—00
oo 00
+w § : wm2+mn+n2qm2+mn+n2 +w2 § : w2(m2+mn+n2)qm2+mn+n2
m,n=—00 m,n=—00

oo
_ Z qm2+mn+n2 {1 + wm2+mn+n2+1 + w?(m2+mn+n2+1)} _

m,n=—00

Tax xkax m? +mn +n? + 1 # 0 (mod 3), To Termephb yTBEpIKIEHNE JEMMBI

OY€eBU/IHO. O

Teopema 1. Cnpasedausa gopmyaa (1).

Joxasamenvcmeo. Corsacno [1, ¢. 94, (2.9)] sanumiem

c(¢’) = = (3)

JlokazaTeabCTBO 9TOH BarKHOM (DOPMYJIBI, JIEsKAIIEH B OCHOBE BCETO METOIA,
MOXKHO HaiiTu B pabore Gparbes Bopseiinos [13]. Boseess JieByo u npasyio
yacTu paBeHcTBa (3) B UeTBepTyIO creneHb 1o ¢opmyse bunoma HeroroHa,
HOJIY IHM:

a*(q) — 4a®(q)a(q®) + 6a*(q)a*(¢*) — da(q)a®(¢°) + a*(¢*)

) = T @
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[oncrasum B bopmyity (4) BMecTo ¢ 3HAYEHHS WG U W(:

wel(gh) = a*(wq) — 4a®(wg)a(q®) + 6a*(wq)a®(¢*) — da(wq)a®(¢®) + a’(¢°)
16

W2 () = a'(w?q) — da*(w?q)a(q’) + 6a*(w?q)a®(¢*) — da(w?q)a®(¢®) + a*(¢®).

16
(6)
VMHOKIE paBeHcTBO (5) Ha w, a paBeHcTBO (6) - Ha w?, U, CJI0XKUB TIOJTyYeHHbIe

BbIpazkenus ¢ (4), mosryaum:

{a*(q) + wa*(wq) + w?a*(w?q)} — 4a(q®) {a®(q) + wa*(wq) + w?a®(w?q)}

+6a°(¢*) {a*(q) + wa®(wq) + w?a?(w? )} =0.

(7)

Haunee, cormacuo |2, c¢. 403|, sanummem:

3n33n
_1+24Z 21_q3n' (8)

HoxkazarenbcTBo dopmynbl (8), nCmoab3yiomee MOJYIsIPHbIE yDaBHEHHs

1—q

Tperbeii creneHn, MOXKHO Haiitu B MoHorpaduu [14, c¢. 460-462, 3anuce 3(i)].

3amuirem erre JiBa paBeHCTBa, CJIEIYIOIIe U3 3TOU (POPMYJIbL:

Sn

(3n) 3
+ Z 3n ’ (9)

> 3 n+1n
wa (wq)—w—|—24znw

> 3 2n+2 n > (3n)3q3n
n=1

Cnoxus pasercrsa (8), (9) u (10), HOJTY UM

4 4 2 4/ 2 — (3n—2)3¢

n=—0oo

Bossest 06e uactu paBeHcTBa (3) B Ky0, OyjieM UMeThb CJIejlyTolree:

B = a’(q) — 3a*(q)a(q’) ;3a(q)a2(q3) —a’(¢*) (12)

[Tposenst st bopmyssl (12) paccyK/IeHus, aHAJOTHYHBIE T€M, 94TO ObLIN pa-

Hee, IMoJIyInuM:

a*(q) + wa®(wq) + wa®(w?q) — 3a(q®) {a*(q) + wa®(wq) + w?a®(w?q)} = 0.



Kybuueckue cmenennvie padu u npoussedenue iaepa 25

[TockombKy, cormacuo |5, c. 567, (16)]
a?(q) + wa?(wq) + wia®(W?q) = 123(¢%),
TO MOXKHO 3aIMCAThH
a(q) + wa(wq) + w?a®(W?q) = 36a(¢>)c*(¢?). (13)
st dyHKIMU cyMMbL KyOOB nestuTesieit 3amurieM psy Jlambepra:
13q 23q2 33q3 43q4

03(1)q+03(2)q"+03(3)¢"+03(4)q" + i it at

Pagencrso (14) Bieder 3a coboit (cm. [5, c. 566]):

(3TL o 2)3q6n—6

0'3(2) =+ 0'3(5)(]3 + 03(8)(]6 + 03(11)(]9 +o= Z 1— q9n76

n=—oo

U3 dopmyar (11) u (15) BeIBOSUM

a4(q) —{—WQ4(wq) —|—w2a4(w2q) —3.924 {03(2) + 0-3(5)q3 + 0’3(8)(]6 +.. } q2'
(16)

Ucnonbayst pasercrsa (13) u (16), dopmyiy (7) MOXKHO mepenucarb B BUJE:

3-24{03(2) + 03(5)¢* + 03(8)¢° + -} ¢*
—4a(q’) - 36a(q”)c*(¢°) + 6a°(¢%) - 12¢%(¢*) = 0.
Ucnonbayst [5, c. 568, (22)], nomyunm
03(2) + 03(5)¢* + 03(8)¢° + - - = 3a*(¢*) {0(2) + 0(5)¢* + o (8)¢° +--- },

9TO 3KBUBaJEHTHO (1), eciau 3aMeHHuTb ¢® Ha ¢. Jloka3aTesbCTBO 3aBEPIICHO.

O]

CaenctBue 1. /[as awobozo m € N noaoscum

3m —2 3m—1
= =0.
(M5) =0 ()

Kpome amozo nycmo

1
24"
Tozda 0ast HEOMPUUANENDHVLL UEABIT T CNPABEOAUBE POPMYAQ:

a(0) =

o3(3n +2) :36-§{a(k)—3a<§>}a(3n—3k+2). (17)
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Aokasameavemeo. Popmyia (17) cremyer ns pasencrsa (1) u [1, c. 100, (2.37)].
U

Caencreue 2. Cnpasedausvl 4UcA06ble PAGEHCMEA!

03(2) + 03(B)e " + o3(8)e T 4 -

\/6 \ =\ 2 X 7_‘_26271'/3
=5 (V24 98) (14 V23)" (1-va ¥+ V3) fars.
7T2€27r/3
3(2) — 03(5)e” ™ + 03(8)e T —o3(11)e T 4 -+ = ?Fs@ﬂ)’
7r2€47r/3
03(2) + 03(5)e > + 03(8)e T + o3(11)e T 4 - = §F8(3/4)'

Jloxaszamenvcmeo. st IPOBEPKH IIEPBOIO COOTHOINEHUS MoJ1araeM B (hopMyJie
(1) ¢ = e ™. [Janee mpumeHsieM IepBoe paBeHCTBO cieicTBus 1 |5, c¢. 568|, a

Takxke opmyIry
ale™) = (e e(e™) +e (e p(-e ) —a(-—eT),

koropas mostydaercsa u3 [1, c. 93, (2.7)]. Buech, kak Bcerga, TaTa-pyHKIMS

Pamanykana (q) onpesesisiercsi paBeHCTBOM:

ola) = > "

n=—oo

st mpoBepKu BTOPOTO YHUCIOBOIO paBeHCTBa mosiaraeM B (opmyse (1)
q = —e~™ u BorauCasgeM 3Hauenue a> (—e ™), moab3ysack gemmoit 5.4 [1, c. 110]

u 3anuceio 4 [1, c. 327|:

(B
B 21/231/41“4(3/4)'

a? (—e_”)

Hanee npumensiem Bropyio dopmyity ciegcrsus 1[5, ¢. 568|.

YT06BI [T0KA3aTh TPEThE UHCIOBOE PABEHCTBO, mosaraeMm B dopmyse (1)

q = e~ %™, a 3Havenue a (6*27‘) nostydeno B Monorpadun [1, c. 332]. O

CaenctBue 3. Ilpu ¢ — 1— sepra credyrousas acumMnmomuieckas Gopmyrs:

4 5 a*(q) or 1 \*
03(2) + 03(5)q + 03(8)¢> + o3(1) ¢ + - - - ~ gWQW ~ <\/§1—q> )
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Jloxasamenvemeo. YKazaHHAsS aCUMITOTHKA ceyer u3 dopmyssl (1) u coes-
creus 2 ([5, c. 568]), a Takzke U3 TOrO, YTO

or 1 e—27/(1=q) or 1
alg) = FZ—+0[—— | =Z=— 1001 51—
(q) /31— ¢ < 1—g¢ SBl—q (1) upu ¢

Tlocnennsas acumnrorudeckas popMysia ciaeayeT u3 PyHKITHNOHAILHOTO YPaB-
HeHust Jisi KyOudeckoii Tara-dyuknun (anasiora dhopmyisl [lyaccona mist oj-

HOMEpPHO#T ToTa-DyHKINN):

1 —2m/(30)
——a(e 7N x>0, O
\/3:1;( )

Caencrsust 1, 2 u 3 TeopeMbl JIeMOHCTPUPYIOT 3HadeHue (opmysbl (1).

a(e—27rx) —

[lepeiijiem K 0BOOIIEHUIO TTOJIYUEHHBIX PE3YJIBTATOB U PACCMOTPHUM CYMMY

CJIEJYTOIErO BUJIA:
o0
Aogk—1(q) == oap—1(3n —1)g" .
n=1

Bosnukaer Bonpoc: kak Beipasuth Aok 1(q) uepes Kybuueckue tara-pyHKIUN
Pamanymkana? ITpeioXKeHHbBIH 31eMeHTapHbBII METOJI, KOTOPBIM OBLIU MOJIY-
4enbl OazoBas dopmysa padorst [5| mis Aj(q) u dopmyna (2) g Az(q), nos-
BOJISIET HAWTH CTOJIb IPOCTHIE 3aKOHOMEPHOCTH HE TOJBKO B 3TUX ABYX CJIy-
vagx. Jasee 6ymyT BbIBesieHbI siBHBIE BbIpaxkeHusi 1uist As(q), A7(q), Ag(q),
A11(q) m A13(q), HO [JIsT STOTO TTOHAIOOUTCsI TIpUBJIeUeHUe (DYHIAMEHTATBHBIX
TEOPEM TEOPHHU SJUINNTHICCKUX (DYyHKINN aJbTEPHATUBHBLIX OA3UCOB, & TAKXKe
o0reit Teopembl Pamanympkana, Kacarormeiicss psiioB Jiiserinreitna. Momysrsip-
HbIe yPaBHEHUs TPEThell crereHn jexkar B ocHoBe dopmyin st Aq(q) u As(q).
Tara-6uHoMHUANBHBINH MeTO1 BBIBOJA hopMyit jist Agg_1(q) B 1I€7I0M HECKOJIb-
KO I'POMO3JIKHUIL, HO IIPOCTO 110 CYTH, TaK KAK OCHOBBIBACTCA Ha KJIACCUYECKON
dopmyite bunoma Hoiorona. B pabore meToma npuanMarioT yuactue dpyHmaMen-

TaJIbHbIE pe3yJibTaThbl PaMaHyzKaHa 1 ero mocjemroBaresieil. 3amnuieM popmy-

et i As(q), A7(q), Ao(q), A11(q) m A1z(q):

05(2) + 05(5)q + 05(8)g° + - - -
{1-) 1 -1 —¢")---}"
{T-9)(1=¢*)(1—¢3)---}?

= 33a*(q)
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1— 31 — BV (1 — ¢%)...115
2080 G iy O

28

) (=)= )1 =)}

07(2) + 07(5)q + 07(8)(]2 +- = 129@6( ) {(1—¢A =1 —¢3)---}2
3, 0= =1 ¢ -}

+73224qa”(q) (a- q)(l —) (1 —¢3) -5

2{( )(1_q6)(1_q9)...}24

0 (T )]
(19)

Ucnonsays 1, ¢. 93, (2.5)] u [1, c. 109, (5.4) u (5.5)], paBercrso (19) moxHO

[IEPEINCATh CJELYIONUM 00Pa3oM:
)1 —¢g*) -}

)1 —¢°)--- "
el

07(2) + 07(5)q + 07(8)¢® + o7(11)g® + - - = 129{(1 — ¢)(1 —

+80190¢{(1 — ¢)(1 — ¢*)(1 — q3) =) -
Q-1 -1 —¢") -

+2421009¢ ol —B0—F)

(20)

B _ 6
o9(2) + 09(5)q + 09(8)¢* + - -+ = 513a%(q ){{((11 - q )((11— ;2))((11_ 53)) }}2
1— 6 1— 9 15
P 24
+66449808¢a*(q) {81 . qig 3228 }

)
B8
(21)

. — 9049410 {(1-*)1-¢%)(1—¢% )¢
= 2049 (Q) {(1 o q)(l _ q2)(1 _ qg) }2

011(2) + 011(5)q + o11(8)* + - -

7 A=) A =% (1 —¢°) -}

+48701088¢a" (q) ===
2 4, A1 =¢*)(1—¢®(1—¢°)---}*
+6301604304¢°a"(q) (- —)1—g)--- 8
{( 3)( qG)( qg) }33

+35580565440¢°a(q) (00— T
(22)
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1— 1— 2 1 3)...134
013(2) + 013(5)g + 013(8)* + - - - = 8193& q)g( qq()sg(l _qqs))) }}6
+1220981688¢{(1 — ¢*)(1 — ¢®)(1 = ¢”) - - - }{(1 =) (1 = ¢*) (1 — ¢°) - - - }*?
+576680210370¢°{(1 — ¢*)(1 — ¢®)(1 — ¢°) - - }*¥{(1 = @)1 = ¢*)(1 = ¢*) -- - }'*
{1 =1 =1 —¢% -}
140034368860048¢ 0l —A—F)
+694882425536757q4{(1 -1 ) }*

{A-q)(1—¢*)(1L—g3) -}~

Bamernm, uro npasble dactu (opmyr st Aq(q), Az7(q) u Ais(q) 3anm-
CaHbl B TE€PMHHaX JIMIIb dillepoBa npousseenus. O9YeBUIHO, ITO 10/106HAsT

cuTyanust BOSHUKaeT 1npu 3anucu hopmyst st Agpi1(q)-

Jlemma 2. Bsedem onepamop R, deticmsyrowuti na gynruuio g(q) caedyro-
WUM 00PaA30M:

Rlg(q)] = 9(q) + wg(wq) + w’g(w’q).

Tozda dan kybuueckol mama-Pynruuu a(q) cnpasediuss, Mmorciecmsa:
Ra'(g)] = 3 - 24a*(¢°)*(¢?),

Ra®(q)] = 120a*(¢*)c* (¢%) + 96¢°(¢°),
Ra’(q)] = 180a*(¢°)c*(¢°) + 576a(q”)c*(¢%),
Rla’(q)] = 252a°(¢°)c*(¢°) + 2016a*(¢*)c*(¢°),
R[a®(q)] = 336a°(¢®)c*(¢*) + 5376a>(¢%)c* (¢°) + 768> (¢%),
Ra”(g)] = 43247 (¢*)c*(¢°) + 12096a" (¢°)¢(¢”) + 6912a(¢”) > (¢),
Ra'®(q)] = 540a°(¢*)c*(¢°) + 24192a°(¢°)¢*(¢°) + 34560a°(¢°)c*(¢?),
Rall(q)] = 660a° (¢*)c?(¢®)+44352a5 (¢%)® (¢)+126720a> (¢%) 3 (¢)+6144c (¢°),
R[a'?(q)] = 792a'°(¢*)c?(¢*)+76032a (¢*)c° (¢*)+380160a" (¢°)c®(¢*)+73728a(q?)c  (¢*).

ITycmov menepv n € N. Toeda daa kybuueckot moma-pynrkyuu a(q) cnpased-

AUBA 00WaA POPMYAG:
(5]

m[an(q)] —3 Z <3l71 1) 23l—1an—3l+1(q3)c3l—1(q3)‘
=1
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Hoxazamesvcmeo. CHavyasia TOKaxKeM, Kak paboTraer OMHOMHUAJIBHBIH TITa-
pekyp-cuBHbLi MeTos. IlepBoe cooTHOIEeHNe JieMMbl BbITeKaeT u3 dhopmy.r (7)
u (13). Ocrasnbhble noiyvarorcs: pekypcusao. Obe dactu paseHcrsa (3) BO3-
BOJSITCS B COOTBETCTBYIONLYIO CTEIICHDb, IPUYEM IIpaBasd - 1o opMyJe OuHOMA
Hrerorona. Ha momydennoe paBeHCTBO IeiicTByIoT omeparopoMm ‘R. Ilpm sTom
R[a"(q)] MOKHO BBIPA3UTH Yepe3 BBIYUCICHHBIE HOcTemoBareasro Rla(q)],
R[a?(q)],..., R[a"2(q)], R[a"1(q)], ucnomwsys mmmeiinocTs oneparopa. Pac-
cyKJasi 110 MHJYKIIUU, Mbl MOXKeM JokKa3arb dopmyry st Rla™(q)]. Ume-
em Ra(g)] = 0, R[a*(q)] = 12¢%(¢%), R[a*(9)] = 36a(¢*)c*(¢*), Rla(q)] =
72a%(¢3)2(¢3), ... &C.

IIpu nagpbHeRIUX BBIYUCIEHUAX MBI OyJIeM PacCMaTPUBaTh ¢ KaK aJbTep-

HaTHBHYIO 0a3y ToTa-(QyHKIWH:

or oF (%,2:1;1
q_exp< 7r21(3(§§ ))>7

e 0 < x < 1.

PaccMorpuM jieficTBre apaMeTpuveckoro MeTOJIa, MO3BOJISIIONIEro Hanbo-
Jlee IPOCTO BbiBecTH oOmmil pesysbrar. Beemem mapamerp k1 = ki(q) =
c(¢®)/a(q®), a Takxe bynxmmio \(q) := a(q)/a(wq). Cupaseyuss cieryio-

niue paBeHCTBa

a?(q) + wa*(wq) + w?a®(W?q) = 12¢%(¢%)

a?(q) + w?a?(wq) + wa?(W?q) = 12a(¢®)c(q?),

IJle Bropoe HoJlydaercs u3 Toro, 1ro {a(q) + wa(wg) + w?a(w q)} = 0. Ilo-
3TOMY OYJIeM UMETb CJIEIYIONLYIO CUCTEeMY HEeJUHENHBIX yPABHEHUIA:

2

)\(q)+w+)\{(':)q) =0
w2

N(g) +w +A2(wq) .

Ala) + e+ A2ZUQ) o

Pemas sty cucremy, mosyanM napaMeTpUIecKoe MIPeICcTaBIeHue:

2k1 + 1

Aq) = AT 2
(a) 2w + 1
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HOSTOIVIy MBI MOZKEM 3allicaThb

2wk‘1 +1

a(q),

2wk + 1
2\ 1
a(w’q) 2% + 1

Vunrwsas, ato a(q)/a(q®) = 2k1+1, u, ucnonssys dbopmyiy 6uroma Horo-

a(q).

TOHA, MoJIydaeM oblree BbIpaxkenue jyisi oneparopa Rla™(q)]. 3amernm, aro
HCKOMBII pe3y/IbTaT BhIBEJEH (haKTUIECKH JIUIIb CPEJICTBAME 3JIEMEHTAPHON

aJIredpBhI. O

B ucrounnkax [15, crp. 124-175| u |16, crp. 326, 3anucs 12| npusejien ana-
JIMTUIECKHUHA METOJ MOJYJISAPHBIX (DOPM, KOTOPBIH MOMKET NPUMEHSITHCS JIJIsT
JIOKA3aTeIhCTBA 3HAMEHUTBIX TeopeM PamaHyjzKaHa, KaCAlOIUXCs PAIoB Dii-
3eHmTeﬁHa, XOT4d caM PaMaHyﬂ)KaH HCIIOJIB30BaJI dJIEMEHTapHbIE METO/IbI.

Dopmyist (18)-(23) mist 05(3n — 1), 07(3n — 1), 09(3n — 1), 011(3n — 1) u
013(3n — 1), nojty9YeHHbIE aBTOPOM, [0 CBOEMY BHEIIHEMY BHUJLy HAIIOMUHAIOT
TOXK1eCcTBO Pamanymkana s GyHKIUE 9uciaa pa3bueHuwil Ha apudmeTrnde-
cKoii porpeccuu ¢ pazuoctbio 7 [3, ¢. 130, (6.7.2)], xorst upu ux JoKa3aTe b
CTBE UCIIOJIb3YeTCsI COBCEM MHOM TIOJIXO/I.

Tenepb MbI B COCTOSIHUU JIOKA3aTh CJIEJLYIONIEe YTBEPKICHHUE, [IPEICTABIsI-

IOIee OCHOBHOI pe3y/bTaT JaHHON CTaTbU.

Teopema 2. Cnpasedausa obuyasn dopmyaa ors Nop_1(q>):

1 n n-ng n2+n3 n! gatne+2ns
A%l@%zfmggk%mg%g%g%n_mr%$%my7ugm%3
y a+7§2n3 a+7§2n3 <a 4+ ng + 2n3> <a +ng + 2n3> 355
t=0 s=0 t 5
[2k7t525+1] ok 19
% < 51 >23l—1a2k—3l+1(q3)c3l—1(q?))‘

=1
(24)

30ect K p - wucsosvle Koaphuyuernmot us meopemo, Pamaryodoscana o cae-

dyrousem npedemasaenuy, padamu Uenwmetina:

56(=9) + @0,(0) = 3 s M (@N"(0),
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20e

¢ - dsema-pynrxuyus Pumara, a m u n npobezarom ueivie HEOMPUUAMEALHLE

yucaa max, wmo 6n +4m = s+ 1.

Jloxazamenvemeo. M3 obmieit dpopmynbl Pamanypkana [4, c. 141, paBencTBo
(26)], Teopem 4.2 u 4.3 [1, c. 106], sseranTHbix dhopmys Gparbes Bopseii-
HOB (2.5) u (2.8) [1, c. 93] u paccyzkeHuil, HCIOIBL3YEMBIX IIPH JOKA3ATE/b-
CTBe JIeMMbI 2, cjejyer, 9To Ao, 1(q) BbIpaykaercsi yepe3 KyOudueckue TITa-
dbyukuun a(q) u ¢(q). Orcroga TakKe ciieyer aJropuT™ mocTpoeHus: hopMyIt
st Agg_1(q) mpu sobom HarypasbaoMm k. eficrBue omepartopa R MOXKHO
pacIpocTpaHsTh JUIIb HA HopMy Ty U3 obieit Teopembl PaManykana, mpes-
BAPHUTEILHO BBIPA3UB paabl Ditzenmreitna M (q) m N(q) wepes a(q) u a(q?®),
caeysi ajJbTepHATUBHON Teopuu. TakoBa cxeMa JIOKA3aTeIbCTBA, TElEPhb IIe-
pelizieM K KOHKPETHKE.

[ycts = ¢3(q)/a®(q). Mosromy

8 a*(q)
o= P (a(q) — a(@))"(a?(q) +3a%(¢*))P
8» a*?(q)
Jajee OymeM UMeThb
R a2k( ):L,p :% oeT (_1)t p p 3sat+23( 3)% a2k7t725() )
] - 255y (1) ()

[Tockonbky

1
Agp_1(¢%) = 37 Z KEmnR [a%(q)(l +8z)™(1 — 20x — 83:2)”]
3n+2m=k

TO, PaCKpPbIB CKOOKH, HCIOJIB3ys popmyity buroma HeioToHa 1 dpakTOpraibHO-

MyJIb-TUHOMUAJIBHYIO T€OPEMY, Mbl IPUXOAUM K MCKOMOMY pe3yibrary (24).

O]
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CaencrBue. Cnpasedausa caedyrowas Gopmyara:

09(2) +09(5)g + 09(8)¢* + o9(1)¢’ +--- {1 —-q)1—¢*)(1—¢*) - }'°
3(2) + 03(5)q + 03(8)¢* + o3(11)g® + -~~~ {(1 - 3)(1—q )1 =¢%)---}°
+217242¢{(1 = ¢)(1 = ¢*)(1 = ¢*) - }H{(1 = ) A = ") (1 = ¢°) -+ }°

{1 -1 -¢®)A—¢%)---}*

e (e e = B
(25)
Joxasamenvcmeo. Yrepxkiaenue (25) ciaemyer u3 pasencrs (2) u (21). O

Tenepr moxkakem, Kak TITa-OMHOMMAJILHBI METOJ[ MOXKET MPUMEHITHCS
JIJIst U3y4deHusi CBONCTB T-pyukinn Pamanyikana. Teoperuko-duciioBast pyHK-

st 7(n) onpejesisieTcst caeyomuM obpasom |3, c. 228]:
oo
Z d(1-a)(1 =1~ ¢%)---

Teopema 3. Cnpasedausa caedyrousas Gopmyia:

- 12 *(q) 5 3¢, .3 6
Z (3n = 1)¢"" = 3a(0) 50" (@{27a% (@) (@) ~4°(@)}. (26)
Jlokasamenvemso. Teopema 3.3 |1, c. 103| yrBepxkaer, 1aro

Z *bg( )e*(q). (27)

C nomommpio dopmyn (2.5) u (2.8) [1, c. 93] npasas uyacrb pasencrsa (27)
soIpasuTcs depes a(q) u a(q®). Ha momyuenmyio rpoMoskyio popMyiTy Jeii-
cTByeM orepaTtopoM R. Mcmonab3ys JeMMy 2, ocje YIPOIIeHni, MbI TPUXOIAM

K CJIEJIyIOIEMY TOXKIECTBY:
o0
3) r(3n—1)¢"" ! = =8a"(¢*)*(¢%) + 784" (¢*)P (¢?)
n=1 (28)
—78a*(¢°)c* (¢%) + 8a(g*)c" (¢?).

ITyTeM HECJOKHBIX aIrebpardecKnx Ipeobpa3oBaHnii 1 3aMeHbI ¢° Ha ¢, PABeH-

crBo (28) nepexonur B Tpebyemoe yreepK/ienue (26). Teopema jokazana. [
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Cnenacrsue. /[aa 4100020 HGMYPANADHO20 T CNPABECAUBO CACOYIOWEE CPAGHE-

Hue:
7(3n —1) =0 (mod 6).

Jlokazamenvecmeo. YTBep:KJIeHUe CIEJCTBHsS BbiTeKaeT u3 ¢dopmynbl (26) u
dopmyist (5.5) [1, c. 109). O

ABTOp HajeeTcsr, YTO B JAHHOI HEDOJIBIION 3aMETKe yIaJ0Ch IIPOIEMOH-
CTPUPOBATH KPACOTy TEOPHUU SJLIUNTHIECKUX (DYHKIWI ajJbTEePHATUBHBIX Oa-
3HCOB, OTKPBITYIO PamaHyI»KaHOM, a Tak»ke 00OCHOBATH POJIb ITOH TEOpHUu
JJIsI JajbHedmmx ucciaenopanmii. [1penioykenHblil ToTa-0MHOMUAIBHBIA METO/I,
a TakyKe yTOYHEHHDBIN BapUAHT MapaMeTPUIECKOTrO METOMA SIBJISIOTCS DJIEMEH-
TapHBIM JIONOJITHEHUEM K Heil.

Dopmyisl, 110106HbIe (20) 1 (23), BO3HUKAIOT IPU U3Yy9IEHUN OECKOHETHO-
MepHbIx ajarebp Jlu [17]. DTo rpannuHOe HalpaBiieHHe B MaTeMaTHKe Geper
Haudasio ¢ paborsl V. I Maxkonasbua (18], a Teopusi ¢-psijioB HaYMHAETCS C
[IEHTArOHAJILHON TeopeMbl Dittepa. MHTepecHo, aro maxke Jleonapm Ditep cy-
MeJI JOKa3aTh CBOIO IIEHTArOHAJbHYIO TEOPEMY HE Cpaly, a Yepe3 JOCTATOTHO
OOJIBITION MPOMEXKYTOK BPEMEHU IIOCJIe TOTO, KaK yrajaJ oOIIyI0 3aKOHOMEep-
HoCTh. Vcropudeckas cBsi3b Teopun oT Jitnepa g0 MaxaoHaIbaa IpUBeIeHA
B [19].

CsoiicrBa 1emnnoit apobu Pomxepca-Pamanymkana n KyOWdIecKoil mMemHoil
Jpobu nipescrasienbl B [2]. Temarnka 06061eHHON (DYHKIMU CYyMMBI JIeJIUTe-
Jieil, cBsi3aHHAas ¢ HEIPEPLIBHBIMU JPOOSIMHU, paccMaTpuBajachk B pabore [20].

CBoeobOpa3sHblil U yIMBUTEIbHBIN MUD (DOPMYJI, KOTOPBI PaMany/xkaH ycmest
IIOCTPOUTD 38 CBOIO KOPOTKYIO »KU3Hb, PAKTHICCKU HE UMesI JIOCTATOIHOrO KO-
JITYECTBA JINTEPATYPhI, 0Opa30BaHus U OOIEHNsI, HE yracaeT BOT yzKe Ha IIPO-

Tsikernu 100 jieT 1 uMeeT OOBINOE 3HAUEHNE MIJIsT BCel MATeMATHUKM.
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Tnadyn C. €.
KVYBIYHI CTENEHEBI PSI/1M, JOBYTOK EM/IEPA TA TETA-®VHKIIT PAMAHYV/IKAHA

Pesrome

YV crarTi po3IISIAEThCS eJIeMEeHTAPHUI MEeTOJ, AKUil 6a3y€ThCsT HA BIACTUBOCTSIX KyOidHUX
TeTa-PYHKINH, y 3B'S3Ky 3 OTPUMaHHAM HOBHUX (OpMyJ, B AKHX depe3 mo0yTok Eitnepa
BUPAaKaIOThCsl CTENEeHeB] psiiu 3 KoedilieHTaMu, K1 JOPiBHIOIOTH 3HAYEHHAM (DYHKIIT CyMu
HENapHUX CTEIeHiB MiIbHUKIB (200 3 KoedinieHTaMu, sKi TOPIBHIOIOTH 3HAYEHHSIM T€OPETUKO-
9uCsI0BOI Tay-(yHKIIT) Ha apudMeTudHili nporpecii 3 pizauiero 3. Y sKOCTI HACTIAKIB OTPH-
MaHi JIeKiJIbKa 9MCI0BUX piBHOCTEH y crmiii Pamanymkana, a TAKOXK acHMIITOTHYIHA (hopMy-
Jla TIOBEIIHKU CTEIEHEBOTO sy mobau3y KiHisg intepsBasy 36ixkuocTi. [IpuBenena 3arambua
dopMyia i1 TaK 3BAHOTO KyOIYHOI'O CTEIIEHEBOTO psijly depe3 KybOiuHi Tera-dynkiii Pama-
Hy/2KaHa, 1 IPOBeIEHN]T aHAaJIi3 BUMIA/IKIB, KOJIH B ITI0 3aJI€2KHICTh BXOJAUTH PAIliOHAJILHO JIUIIIE
Heckindennnit 1o6yTok Eitrepa. [list orpuManHs 1i€l 3a1€2KHOCTI BUKOPUCTAaHA 3HAMEHHUTA
TeopeMa Pamanymkana npo pamgu EifseHmiTeiiHa, a Tako)X 3aCTOCOBAHUIT BapiaHT mapame-
TPUIHOTO METO/Y, Y SIKOMY OJIHY 3 TOJIOBHUX POJieil rpae BHpa3 mapaMerpy depe3 KyOidHy
TeTa~-pyHKIIO.

Karouosi crosa: xybiuni cmenenesi padu, dobymox Eiinepa, mema-gpynryii Pamanydorcara,

padu Eusenwmetina.

Gladun S. E.
CUBIC POWER SERIES, EULER PRODUCT AND RAMANUJAN’S THETA-FUNCTIONS

Summary

The article discusses an elementary method based on the properties of cubic theta-functions,
in connection with the derivation of new formulas, in which power series with coefficients,
equal to the values of the function of the sum of odd powers of the divisors (or with coeffi-
cients, equal to the values of the number-theoretic tau-function) on an arithmetic progression
with a difference of 3, are expressed through the Euler product. As a consequence, several
numerical equalities in the Ramanujan style, as well as the power series behaviour asymp-
totic formula near the end of the convergence interval are obtained. The general formula
for the so-called cubic power series in terms of Ramanujan’s cubic theta-functions and an
analysis of the cases when this dependence contains rationally only an infinite Euler product
are given. To obtain this dependence, the famous Ramanujan theorem on the Eisenstein
series is used. In a variant of the parametric method, one of the main roles is played by the
expression of the parameter in terms of the cubic theta function.

Key words: cubic power series, Fuler product, Ramanugjan’s theta-functions, Eisenstein se-

ries.
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HABJIN>KEHII PO3B’A30K 3AAYI OIITUMAJIBHOI'O
KEPYBAHH{A IN®EPEHIITAJIBHUM BKJIFOUYEHHAM 31
MIBNJKOKOJINMBHNUMU KOE®IITIEHTAMMN

CrarTsd MICTUTB pe3yJIbTaTh IOCIiYKeHb, BAKOHAHNX 3a HigTpuMkn HarionaasHOToO

Dongy Hocnimkens Yrpainu, npoekt P81/41743

Posrnganaerbes 3amata onTUMAIBEHOTO KEPYBAHHS 31 IIBUIKOOCIIMTIOIOYUMY 3MiHHUMU, JIHIH-
Ha 3a KepyBaHHsSM. [Ipu mpoMy 06’€KTOM KepyBaHHsI BUCTYIIAE Au(EPEHITiaTbHe BKIIOTEHHS
3 Jlinmmiesoio 3a $a30B0OI0 3MiHHOIO 0AraTO3HAYHOIO IIPABOI0 YACTHHO. Bararo3Ha4uHicTh
MOPOJIPKYE CBOI crierudivuni mpobjgeMu, Taki K 3aMKHEHICTh, ONYKJICTH ciM’l po3B’s3KiB,
iCHyBaHHS 'PDAHUYHUX PO3B’sI3KiB, BUJILJIEHHS PO3B’sI3KiB i3 3a/IaHMMH BJIACTHBOCTSIMH TOIIIO.
IIpore mobpe posBuHEHHUIT amapaT MATEMATHIHOTO AHAJI3Y, IO 3aCTOCOBYIOTBCS O JOCIIi-
JKEHHST 0AaraTO3HAYHUX (DYHKINN A€ MOXKJIUBICTD 3aCTOCYBAHHS METOIY YCEPETHEHHS IO
OIMCAHOI BUIME 33/1a4i ONTUMAJIBLHOIO KepyBaHHs. ¥ PoOOTi JO0BEIEHO 3012KHICTH OIITUMAJIb-
HPX KepyBaHb i ONTUMAaJIbHUX TPAEKTOPiil PO3B’sI3KIiB TOYHOI 3a/1a4i 10 ONTHUMAJILHOIO Kepy-
BaHHS 1 TpaeKTOpil ycepemareHol 3amadi. [Ipu mpoMy Takok oGrpyHTOBAHO, IO ONTUMAJILHE
KepyBaHHsI ycepeaHeHOI 3a/1a4i € “MaifzKe ONTUMAJIBHUM JIJIsT TOYHOI 33,1241, TOOTO 3 TOYHI-
CTIO JI0 MaJIOTO ITapaMeTpy € Peasi3yeThbCs MiHIMYyM KPHUTEPIIO SKOCTI.

MSC: 34G25, 49J30, 49K35, 4,9K99, 93C99.

Karowosi caosa: 3a0awa onmumanvrozo kepysanms, dupepenyiaivhe 6KA0NEHHA, MAAUT Na-
pamemp, memod ycepeoHeHHA.
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1. BcTvn

InTeHCcHBHUIT PO3BUTOK HAyKHM 1 TEXHIKYM PEryJIAPHO CTUMYJIIOE JI0 Bi/IIITyKa-
HHS eEKTUBHUX METOJIiB KePYBaHHs PISHOMAHITHUME ITPUPOHIME, EKOHOMi-
YHUMHU, CONiaJIbHIMIY, TEXHITHUMH IpoliecaMu. MaTeMaTHIHIMA MOJIeJISIMU Ta-
KHUX CUTYalliil € 3a/1a7l ONITUMAJIBHOTO KEPYBAHHS PI3HIMHU KJIacaMU €BOJIIOIIN-
HUX CHCTEM. JHAYHA yBara MPUJIISEThCs MATEMATHIHAM MOJIEISIM IIPOIECIB y
BUIVIsLIL uepeHniaJlbHIX PIBHSHD 3 MAJIUM apaMeTpoM. [lis IX po3Bs’s3aHHs
IITIPOKO 3aCTOCOBYIOTH aCHMITOTHUYHI METO/HM, 30KpeMa, MeTOJ, yCepeTHeHHSI,

cTpore MareMaTuuHe OOrPpYHTYBaHHs siIKOTO Oyj10 3amporonosano M. M. Kpu-

Haditiwna 04.10.2021 © Kiumapenko O. 1., Kacimosa H. B., 2Kyx T. 0. 2021
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sgoBuM Ta M.M. Borosmo6oBum.

Ha MoxK/IuBiCTD 3aCTOCYBAHHSI METOJY yCEPEIHEHHS 10 PO3B’sI3yBaHHsI 3a-
a4 ONTUMAJILHOTO KEPYBAHHS Ha ACHUMITOTUYIHO BEJIMKUX YAaCOBUX iHTEpBa-
nax Buepine 3sepHyB yBary M.M. Moicees [1; 2|. B po6orax IlnornikoBa Ta
fforo mkosu (auB., Hanpukaa, [3]) game crpore oGrpyHTYBaHHSI 3aCTOCY BaH-
HsT METOJIy yCEepeJIHeHHsI JI0 3a/1a4 KepyBauus. ¥ [4; 5|, posrisaaerbes miaxin,
0B’ sI3aHUil 3 TOOYI0BOIO MU(EPEHIIATBLHOIO BKIIOUEHHST 38 BUXITHOIO 33/~
4er0, sIKe OTIM JIOC/IJIZKYBAJIOCs METOJIOM ycepeiHeHHs. Y pobori [6] ciouarky
[IPOBOJIMJIOCS YCEPEIHEHHSI IPABUX YACTUH CUCTEMHU 38 YaCOM, TKUH sIBHO BXO-
JIUTH B IPaBy YacTHHY, IPU oMY (DYHKILS KepyBaHHs () BBaxKaeThCs apa-
MerpoMm. Y poborax [7; 8] o6rpyHTOBY€ETHCs 11X poboTH [6] 10 po3B’si3yBanHHs
3aJaY ONTUMAJIBHOI'O KEPYBAaHHS 3a BIICYTHOCTI yMOBU aCUMITOTHIHOI CTaJIO-
cTi 771 QYHKINT KepyBaHHSI.

Bapro Takox BigMiTHTH, IITO METOJI yCepe HEHHs YCIIIHO 3aCTOCOBYETHCS
J10 JOCJIizKeHHsT PyHKITIOHAJIBLHO-bepeHIiaibauX piBasab ([|9]), pisHumnesnx
piusus ([10]).

OckiybKu audepeHIiiaJbHe BKIIOUYEHHST € IPUPOIHAM y3araJbHEHHIM -
depeHItiabHOr0 PiBHAHHSA, TO HACTYIHUM KPOKOM B PO3BUTKY ACUMIITOTU-
YHUX METOJIB OyJI0 OOTPpYHTYBAHHSI METO/Y yCEpPEeIHEHHsI JJisi U epPeHITia b
HUX BKJIIOYeHDb. Tak, amaJor mepmol Teopemu M.M. Borosmo6osa 0yiio orpu-
MaHo y poborax [11]. Ieit pesyabrar 6yB 3rojoM mepeHeceHuii Ha BKIIOYEHHS
3 IEPIOJIMIHOI0 IPABOI0 YacTuHOW [12], audepenniagbhi BKIIOUEHHS 31 BHI-
KUMU 1 HOBLIbHIME 3MiHHEUMHE [13], udepeniianbhi BKIIOUEHHS 3 IMITyIbcaMu
[14]. OcHoBHa iziest JAHOTO TiJIXO/LY TOJISITAE B TOMY, [0 HEABTOHOMHOMY jtudpe-
PEeHIaJIbHOMY BKJIIOUEHHIO 32 JOTOMOIOI0 METOMY yCepeIHEHHsI CTABUTHCS Y
BiamoBizHicTE aBTOHOMHE audeperItiaabhe piBHsHHS. [le mae MOXKIUBICTH 3a-
cTocyBaHHsI e(DEKTUBHUX UUCETBHUX METO/IIB [IJIsi PO3B’si3yBaHHS yCepeIHEHOT
33141 KepyBaHHSI.

B nmamiit poboTi po3risiaaeThbes 3aa9a ONTUMAJIBLHOIO KEPYBAHHS 31 MIBU/I-
KOOCITUJTIOIOUNMY 3MIHHUME, JIiHIAHA 38 KepyBaHHsAM. O0’€KTOM KepyBaHHS €
cucteMa gudepeHiaIbHIX BKJIOUYEHb 3 JlimmmuieBoo 3a $Ha30BOI0 3MiHHOIO
[IpaBOI0 YacTUHOI. PoboTa cTpyKTypoBaHa HACTYIHUM 9uHOM. Jl0o 3raaHo-
ro 00’€KTy 3aCTOCOBYETHCSI METOJI YCEPEIHEHHsI 1 OOrpYHTOBYETHCsT 3012KHICTH
ONTUMAIBHUX KEPYBaHDb 1 ONTHMAJIBLHUX TPAEKTOPIl PO3B’I3KiB TOIHOI 3a1axi

JI0 ONITUMAJILHOIO KepyBaHHs 1 TpaekTopil ycepeanenoi 3agadi. [Ipu mpomy Ta-
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KOXK OOIpyHTOBAHO, IO ONTUMaJbHe KepyBaHHs yCepPEIHEHO! 3a1adi € "Malizke
ONTUMAJIBHUM I TOYHOI 33/1a49i, TOOTO 3 TOYHICTIO /10 MAJIOTO ITapaMeTpy €

peaJri3yeTbcsl MiHIMYM KPHUTEPIIO SKOCTI.

2. OCHOBHI PE3VJIBTATU

1. IlocTanoBka 3agad4i.
Posrisiremo 3aady onTuMaIbHOrO KEPYBAHHS 31 MIBUIKOKOJUBHUMY 3MiH-

HUMH, JiHIIHY 38 KEpYBaHHAM

¢€f<;x>+h@W@%wmw®D=ﬁ) W

13 KpUTEPIEM SIKOCT1
T
/ (t,z:(t)) + B(t,u(t))] dt + ®(z(T)) — inf (2)
0

Takox jyist 3aa4i (1) po3riisiHEMO KBaJPATUIHUN 38 KepyBaHHSIM KpUTEpiit

kMz/M@%@%Hﬁmﬁ+ﬂ%@»%mf 3)
0

Tyt € > 0 - masuit mapamerp, T > 0 - 3amana crana, r - Ga30Buil BEKTOP B
R, u(t) — m-BuUMipHUiT BEKTOD KepyBaHHs, sIKUl HAJIEXKUTH JesKiil dyHKIHo-
HAJIbHI MHOXKWHI.

3a yMoBH icHyBaHHS piBHOMIpHOTO 3a = € R? cepeaboro

S

lim & [ f(t,2)dt = fol), (4)

5—00 §
0

ne fo(z) - omHo3HAuHE BijoOpazkeHHsI, 3a/a4i onTUMaIbHOrO Kepysanus (1),
(2) ((3))31 mBHIKOKOIUBHIME KOe(DIli€HTAMH CTABUTHCH Y BiIIOBIIHICTE Ha

[0, T] 6imbI ipoCTa 3aa9a ONTHMAJIBLHOIO KEPYBAHHS

y = fo(y) + fr(wu(t), y(0,u(0)) = o (5)

i3 KpUTEPisIMU STKOCTI

T
/ )+ B(t,u(t))]dt + ¥(y(T)) — inf (6)
0
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T
Jolul = [ A y(®) + 620 dt + W(y(T)) > inf (7)
0
2. TomoMi>kHi MOHATTS TA TBEPI>KEHHSI.
2.1. Merpuka Xaycaopda. Hexait A i B - HenopoxKHi, 3aMKHEHI MHO-
KUHU B MeTpudnoMmy npoctopi R™. PosrigHeMo HACTYIIHI BEJIMYUHU, IO Xapa-
KTepu3yIoTh 6yiu3bKicTs A 1 B:

B(A, B) = sup pla, B), B(B, A) = sup p(b, A)
acA beB

a(A, B) = max{((A, B),3(B,A)} = max{iggp(av B)viggp(ba A} =

= max{sup inf p(a,b),sup inf p(b,a
{aeﬁbeB'O( )begaeAP( )}

Bokpema, maemo, 1mo (A, B) = a(B, A).

Osnadenns 1 (|15]). Bemnauny a(A, B) HasnBaioTh BIIXNIEHHSM MHOMKIH

A i B 3a Xaycmopdom abo xaycaopdoBoro BijcTanHo Mixk A 1 B.

2.2. llesiki B1acTtuBocTi bararosuaununx yukitii. Koxmuiit Touri p i3
vuoxkuraE D € RY moctaBuMo y Bi OB HICTE HETOPOKHIO 3aMKHEHyY MHOMKITHY
F(p) C R™. Toni F(p) - 6ararosnauma dbynkiis. [i rpadik — MHOKHHA TaKHX
To40K (p,q) € R™ x R™ mo p € D,q € F(p).

Hasiasii BUKOPHCTOBYBATHMEMO HACTYIIHI TO3HATEHHSL:

F(M)= | F(p),|F(M)|= sup |y|.
peM yEF(M)
Osnadenns 2 (|15]). Bararosnauna dynknis F' Ha3UBAETHCsT OOMEKEHOIO Ha
muoxkuni M, skmo |[F(M)| < oo, 10610 sikimo Bci 3uadenns ¢yskuii F B

TOYKaxX MHOXKUHU M MicTaAThCA y JiedKiil KyJii.
Osznavenns 3 (|15|). Bararosnauna dyukuis F(p) Ha3uBaeThCs:

® (v - HelepepBHOIO (200 HENEPEePBHOIO) B TOYIIL P, SKIIO
a(F(p'),F(p)) = 0,p" = p;

e [ - HenepepBHOWO (a00 HAIIBHEIIEPEPBHOIO 3BEPXY BiJIHOCHO BKJIIOYEHHS)
B TOYIll P, SIKIIO
BFE®P), F(p)) = 0,p" — p.
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Oyukiisg F(p) nasuBaerbes « - abo [ - HelepepBHOIO Ha MHOXKHUHI D, SKIIO

BOHa, ¢ - 200 [3 - HellepepBHAa B KOXKHI TOYIIl I1ie] MHOXKUHHA.

BayBaxkenHs 1 ([15]). Ockimpku B(A, B) < a(A, B),10 i3 o - HenepBHOCTI

dyHKIIT BuILmBae 11 5 - HEIIEPEPBHICTD.

2.3. HeobOxinHi moHATTS Teopii audepeHiadbHNX BKJIIOYeHb. Po3-

ryIstHeMO udepeHIiatbHe BKIIOIeHHST
t e F(t,x) (8)

Osnauvenns 4 ([15]). Posp’askom audepenniaabaoro BrioveHHst (8) Ha3u-
Ba€ThCsl abCOJIIOTHO HerepepBHa (yHKIis z(t), BusHaueHa Ha iHTepBayi abo

BIIPI3KY 1 Maiizke CKPi3b 3a/[0BOJIbHSE BKIIOYeHHS (8).

Osnadenns 5 (|15]). Byzxemo kasaru, mo 6ararosnauna dyskiis F (¢, x) B
obustacti G 3a/10BOJIbHSIE OCHOBHI yMOBH, sIKIIO Ipu BCixX (¢, ) € G MHOKHHA

F(t,x) - menopozxusi, obMeKeHa, 3aMKHeHa, OIykKJa i F' - [ - HenepsHa 110 t, .

Teopema 1 ([15]). Hexati F(t,x) 3adososvnae ochosni ymosu 6 obaacmi G.

Todi das dosinvrol mouku (to, xg) € G icnye po3s’a3ok 3adani
€ F(t,x),z(ty) = xo. 9)

Hrxwo obnacmo G micmums yuaindp z(t)(to < t < to + a,|x — x| < b), mo

D036 A30K ICHYE NPUHATLMHL HA GIOPI3KY
. b
to <t <tyg+d,d=min{a, —},m =sup|F(t,x)|.
m z

Osnauvenns 6 ([16]). Hexaii 3ajana nocsinosuicts Muoxkun F; € compR™ -

CYKYITHICTh HEIOPOXKHIX KOMIAKTHUX IiIMHOXKIH B R™.

e BepxXHBOIO TONOJIONYHOW TIpaHuIero HocaigoBHocTi {F;} HasuBaeTbCst
CYKYIIHICTh BCIX 9YaCTKOBHX T'DaHUIb TaKuX HocaigoBHocreil {fi}, 1o

fi € F; nos Beix ¢. [losnagaerbea lim Fj.
71— 00

e HuKHBOIO TONOJIONYHOO IpaHuIero nocsigosrnocri { F;} HasuBaeTbes cy-

KYIHICTb BCIX rpaHuils 301KHUX nociaigosHocreii {f;}, mo f; € F; st

Bcix 4. [Tosmagaernesa lim Fj.
1—00
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e SIkimo obuaBi rpaHuI iCHYIOTH 1

lim F; = lim F; = F,

i—00 1—00
To MHOXKuHa F' HasuBaerbes rpanunero nocaigosuocti {F;}. B npomy
BUIAJIKY
lim a(F;, F) = 0.

1—00
Osnauenns 7 ([16; 17]). Hexait F : R — comp (R") — neske GaraToznaune

Bimobparkenns. Inrerpanom Bif Bimobpaxkennst F'(t) wa Biapisky wacy [to, 1]

HA3UBAETHCA MHOXKUHA
t1 t1
G= [ F@ydt=1 [ ft)dt: ft) € F(2) (10)
[0y

Teopema 2 (Teopema Kpacuocenbcbkoro-Kpeitna jist nudepeHiiaabHIX BKIIO-

qenb, [4; 14; 18]). Hexat daa dupepenyiarvhozo exaowerns
T € F(t,x,\), (11)

de bazamosnaune idobpasicenns F(t,x, N), wo nputimae 3navernns 6 conv(R™)
(nidnpocmip i3 comp (R™), wo ckaadaemovbes i3 ONYKAUT MHONACUN), 6USHA-
wene npu 0 < t < T)x € D, D - obmesicena obaracmov ¢ R" A € A - deaxa
MHOICURA 3HAUEHD NAPAMEMPA A, U0 MAE A\g € A 2panunmorn mouxoto, euko-

HYOMbCA HACTYNHL YMOBT:

a) bazamosnaune eidobpasicenns F(t,x,\) pienomipno obmeorcene, nene-
pepeHe no t, PIBHOMIPHO HenepepeHe No T PieHOMIPHO 610HOCHO T 1 A:
Ve >03§=4d(e) >0:Vte€[0,T),x € D,2’ € D i X\ € A suxonyemwvca

a(F(t,z',\) — F(t,z,\)) < ¢,
ax misoku |z’ — x| < §;

6) bazamosnaune sidobpasicenns F(t,x,\) - inmeepasvro nenepepsre no
6 mouui Ag, moomo daa 0 < t1 < to < T i doginvrozo x € D suxonye-
MbCA YMOBE

t2 2}

lim « /F(s,m,)\) ds,/F(s,:c,)\o)ds =0, (12)
)\—>>\0

t1 t1

de IHMEPaNY, POYMIOMBCA 6KA0NEHHA 6 cenci O3navwenna 7;
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8) po3s’sku x(t, \g) 6KAIOUEHHA
T e F(t,$,)\0), (13)

wo sadosoavnaroms ymosy (0, \g) = g € D' C D, eusnaueni npu

0 <t <T iaencams padom 3 dearxum p-okosom 6 obaacmi D.

Todi woorcromy 1 > 0 eidnosidac maxut oxia U(Ag) mouku Ng, wo npu X €
U(Xo) 0as dosinvrozo poszs’asky x(t, A) exarouenna (11), susnauenozo npu 0 <
t < T i maxozo, wo 3adososvnac nowamrosy ymosy x(0, \) = xg, icnye marud
poss’asok x(t, Ng) ekaouenna (13), wo cnpasedausa nepisnicms || x(t, ) —
x(t, Ao) |l<n,0<t<T.

2.4. Metona ycepedHeHHs1 OJisi audepeHniaJbHUX BKJOYEeHb. Po3-

rsiHeMo siudbepenIiaabae BKIIOICeHHS
z €eX(t,x), (0) = xo, (14)

mex € R" X : R xR"™ — comp(R"),e > 0 - masmii napamerp.

Bkirouennio (14) mocraBumo y BiInoBigHicTh yeepeaeHe qudepeHIiaibHe

BKJIIOYCHHS
Y € Xo(y),y(0) = o, (15)
Je
1 T
Xo(x) :Th_rgoT/X(t,x) dt (16)
0

36ixkuicTs B (16) posymierbest y cenci merpuku Xaycgopda, a iHTerpas Bif
6ararosnaqroro Bijobpaykenus X (t,x) posymierbcst B cenci O3navenns 7.

2.5. 3acTocyBaHHSA METOAY YCE€PEAHEHHS JI0 3a/I1a4i ONTUMAJIBHOTO
kepyBanus# (1), (2) ((3)).

st mapamerpis 3azadqi (1)—(2) ((3)) 6y/ieMo BBaxKaTH BUKOHAHUME HACTY-
IHI YMOBH:
Ymosa 1. [JomycruMumu KepyBaHHIME € 1M — BUMIpHI BeKTOp-byHKIT u(-) €
L,([0,T7), p > 1, axi npuiiMaioTh 3HAUeHHSI B 3aMKHEHiil, OIyKJIiii MHOKIHI
V CR™.

Hst samadi (1) — (3) gomycruMnMu KepyBaHHAME Oy1eMO BBayKaTH 1M — BH-

MmipHi BekTop-byHKIGT u(-) € Lo([0,T]), siki upuiiMaroTh 3HAUEHHSI B 3aMKHEHii
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onyk/Iiit MHOKMHI © C R™.
Vmosa 2. Bararosmauna dymxmis f(t,z) (f : Q@ = {t > 0,z € R} —
conv(R?)) Busnauena i HemepepsHa 3a CyKymHicTio 3MiHHUX B Q, a d X m -

BuMipHa Marpurid f1(x) BusHadeHa 1npu x € R? i BuKOHAHI yMOBH:

1) f(t,x) B obmacti () 33/10BOJIbHSIE YMOBY JIHIHOTO POCTY 3a & 13 KOHCTAH-

Toro M, ToO6TO
[ft )| < M+ [zf)  V(tz) € Q;

2) f(t,z) 1 fi(x) B obsacTi BusHAUEHHS 3a/10BOJILHAIOTH yMOBY JIimmus 3a

T 13 KOHCTAHTAMU A1 Ta A, BIIIIOBIIHO, TOOTO
alf(t,x), f(t,2") < Mz — 2],
| f1(z) = fi(@)|| < Az —2'].

Vmona 3. Pisromipro 3a z € R? ichye rpanmis

S

lim 5 [ f(t.)dt = foo) (1)
0

Jie iHTerpaJt posymierbest B cencl O3HaveHHs 7, a 3012KHICTD - B ceHcl O3HaTEHHST
6, dyukis fy: R — RY - onnosznauna.
Vmosa 4. Ckansipui bynkuii A(t, ) i B(t, u) susnaueni upu t € [0,T], 2 € RY,

u € V 1 HemepepBHI 3a CYKYMHICTIO 3MiHHUX ITPUTIOMY:

1) A(t,x) > 0, B(t,u) > alu|P mnsa nesikoi crasoi a > 0 1 jjis KOXKHOTO
t € [0,T] byukuis B(t,u) - onykia 3a u € V;

2) dyukiis ¥ : R? — R! - menepepsHa 3a = Ta HEBiL €MHA.

BayBaxkenns: 2. B cuy ymos Ha f(t,x) 1 fi(z) Ta Teopemu 1 maemo, 1mo
Ve > 01 i KO’KHOrO JIonycTuMoro Kepysanus u(t) poss’si3ok 3amauai Ko
(1) icuye na [0,T].

ITpu pomy z(t,u) - abcomorHo HemepepsHa byHKIA. [3 ymoB 2, 3 Bu-
JIMBAE, 1O fy TAKOXK 3aJ10BOJIbHsIe yMoBY Jlimmmig 3 koHcranTowo Ai. Tomy
JIUTs1 KOYKHOT'O JIOIYCTHMOro KepyBaHHs u(t) po3s’s3ok 3aaadi Ko (5) y(t, u)
icuye, equnuii Ha [0, 7] i € abcosmoTHO HenepepBHOIO GyHKIiew. Tomy Kpurepii

(2), (3), (6), (7) MatOThL CeHC pH BCIX JIOIYCTUMHUX KepyBaHHSIX.
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ChopMyaroeMo HACTYITHAR pe3yIbTaT 1100 PIBHOMIPHOI 3012KHOCTI pO3B’A3KIB
pMY. y pesy. moJ10 p p p

sama4i Ko,

Teopema 3. Hezati sukonani ymosu 1-3. Todi axwo nocaidosnicmo ue — ug
L,([0,T]) npu e — 0, mo poss’azox x(t) sarawi Kowi (1) 3 u(t) = u(t)
36izaemuvca pisnomipro na [0,T] do y(t) - pose’asky eidnosionoi 3adaui Kowi

(5) i3 xepysarmnam u(t) = uo(t), mobmo
2e(t) = y(t)e = 0 (18)
pisnomipro no t € [0,T7].

osederna. Muoxknna 3BUHaiiHIX PO3B’A3KIiB AudepeHIiaJbHOr0 BKIIOYCHHST
i3 (1) cniBoa/iae 3 MHOYKHUHOIO y3arajbHEHUX PO3B’a3KiB [19], sika BU3HAYAETHCSA

SIK MHOYKMHA HelepepBHUX (PYHKIH ¢ (t), M0 3a/10BOJIBHAIOTH BKJIIOUEHHSI

xe(1) €x0+/f(z,a:a(s)) ds+/f1(:1:5(s))ug(s) ds. (19)
0 0

B cuny ymos 11 2 orpumaemo, 1o

t
|9Cs()|<|960|+/M1+!$s ds+/||f1 )+ Mee(s))us(s)| ds
0

abo

t t

st(t)lélon/(MHIfl( )z () ds+/M+A|us ))|z=(s)| ds. (20)
0 0

Bukopucrapmm #epiBaicTh ['panyosura, 6ygemo Maru:
()] < (ol + M + | LT Juell g, o)™ ™A Mellippirr (21
3i cmabrol 36i2KHOCTI U 0 U BAILIABAE CUILHA OOMEIKEHICTH U, TOOTO
sup HUSHLP[O,T] < 0,
e>0
a tomy i3 (20) orpumyemo, mo 3L > 0 :

jze(t)] < L (22)
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mast Beix € > 01t € [0,7]. Takum guHOM, MAEMO PIBHOMIDHY OOMEXKEHICTH
cim’T . (t).
O6rpynTyemo piBHOCTEIIEHEBY HerepepBHicTb ciM'T xe(t) Ha [0, 7.

st nosinbrux t1 < ta, t1,t2 € [0, 7], Bukopucrosyoun (20) i (22), maemo:

to

|ze(t2) — xe(t1 ]</M l—i—L)ds—i—/(Hfl( )N+ AL)|us(s)] ds <

t1 t1

1/p

< M(L+ L)(t2 — 1) + (t2 = 1) /4(| f1(0)|| + AL) /Ius(S)lp ds ),

t1

S+ =1
P q

Toxai B cuy Teopemu Apriena iCHye IiIOCTIOBHICTE Te, (t) mMOCIiIOBHOCTI
xe(t), sika piBHOMIpHO 3a t € [0,T] 36iracrbes 10 Jestkol DyHKIUT zo(t) mpn

en, — 0. I3 (19) maemo:

¢ t
Te, (t) € T + ff (Ei,xgn(s)) ds +Off1(x5n(s))u5n(s) ds+

+ [ fi(wo(s))us, (s) ds —:n0+ff< EO) ds+£f1(m5n(s))u€n(s) ds-+

0
¢
+ [(fi(@=,(s) = fi(zo(s))))ue, (s) ds
i (23)
B cuiy ymosu 2 jyuist dyskuil f(¢,2) MaeMO BUKOHAHHSI yMOBHU &) TeopeMu 2.
Bokpema 3 yHKTYy 1) yMOBU 2 BUILTMBa€E piBHOMIpHA obMexkenicts f (¢, x), a i3
IYHKTY 2) yMOBH 2 MAeMO PiBHOMIpHY HenepepsHicTb f(t,x) 1o .
ITepesipumo iHTErpasbHy HellepepBHiCTb (DYHKIHT f ( x(s)) =Y (s,2(s),en).
3a ymoBu Bukonanus (17), nokmasum fo = Y (s,x,0), Oymemo maru:

t

t t

lim /Y(s,x(s),gn)ds_ lim /f(g,x(s)) ds = 1lim /  6.2)d

en—0T en—0T n en—0T

t
B ¢
. 1
_ztgnlg%+ e /f(H,x)d@-th(x) / /Y s,x,0)d
0 0
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Jie TPaHUIlS BiJl MHOTO3HAYHUX Bi/toOpaXkeHb po3yMieTbes B ceHcl O3HavueHHs
6.

TakuMm 9UHOM, Ma€MO BUKOHAHHSI yMOBHU 0) Teopemu 2.

B cmty ymoBE 5 Ma€MO BUKOHAHHS YMOBHU B) TEOPEMH 2.

Amnasnoriqno 10 10BejieHHs TeopeMu 2, IPOBEJIEHOrO, 30kpema B [4; 18],

MOXKHa IIOKa3aTHu, 10

t

a /f<;n,$an(s)> ds,/tfo(:zo(s))ds —5 0,2, = 0 (24)
0

0
Jami B cuny cabkoi 36i2KHOCTI MaeMo:

t

lim. ﬁ%@ﬂﬂ@ﬁz/mm@WWMs (25)
0

En—>
0

Bukopucrasiu myHKT 2) i3 yMOBH 2 JijIsi OCTAHHBOTO iHTerpasty B (23), orpu-
Ma€EMO OITIHKY
t

J(fi(z<,(5) = fi(zo(s)))ue, (s) ds| <

0

t 1/q
A(H%A$—wdﬂwﬁ> e, 12 0] — 0,20 = 0,
0

(26)

B cuity pisHomipHOl obmezxenocti [|ue, ||z, jo,r)- lepefinemo o rpanumi B (23)

pu £, — 0:

m@€m+/h@W»®+/MM®WWM&
0 0

T06TO 0 (t) - Po3B’s130K 3amaqi Komi (5), a ToMy B CHly €IMHOCTI PO3B 3Ky
zo(t) = y(1).

Orxe, ¢, (t) = y(t) upu &, — 0. Tomy noBisbHA 36iKHA MOCJIIIOBHICTD
dyuKIiit i3 cim’l 36iraeTbea A0 oxHOI 1 Ti€l kK rpanumi. TuMm camMuM MaeMo

TBEPJI?KEHHSI TEOPEMIU. L]

B cuny 3ayBaxkenus 2 MaeMo 1o Jytst pyHKIionany (2) icuye miniMizyoda

HOCJI IOBHICTD {(a:E:") (1), ul ( ))}n>1. Ipu mpomy 2" )( t) = zX(t) na [0,T] ra
(n)
Ue

—u} cnabko B Ly([0,7T7). B cumy memu Masypa i BracTuBocTeil MHOKIHE
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V maemo, mo u(t) € V Vt € [0, T]. Tomy 3rijiHO IpSMOro MeTO/y BapiamiitHoro
qucsieHHs 3a1a4da (1), (2) Mae po3B’si30K.
Hauti, nposogsiun ananoriuui mipkysantst 110 |8, Theorem 2.8, ogepxumo

HaACTYIIHUN pPe3yJIbTaT.

Teopema 4. Hezati suxonani ymosu 1-4. Todi 3adawi (1), (2) i (5), (6) ma-

*
3

tomo pose’asku (xk(t),us(t)) i (y*(t), u*(t)) eidnosiono. pu yvomy
1) Jf — J§, e = 0;

2) Oas 6ydv-axozo n > 0 icnye £g, make, wo 0ia € < €9 MAEMO
| JE = Le[u]| <m; (27)
3) ichye nocaidosnicmy e, — 0, n — 00, makxa, wo

e, (t) = y(t) (28)

pisromipro na [0,T] i
uy —u* (29)

caabro 6 Ly([0,T]).
drxwo npu yvomy ycepednena sadaua mae (5), (6) mae edunuii po3s’a3oxk,

mo 36idnocmi (27) i (28) maromsv micue dan eciz € — 0.

SayBakenus 3. AHayiorigauii pe3yabrar 10 TeopeMu 4 MOXKHA OJIepKATH JIJIsT
sazadi (1), (3). Binbmie Toro, jyis dyrknionany (3) TBep/zkenHs (29) MoKHA

ITOCUJINTH, 3aMIHUBIIN CJIaOKy 3012KHICTh CHIBLHOIO.

3. BucHOBKUu

Y poboTi po3rIgIacThCs 3aada ONTHMAIBLHOIO KePYBAHHS 31 IIBUIKOKO-
JINBHAMH 3MIHHUMH JudepeHIiaJbHIM BKIIOYEHHAM, JIHIAHUM 38 KepyBaH-
aamM. s 6araTo3HadHOl IPaBOl YacTHHHU PO3TJIAIAEThCA YMOBa He OLIBII, HixK
JiHifiHOTO pocTy Ta JlummunesicTs 3a dpa3oBo0 3minHOI0. BaraTosHadmicTs, siK
Bi/IOMO, BHOCUTDH CBOI TPY/IHOII IIPU PO3TJIsi/Ii TaKOro poiy 3asa4d. [Ipore mobpe
PO3BUHEHUI amapar MaTeMaTUYHOTO aHAJIi3y, M0 3aCTOCOBYIOTHCS 0 JIOC/Ii-
JI2KeHHsI baraTosHadaux PyHKINA, 1a€ MOXKJ/IUBICTh 3aCTOCYBAHHSI METOLY yCe-
PEeIHEHHSI JI0 OIMCAHOI BUILE 3a/a9i ONTUMAJIBLHOIO KepyBaHHsI. TakuM IuHOM,

y poboTi 0OrpyHTOBAHO PE3YJIbLTATH IIOA0 PIBHOMIpHOI 30iKHOCTI pO3B’sA3KiB



50

Kiumapenro O. JI., Kacimosa H. B., 2Kyx T. IO.

zagaqai Komri BuximHol 3amadi g0 po3B’sa3ky 3amadi Ko ycepemmenol 3ama-

9i Ta OOIPyHTOBAHO 30iKHICTH ONTHMAJJIBHUX KEPYBaHDb i ONTHMAJIBHUX TPa-

€KTOpiil pO3B’A3KIB TOYHOI 3ajati A0 ONTUMAJILHOTO KEPpYBAaHHS i TPaEKTOPIl

ycepeuenol 3ajadi. [Ipu mpoMy TakoK 0OIPYHTOBAHO, IO ONTUMAJIbHE KEpy-

BaHHS ycepeaHeHol 3a/1adi € "MaiizKe onTUMaJIbHUM IJIsT TOTHOI 3a/1a9i, ToOTO

3 TOYHICTIO JO MaJIOTO MapaMeTPy € Peali3yeTbCcsd MIHIMYM KPHUTEPIIO SKOCTI
(Teopemu 3, 4).
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Kuumapenxo O. /., Kacumosa H. B., 2Kyx T. FO.
TIPUB/IMYKEHHOE PEIIEHUE 3AJJAYU OITUMAJIBHOTO VIIPABJEHUS [UOOEPEHIIMAJIb-
HBIM BKJIIOYEHMEM C BBICTPOOCIUJIMPYIOIIMMU KODPOUIIUEHTAMU

Pesrome

PaccmarpuBaercs 3a/ada ONTUMAIBHOTO YIPABIEHUs U3 OBICTPOOCIUINPYEMBIMHU IE€PEMEH-
HBIMH, JIMHEeHHas 10 ynpasiieHuio. lIpu sTom 00beKTOM ynpaBieHHs CIyKHUT JuddepeH-
nrajibHoe BKIodeHue u3 JlummmneBoit mo $ha3oBoil mepeMeHHO! MHOTNO3HAYHONM IIPAaBON Ya-
cTbio. MHOrO3HAYHOCTD IOPOXKIAET CBOM clenuduIecKue IpoOJIeMbl, TaKue KakK 3aMKHY-
TOCTb, OIIYKJIOCTb CEMEICTBa pPEIIeHUH, CyINeCTBOBAHWE I'DAHUYHBIX PEHICHUIN, BbIIC/ICHUA
peleHunit u3 3aJJaHHbBIMU CBo¥icTBamMu U T.11. Ho XopoIo pa3BuThIil arrapaT MaTeMaTHIeCKOro
aHaJIn3a, KOTOPBIi, KOTOPBIIl IIPUMEHSETCS K KCCJIEIOBAHUIO MHOI'O3HAYHBIX (PYHKIHHI 1a-
€T BO3MOKHOCTb IIPMMEHEHHUs METO/Ia yCPEeIHEHUA K ONMCAHON BBIIIE 3a/1a9¢ ONTUMAJBHOIO
yupasieHus. B pabore nokaszaHa CXOAUMOCTH ONTHMAJIBHBIX YIPABJICHUN M ONTHMAJILHBIX
TPaAeKTOPHUI pEeIIeHn TOYHOHU 3aJavd K OINTHMAJILHOMY YIIPABJICHUIO U TPaeeTOPUH yCPen-
HeHHO# 3amaun. [Ipn sToM Takke 0OOCHOBAHO, YTO ONTUMAJIHLHOE YIIPABJIEHNE YCPEIHEHHON
3aJa49M €CTh “IOYTU ONTHMAJIBHBIM JJIs TOYHOH 33Jla4M, TO €CTh C TOYHOCTBIO K MAaJIOMY
napaMeTpy € peaJiM3yeTcsd MAHUMYM KPHUTepHsA KadeCTBa.

Kaoueswie caosa: 3adava onmumanrvrozo ynpasaerus, dupdeperyuarvroe sxatouerue, ma-

Av napamemp, memod YycpeoHeHus.

Kichmarenko O. D., Kasimova N. V., Zhuk T. Yu.
APPROXIMATE SOLUTION OF THE OPTIMAL CONTROL PROBLEM FOR DIFFERENTIAL INCLU-
SION WITH FAST OSCILLATING COEFFICIENTS

Summary

We consider the optimal control problem with fast oscillating variables, which is linear by
control. At that we consider the differential inclusion with Lipschitz by phase variable
multi-valued right hand side as an object of control. Muli-valued aspect generetes its spe-
cific difficulties such as closedness, convexity of family of solutions, existence of boundary
solutions, highlighting of solutions with given properties etc. However, well developed apara-
tus of mathematical analysis which can be applied to investigation of multi-valued functions
allows us to apply the averaging method to upper mentioned optimal control problem. In the
paper we prove the convergence of optimal controls and optimal trajectories of solutions of
initial exact problem to optimal control and trajectory of averaged problem. We also justify
that optimal control of averaged problem is “almost optimal” for initial exact problem, i.e.
within a small parameter £ the minimum of quality criterium can be realized.

Key words: optimal control problem, differential inclusion, small parameter, averaging method.
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O. I'. PoBencoka

HonbachKa mep:kaBHa MAIITHOOY/TIBHA aKaIeMist

HABJIM>KEHHS IIOBTOPHUMU CYMAMU ®ENEPA KJIACIB
AHAJIITUYHUX OYHKIIIN

Pobory npucssiueno nmuraHHsaM HAOJIMKEHHST Y PIBHOMIPHIM MeTPHUIll HepPioAuIHUX (DYHKITIH
BHUCOKOI TJIJKOCTI TPUTOHOMETPUYHUMHE IIOJIIHOMaMH, IO IOPO/KYIOTHCH JIHIHUMU MeTO-
namu micymoByBanHs psaaiB @yp’e. Y pobori cucremarn3oBaHo BioMi hakTH 11010 HAOIH-
JKeHHs1 KjaciB iHTerpasis [lyaccona cepennivu apudmernanumu cym Pyp’e Ta momaHo HOBI
pe3ysIbTaTH, OTPUMAaHI JJjis iX YaCTUHHUX BUIIAIKIB. BHBYEHO ampOKCMaWBHI BIACTHBOCTI
TPUTOHOMETPUYHUX ITOJIIHOMIB, SIKi yTBOPIOIOTHCSI TIOBTOPHUM 3aCTOCYBaHHSIM METOIY IiJICYy-
moByBanHsI BaJsute Ilyccena Ha kiracax aHATITUIHAX MEPIOANIHUX (DYHKIMHH AifiCHOT 3MiHHOI.
3HaliIeHO ACUMIITOTUYHI (DOPMYJIH JIJIsi BEPXHIX IpaHeil BiaxuieHb nmoBTopHuX cyM Deiiepa
Ha Kuacax imrerpasis Ilyaccona. OTrpumani opMy/n € aCHMITOTHYIHO TOYHUMHU 0e3 107~
TKOBHUX yMOB.

MSC: 42A10.

Kar0om08i cro6a: acumnmomudha pieHicms, AthitHut memod, cyma Petiepa, inmeepan ITy-
accona.

DOI: 10.18524/2519-206X.2021.1(87).248032.

1. BcTvyn

Hexait Lo, — mpocrip cymoBuux 2m-nepiogunaaux yukmiit, f € Loy,

00
Sifl= aoéf) + Z(ak(f) cos kx + by (f) sin kx)
k=1
— pan Pyp’e byukuii f, ao(f), ap(f), be(f), k¥ € N — koedinjentun Pyp’e
dyukmil f € Loy. Ha#ibinbim nmpocTyM MpUKIIAIOM JIHIKHOTO IIPOIECY AIIPO-
KCUMAIIT HEeIlePePBHUX MMePIonIHUX (DYHKITH JIICHOT 3MIHHOT MOYKE CJIy2KUTH
HabJimkeHHs X (YHKIHH eleMEeHTaMU ITOCIiIOBHOCTE YaCTKOBUX CYM Dsi-
iy @yp’e Sy, (f;x). Ipore, nocminosuocti Sy, (f; ) He € piBHOMIPHO 361KHIME
Ha BcboMy Kitaci Con HEmepepBHUX HepiogudHux (hyHKIHH. Y 3B’s3Ky i3 muM,
BaKJIMBE MICIIE cepe/l HADIMKYIOUUX [TOJIHOMIB JIjIst IepioinaHuX (PyHKITH 110~
CIAIOTH OIEPATOPH, sIKi YTBOPIOIOTHCS MEBHUMH ITEPETBOPEHHSIME TaCTKOBUX

cyM pany Pyp’e 1ux QyHKIIH Ta JT03BOIAIOTH 10Oy 1yBaTH IIOCiJOBHOCTI TPH-

Haditiwna 11.06.2021 (© Posencbra O. I'. 2021
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TOHOMETPUIHUX ITOJIHOMIB, SIKi pIBHOMIpHO 30irajucs 6 mjisi KOXKHOI (DyHKITT
Cor.
Hnsa p € N cymun Bamme Ilyccena dyuxmii f € Log 3a1a10Thes CIiBBiIHO-
MIIEHHAM
,p f7 Z Sk: fa
k: n—p
i MAIOTh AITPOKCHMATHUBHI BJIACTHBOCTI, iICTOTHO 3aJjIeXKHi Bi/l mapamerpa p. ¥

BUIAAKY p = n 1l MHOrousienn € cymamu Deitepa Gyukiil f € Lo,

n—1
oulfie) = =3 Sulfsa
k=0

[MocninosHicTb MOIIHOMIB 0y, ( f; ) piBHOMIPHO 306iraeThCst J10 CBOET (DyHKIIT j1J1st
oyab-skoi f € Co.

Hexait C'g)’oo — KJIACH HeIepepBHUX, 2m—Iepiognanux by f(z), gxi
MOXKHA TIOJIATH Y BUTJISIII 3rOPTKHU

™

flz) = Ao+ % /cp(x +t)Pg(t)dt

—T

3 BigomuM sgapom Ilyaccona

Pg(t) = qucos (kt—i— ﬁ;), q € (0;1),

k=1

ne dbyukiist ¢(t), 3anoBlibhsie ymoBy ess sup|e(t)| < 1. Kuacu Cg - Hazm-

BalOThecs Kjlacamu inrerpadis Ilyaccona. @ynknii f € C € 3ByeHHAM Ha

,O0

aiticuy Bich dyukuiit F(z) = F(x + iy), anajmituaaux y cMysi
1
ly[ <In—.
q

IIuranna nabnukenHs kjacis iHTerpadsis Ilyaccona minifiHuMun Merojamu
IHTEHCHBHO BHBYAJINCS IIPOTSTOM OCTAHHIX JlecaTiriTh. B poboti [1] BcTanos-
JIEHO ACHUMIITOTHYHY PIBHICTH JJIsi BepxXHiX rpaHeil Bigxumiaenb cym Pyp’e mo

q
kiaacax C oo

En (ChoiSn) = sup [If(x) = Su(fs2)lo =

fecqyoo
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w/2

|
J V1 —¢g%sin’t

Basmuikosuit 4ieH 1iel piBaocti yrouneno B pobori [9]. [Toxibui 3amaui st cym

3 |

Basure ITyccena Ta @eiiepa poss’sizano B poborax [3; 7; 8; 10; 12|. B poborax
[4; 5; 11] posruisinyTo nuTaHHst HAGIMKEHHST KJIaciB Cg’,oo HOBTOPHUMU CyMaMU

Banne Ilyccena, gki njs p1, po, ..., pr € N 3371a10TbCs CITiBBITHOIITEHHSIM T

n—I1 kl kr—l

VO =— Y — Y =Y S ().

h ki=n—p1 P2 k2=k1—p2+1 br kr=kr_1—pr+1
[Tpu neBHOMy BHOOpPI mapaMerpiB pi, P2, ..., Pr Ii HOJIHOMH 30irafoThCs 3 Cy-
mamu Sy (f;x), Vap(fix) i on(f;x). Ba ymou r = 2 1 p1 + p2 = n MaeMo

n—1 k

VO =~ Y Y Sulfia).

n —
p1 k=n—p1 P1 m=k—n+p1+1

Y 1poMy BUNAJKY iHgeKC m Besmaunu Sy, (f;x) 3minoerses Big 0 g0 n — 1,
TOMY TaKi CyMH IIPUPOHO Ha3BaTu nmopropunmu cymamu Peiiepa i mosHadaTn
().
onp(fi2) [6].
.. . . 2
BupuenHst anmpokcUMaTUBHAX BJIACTHUBOCTEH IMOJTiHOMIB ‘77(1%( f;x) e npu-
9.
POIHIM MPOJIOBXKEHHSIM 3raJIaHuX IOCiIKeHb. Mera poboTn moJsirae B ofep-

JKaHHI aCUMIITOTUYHOI PIBHOCTI /I BEJIUIHHU

£(Clio)) = swp [17(x) = o255 )lle-
fecy

2. OCHOBHI PE3VJIbTATU

Mage Miciie Take TBEP/I2KEHHS.

Teopema. /Jlasa g € (0;1), n — 00 8UKONYEMBCA ACUMNMOMUYHA PIGHICTNG

q' +4q° 4"+

E(C] 0y = 1o roa) Lt
( p) mp1p2(1 — ¢%)? pip2(1 —q)°

loo’ n,p

(1)
de O(1) — seaununa, pisHomipro obmescena wo0do pi, P2, q.

Jlosedenns. Jnst BesmauHu

Splfi0) = F(2) = ViR (fi0), rEN
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B po0oTi [2] moBeseHo piBHICTH

. 1 [ . "
S (fw) = — / fila+t) (a& Veos 77— o7 sin B”) at, (2

2

e

of) = Z = Y ()Y (1) Ol g T cos(n - S e - )t
H p; aCr v=0
i=1

. Z2(r+1) " r+1 N
o) = 2 S ()l S 1 g s 5 4 o)t
pi  oCT v=0

i=1

) . 2 . . . a )
Zg(x) = 1—-2qcosz+q*, |a| — kinbkicTb eeMenTiB MHOKHUHE o, X5 = ) pj.

JEa
Ockiybkn "
=0(1)(1—¢)7°
/(1—2qcost+q2)3 A=),
To, Ha mijcTasi (2), maa =1, 7 =2, p; + p2 = n MaeMo
s
f5(z +1) qPr + gP2
5(22 ; —q/ p 3_3¢) sin t+sin 2t)dt+0(1) ——————.
n,p(fv x) - (1 _ 2qCOSt + q2)3 ((q Q) SIn {+sin ) + ( )p1p2(1 _ Q)5

—T

Ha ocuoBi oTpuManux inTerpajbHUX 300parkKeHb MOXKHA IIepeiiTh 10 BUBe-
HHsI HOPM BiJIXMJIEHB 110 KJIaCy aHaJITUIHUX (DYHKIH aificHol 3minHol. B cuity

IHBapMaHTHOCTI KJIacy C’g, o BIIHOCHO 3CYBY 3a apryMeHTOM MaeMO
I

T He+t
& (Cfvoo;aff%) = sup 4 / ( fﬂ( ) 3((q?’—3q) sin t+sin 2¢)dt+

feci | TP1P2 1 —2gcost+ ¢?)
P1 D2
+0(1 LQS <
p1p2(1 —q)
™
3 _ . . o .
< q / |(q 3q) sint —|—s;n32t| +O(1)Lq5'

TP1P2 (1 —2qcost+ q?) pip2(1 —q)

—T

Iloznaunmo gepes fg (t) dyskiito, sika Ha nepiofi cuiBnajae 3 HOyHKIIE0O

sign ((¢* — 3¢)sint +sin2t), q € (0;1),
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a aepes fo(z) — dyHKIIiO, sIKa € 3ropTKOI0 DYHKITT fg(t) 3 BIAIOBIIHUM SIPOM

P4(t). Bpaxosyroun, 1mo

[ fatwie =0, essupl )] < 1.

MaeMo, 110 3Haiiiena dyukiis fo(z) € C’g ~ 3abesledye BUKOHAHHs PiBHOCTI
I’

| q® — 3q) sint + sin 2t| gP1 + P2
EC] ;o dt+0(1)—————=. (6
( 1,00 ,p 7rp1p2 1—2qcost—|—q ) ( )p1p2(1—q)5 ( )
O6uncimmo BusHauenuii inrerpas y pisaocri (5). Maemo
2¢*(3q — ¢3 3q — 3
e(cy 0000 (2;)3) = M[JQ(O) + Jo(m) — 2J5(arc cos -4 )+
’ TP1P2
4q° 3¢ — ¢°
2] — 1(0) + T (7)),
+7Tp1p2[ 1(arc cos 5 ) 1(0) + Jy ()]
Jie
costsin tdt sin tdt
Ji(t) = Ja(t) = ,
1®) /(12qcost+q2)3 2(t) /(12qcost+q2)3
Ockiyibku
1 1 2
N(t) = g3(1—2qcost+¢) 7 - ;13 (1—2gcost+¢%) 2+ C,

1
Jo(t) = —4—q(1 —2qcost+¢*) 2+ C,

TO, BUKOHYIOUU IEPETBOPEHHSI, OTPUMYEMO
¢* +4¢? ¢ + ¢

o (20)) —
G ) mpip2(l — ¢2)? pip2(l—q)5

1,000 Pn,p

Teopemy moBemeHo.

3. BucHOBKUu

@opmyna (1) € acuMIOTHIHO TOYHOW 6e3 Oy/Ib-sIKUX JIOJATKOBUX yMOB.
Otrpumanmit pe3yabTaT MOXKe OyTH IHKABHM 3 TOYKH 30py OOUHMCIIOBATLHON

MaTeMaTUKN Ta MOJC/JIIOBaHHA.
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TIPUBJIUKEHUE MOBTOPHBIMUA CYMMAMU PENEPA K/JIACCOB AHAJIUTUYECKUX ®YHKIIUNI
Pesrome

Pabora nocssiiena ncciieIoBaHUIO BOIIPOCOB IIPUOJINKEHNS] B PABHOMEPHOI METPHKE IIEPUO-
JAUYIeCKUX (DYHKIUI BBHICOKOM IVIQIKOCTH TPUTOHOMETPUYECKUMIY TTOJTMHOMAME, KOTOPBIE ITO-
POXKIAIOTCS JIMHEWHBIMU METO/IaMU CyMMUpOBaHuUs psiioB Pypre. B pabore cucremarnsn-
POBaHBI U3BECTHBIE PE3YJIBTATHI, KACAIOIINECsT MPUOJIMKEHNs KJIaccoB nHTerpasios Ilyaccona
cpenauMu apudMerndeckuMu cyMM Dypbe, U IpeacTaBaeHbl HOBble (DAKTHI, HOJIYIE€HHbIE
JJIsl IX YACTHBIX CJIy4daeB. VI3ydeHb! allllpOKCHMATUBHBIE CBOMCTBA TPUTOHOMETPUYECKHUX I10-
JITHOMOB, KOTOpBbIE OOpa3yIOTCs MOBTOPHBIM IMTPUMEHEHMEM METO/a CYMMHUpOBaHus BaJute
Ilyccena ma Ktaccax aHAJUTUYECKUX MEPUOINIECKUAX (DYHKIINI JEHCTBUTENIHHON TepEMEH-
voit. Haiinensr acummroTrndeckne (GOPMyYJIbl JjIsI BEPXHUX TpaHEil yKIOHEHWH MTOBTOPHBIX
cymMm Qeitepa Ha Kiaccax uHTerpasoB llyaccona. Ilosmydenubie (popMysibl SIBJASIOTCS aCHMII-
TOTHUYECKU TOYHBIMU O€3 JOIOTHUTENBHBIX YCIOBHIL.

Karoueswie caosa: acumnmomuveckoe pasencmaeo, Aunelinoii memod, cymma Petiepa, unme-

epan Ilyaccona.

Rovenska O. G.
APPROXIMATION OF CLASSES OF ANALYTIC FUNCTIONS BY REPEATED FEJER SUMS

Summary

The paper is devoted to the approximation by arithmetic means of Fourier sums of classes
of periodic functions of high smoothness. The paper presents known results related to the
approximation of classes of Poisson integrals by arithmetic means of Fourier sums and new
facts obtained for particular cases. In the paper is studied the approximative properties of
repeated Fejer sums on the classes of periodic analytic functions of real variable. Under cer-
tain conditions, we obtained asymptotic formulas for upper bounds of deviations of repeated
Fejer sums on classes of Poisson integrals. The obtained formulas are asymptotically exact
without any additional conditions.

Key words: asymptotic equality, linear method, Fejer sum, Poisson integral.
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THE CASE OF ANALYTICAL INVERSION OF LAPLACE
TRANSFORM

The new analytical method of inversion of Laplace transforms is proposed in the article for
the functions that contain exponents that linearly depend on Laplace transform parameter.
This method is based on the transform’s expansion into the Taylor series and term-by-term
application of Laplace transform inversion. The theorems which confirm the validity and
correctness of such approach are proved. This method deals with the generalized functions,
so some useful consequences relating with inverse generalized functions are derived. The
method is verified by the comparison with the formulas previously known from literature.
The new formulas for Laplace transform’s originals are given.

MSC: j4A10, 41A58, 44A35, 46F30.

Key words: Laplace transform, analytical inversion, Taylor series, generalized functions,
convolution.

DOI: 10.18524/2519-206X.2021.1(37).233091.

1. INTRODUCTION

The integral transforms are widely used in many engineering and mathe-
matical problems. The methods for inversion of Laplace transform are divided
into two main groups: analytical and numerical ones. The numerical inversion
of Laplace transform causes some doubts for its validity since, as it is well
known [1], the Laplace transform inversion problem is not correct one. So, it is
important to have new approaches for analytical inversion of Laplace transform
despite many developed methods in this area.

The original function can be recovered by the Bromwich contour integral
y+ioc0

f(t) =5 [ F(s)eds if f is continuous at ¢ [2]. Since the function e is
Y—1%00

oscillatory on the contour (v —i00, 7y +1i00) the approximations of this integral

need to know an abscissa of convergence . The relations that allow direct

calculation of the original function from its transform dispensing contour inte-

gration were derived by the change of variables in [3]. The obtained integrals

are usually calculated numerically.

Received 01.06.2021 (©) Zhuravlova Z. Yu. 2021



64 Zhuravlova Z. Yu.

The original function’s behavior at the points ¢ = 0 and ¢ — oo can be found
by the initial-value and terminal-value theorems from the transform’s function
behavior at the points s — oo and s = 0 respectively if it is known that original

functions exist [4], [2]. The asymptotic expansions near some point aq can be
oo

used F(s) = 3 ¢,(s — ag)™ if the series is absolutely convergent [5]. In this
v=0
case the asymptotic behavior of the original function at the point ¢ — co can

[e.@]
be derived by the series f(t) = e®t 3" e t=Av 1
v=0 v

T(-)

For some functions the Laplace transform inversion problem can be reduced
to the problem of solving the Volterra integral equation of the first (when
x(s) = f(s)/k(s)) or second (when z(s) = f(s)/(1 + k(s))) kind [12]. These
equations are usually solved numerically. The inversion of the Laplace trans-
form in UMD-spaces for resolvent families associated to an integral Volterra
equation of convolution type was analyzed in [6].

The method for the mutual inversion of the Fourier-Laplace transforms
was proposed by L.I. Slepyan in [7], [§8]. In some cases it allows to derive the
original function without usual inversion of Fourier and Laplace transforms. In
more complex cases it allows to simplify the Laplace transform, which should
be inverted.

The function that is presented by F(s) = % and satisfy some conditions
can be inverted with the help of residues by the second expansion theorem
[9], [4]. But the analytical finding of all poles of the transform function in

many cases is impossible. If ¢(s) has distinct zeros ag,k = 1,n, then Heav-

n
iside’s expansion formula can be used f(t) = Z p/(zk) et [10]. The inverse

formula L=1[F(1/s)] = (¢ ff Ydu — == fff )J1(2y/ut)du was proven
under some conditions in [11]
The first expansion theorem deals with the functions that can be expanded
oo

into series F'(s) = > -i#r. The original function f(t) can be derived in this

n=0
oo
case as f(t) = Z ant™ [12], [5]. Many methods were presented in [5].
=0
particular, the approach dealing w1th the functions that can be expanded into

series F(s) = Z Sor F(s) = Z F,.(s) under some conditions was proposed

by G. Doetsch 1n [5]. But there Were no examples of dealing with generalized

functions.
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As it is seen, the problem of analytical inversion of Laplace transform is
relevant and extremely important. The method, proposed in the article, can
be used for some dynamic problems of elasticity, for example it can be applied
for the non-stationary statement of the elastic semi-strip as development of the

methodic proposed in [13].

2. THEORETICAL RESULTS

The present article is dedicated to the analytical inversion of Laplace trans-

form of the following form

N
F (co + Z cieSAi> (1)
i=1

Here A; > 0,1 =1,N, ¢;,1 = 1, N,¢g # 0 are real constants or functions,
which do not depend on parameter of Laplace transform s, N > 1 is natural

number, F' is a known function.

2.1. Caseg 1l

The inversion of (1) depend on the correspondences between A;,i = 1, N.
First consider the case when A; = n;A4,¢ = 1,N, n;,% = 1, N are natural
numbers, for some fixed number 1 < ¢ < N. Then the transform (1) can be

rewritten in the following form

N
F (co 'y A) )
=1

Denote the function of the complex variable s e 44 as z. Since Rs > 0,

then |e™%44| = |z| < 1. The expression (2) can be rewritten as

N
flz)=F (CO +) cw”k) (3)
k=1

It is supposed that the function (3) satisfies Cauchy-Riemann conditions
in some domain |z| < ¥ < 1.
N
For example, if F <co+ > ckz”k> = N%, than this function
k=1 co+ 3 erm
k=1

has max n, = 7 singular points z = as.i = L7. So, the points s; =
1<k<N k n g p % 79 y 1 ) p 7
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—Aiq Ina;,7 = 1,7 are singular points for the function (2). Since v in the for-
y+ioco

mula of the inverse Laplace transform ﬁ [ f(s)es'dt is the abscissa in the
y—100

semi-plane of the Laplace integral’s absolute convergence [5], so s > v > 0,

where v = max{ max %{—Ailnai} ,O}. Thus, when s > v > 0 it is ful-
1<i<v a

filled that |[e=*44¢| = |2| < ¥ < 1, where ¥ = e %44, So, the function (3) in the
domain |z| < ¥ < 1 does not have any singular points. By the the proved in
[14] lemma this function satisfies Cauchy-Riemann conditions in the domain

|z| < ¥ < 1. Some other examples of the function (3) are given in Appendix

A.

Theorem 1. If the function (3) satisfies Cauchy-Riemann conditions in some

: . A S F9()
domain |z| <9 <1, then L™' |F o+ 3 cie™*™da ) | = 3 L126(t—kA,),
i=1 k=0
where the function f(z) has the form (3).

Proof. T Proof of the correctness of the function’s (3) expansion into
Taylor series
By the theorem’s statement the function (3) satisfies Cauchy-Riemann con-
ditions and, therefore, it is holomorphic and regular [15] for all |z| < ¥ < 1.
According to the theorems [15] the regular function (3) in the circle K :
|z| < ¥ can be presented by Taylor series

(k)
r =3 L0 @

Power series inside the circle of convergence can be term-by-term integrated
and differentiated any number of times, moreover the radius of convergence of
the derived series is equal to the radius of convergence of the original series
[16].

IT Application of the inverse Laplace transform to the series (4)

Thus, the series (4) has the radius of convergence R = ¢, within which this

series can be term-by-term integrated. That is the following is true:

N
F (co + Z cie_S”iAq)
i=1

(k

A o S®(0)
kZ_O Kl )Zk]:Z o O kAd)

=0

~

Lt =L
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Let’s prove that the derived series

2 %0
> k'( )5(t—kAq) (5)
k=0
converges in the sense that all series
(Z e - kAq>,so<t>) =3 Oka,) (©)
k=0 ' k=0 '

absolutely converge for all functions o(t) € S, U K°, where S, C S, S is the
main space containing all infinitely differentiable functions which when [¢| — co
tends to zero with all their derivatives of any order faster than any power 1/|¢|
[17], S, contains such infinitely differentiable functions that when ¢ — +o00
tends to zero with all their derivatives of any order faster than e **, K9 is
the main space containing all continuous functions that are zero outside some
bounded domain [17]. Obviously, if the absolute convergence of series (6) is
proved for all functions from the spaces S, and K, then it will also take place
for the functions from the main spaces K™, m > 0, K, since K ¢ K™ C K"
[17].

Let’s prove the convergence of the following series
F*®
> o twan) g

III Proof of the series’ (7) convergence for ¢(t) € S,

According to [18] if the limit 11m 32 = K < oo exists then the convergence

[e.e]
of the series > b, with positive terms implies the convergence of the series
=1
oo n
> ay with positive terms.
n=1
Let’s make a comparison with the series

> | r(k)(Q
kZ_O‘f ELIN ®)

which is the series with positive terms. By Abel’s theorem [16], the convergence
of the series (4) in the circle K : |z| < ¢ implies the convergence of the series
(8) when 0 < zg < . Let’s set 29 = e ¥4
Since ¥ = e Y44 and gy > 0 is small, then 0 < zy < V.

7 — gg for some small fixed gg > 0.
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Let’s prove that

kAg)| lp(kAg)|
lim —& (kA = lim 1 < (9)
k—s00 |f(kk)'(0)] 2k k—oo 2K

for the functions ¢(t) € S,.
Let’s rewrite the limit (9) in the following form lim Mkaq)\k or, the
k—oo (e*l’Aq—ao)
same, lim lp(kAq)l -
k—oo ¢—kvAq (11— 7_5014 >
vaq

Accordingly to [19] (I4+2z)" > 1+ mnz,x > —1,n > 1. Note that this
inequality also holds when n = 0 and n = 1. Thus,

lp(kAg)| < [p(kAg)|
k —_
e_kl’A’l (1 — e_EUOAq) e_kVAq (1 - ke—equq)

- <land — qu > —1.

Due to the fact that p(t) € S,, p(kAy) decreases on 400 faster than e "*4a.
So, lg}go ‘@EIZ?A(Bl = 0. And hm (1 —k ,VAq) = 00. Then by the theorem of
the limit of the quotient [20] 1t is derived that

L lekAy)
k=00 o—kvAq (1 - kerOAq)

0<

(10)

since from zg = e ¥4 — g5 > 0 it follows that

=0 (11)

Thus from (10) with regard to (11) by the property of comparison of limits
[20] it is derived that lim letA)l  — 0 < co. That is (9) holds. Then

k—o0 ¢—kvAq (150
e—qu

by the theorem the series (7) converges for all functions p(t) € S,.

IV Proof of the series’ (7) convergence for o(t) € K°

Note that for the functions ¢(t) € K, since they are equal to zero outside
some bounded domain, there exists a number N such that |p(kA,)| = 0 for
k > N. In this case, the convergence of the series (7) can be proved by
another theorem, according to which if, at least starting from some place (say,

for n > N), the inequality a, < b, holds, then the convergence of the series
o0

o0
> b, with positive terms implies the convergence of the series ) a, with
n=1 n=1
positive terms [18]. Then for £ > N the following correspondence takes place

0= Whp(k/lqﬂ < %zg. Hence the series (7) is convergent for all
functions ¢(t) € K°. Thus, it is proved that the series (6) converges absolutely
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for all functions ¢(t) € S, U K°, and the series (5) converges in the sense
indicated earlier.

The proved convergence of the series (5) implies the correctness of the
term-by-term application of the series (5) to any function from the spaces
K™ m>0,K,S,.

V Proof that the resulting series (5) is the original for the Laplace
transform (2)

Now let’s prove that the resulting series (5) is the original for the Laplace

transform (2). For this, the Laplace transform is applied to the series (5)
.~ /0 YO ka,
k=0 k=0

Let’s prove that the series

(k)
; f kk'(o) efskAq (12)

converges to the known transform (2).

The series (12), taking into account the change of variables z = e~*4

7, can
be written as (4), that is, it is an expansion of the function f(z) (3) in Taylor
series. According to the theorems [15] and the proved regularity of the function
f(2), it is derived that the series (12) converges to the function f(z) (3) with
the radius of convergence R = ¢, which corresponds to the entire range of the
variable |z| < 9.

The statement of the theorem is proved.

2.2. CASE 2

m
Let’s consider the most general case when A; = > njjAq,,1 =1, N, nj,i =
j=1
1,N,j = 1,m,m > 1 are natural numbers, for some fixed numbers 1 < ¢; <
N, moreover Ay, # Ag.,j # k,j,k = 1,m. Then the transform (1) can be

rewritten as
F e+ Z cie 71 v (13)

sA

Denote the functions of the complex variable s as z; = e ~7%,j = 1,m.

Since Rs > 0, then |e 4% | = |zj| < 1. The expression (13) can be rewritten
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as
N m
f(Z1>"'7Zm):F CO_'_ZCk’HZ;ij (14)
k=1 j=1

It is supposed that the function (14) satisfies Cauchy-Riemann conditions

in some domain |z;| < ¥; <1,j =1,m.

N m )
For example, if F' [ co + > cx z;.”” = — 1~ than this func-
k=1 j=1 cot 3 ex I 2
k=1 j=1 L
tion has [Jax mp =1 singular points zj1 = «;(z2,...,2m),t = 1,1n. So,
the points s; = 14,4 = 1,n that can be found from the equation s; =
—ﬁ Inq; (e=$ifaz ... e%am) i = 1,5 are singular points for the function
1
y+ioco
13). Since 7 in the formula of the inverse Laplace transform 5 s)estds
Y 211
y—100

is the abscissa in the semi-plane of the Laplace integral’s absolute convergence
[5], so Rs > v > 0, where v = max{lrgaé( v;i,0}. Thus, when Rs > v > 0 it is
<i<n

fulfilled that [e 4% | = |zj| < ¥; < 1,j = T, m, where 9, = ¢ 4

So, the function (14) in the domain |z;| < 9¥; < 1,j = 1,m does not have any

G, =1,m.

singular points.

Theorem 2. If the function (3) satisfies Cauchy-Riemann conditions in some

- N —S in: nquJ
domain |Z]| < 19] < ]-7] = 1,m; then L_l F Co+ Z c;e J=1 =
=1

o0

> kl!..l.km! 8k1+m+kmf(0""’o)5(t—k1Aq1 —...—knAy,), where f(z1,...,2m)

%
8211 ...8zfnm

klv---vkm:

has the form (14).

Proof. I Proof of the correctness of the function’s (14) expansion into
Taylor series
First let’s prove that the function (14) is holomorphic. By the Hartogs-
Osgood theorem [21] a complex-valued function f(z1,...,2,,) is holomorphic
on an open set U C C™ (here C is the complex space) if, for each point a =
(a1, ...,am) € U and each number j(1 < j < m), the function f(a1, ..., aj—1,2;, @41, ..., am)
of one complex variable z; defined on the open set {z; € C|(a1,...,aj—1,2;,aj41,....,am) € U} C
C™, is holomorphic on the indicated open sets of the space C.
Let’s consider m functions f(a1,...,aj—1,2j,@j41,...,am),Jj = 1,m, where

a;j € C,j =1, m are arbitrary points for which it holds that |a;| < ¥; < 1,7 =
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1, m, and prove that they all satisfy Cauchy-Riemann conditions.

f(al,...,aj_l,zj,aj+1,..., <d0+2dkz ]> ,j=1m

m
where dy = co,dy =c [] a;*,k=1,N.
j=1,i#i
N
Note that this function coincides with the function f(z;) = F <co + > ckz;.”“>
k=1

(3) which by the theorem’s condition satisfies Cauchy-Riemann conditions in

the domain |z;| < ¥; < 1,7 = 1,m. So, according to [22| all functions

flar, saj-1,2j, 0541, am),J =
1,7 = 1,m for any points a; € C,j = 1, m such that |a;| < ¥; < 1,7 =1,m.

,m are holomorphic when [z;| < ¥; <

Hence, by the Hartogs-Osgood theorem, the function (14) is holomorphic on
the open set P = {(z1, ..., zm) € C™||z;| < ¥;,j = 1,m}.

According to the theorem [21] the holomorphic in an open polycylinder
P ={(z1, ..., zm) € C™||z;| < ¥;,j = 1, m} function (14) is uniquely expanded

into the absolutely convergent Taylor series

> 15)
| | H J (
K1y km =0 klkm 8z . j=1

IT Application of the inverse Laplace transform to the series (15)

Accordingly, the following is true:

m
) N —s > nij Ag;
L= |F e+ > e 7= =
=1

&8

aki+...4+km m k.
— % 1 oM /(00 T
j=

] ] k
b= 1m0t o

oo
frd E 3oty t _ k A _ k A
oo T PR 92T g (t = k1 dg, mAg,)

Let’s prove that the derived series

- 1 ktethmf(0, ..., 0)
Z kql.. k! 0202k ot =~ krdgy = = kimdg,) (16)
k1, ykm=0 1 m
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converges in the sense that all series

& dk1t-+hm £(0,...0
(k Y R a0 — iy = — kg, ) (1) | =
1yeeskm= 1oEm
o0

i+t
= kl!,,l,km! o f(o""’O)SO(hAql + ..+ kndg,)

[ —— 8zf1...8zfnm
(17)
absolutely converge for all functions ¢(t) € S, U K, where S, and K are the
spaces described in the theorem 1.

Let’s prove the convergence of the following series

o0

1
Z kql. k!

K1, skm=0

okrtthm £(0, ..., 0)
PO i

(k1 dg, + o+ knAg, )| (18)

ITI Proof of the series’ (18) convergence for ¢(t) € S,

1111 Proof of the limit case theorem for multiple series’ convergence

oo
According to [18] and the theorem [23] if for two multiple series > wp, k.,
E1 oo kem =0
o 1
and > Uk, kn With positive terms there are such ko, .., kon, that when
K1, km=0
ki > koi,t = 1,m the inequalities wug,  k, < Uk, k, hold, then the conver-
o0
gence of the multiple series >, Uki,.k, implies the convergence of the
K1y km=0
o 1
multiple series > g, k.. Also the limit case of this theorem can be
E1 ek =0
formulated. If the multiple limit lim Zkpkm — < 00, then the con-
k1yeoykm—r00 Vk1,...km
o
vergence of the multiple series Y vy, ., implies the convergence of the
E1yee ko =0
. . & . . Uky,.k
multiple series > g, k,. Indeed, if  lim L= — K < oo then
k1,...,km=0 v k1, km—r00 Vky;.skm

by the definition of the multiple limit [20] the following holds: for each ¢ > 0,
no matter how small it may be, there exists a number N such that for all
ki > N,i=1,m: |Z:117km K| <eor - o “ELekm o K4 e That is the following
estimation holds uy, .. < (K + 5)% o - By the theorem of the multiplica-

o0
tion of the multiple series by the digit [23], the series >~ (K +¢&)vk, k..
k1, km=0
! oo
converges. Then by the theorem indicated earlier the series Yo Uk ko
K1 ,yeo ki =0

converges.
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1.2 Comparison with the convergent series

Let’s make a comparison with the series

> 1 Gritthm £, m
Z k. k! k1 azkm H 0]’ (19)
k1, kom=0 m 1 --Uem j=1

which is the series with positive terms. The absolute convergence of the series
(15) in the polycylinder P = {(z1,..., zm) € C™||2;] < ¥j,5 = 1,m} implies
the absolute convergence of the series (19) when 0 < zp; < ¥;,j = 1, m. Let’s

set zg; = e ey €j,J = 1,m for some small fixed £; > 0,7 = 1, m. Since

¥ = e_VAqJ',j =1,m and ¢; > 0,5 = 1, m are small, then 0 < 29; < 9,7 =

1,m.

Let’s prove that

ok1+-tkm 0. o
kll..l,km! 5.kl af;im ) | (k1 Agy +.. A km Agyy, )|
lim Zl Zm _
k1,....;km—00 1 oF1+-Akm g0, oy | ™ kj
Byl Fom! P kl ockm jl;[1 2o (20)
. k1A + +k:
_ lim |o(k1Aq mAgr)| <
k1yeeoykm—o00 H Zo;

for the functions ¢(t) € S,.

. L. . . . k1A ctbkmA
Let’s rewrite the limit (20) in the following form  lim |<p(m1 “ +A i (fc"f)|
P | <e—” aj 7Ej> J
j=1

. k1Ag +..+kmA
or, the same,  lim [tk Ay o) —
k1,eeeskm—>00 ﬁ ~kjrAg; ﬁ (1_ sA ) J
: —-v a;

Jj=1 j=1 e

Accordingly to [19] (1 + z)" > 1+ nz,z > —1,n > 1. Note that this
inequality also holds when n = 0 and n = 1. Thus,

’(hAm*’ A kA, )l _ p(kiAg + A kA,

I e hvde 11 (14_- i ) T e ] (1 A—kjg:é%gf)
j=1 j=1 ’ 5=1 j=1 e
since from zp; = e Ay gj > 0,7 = 1,m it follows that ,fj,;qj <l,7=1,m
e
and — ;q —1,7=1,m.
Due to the fact that €Sy, p(k1Ay, + ... + knA decreases on +oo
SO SO q1 dm
faster than e=¥(14aq+thkmden) go, lim [kt Agy o Agwn)|_ 0. And

m

—kivAqg.

k1yeeskm—r00 Ile JV2a
j=1
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m
by the theorem of limit of the product [20] i lim  [] (1 —k 877> = 00.

| T— VA,
1yeeeskm—00 1 ']8 a5

Then by the theorem of the limit of the quotient [20] it is derived that
[p(k1Ag, + - + kmAg,, )|
k1, km—00 ﬁ e—ij/qu ﬁ <1 _ ]{7 gj )

j —vAg;
j=1 j=1 eV

=0 (22)

111.3 Proof of the comparison theorem for multiple limits
Let’s prove for the multiple limits the following comparison theorem. If for
the sequences Ty, .. k> Yki,... ks Zk1,.... ke the inequalities xp, ko < Ykyookn <
Zky,. ke @lways hold, and the sequences xy, . k.., 2k, ,... k,, tend to the common
multiple limit lim Ty ook = lim Zk1,..km = @, then the sequence
k1,....km—00 k1,eeykm—00

Yky,.... km @10 has the same multiple limit i likm Yki,....km = @. Let’s fix some
153K m =00

arbitrary € > 0. For it there is some number N7 that when k; > Ni,i = 1,m
the following holds a—¢ < xy, .. %, < a+e. Also there is some number Nj that
when k; > Ni,i =1, m the following holds a — € < zy, . k,, < a+e. Choosing
N > max { Ny, Na} for k; > N,i =1, m both previous double inequalities hold
and then a — e < g, ko < Ykt ,kom < 2k, ke < @+ €. Thus,

a—€ <Yk, ko <@+e O |yp .k, —a]<e
when k; > N, ¢ =1,m. That is

li _
kl""v}el'}nl—)oo ykl"")km a
is proved.
Thus from (21) with regard to (22) by the proven property of comparison

of multiple limits it is derived that
A A

Eiyodim—oo T oA M e, \F
H e i a5 H 1 — 71/{4(1'
j=1 j=1 e

That is (20) holds. Then by the theorem the series (18) converges for all
functions p(t) € S,.

IV Proof of the series’ (18) convergence for o(t) € K

Note that for the functions ¢(t) € K, since they are equal to zero outside

some bounded domain, there exist numbers kg1, ..., kg, such that

lp(k1Ag, + ... + kmAg,,)| =0
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for k; > koi, i = 1,m. In this case the convergence of the series (18) can be

proved by the indicated earlier theorem of the comparison of the multiple series

with positive terms. Then for k; > ko;, ¢ = 1, m:

1 |ektthmg(0,...,0)
0 = ]ﬂ!“'km! 8zf1..azﬁlm |()0(k:1Aq1 + es + kmAqm)| S
1 [oftthm£(0,.,0) | 1 &,
S f( 5ty ) Hzg’
bl | o ooy |10

is derived. Therefore, the series (18) is convergent for all functions o(t) € K°.
Thus, it is proved that the series (17) converges absolutely for all functions
o(t) € S, UK, and the series (16) converges in the sense indicated earlier.

The proved convergence of the series (16) implies the correctness of the
term-by-term application of the series (16) to any function from the spaces
K" m>0,K,S,.

V Proof that the resulting series (16) is the original for the
Laplace transform (13)

Now let’s prove that the resulting series (16) is the original for the Laplace
transform (13). For this, the Laplace transform is applied to the series (16)

&)
8k1+~“+k7nf(0 0)
L 1 s b A koA | -
B 0o 1 dFLtthm £(0,...,0) fsj§1 kjAq;
by T g Rkt 9201 gz m

Let’s prove that the derived series

m

oo
1 okt tkm 0,...,0 —s 3 kjAqg;
Z P % f(km )e = (23)
kl,-.-,k}»m:() 1eeecbome 821 azm
converges to the known transform (13).
The series (23), taking into account the change of variables z; = ey 5=

1,m, can be written as (15), that is, it is an expansion of the function
f(z1, .., zm) (14) in Taylor series. According to the theorems [21] and the
proved holomorphy of the function f(z1,...,2m), it is derived that the series
(23) converges to the function f(z1,...,2m,) (14) with the radiuses of conver-
gence r; = ¥;, j = 1, m, which corresponds to the entire range of the variables
2| < 95,5 =1,m.

The statement of the theorem is proved.
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2.3. RELATION WITH THE CONVOLUTION
Let’s consider the function of the structure (1)
1

N
co+ Y ciesAi
i=1

(24)

and the most general form of the transform, the partial case of which is the
function (24)

L(s
wt(s) = co —{ I((L)(s) (25)

N
Here f(t) = 0(t), K(t) = >_ ¢id(t — A;) for the function (24). As it was
i=1
shown in [14], the equation (25) can be written using convolution [17]

N
[coé(t) + 3t — A | xa(t) = 8(t) (26)
i=1

That is, finding the original z(t) is reduced to the solving of the convolution
equation (26). So, the derived results from the theorems regarding the function
(24) can be verified using the convolution. Also the following consequences can

be formulated

Consequence 1 [coé(t) + > bt — nlAm)} = > fT()é(t —kAp),
i=1 k=0
where f(z) = —t—-.

co+ Y cpzk
k=1

Consequence 2

N
cod(t) + Y cid(t —kiAg — ... — kmAg,)
i=1
00 1 ak1+...+kmf<0 0)
— ) ) 5t—k‘A _—]{mA ,
ky .%:m:o k. k! azlfl..ﬁz,’f,{” ( 144, o)
where f(21,...,2m) = 1

N moopg :
cot > e [] 2 7
k=1 j=1
The verification of the theorems for some examples of the function (24)

using given consequences is done in Appendix B.
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3. CONCLUSIONS

In the article the new method for the analytical inversion of the Laplace
transform is proposed for some cases. The theorems are proved. The results
derived by the new method are compared with the formulas known in literature.
The new formulas of analytical inversion of Laplace transform are presented.
This method can be used for the mechanical problems dealing with Laplace

transform.

A. SOME OTHER EXAMPLES OF FUNCTIONS OF THE STRUCTURE (2)

A.1. LOGARITHMIC CASE

The transform (2) can be written in the following form

N
In |co + Z cie” i (A.1)
i=1
The function (3) in this case can be written as
N
f(z) =Inlco + Z ez (A.2)
k=1
This function has = singul ints z; = a;,4 = 1,n. S
is function has max njy = 7 singular points 2 = o, ,n. So,
the points s; = _A%, Ina;,i = 1,7 are singular points for the function (A.1).
y+ioco
Since < in the formula of the inverse Laplace transform %m [ f(s)etdt is

y—100
the abscissa in the semi-plane of the Laplace integral’s absolute convergence

[5], so Rs > v > 0, where v = max{ max %{—Ailnaz} ,0}. Thus, when
1<i<v a

Rs > v > 0 it is fulfilled that [e=*4| = |z| < ¥ < 1, where ¥ = e7¥44. So, the
function (A.2) in the domain |z| < ¥ < 1 does not have any singular points.
Lemma 1 The function (A.2) satisfies Cauchy-Riemann conditions in the

domain |z| < ¥ < 1 where it has no singular points.

Proof. Cauchy-Riemann conditions for the function f(z) = u(x,y) + iv(z,y)
have the following form [15]:

ou Ov Ou ov
= = —— A.
or Oy Oy Ox (4:3)
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The function (A.2) can be rewritten in the following form

N
co + E cpz2"*
k=1

N N
. <Co Y e +z‘y>"k) ot S enla +ig)™ >0,
_ k=1

f(z) =In

N N (A4)
In (—co - > ez + zy)"k) ,co0+ > cp(x +1y)™ <0
k=1 k=1
Calculate partial derivatives of the first function in (A.4):
> amla+ il S (e + i)
cpng(x + 1y)" cenpi(x + ty)"k
of k=1 Of _ix
A L = (A.5)
Ox N _ oy N, .
+ > cp(@ +iy)™ co+ > cx(@ +iy)™
k=1

k=1

Note that partial derivatives of the second function in (A.4) have the same
form (A.5).

Let’s rewrite the denominator

1 _ 1 1

N N ) N Nk .
cot X ez cot 3 ex(atiy)®k  cot 3 e 3, Chy kT (iy)!
k=1 k=1 k=1 =0

1
N [ng /2] ol N [(np—1)/2] 241 1 -
R S S
1 _ Re—ilm
= Retilm — Re2+Im?

Here
[nk/2]

R (If y _CO+ZCk Z 021 ng— 2[ 1)ly2l’
k=1 =0

[(nk—1)/2] (4.6)
y) — ch Z Cgl—l—lxnk—%—l(_l)lyﬂ—l-l
" )
k=1

where [ny/2] and [(ny — 1)/2] are integer parts of division.
Analogically to the denominator, the nominator can be rewritten as

N TLkl

N
cxnp(x +iy)" = chnk Z o1 (i) =
k=1 k=1

N
— Z Cknk; Z C?Li_ll,nk—%—l(_l)ly%
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N [(nkx—2)/2]
chnk Z Csitl ng—2— 2( 1)ly21+1
k=1
=re—+iim,
where
N [(nk—1)/2]
re(z,y) =Y cxny, Z O @™ 2 (1) ly?,

k=1
[(nk—2)/2]

N
k=

Then the partial derivatives (A.5) can be rewritten in the following form

of  (re+iim)(Re—ilm)
o Re? + Im? B
re Re+imIm imRe—relm Ou . Ov
T RE+Im2 " REtIm? oz oz
of (ire—im)(Re—ilm)
Ay Re? + Im? N
—imRe+relm reRe+imIm Ou Ov

Re? + Im? + Re? + I'm? _57y+Z87y'

Here
Ou _ reRe+imIm Ov _ imRe —relm
dr  Re2+Im? ' dr  Re2+1Im? ’
Ou  —imRe +relm dv _ reRe+imlIm
dy  Re2+Im? Oy  Re2+1Im?

so it is seen that Cauchy-Riemann conditions (A.3) are fulfilled for both func-
tions in (A.4). Consequently, it is derived that the function (A.2) satisfies
Cauchy-Riemann conditions (A.3) for all |2| < ¥ < 1.

A.2. TRIGONOMETRIC CASE

The transform (2) can be written in the following form

N
sin (co + Z cie_s"iA‘1> (A.7)
i=1
or

N
0S (co + Z cie_S”iAq> (A.8)
i=1
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The function (3) in this case can be written as

N
f(z) = sin (co + Z cm"’“) (A.9)
k=1

N

f(z) = cos (co + Z ckznk) (A.10)
k=1

It is obvious that the functions (A.9) and (A.10) have no singular points.

Lemma 2 The function (A.9) satisfies Cauchy-Riemann conditions through-

out the definition.

Proof. First let’s present the function (3) in the form f(z) = u(z,y) +iv(z,y):

N N
[)=F (CO - chz‘"’“) =F (co + ZCk(a: —|—iy)n’“) —

k=1 k=1
N ng
= F (Co +D ey Cpam™ l(zyﬂ) -
k=1 =0
N [nk/2] A1l
= F<co + ch Z Cﬁix”k*m( 1)ly? ( )
k=1 =0
N o [(
+ chk Z 07212+1xnk—2l—1(1)ly2l+1) —
k=1
= F (Re + zIm)
Here Re(w,y), Im(z,y) are defined by (A.6). Calculate Re},, Imj, Rey,
Im!.
[(nk—1)/2]
;_ ORe ch Z C2L (g, — 20221 (1),
N [nk/Q]
ORe
R / — — CQl TN — 2l 1 l 2[ 2l—1,
ey 48y ; g )( )y ’
[(nk—1)/2]

Im ZE 8Im Z cx Z C2l+1 —9] — 1)xnk72172(_1)ly21+1;

8Im [(”k*l)/Q]
I /y ch Z Cgi+1$nk_2l_1(—1)l(2l + ]-)le
k=1 =0
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Calculate the following differences:

N [(nk—1)/2]
Re; — Im; = ch< Z Cﬁi(nk — Ql)xnk—%—l(_l)ly%_
k= =0

1

[(nk—1)/2]

_ Z Cgi+1xnk—2l—l(_1)l(21+ 1)y2l> —
=0

N l=1)/2) !
_ nE—20—1/ 1\, 2l : on

=0

ny!
@+ 1)!(n:— 20 — 1)!(2l + 1))> =0;

N (1 /2]
Re, + Imj, = Z ck< Z Cgix”k_Ql(—l)l(Zl)ym_l—}—
k=1 =0

+ Z C’rglij_l (nk _ 2l o 1)$nk_2l_2(—1)ly21+1> —

N /2] ng! — 1, 21—1
_ ch Z m(%)x R (=1)'y -

nk! o )
B (20 — 1) (ng — 21 + 1)!(7% — 204 1)z"* 21(f1)ly21 1) _o

So, it is derived that
Re,, = I'my, Rej, = —I'myj, (A.12)

takes place.

Using (A.11), the properties of trigonometric functions and Euler formulae
the function (A.9) can be rewritten as f(z) = sin (Re + iIm) = sin Re cos(iIm)+
cos Resin(iIm) = sin Re cosh I'm + i cos Re sinh Im = u(z,y) + iv(x,y), where

u(z,y) = sin Re cosh I'm, v(z,y) = cos Resinh Im.

ou Ov Ou IJv.

Calculate the partial derivatives 3, 5y Oy ox

2~ cos ReRel, cosh Im + sin Re sinh ImIm;

— = —sgin ReRe; sinh I'm 4+ cos Re cosh I'mI m;;
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0

Y% _ cos ReRe!, cosh I'm + sin Re sinh ImIm! :
Dy y y

0

A ReRe!, sinh Im + cos Re cosh ImIm,.
Oz

Using (A.12), it is derived that Cauchy-Riemann conditions (A.3) are ful-
filled for the function (A.9) for all z.
Lemma 3 The function (A.10) satisfies Cauchy-Riemann conditions through-

out the definition.

Proof. Using (A.11), the properties of trigonometric functions and Euler for-
mulae the function (A.10) can be rewritten as f(z) = cos(Re+ilm) =

cos Re cos(ilm)—sin Resin(ilm) = cos Re cosh Im—isin Resinh Im = u(x,y)+

iv(z,y), where u(x,y) = cos Re cosh Im,v(x,y) = — sin Resinh I'm.
Calculate the partial derivatives %, %Z’ %Z, g—Z:

ou . ’ . /
—— = —sin ReRe, cosh Im + cos Resinh I'mIm,;
ox

a’U /. . !/
— = —cos ReRe,, sinh I'm — sin Re cosh ImIm,,;
oy ¥ Y
ou . ’ . /
— = —sin ReRe, cosh I'm + cos Resinh ImIm,;
oy ¥ Y
81} /. . /
— = —cos ReRe,, sinh I'm — sin Re cosh I'mIm,,.
Ox

Using (A.12), it is derived that Cauchy-Riemann conditions (A.3) are ful-
filled for the function (A.10) for all z.

A.3. HYPERBOLIC CASE

The transform (2) can be written in the following form

N
sinh <co + Z cieS”iAq> (A.13)

i=1
or
N
cosh (co + Z cie_S”"Aq> (A.14)
i=1

The function (3) in this case can be written as

N
f(z) = sinh (co + Z ckz”’“> (A.15)

k=1
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or N
f(z) = cosh <CO + Z ckz”k> (A.16)
k=1
It is obvious that the functions (A.15) and (A.16) have no singular points.
Lemma 4 The function (A.15) satisfies Cauchy-Riemann conditions through-

out the definition.

Proof. Using (A.11), the properties of hyperbolic functions and Euler for-
mulae the function (A.15) can be rewritten as f(z) = sinh(Re 4+ iIm) =
sinh Re cosh(iIm) + cosh Re sinh(iIm) = sinh Re cos I'm + i cosh Resin I'm =

u(z,y) +iv(x,y), where u(z,y) = sinh Re cos I'm, v(z,y) = cosh Resin Im.

ou Ov Ou IJv.

Calculate the partial derivatives ', 5y Oy Ox

gu = cosh ReRe!, cos Im — sinh Resin ImIm!;
x
gv = sinh ReRe’y sin I'm + cosh Re cos ImI m;;
Y
8u / . . /
Foie cosh ReRe,, cos Im — sinh Re sin I'm.Imy;
Y
gv = sinh ReRe!, sin Im + cosh Re cos ImIm,.
x
Using (A.12), it is derived that Cauchy-Riemann conditions (A.3) are ful-
filled for the function (A.15) for all z. O

Lemma 5 The function (A.16) satisfies Cauchy-Riemann conditions through-

out the definition.

Proof. Using (A.11), the properties of hyperbolic functions and Euler for-
mulae the function (A.10) can be rewritten as f(z) = cosh(Re +ilm) =
cosh Re cosh(ilm) — sinh Resinh(iIm) = cosh Re cos Im + isinh Resin I'm =
u(z,y) +iv(x,y), where u(z,y) = cosh Re cos Im, v(z,y) = sinh Resin I'm.

: : : Ju Ov Ou Jv.
Calculate the partial derivatives §2, 8y’ Oy’ Oz

0

a—u = sinh ReRe!, cos Im — cosh Resin ImIm!;
x

0

@ cosh ReRe!, sin I'm + sinh Re cos ImIm.;

oy Y y

ou

= sinh ReRe; cos I'm — cosh Resin ImIm;;

0y
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0
2V = cosh ReRe! sin Im + sinh Re cos ImIm.,.

ox

Using (A.12), it is derived that Cauchy-Riemann conditions (A.3) are ful-
filled for the function (A.16) for all z.

A.4. EXPONENTIAL CASE

The transform (2) can be written in the following form

N
exp (co + Z ciesniAq> (A.17)

=1

The function (3) in this case can be written as

N
f(z) =exp (co + Z ckznk> (A.18)

k=1

It is obvious that the function (A.18) has no singular points.

Lemma 6 The function (A.18) satisfies Cauchy-Riemann conditions through-

out the definition.

Proof. Using (A.11) and Euler formulae the function (A.18) can be rewritten as

f(2) = e (cos Im + isin Im) = e cos Im + ief® sin Im = u(z, y) + iv(z, y),

Re cos Im, v(z, y) = ef€sin Im.

: : : du v Ou Ov.
Calculate the partial derivatives 3, 5y 0y ox

where u(z,y) = e

du

o e Re! cos Im — e sin ImIm/;

x

v .

Er eReRe’y sin I'm + et cos ImIm’y;
Y

ou .

50 = eReRe'y cos Im — e sin ImImy;
Yy

ov .

— = eMRe! sin I'm + " cos ImIm,.

ox

Using (A.12), it is derived that Cauchy-Riemann conditions (A.3) are ful-
filled for the function (A.18) for all z.
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B EXAMPLES AND VERIFICATION
VERIFICATION WITH THE PREVIOUSLY KNOWN RESULTS

B.1.

The verification of the proposed method is done on the known transforms.
Consider the functions 1— 1,5 x and ——x when 4 > 0. From [24] it is known
that

-1
L [1_68A] Zét—nA (B.1)
1 o0
] = (~1)"6(t — nA) (B.2)

n=0

L' —
[1 + e~s4

Let’s show that the results derived from theorem 1 are consistent with the

known results (B.1)-(B.2).

According to theorem 1
1 oo
L [1_6_&4} [z=e* =L [1—z] kEZO(S(t kA), (B.3)
which is congruent to (B.1).
1 1 o
-1 —sA -1 k
|:1+e—sA:| [Z € } |:1+Z:| ;}( ) 5<t k )7 ( )

which is congruent to (B.2)

So, the known results (B.1)-(B.2) are equal to the results derived from
theorem 1 (B.3)-(B.4).

Let’s consider some examples of application of the proved theorems

SOME EXAMPLES BASED ON THE THEOREM 1
1

B.2.
1
(1—de—sA)«

Example 1 Consider the following functions

when A, d > 0 are some digits, a is a natural digit
The Taylor series can be easily constructed for the functions f(z)

and g(z) = m:
(a+k 1) k:

f( ) 2 a O¢+1
(=D)FdFa(at1).. (a—Hc—l)Zk

()_1+Z %l
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According to theorem 1

1 [m} = [z= 4] = L7 [f(2)] =

+de (a+1)k!(a+k‘ )5(t—kA)
k=1

L [wes@a} == =L ()] =

_ 5 +§: (—Dkd*a(a +k1!)...(a+k— 1)5(15—/@4).
k=1

Finally the following formulas are derived

_ 1 B 2 da(a+1)..(a+k—1)

L 1[(1_dem)} 5(t +; - 5(t —kA) (B.5)
_ 1 > kdk (a+1)..(a+k—-1

L [(1+de sA) ]_ +Z k!) : )5(t_kA)

k=

—_

(B.6)
Let’s verify the derived formulas (B.5)-(B.6) with the use of convolution.
It can be done for any fixed o and any d > 0. Let’s prove this for a = 2.
According to (B.5), (B.6)

L [(dleA} )+ de (k+1)6(t — kA), (B.7)

L7t [(1} =6t Z YdR(k +1)6(t — kA) (B.8)

1+ de—s4)2
Consider the following convolut1on
@(t)>

({5(15) —2d5(t — A) + d*5(t — 24)] Z dF(k+1)8(t — kA) |,

// §) —2d6(& — A) + d*5(¢ — 24)] x

x [5( — &)+ de k+1)6(z — & — kA)| o(z)dzde =

k=1

= p(0) — 2dp(A) + d>p(24) + i d*(k+1)p(kA)—
k=1



The case of analytical inversion of Laplace transform 87

—2) dkp(kA) + ) d* (k= 1)p(kA) = 9(0) = (6(1), ¢ (1))
k=2 k=3
So, it is proved that

+de (k+1)0(t — kA)| = 8(t).

[6(t) — 2do(t — A) + d*5(t — 2A)]

The equality

t) + i dF(k +1)5(t — kA) | * [0(t) — 2do(t — A) + d?5(t — 24)] = (1)

k=1

is proved similarly. So, the correctness of the formula (B.7) is shown.
Consider the following convolution

90(75)) =

+Z DFdR(k +1)0(t — kA)

([5@5) +2do(t — A) + d*S(t — 2A)]

// §) +2d5(& — A) + d*5(¢ — 24)] x

[ +i D¥d"(k +1)d(x — € — kA) | plz)dwdg =
k=1
= ¢(0) + 2dp(A) + d*p(24) + f: DFd*(k + 1)p(kA)—
k=1
—2§: 1)*d*kp(kA) +§: Jp(kA) = ¢(0) = (3(t), (1)) -
k=3

So, it is proved that

[6(t) +2ds(t — A) + d*5(t —

() + > (~D)Fd"(k+1)8(t — kA) | = 6(t).
k=1

The equality

)+ Z DEdF(k +1)0(t — kA) | *[8(t) + 2d6(t — A) + d?5(t — 2A4)] = 6(t)

is proved similarly. So, the correctness of the formula (B.8) is shown.
Example 2 Consider the following functions In ‘1 — de_SA‘ and In (1 + de_SA)
when A, d > 0 are some digits.
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The Taylor series can be easily constructed for the functions f(z) =
In|1—dz| and g(z) =In (1 + dz):

> dk
Zz

According to theorem 1
|1 —de~*4]] = - z L5t — kA)

~UIn (1 4 de=*4)] = Z < 1>k St — kA)

B.3. SOME EXAMPLES BASED ON THE THEOREM 2

where A, B,p,q > 0, A #

, 29 = e~ *P the initial function

Example 1 Consider the function W,
B. After the change of the variables z; = e~*4

1

can be rewritten as f(z1,22) = The Taylor series can be easily

1—pz1—qz2”
constructed for this function: f(z1,29) = m = Z Z +Jp qulz%,
1=0j=
where C! = (IZT]] ) are binomial coefficients.
According to theorem 2
1
1 _
e qesB] Y Lyt -iA-iB) ()
=0 j=0
Consider the following convolution
[6(t) — pd(t — A) — qd(t — B ZZ LSt —iA—jB)| e(t) | =

=0 j=0

/ / — po(€ — A) — gb(¢ — B)] x

chﬂp @6(x — € —iA—jB)| p(x)dzds =

=0 j=0

ZZ . qu (iA+jB) ZZ Z+‘7 ')pq o(iA+ jB)—

=0 5=0 i=1 j=
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ZZ”" ,pqsa(zA+jB) (0) = (5(1), o(t))

=0 j=1

So, it is proved that

[0(t) —pd(t —A) —q¢d(t — B +Jp Po(t —iA—jB)| = d(t).
=0 j=0

The equality

oo o0

S0l d(t —iA — B)| *[6(t) ~ pi(t — A) — ab(t — B)] = 8(1)
i=0 j=0
is proved similarly. So, the correctness of the formula (B.9) is shown.
Let’s prove that when A = B > 0 the inverse formula (B.9) is congruent
to the inverse formula (B.5) for the case 1.

When A =B >0 lfpe_s’}fqe_SB = 1—(p+2)e—sA' According to (B.5) when
d=p+qa=1

L1 [1 — ! -~ ] = Z(p—i—q)ké(t— kA) (B.10)

A
ptget] =~

Let’s show that the expression (B.9) coincides with (B.10) in the case when
A = B. We have

ZZ L't — (i +§)A) =[k=i+j]=

=0 5=0
9] k 9]
= 6t —kA)> CipF gl =D (p+q)Fo(t — kA),
k=0 §=0 k=0

which coincides with (B.10).
Example 2 Consider the function W, where A, B,p,q > 0, A #

B. After the change of the variables z; = e‘SA, 29 = e—*B the initial function

can be rewritten as f(z1,22) = m. The Taylor series can be easily con-
structed for this function: f(z1,22) = m = % ZO(—l)”'JpquC;ﬂzle
i=0j=
According to theorem 2
1 X o
-1 _ 1\t I At d s _
L 1—|—p65A—|—q633} _ZZ( 1)™p'qICl;0(t —iA—jB) (B.11)
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Consider the following convolution

([5(t) +pi(t—A)+qé(t —

Z Z 1)Hplg/ Cf;6(t —iA - jB)
=0 5=0

// €) + pO(E — A) + gb(€ — B)] x

=Y > (=1)"p q”(l.!jf)so(m +jB)—

i=1 =0
=S SR (A + ) = ¢(0) = (600, ()
i=0 j=1 )

So, it is proved that

[0(t) +pd(t — A) + ¢d(t — B)]*

The equality

x[0(t) + pd(t — A) + qd(t — B)] = (¢)

[e.o] o0
{Z > (1)l p'd5(t —iA— jB)
i=0 j=0
is proved similarly. So, the correctness of the formula (B.11) is shown.

Let’s prove that when A = B > 0 the inverse formula (B.11) is congruent
to the inverse formula (B.6) for the case 1.

When A =B >0 1+p€_s,}+q6_33 = 1+(p+11)6_3‘4' According to (B.6) when
d=p+qa=1

-1 1 _ = _1\k Esip
L [1+(p+q)6_3‘4] _kzo( D*(p+ q)"0(t — kA) (B.12)

Let’s show that the expression (B.11) coincides with (B.12) in the case when

DD ()THCL gt —iA = jB) | = 3().

sO(t))
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A=B zo S (—1)HIC, qﬂé(t—(zﬂ)m—[kzz'm:kio(—l)ka(t—
=0 j= =

k o 00
kA) > C,]Cpk_qu = S (—=1)*(p + q)*6(t — kA), which coincides with (B.12).
§=0 k=0
Analogically to the examples 1-2 the inverse formulas for the following

functions can be written:

Ll{ _1 — }:ZZ( )JCZﬂqué(t—zA JjB)

— sA sB
1—pe +qe =0 =0

and

Example 3 Consider the more general functions (l_pefsAl_qefsB)a

when A, B,p,q > 0,A # B, « is a natural digit. After

1
(1+p875A+q6758)0‘

the change of the variables z; = e 4, 25 = e %P the initial functions can
be rewritten as f(Zl,ZQ) = m,g(21722) = m The Taylor
series can be easily constructed for these functions:
1 o i jViri(a) ;g
— _ Jj ity iJ
21,29) = = —— 212,
f( 1 2) (1 —pz — qZQ)a Zz;jz;)p q 7/']' 1~2
1 N i)
g(z1,20) = = —1)"HIptgd Tt T
(21, 22) (1+ pz1 + gz2)® ZZ;JZ%( ) itjr 1

Here (o) = a(a+1)...(a+n —1) = (a), when n > 0 and ¢p(a) = 1.

According to theorem 2

—-1 1 _Z:e—sA: —-1 JO _
. [(1—1765’4—(]653)04} - [ ] L™ [f (21, 22)]
:Zzpiqﬂ'wzﬁ’(‘ Vst —ia—jB),
=0 =0 ilg!
_ 1 I )
L [(1+p€_s’4+qe—53)a} - [Z =€ A] =L 1[9(21,22)] =
=33 (-y)itpig wl;]]( )5(15_1.14_],3)'
i=0 j=0

Finally the following formulas are derived

Ll[( ! } ZZ qﬂ/’@“ 5(t—iA—jB) (B.13)

1 — pe—sA — ge—sB)a ilj!
p q 1=0 j=0 J:
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(1 _|_pefsA+qefsB)a -

o0

(—1)"p'q Lﬁj.(,a) 5(t —iA—jB)
117!
=0

=0 7

(B.14)
Analogically to (B.13)-(B.14) the inverse formulas for the following func-

tions can be written:

10.

11.

1 et | =S > v s - ia - jp)

1 — pe—sA 4 ge—sB)a ilj!

L [ 1 ] N ZZ(—l)ipiqufs(t_iA_jB)

(14 pe=sA — ge=sB)a ilj!
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2Kypasavosa 3. IO.

BI/IHA,LLOK AHAJIITUYHOT'O OBEPHEHHS TTEPETBOPEHHS JIATIJTACA

Pesrome

YV maHiit craTTi 3aIpONOHOBAHO HOBHII METO/[ aHAJITUYHOrO ODEpHEHHs IlepeTBOpeHHs Jla-

wIacy Jjisi TPaHC(OPMAHT, IO MICTSTh €KCIIOHEHTH, sKi JIHIHHO 3a/IeKaTh Bij mapamMerpa

neperBopenus Jlammacy. Jlanuit MmeTon 3acHOBaHUiT HA PO3BHHEHHI TPAHC(HOPMAHTH y PsifT

Teitiopa u mo4yieHHOMY 3aCTOCYBaHHI obepHeHoOro neperBopenHs Jlamracy. losemeno Teo-

pemu, o MiATBEPKIYIOTH JOCTOBIPHICTH Ta KOPEKTHICTH Takoro migxomy. Lleit meron Bu-

KOPHCTOBYE y3araJbHeHi QyHKI[I, TOMy OTPUMAHO JiesiKi KOPUCHI HACJIAKY, 10 OB s13aHi 3
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y3araJibHeHUMHU (PYHKIIsIMU. MeTos1 mepeBipeHuil MIJISXOM MOPIBHAHHS 3 BIJIOMUMH 3 JIiT€pa-
Typu dopmynamu. Orpumani HOBI ¢popMysu Jjisi OpUrnHaiB Bij Tpancdopmant Jlamacy.
Karowosi crosa: nepemeopennsa Jlanaacy, anasimuywne obepruenns, padu Tetnopa, yzazans-

HeHT PYHKUIL, 320pmKa.

Kypasaésa 3. FO.
CAyYAll AHAJIMTUYECKOTO OBPAIIEHUS TTIPEOBPA3OBAHUSA JIATIJIACA

Pesrome

B mannoit cTarhbe mpeIoXKeH HOBBI METOJ, aHAJTHUTUYECKOTO OOpAIeHus MPeoOPa3OBaAHUS
Jlanmaca jyist TpancgopMaHT, KOTOPbIE COAEPKAT SKCIIOHEHTDI, JINHEHHO 3aBUCHIIE OT I1apa-
Merpa npeobpazoBanus Jlamnaca. JlaHHBII METOI OCHOBAH Ha PA3JI0XKEHUN TPAHCHOPMAHTHI
B psaz Teisiopa 1 movYIeHHOM IprMeHeHnH oOpaTHOro npeobpasosanus Jlamraca. lokazanb
TEOPEMBI, TIOATBEPKIAOIINE JTOCTOBEPHOCTh U KOPPEKTHOCTb TAKOTO IMOMIXOJA. DTOT METO/T
HCIIOJIb3yeT O0OOIEHHBIE (DYHKIUH, IO3TOMY MOJIyYEHbl HEKOTODPbIE MOJIE3HBIE CJIEICTBUS,
CBsI3aHHBIE C OOpaTHBIMHU 000OMEHHBIMU (DyHKIUsAMHU. MeTo 1 MPOBEpEeH IIyTéM CpaBHEHUSI C
M3BECTHBIMU U3 JinTepaTypbl dpopmynamu. [lomydensr HOBble (DOPMYJIBI JjIsl OPUTHHAJIOB OT
Tpanchopmant Jlamaca.

Karoueswie caosa: npeobpaszosanue Jlanaaca, anasumuveckoe obpawerue, padv. Tetinopa,

0606uLeHHblEe PYHKUUU, C8EPMKQ.
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XPOHIKA

CBITJIA TIAM’SITH ITPO AHATOJIISI MUXANJIOBUYA
CAMOMJIEHKA

4 rpynus 2020 poky Ha 83 pOIIi KUTTS HepecTaao OUTHUC ceplie aKaJeMiKa
HAH Vkpalau Anarosiss Muxaitnopuaa CaMoitjieHKa — BUJIATHOTO MATEMATH-
Ka, Jiijgepa KuiBcbKkol HAYKOBOI TIKOJIN AudepeHIliaIbHIX PIBHIHD, TUPEKTOPa
incTuryTy maremaruku HAH Ykpainu, rogoBHOTO pejlakTopa KypHauay «He-
JIHITHI KOJTMBAHHS».

Amnaroniit Muxattinosua napoauscs 2 ciuns 1938 p. B ¢. [loriiBka na 2Kuro-
MUPIIUHI, CePEIHIO MIKOJTY 3aKinauB y M. Majmai. ¥ 1960 p. micis 3akinueHts

3 BiJI3HAKOIO MeXaHiKo-MaTeMaTudHoro gakyibrery KuiBCbKOro Jiep:KaBHOIO

3a marepiasaMu HayKoBoro »KypHauy «Hesiniitai kosmsanssi» (2020, 1. 23, Ne 4)

Haditiwna 06.01.2021 © Ilepectrok M. O. 2021
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yHiBepcurety imeHi T. I'. [lleBueHKa BCTYNUB JIO aCHipaHTypPH iIHCTUTYTY MaTe-
maruku AH YPCP. V 1963 p. uin kepisuunrsoM akageMika FO. O. Murpomnoin-
CBKOT'0 3aXUCTUB KaHIUIATCHKY JTUCEPTAIII0 HA TEMY «3aCTOCYBaHHS aCHMIITO-
TUYHAX METOIIB I JOC/IIKEHHsI HeJHIHHNX audepeHIiaJbHIX pIiBHIHL 13
HEPETYJISIPHOIO IIPABOI0 YACTUHOIO», a BXKE Yepe3 II'SITh POKIB — JIOKTOPCHKY
JECePTAIlio Ha TeMy «/lesKi muranHs Teopil nepiogndnmnx i KBasinepiognaHmx
CUCTEM», CTABIIN HANMOJIOIIINM B YKpalHi JOKTOPOM HayK.

Y 1974 p. A. M. CamoitieHKo o10/uB Kadeapy IHTerpaJbHIX Ta JudepeH-
niaJabHUX piBHAHb KuiBCchbKOro nepxkasHoro yHiBepcurery iMeni T. I'. ITleBuen-
ka. Y 1978 p. itoro obpanu dwreHom-kKopecmongearom AH YPCP. ¥V 1987 p.
Anaromiit MuxaitmoBa moBepuyBest jio imctutyty Matemarnku AH YPCP,
KW 0YOJIMB HACTYITHOTO POKY # 3ajuImaBcs H0To HE3MIHHUM TUPEKTOPOM 10
OCTaHHIX JHIB cBOrO >KuTTs. Y 1995 p. A. M. CamoiisienKa oOpan akaJIeMiKoOM
HAH Vxkpalau. 3 2006 p. morenep BiH 0bifiMaB mocajy akajaeMika-ceKpeTrapst
Bigginenus maremarukuy HAH Ykpainu. IIporsrom 1998-2011 pp. Anaro-
gt MuxaiimoBrya 3aBinyBaB Kadeapowo gudepeHIiajlbHuX PiBHAHb (Hi3uKo-
MaTeMaTuIHoro dakyabreTy HarioHaJbHOro TeXHIYHOrO yHiBepCUTeTY YKpa-
THN «KHUIBCHKUI NOMITEXHIYHUI IHCTUTYT>.

Hayxkosi pesynbratun Anarosist Muxaitiopunda CamoiijieHKa 3 aKTyaJbHUX
Ipo0JIeM sIKICHOI Ta aHAJITUIHOI Teopil JudepeHIiaJbHuX PIBHAHD, HETHITHOT
MeXaHiKi 1 Teopil HeJIHIHHUX KOJWBaHb, MaTeMaTwdHol (dizuku, Teopil dpyH-
KITiit 3/100y/11 CBITOBE BU3HAHHS Cepell MATEMATUIHO] CIiJIbHOTH.

BaraspHe Unca0 #foro HaykoBux myOsikarniit mepesummio 600 1 BKTIOUae
B cebe Gim3bko 40 monorpadiit. Y 1965-1966 pp. A. M. Cawmoiiyienko 3a-
[IPOIIOHYBaB OPUTIHAJBHUI METO/ JJIsi 3HAXOPKEHHS [IE€PIOJINYHAX PO3B’SI3KiB
3BUYaiinux judepeHiiajbHuX CUCTEM, AKANH Y MOIAJIbIIOMY HOYaJl HA3UBATH
«amcesbHO-anaM THIHIM MeTosoMm Canoiierkas. 3rojom pasom i3 M. 1. Pon-
o, B. I. Tpodpumtaykom Ta IXHIME yUHIMU TIefl METOJ, y3araJibHEHO JJIsl IIU-
poKoro Kjacy KpaitioBux 3amad. [Ipomosxkyioun mocmimkennsa M. M. Kpumo-
Ba, M. M. Borosobosa, A. M. Koamoroposa, B. I. Aproasna, FO. Mosepa,
0. O. MurponoJibcbkoro, Ararosiit MuxaiijoBud 3aliporioHyBaB MOJepHi3a-
M0 ACUMIITOTUYIHOTO METOJLy TIOCJIIIOBHUX 3aMiH 3MiHHUX, akuil y 1969 p. na-
3BaJIl «METOJIOM IIPUCKOPeHol 30ikHocTi». Pazom i3 FO. O. Murpormnosibcbkum
i 0HOOCIOHO 3a JIOIMOMOTOIO IIHOTO METOJy BiH OTPUMAaB HU3KY HOBUX BarK/IM-

BUX PE3y/IbTaTiB i3 Teopil OaraTovacTOTHUX KOJIMBAHb, & TAKOXK y3arajbHUB
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ACUMITOTUIHNN METOJ, ycepeIHeHH s, IO 3HANUILIO ITPOIOBXKEHHS, 30KPeMa, Y
cuiipHux poborax i3 P. I. [lerpummnanm i 6ararbma inmuvu yauasmu. [JoaarTs
dyuxuil ['pina 3amadi npo iHBapianTHUN TOP JIHITHOTO PO3MUPEHHS JIUHAMI-
qHOI cuctemu Ha Topi, BBesmene A. M. Camoiiyienkom y 1969 p., BusBHIOCS
HAI3BUYANHO TUITHAM 1 JaJI0 HOBHUH IMITyJIbC PO3BUTKY HANPIZHOMAHITHININAX
aCIeKTiB Teopil 30ypeHb i CTINKOCTI TOPOimaIbHUX MHOTOBUIIB. ¥ MaTeMaTU-
9JHil JiTeparypi e HOHSATTs Bimome sik «pyHKIisa ['pina — CamoitieHkay. Y
cuinpaux poborax i3 B. JI. Kysmkom po3pobiieHo Teopiro 3HAKO3MIiHHUX (DyH-
Kt JIsgmyHoBa g1 JoCTiKeHHsT 0OMeXKeHnX Ha BCiit 0ci po3B’sI3KiB JIHIAHAX
HEaBTOHOMHUX AUQEPEHIAIbHIX CUCTEM 1 JIHIMHNX POSMINPEHb TUHAMITHAX
cucreM Ha TOpi. PesynbraTu 3 1iel Teopil y3arajabaeno pazom i3 FO. B. Temin-
CBKUM JIJIsl BUIIQJIKY 3Ji9eHHUX cucTeM, pas3om i3 O. M. CramKunbKuM — J1jis
CTOXaCTHYHUX IudepeHIialbHIX piBHsAHbL. BaskimpuMm BHeckoM Anarosis Mu-
xafimoBrya 10 Teopii ocobamBocTeil BimobparkeHb € qoBeaeHa B 1968 p. TeopeMa
PO €KBiBaJEHTHICTDL CKiHUYEHHO TudepeHIliitoBHOl (PYHKINT KiJIBKOX 3MIiHHAX
11 moninomy Teitstopa. Ha ocHoBi Teopil y3arajbHeHUX 0OEPHEHUX OIIEPATOPIB
A. M. Camotinenko #t O. A. Boitayk po3BUHYIH TEOPit0 HETEPOBUX KPAHOBUX
3ajad s qudepeHIliaJbHIX PiBHAHD, PIBHAHD 13 3aIli3HEHHAM, PIBHIHD 13 iM-
IIYJIbCHOIO JHE€I0 fi CUHTYISIPHO 30yPEHUX CUCTEM. ¥ TOJAJBIIOMY II0 TEOPiio
OyJ10 3aCTOCOBAHO JIJIsi BIJIITYKAHHS OOMEKEHUX Ha BCiil MilicHIN oci pOo3B’sS3KiB
cucreM JupepeHIiaabHuX 1 PI3HUIEBUX PIBHAHD 38 YMOBHU JMXOTOMIl Ha IIiB-
OCSX JIJIsl BIJITOBITHOI OJTHOPITHOT CUCTEMH.

Haiibinbm sarpebyBanuM BHECKOM AHaTojis MuxaiyioBuya 10 MaTeMaTH-
9HOI HAYKU € MOOYI0BaHA HIM Pa30M i3 yaHAMH, nounHaodn 3 1961 p., Teopis
iMIynbcHUX cucTeM JudepeHIliaJbunX piBHdAHb. Bumana B 1987 p. y cmiBas-
topcTsi 3 M. O. IlepecTiokom monorpadist «/Inddepennnaibabie ypaBHEeHNsT
€ UMITYJIbCHBIM BO3JIECTBUEM » CTaJIa MEPINOI0 Y CBITOBIM JiTepaTypi MOHOIpa-
diero, B gKiit cuCTEeMATHIHO BUKJIAJIEHO OCHOBHI pe3yiabraru i€l Teopil. [lo-
noBHeHy ciiyibHO 3 C. 1. Tpodumaykom HOBUME pe3ysbTaTaMu MOHOIpPadito
nepeBuiano B 1995 p. anmiiicekoro MoBoro 1ij HazBowo «Impulsive differential
equationsy. Il Kkaura — HafOIABII IUTOBAHA IPAIS BIECHOTO.

Yuui Anarosiss Muxaitnosuda 3axucTiiin 36 JTOKTOPCHKUX 1 89 KaHuIaT-
CbKUX mucepTariii. 1IpecraBHIKN CTBOpEHOI HUM HAYKOBOI ITKOJNU PO3BUBA-
I0Th HayKy B YKpaini, boarapii, Kazaxcrani, Momamosi, Himeaansi, [Tompmi,

Caopauunni, Tampkukucrani, Typeaunni, Yroprmai, Yexii, Yusi it bararsox
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immwmx kpainax. Ha ocHosi nekmiftanx kypcis A. M. Camoiinenka i fioro yumiB
y Kuiscbkomy namionaabaoMmy yaiBepcuteti imeni Tapaca Illesuenka, Harrio-
HaJILHOMY TeXHIYHOMY yHiBepcuTeTi YKpainu «KuiBcbkuil mosiTexuiaauil in-
ctuTyT imMeri iropst CiKOpCbKOTO» Ta IHIUX 3aKJ/IaJaX BUIMIOI OCBITH CTBOPEHO
cepito maApyvHUKIB 1 30ipHUKIB 3a1a4 i3 Teopil audepeHIiaJIbHIX PiBHIHD, STKi
MaJIn 6araTo MepeBUIaHb.

A. M. CamoitsieHKO OyB NOJIOBHUM PEIAKTOPOM YKYPHAJIB «YKpalHCHKUii
MaTeMaTHIHUN KypHaJ» (nepeksa) anriiiicbkoro «Ukrainian Mathematical
Journal» y Bumasuunrsi Springer), «Hesiniiini kosmBanHsi» i « YKpaiHCbKuii
MaTeMaTHYHUI BiCHUK» (IepeK/aj] aHMIHChKOW 060X KypHauis «Journal of
Mathematical Sciences» y Bumasuuirsi Springer), «Maremarnunuii BicHUK
Hayxoporo ToBapuctsa imeni IlleBuenka», «36ipHUK mpallb iHCTUTYTY MaTe-
vmatukun HAH Vkpaiuus»; 6yB dienoMm pejkoJieriii xxypuajis «lomosini Ha-
I[IOHAJILHOI aKaJjeMil Hayk Ykpainw», «Bicunk HarionaibHol akajiemil Hayk
Vkpalum», «Y csiti maremarukn», «Memoirs on Differential Equations and
Mathematical Physics», «Miskolc Mathematical Notes», «Georgian Mathemati-
cal Journaly», «International Journal of Dynamical Systems and Differential
Equations».

A. M. Cawmotinenko 6ys mpesugenToMm BeeykpalHcbkol 61aro/iiitHOT opraHi-
zaril «PoH1 ClpUsiHHs PO3BUTKY MaTEMaTUYHOI HAYKW» Ta KEPIBHUKOM OJia-
rofifinoro (bOHIY CHPHUSHHS PO3BUTKY TAJAHOBUTHUX JIiTEHl Ta IOHAIITBA MicTa
Masmna, 6yB unerom KwuiBchbkoro, YKpalHCBKOrO Ta AMEPUKAHCHKOT'O MaTe-
MaTUIHUX TOBAPUCTB.

A. M. Camoiiyienka BiI3HAUYeHO HU3KOIO BUCOKMX HAropos, i 3BaHb. Bin Ha-
ropo/pkennit opaenamu Jpy:x6u naponis (1984), «3a zacayrm» III crymens
(2003), «kusi3s1 fpocaasa Mymaporo» V, VI i III crynenis (2008, 2013, 2018),
[Touecnoro I'pamororo Ilpesusii Bepxosuoi Paju Ykpainu (1987); 6ys saypea-
roMm [leprkaBuux npemiii Ykpaiuu B rasysi nayku i rexuiku (1985, 1996), Hep-
»KaBHOI npewmil Ykpaiuu B rasysi ocsitu (2012), Pecuy6uikancbkol npemii im.
M. Ocrposcbkoro (1968), npemiit Akazemii Hayk Ykpaiau im. M. M. Kpuiosa
(1981), M. M. Boroso6osa (1998), M. M. Jlaspenrresa (2000), M. B. Ocrpo-
rpajcokoro (2004), FO. O. Murponosascskoro (2010) 1 M. I'. Kpeiina (2020);
YAOCTOEHUH 3BaHb «3aciyKeHuil jisid Hayku 1 Texuiku Ykpainu» (1998) Ta
«Copocisebkuit npodecop» (1996).

Csimira mam’site 11po AHartoJtist Muxaitiopnua CamoiileHKa Ha3aBXK/IM 3a-
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JIMIIUATBHCA B iCTOPIT CBITOBOT MATeMATUYIHOI HAYKH AK BUJIATHOT'O YIEHOTO, ITe-

Jarora i opraizaTopa HayKW, K IpeKpacHy ¥ 4yiHy JIIOIuHY.
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MM, ICJIsT aHOTAIHN MOJAEThC CIUCOK JITeparypu y TpaHcaiTepaliil, odpopM-
JieHu#t y BiOBiHOCTI J10 MizkHApPOIHOTO cTangapry Harvard (3pa3ok Ta npa-
Busta 0pOPMIIEHHST MOYKHA 3HANTH B MAOIOHI CTATTI Ha caiiTi).

Vci magicaadi cTaTTi MPOXOAATh aHOHIMHE PEIeH3yBaHHS.

Penxoserist Mmae mpaBo BiIXU/JINTH PYKOIIMCH, SIKIIIO BOHU HE BiIITOBIIAIOTDH
BUMOTaM KypHaJy «/lociizKeHHs B MaTeMAaTHUIl 1 MEXaHIITi».

B ommomy HOMepi KypHasy HyOJIiKyeThCs TIIBKH OJHA CTATTS aBTOPA,
30KpeMa i y CIIiBaBTOPCTBI.
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