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A. A. Fesenko, K. S. Bondarenko
Odessa I. I. Mechnikov National University, Faculty of Mathematics, Physics and

Information Technologies

THE DYNAMICAL PROBLEM ON ACTING CONCENTRATED
LOAD ON THE ELASTIC QUARTER SPACE

The wave field of an elastic quarter space is constructed when one face is rigidly fixed and a
dynamic normal compressive load acts on the other along a rectangular section at the initial
moment of time. Integral Laplace and Fourier transforms are applied sequentially to the
equations of motion and boundary conditions in contrast to traditional approaches when
integral transforms are applied to solutions’ representations through harmonic functions.
This leads to a one-dimensional vector homogeneous boundary value problem with respect
to unknown displacement’s transformants. The problem was solved using matrix differential
calculus. The original displacement field was found after applying inverse integral transforms.
For the case of stationary vibrations a method of calculating integrals in the solution in
the near loading zone was indicated. For the analysis of oscillations in a remote zone the
asymptotic formulas were constructed. The amplitude of vertical vibrations was investigated
depending on the shape of the load section, natural frequencies of vibrations and the material
of the medium.

MSC: 74B10, 74HO05, T/H45.

Key words: exact solution, elastic quarter space, dynamic load, integral transform.

DOI: 10.18524/2519-206X.2020.2(36).233727.

1. INTRODUCTION

During the construction and analysis of structures when dynamic or static
loads appear, stress arise and concentrate in elastic bodies. These stresses
can deform and even break the structure. Therefore they must be taken into
account during design calculation. Because of this, problems of the elasticity
theory appear in mathematical physics.

These problems were considered in a static and dynamic statements by
many authors for different objects under different initial and boundary condi-
tions [1-4]. An object such as a quarter space can be considered as a model
before solving a similar problems for an infinite or semi-infinite layer and then
for a plate. A quarter space is a special case of a spatial wedge. In particular

for the second boundary value problem for a spatial wedge the exact solution

Received 10.11.2020 (© Fesenko A. A., Bondarenko K. S. 2020
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was constructed by Ya. S. Uflyand [5]. In another work [6], the exact solution
for the case, when normal displacements and tangential stress are given, was
constructed. The exact solution of the mixed problem of the elasticity the-
ory for a quarter-space in the static statement was found by G. Ya. Popov in
[1]. It is essential that a new method was used in the solving of this problem,
based on representation of new functions which are the sum of displacements’
derivatives [7|. This method was successfully applied to solving Lamb problem
[8]. Also using this method, homogeneous and inhomogeneous problems of
the elasticity theory for a semifinite layer were solved [7|. The development of
methods for problems of the elasticity theory for various objects, in particular
for a quarter space, was also carried out by A. M. Alexandrov in [9]. A general
solution for an elastic quarter space contact problem was presented in [10].
Dynamical stresses in elastic half-space were analysed in [11]. Plane contact
problem on the pressure of a stamp with a rectangular base on a rough elastic
halfspace was considered in [12].

Based on the results of [1; 8], as well as the method of representing the
equations of motion in terms of two jointly and one independently solvable
equations, proposed in [7], the aim of this work is to obtain the exact formulas
for displacements that appear in a quarter space when a dynamic compressive

load acts on one of its faces.

2. MAIN REsSULTS

2.1. STATEMENT OF THE PROBLEM.

An elastic quarter space x > 0, —0o < y < 00, 0 < z < 00, is considered.

At the moment of time ¢ = 0 dynamic normal load

0. (2,y,2,t)] oo = —p(z,y) P(t)
is applied to the boundary of the quarter space z = 0 across the rectangular
area 0 < x < A, —B < y < B the tangential stresses over the entire XQOY
plane are zero. The face x = 0 is rigidly fixed. The nonstationary points’
displacements of the quarter space u(z,vy,z,t), v(z,y,z,t), w(x,y,z,t) are
required to be determined with zero initial conditions. The statement leads to

the following boundary conditions

o.(2,y,0,t) = —p(z,y)P(t), 0<x < A; -B<y<B (1)



o.(x,y,0,t) =0, x > A; |y| > B
TZI(SU,y,O,t) =0, sz(x,y,o,t) =0
u(0,y,2,t) = v(0,y,2,t) = w(0,y,2,t) =0

The equations of motion in vector form are |§|

A(u,v,w) +

2 <8® 00 3@) p <82u 0%v 82w> ©)

dx’ 9y’ 0z) G\ 027 o2 o2

k—1

where A is the Laplace operator, k = 3 — 4u, u — Poisson’s ratio, © =
% + %Z + %—’5 — volume expansion, p — density of the medium material, G —
shear modulus; % = C%, ¢ — wave propagation speed.

To obtain a solution to the posed problem, it is enough firstly to obtain a
solution when the dynamic force concentrated at an arbitrary point (a,b) of

the face z = 0, and then distribute it over the required section, i.e.

p(z,y) =6(z —a)é(y — b)

Let’s set up a dimensionless coordinate system

T zZ - 1
= =2 i=(=)¢t 3
! ) 3)

Further, the “waves” are omitted, implying the replacement (3), introduce the

new functions [7]

0 0
Z(x,y,z) = %u(w,y, z) + a—yv(x,y, 2)

(4)
~ 0 0
Z(xayvz) = %U(xay) Z) - @u(x7y¢ Z)

Then the system of equations of motion (2) and the boundary conditions (1)

are rewritten in the form relatively new functions.

2 0 ow O*w
aw e g (705 ) = G -
2 oW\  9*Z
0*Z
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02, y.0.0) + (1= 1) D W (. 0,6) =~ Lo(a — 1)6() P(1)

0z 4Ga
VaeyW(z,y,0,t) + E?ZZ(x,y, 0,t) =0 )
9 -
&Z(x,y,o,t) =0
u(0,y, z,t) = v(0,y,2,t) = w(0,y,2,t) =0
52 92

where Vg, = 55 + 7
The original initial boundary value problem takes the form (5)-(7) under

the initial conditions

~ 0
W,Z,ZH - [WZZ” ) 8
[ t=0 ot t=0 ®)
After finding the unknown functions W, Z, Z the Poisson equations should be
solved in order to determine the displacements u and v
0 0 ~ 0 0 ~
=—7Z—-—7 =7+ -7 9
Vaytt = 5.2 = 5,2 Vv = 5 2+ 5. )
2.2. REDUCING THE PROBLEM TO A VECTOR ONE-DIMENSIONAL

PROBLEM

The Fourier transform with respect to the variable y, sin - transform with
respect to the variable z and the Laplace transform with respect to the variable

t, with parameters 8, a and p respectively are applied successively to (5), (6).

sl LI

The following conditions are assumed to be additionally satisfied [1]

(x,y,2,t

] e sin aur e 7P dy da dt (10)
Z(x,y, z,t

Z5(0,2) =0, Z5(0,2) =0 (11)
The function Zaﬁp(z) satisfies the homogeneous problem

Zl50(2) — (N? + p?) Zogp(2) = 0, 0 < 2 < 00, Zg,(0) =0 (12)

and therefore Z(z,y, z,t) = 0. The system of equations (5) and the boundary
conditions (7) take the form

2 k—1 -1
" ! 2 2 _
aﬁp(z) + P aﬁp(z) -N ot 1—‘2/34[31;(2) R 1 Wagp =0 (13)
K
opp(2) — j]\ﬂwl (2) — N2 1Za6p(2) — p*Zagp(z) =0
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—N*Wasp(0) + Zpg, =0

(3~ K Zagp0) + (1= @) Wi, (0) = ~" . -sina- B, "

[ee]
P, = /P(t)e_ptdt; N% =a? + %
0

To rewrite the system (13) in vector form, the unknown vector of the displace-

ment’s transformant is introduced

as well matrices

1 0 0 1 k=1 0 r=l
I= , — Kk+1 ,P: +1 7r]:\: K+1
(0 1) ° (2512 0) (0 ﬁ) (0 1)

So, the system (13) takes form

=

Loy(2) =0, 0 < z < o0 (15)
where the differential operator Ly has a form
Loy (2) = 15" (2) + 2Q¥'(2) = N*Py(z) — p"T¥(2)

The solution of the vector equation (15) is constructed on the basis of the
matrix equation’s solution Ly [Y(2)] = 0. The substitution Y(z) = ¢™V*I is
made to form the characteristic matrix M(s) = Is? + 2Qs — NP — p?T.

Inverse matrix has a form

2 mtla2 2 2

“1(q) — 1 §°— N —p R4l
M™(s) 1 , 25 N2 2 _ N2A=l _ 2n—1
Hi:l(s_sz) K—1 s = prony Rl (e

/ —1
§1 = — N2+K+1p27 52:_\/N2+p27
K
—1
83:\/N2+K+1p2, s4 =/ N?+p?.
K

Here s; (i = 1,4) are roots of the characteristic equation det[M(s)] = 0. The
solution of the matrix equation is constructed by the formula [13]

Y_(z2)= = ?{eszM_l(s)ds

21
C
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where C'is a closed contour encompassing all zeros of the matrix’s determinant
M(s). The residues at the poles s3 and s4 give a growing solution at infinity
and are therefore discarded. The residues at the poles s; and so give a solution

decreasing at infinity. After calculation a decreasing solution takes a form

2
1 A (r+1)NZ 4 1 _ (N+1)A 1
— —A1z (k—1)Aq S AYY (k—1)
Y_(2) =53¢ ((H)NQ + e iy 2 (16)

2p (k—1) —A1 2p (k—1) Ag

where Ay = /N2 +p2, Ay = /N2 + p(’({il;)
The solution of the vector equation (15) is constructed in the form

F(2) = Y () @)

where constants Cj, ¢ = 0,1 are found by satisfying the boundary conditions

(14). Thus, a system of linear algebraic equations is obtained

LJHAL [A1A2 - N? — *} Co+p*C1 =0
2Co+2 A

[A AQ—NQ——}C’ *—K—H%sma-Pp

n+1
after solving it the expressions for the transformants were found

sin «v A

Waﬁp(z) = a . pr [—2N2€_A1Z + (2N2 +p2>6_A22]

sin o N2 A 2 2 A (17)
Zopp(2) = Ca P,—~ X [—2A1Age™ 217 4 (2N? 4 p*)e™227]

A = AN* + AN?p? + p* — AN?A 1A, (18)

Based on formulas (9), (12), the transformants of the remaining displace-

ments are found

Uoiplz) = g Zoip(2), Vip(z) = o L) (19)

Thus, an exact solution to the posed vector problem (13) (14) in the transform

space was obtained.
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2.3. CONSTRUCTION OF THE ORIGINAL SOLUTIONS

After applying the inverse integral transformations to the solution (17), the

original vertical displacement was obtained

W(x,y,z,t) = 27r2 Ca 27”/ // 2N267A1Z+

—oo 0

+(2N2 +p )e*AQZ] sin o €'Y sin ax ePtdp d dov

[ = (\—io0o, A+ i00)
Using the parity of the integrand and applying Euler’s formula, displace-

ment is rewritten in the form

1 A Avey
W(z,y,2,t) = 7TQGCL%Z/ // 2 [_aNZe~ A1

—00 —O0

—|—(2N2 +p )e—Az.z] ezﬁy [e—z(x—l)a _ e—z(x-i—l)oe eptdp dB da

In order to get rid of the double integral over the parameters of the Fourier
transforms, the relation connecting the Fourier and Hankel transforms [14] was

used

// < a2+52+xz> —ier=iBY dodB = /SF\/SQ"FX@)

x Jo(sv/x? 4+ y?)ds

where Jo(s) is the Bessel function, x1 = p, x2 = /155 5=Llp  After simplifications,

formula for displacement takes a form

7TGa27rz/ /A(S Jo (x—1)2+42)—

—Jo(sv/(z+1)2+ yZ)} ePds dp

W(x,y,z,t)

-1 /
F(s)=4/s2+ 'L€7+11172 . [—45 eV L (252 + pPle S+ ]
K

-1
Ay = 45t + 4% + pt — 452\/s2 + p24 [ 52 + 719
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Using the parity of the Bessel function Jy(s), continue the integrand in an odd

way to the interval (—oo, 0)

1 1 OOFS
W(zx,y,z,t) = 7rGa2m'/Pp/ A( ) ] [Jo(s (x —1)2 4+ y2)—
l —00

—Jo(sv/(x +1)2+ yQ} ePlds dp

According to the obtained solution, the displacement from the distributed over

a rectangular area load can be found

ﬂéa;mjj/Pp7FA(i)'5 [JO(S\/(xfa)ZjL(yfb)Q),
0 -B I —00

B

WAB(:'U’ y? Z? t) =

—Jo(s\/(x + a2+ (y — b)?} ePdsdpdadb  (20)

Formula was written in the initial coordinate system.

2.4. STEADY-STATE OSCILLATION CASE

Suppose that the load applied across the area 0 < z < A; —B < y <
B over the plane X0Y changes according to the harmonic law P(t) = e™?
and p(z,y) = P, where P — constant intensity of the load, w — is a natural
frequency of vibrations. In this case, substituting into the constructed solution

(20) p = iw, the displacement is written in the form

a

A B o0
WAB(z,y, z;w) = ﬂ_g / / / FXS’:}) -8 [JQ(S\/(.T —a)?+ (y—b)?)—
0 —B—o

—Jo(sv/ (@ + @)+ (y — b)2)} dsdadb (21)

F(s;w) =9y [—2526_612 + (25% — wz)e_‘;?ﬂ
Ay, = 4s* — 45%0% + w? — 4526109 = (252 — w2)2 — 45%6105. (22)

01 = /82 — w2, 52:\/52—%(#2 (23)

Since the expression (23) includes the multivalued functions [3], they have to

be fixed. And after making cuts, using the contour integration methods, the
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displacement is calculated. It is necessary that from the loaded rectangle on
the quarter space’s face where the load is applied, the energy is carried away to
infinity by each of the two types of possible waves. These requirements make
it possible to fix multivalued functions v/s2 —w? u y/s2 — :—j&oﬂ [3; 8]

S22 5. — Je2  E—l 2

_Hw 01 = V8% —w?; 0y =4/s W
. k=1, . 2 2. 2 2
when [s| < w; 8] < FHw: 61 = —iVw? —s 62——\/ﬂ+1w —s

Damping into the environment was introduced. The energy flow must be di-

when [s| > w; |s| >
(24)

rected away from the place where the load is applied. The root of the equation
(22), [3], is the number s = +kr — the wavenumber related to the propagation
velocity of the Rayleigh wave. The denominator has no other roots for such
a fixation of §; and d2. Going around the branch points in the corresponding
loops, choosing 61 and d on the corresponding sections of the loop, so that
the requirements (24) are satisfied. Also taking into account the residue in the

Rayleigh root, the solution for plane z = 0 is obtained

e 2iw?y [k% — o lw?
FWAB(m,y,O;w) ==

A B
ere gj—az AP I
Where J4; O/é[ ( 2+ (y b)>

—Jo <5\/(x +a)’+ (y — b)2>} dadb (26)

45352 — w? 12s% — 8sw

2 _ K=l )2 V82 —w?

k+1

F'(s) =8s(2s* —w?) —

kr = méf__ﬁw, where the approximate formula from [3] was used.
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If the formula (25) is being rewritten in terms of wavenumbers

w k—1
=, — W= =
Co K+ 1 c1

c1 is longitudinal wave velocity; ¢y is shear wave velocity. The value of the
integrand in (21) F(gi:;)s coincides with that one in Lamb’s problem [3]. The
difference with the work [8] is in the form of the function J;}iB(:L‘, y). Thus,
under the assumption (11) that the functions Z(0, z) and Z5(0, z) are equal
to zero, the solution turned out to be practically identical to the solution of

the Lamb problem.

2.5. DISPLACEMENT FOR LARGE VALUES VIBRATION FREQUENCY

For large values of frequency w, using the expansion

. 1
l—2)f=1— -
(1-z)2 27 78" T 16" T 128"
21)

and based on formulas ( (23), a calculation formula for the displacement

was obtained in the form

G [o.¢]
FWAB(x, y,0;w) = — /F(S;W)J;iB(I, y)ds, (27)
0

where F(s;w) =

5 7 9
s brows’ = bk — s et
454 (,//@ — ﬁ) + w /R + 45%w? (,/Fao — 1) — 42 Z—A;m + Z—img + i—iﬁg}
k1 1o, 1 Lo 1 Lo 1
Ko = ——, K1 = =Kt + —Ko, K2 = —Ki + —Ko, K3 = —Ki + —K
07 w1 TRt T g0 T e T T g0 T 3270

2.6. TRANSFORMATION OF THE INTEGRAL JSAl’B(x,y) FROM (26)

According to the scheme [8|, consider the integral J:} iB(x,y). Using the

integral representation for the Bessel function [15]

s

Jo(sv/(z Fa)2+ (y —b)2) = i/cos [s(z F a)cost)] - cos [s(y — b) sinvp] dyp

0
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which should be substituted into formula (26). After changing the order of in-
tegration and calculating the integrals as repeated, the procedure was detailed

in [2], formula (26) was rewritten in the form

8AB
J:}iB z,y / SA B (1)) sin [sz cos ] - cos [sy sin 1] dip, (28)
0

sin [sBsint] 1 — cos[sA cos ]
sBsiny sAcosy

where S4B (1) =

the function S§4’B (1) is infinitely differentiable with respect to ) and also even,
therefore, the integration path can be taken equal to [—7/2, m/2]. Subsequent

change of variables sin) = 7 allows to rewrite (28) as

1
dr

4AB
V1—72’

A7
TP (@) = FA&P (x,y) (29)

-1

sin [sB7] 1 —cos [SA\/ 1— 7'2}
sBT sAV1 — 72

where FS‘?T’B (z,y) =

-sin [sx\/ 1-— 7‘2] -cos [syT]

The quadrature formula of the highest degree of accuracy [16] was applied to
the integral (29)

_ 44B
T4 (, Z FAB (g (30)

S,T;

where 7; = cos 25 N17r, i = 1, N are the zeros of the Chebyshev polynomial of

the 1st kind.

: 1 — cos |:$A1/1—7'-2:|
BTt:
F;‘TB( Y) = sin [sB7i} | "1 sin | szy/1— 72| - cos [syT;]
' sBri sA\/1— 12

7

(31)
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Substituting the expression into the displacement formula (25) and (27) the

final expression was constructed

/ 2 _ k=12 N
FW (-ﬁU,y,(LOJ) = Z

N | F'(kR)

+2iw2 Z / RT1 AB(y Vst
[L—— 9 (252 — w?) +452/W2 — §2 5 iwz—s o
+&w2§: /” o ) A (2, y)ds
- L (252 — w?)? + 1654 <32 :;icﬂ) (w2 —s2)
HJrlw
(32)

where F'(s) is defined in (26) and Fg?;?(a:,y) —in (31). For large values of

frequency w the formula takes the form

N oo
G AB . 4ABZ A B
FW (z,y,0;w) = Z/F s;w)Fea” (v, y)ds, (33)

1o

where the function F'(s;w) is defined in (27)
Thus, the formula has been simplified to the calculation of single integrals
of continuous functions, which is not difficult if oscillations in the near zone

are of interest.

2.7. EXPRESSIONS FOR FAR FIELD DISPLACEMENTS

The calculation of integrals in (32), (33) for large values of x and y is
difficult due to the presence of an oscillating function in the integrand. To
eliminate this difficulty for large values of r = \/W, the asymptotic ex-
pressions for analyzing the far field is advisable to obtained. In the integral

(28) the change of variables x = rcos ¢, y = rsin¢, A = tr was done

4A

2
B o
J;}iB(T cos ¢, r sin gf)) = T Im /S?,B(w)ez/\cos(qﬁ—w)dd)_i_
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bo| 3

%
+/Sé4,3(¢)€imos(¢+¢)d¢ 0<p<— (34)
0

The stationary phase method was used for the analysis of asymptotics [8; 17],
where the role of the function for the analysis of asymptotics, f(v) is played
by cos(¢ F ), and the role function ¢(1)) is an infinitely differentiable function
Sf’B(w). The first integral has a stationary point and the second has not,
therefore, its contribution to the asymptotics of (34) can be neglected. The

first integral in (34) can be represented as the sum

¢ 3
4 .
J;}iB(’r‘ cos ¢, r sin QS) = ﬁ Im /+/ Sf,B(w)el)\COS((ﬁ—w)dw'
0 ¢

™

where in the first integral the stationary point is at the end of the integration
path f/(¢) = %Cos(lp —¢) =0 for ¢p = ¢ and f"(¢p) = —1 < 0, a in the
second integral — at the beginning of the integration path. After application

of theorems 2 and 3 [17], formula (34) was rewritten

A,B . 2AB . A.B 1 iy

: _ _ . G4, Slo<op< =
Jii” (rcos ¢, rsin ) N [sin sr — cos sr] - S27(p) + O . 0<¢p< 5
(35)

SAB(g5) = sin [sBsiny] 1 — cos[sAcosy]
s sBsin sAcos

Substitution of (35) into formulas (25) and (27) makes it possible to determine

the displacement W (z, y, 0; w) in the far field  — oco. As in the work [3; 8] only

the Rayleigh term makes the main contribution to the asymptotic behavior of
the displacement in the far field, the highest values are achieved with the angles
¢=0and ¢ = 5

JAP , 1 si ‘ =.,/— (sinkgpr — k
kR,l(TCOS¢ 7 8in @) s ’/2]@ (sin krr — cos krr) x
A i B 1
" [ coskrA sinkpr ] O( > (36)

kRA ’ kRB T

2.8. DISCUSSION AND NUMERICAL RESULTS

For numerical implementation, the displacement should be multiplied by

e™* and the real or imaginary part should be separated. The graphs are given
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for the function %Im WAB(2,y,0;w) from (32) for values of Poisson’s ratio
w= % and p = i for frequencies w = 0.3; 1; 3. For large values of frequencies
formula (33) was used. Three forms of the load distribution section across the

face z = 0 were considered
1. B = A/2 - the load is distributed over a square;

2. B = A - the load is distributed over a rectangle extended along the Oy

axis;

3. B = A/4 - the load is distributed over a rectangle extended along the

Ox axis.

To analyze the far-field r — oo, the asymptotic equalities (35), (36) were used,
substituted into the expressions for the displacement (25), (27)

Comparing the graphs of vertical displacements for the same frequency
w = 0.3 and Poisson’s ratio p = 1/3 under different sections of the load
distribution (Fig. 1, Fig. 2, Fig. 3), it can be seen that the maximum absolute
values equal to 2.5 achieved with the shape of the section B = A, which
corresponds to a rectangle elongated along the y-axis. At the same time, the
displacement has a maximum amplitude which is approximately 2 units. In the
case when the load is distributed over a rectangle elongated along the x-axis,
the displacement has a minimum amplitude 0.6 and its maximum displacement
is about 0.7 units.

In the case when the load is distributed over the square B = A/2, with
an increase in the vibration frequency (Fig. 1, Fig. 4, Fig. 7), the amplitude
of displacement grows. In addition, in the case when the oscillation frequency
is equal to 3, negative displacements are observed, which means the lifting of
the face of the quarter space. Also growing of the amplitude with increasing
frequency can be seen from Fig. 2 and Fig. 5, which corresponds to the case
B = A, where the amplitude increased from 2 units (w = 0.3) to 4 units
(w = 1). There is also the effect of raising the edge of a quarter space due to
the presence of negative amplitudes’ zones (Fig. 5).

Comparing the value of vertical displacements for different values of Pois-
son’s ratio (Fig. 5, 6), it can be seen that the behavior of the graphs is similar,

but for values of y = 1/3 the amplitude of oscillations is greater.
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1/3 1/3

Figure 3: B=A/4, w =03, p = Figure 4: B = A/2, w =1, p =
1/3 1/3

The vertical displacements’ graphs in the remote zone of the load applica-
tion area, depending on the vibration frequency with Poisson’s ratio equal to
1/3 and load section B = A, represented in the Figure 8. As the distance from
the load distribution section increases, the oscillations decay. Similar to the
results for the near load zone, the maximum displacements occur in the case
of the load section’ shape B = A. The amplitude is greater for large values
of vibration frequencies. With a decrease in the frequency of oscillations, the

amplitudes are practically equal to zero.
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Figure 5: B=A, w=1, u=1/3 Figure 6: B=A, w=1, p=1/4

—0.05

—0.10

T T T T T T T T
150 175 200 225 250 275 300 325 350
r

Figure 7: B = A/2, w =3, u = Figure 8: B=A, p=1/3.
1/3

3. CONCLUSION

The dynamical problem’s solution of the elasticity for the quarter space was
derived, when one the faces is rigidly fixed and another is under the influence
of the normal dynamic compressive load, applied at the initial moment of time
and distributed across a rectangular section. Application of the integral trans-
form method directly to the movement equations reduced the initial problem

to the one-dimensional vector problem. The last one was solved exactly using
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the matrix differential calculus. The proposed approach makes it possible to
obtain an exact solution of the problem in the transform’s space. The case of
steady state oscillations was investigated and vertical amplitude was analyzed
in near loading and remote zone, for which asymptotic formulas were derived.

At the same time, it is also possible to construct and study the normal
stress arising in a quarter space and compare the amplitudes of all three dis-
placements. Using the proposed approach, the similar dynamical problem for
the elastic semi-infinite layer, when different boundary conditions are set on

the bottom face is under consideration.

Decenxo I. O., Bondapenro K. C.
JMHAMIYHA 3AAYA ITPO JIIIO 30CEPEJKEHOT'O HABAHTAYKEHHSI HA ITPY>KHUI YBEPTH
[IPOCTIP

Pesrome

ITo6ymoBano XBHIIbOBE I0JI€ MIPY?KHOI'O YBEPTDH IIPOCTOPY, KOJIU OJHY I'DAHUIIO *KOPCTKO 3a-
KpiIIeHO, a Ha IHIIINA MO NPsAMOKYTHI#M JIJIAHIN Jli€ HecTallilOHapHE HOPMAaJbHE CTUCKAIOUe
HaBaHTAXKEHHSI B MMOYATKOBUII MOMeHT dacy. lurerpanbui neperBopenns Jlammaca ta @yp’e
3aCTOCOBAHO MOCJIJOBHO JO PIBHAHB PyXy Ta JI0 I'PAHUYHHUX YMOB, Ha BIAMiHY BiJ Tpamu-
MIAHUX TiIXO/iB, KOJIM iHTErpaJjbHi MepeTBOPEHHsST 3aCTOCOBYIOThCs 0 IOJIAHHS PO3B’SI3KiB
4gepe3 rapMoHivHi GyHkIil. [le npuBoguTh 10 0OHOBUMIPHOI BEKTOPHOI OHOPIIHOT KpailoBOl
3a/Ja4i BiITHOCHO HEBIZJOMUX TPaHC(POPMAHT MEPEMIIEHDb. 3a/1a9y PO3B’sI3aHO 38 JOMOMOTOI0
MATPUIHOTO AU(DEPEHIIaIbHOr0 YucaeHus. [loe BuXigaux nepeMimnenb 3HaliIeHo micjs 3a-
CcTOCyBaHHsI OOEPHEHUX IHTerpajbHUX IepeTBOpeHb. [l BUMAIKy CTAIlOHAPHUX KOJMBAHD
BKa3aHO CHOCIO 00YMCIIeHHST y PO3B’sI3KY KBaJApaTyp B OJIFIKHIM 30HI HaBaHTaxKeHHS. s
aHaJIi3y KoJIMBaHb y BijzaJseniit 3oui nobyoBano acumuroTudsi dpopmynu. Jocmimpkeno am-
IUTITY/1y BEPTUKAJBHUX KOJIMBAHB B 3AJIEXKHOCTI Bijl (DOPMU [IIITHKY HABAHTAYKEHHST, BJITACHUX
9aCTOT KOJIMBAHb Ta MaTePiay CEPEIOBUIIA.

Karowosi caosa: mownull po3s’a30k, npystcHull 46epmunpocmip, JUHAMINHE HABAHNAHCEH-

HA, THIME2PAALHL NEPEMBOPEHHA.

Decenro A. A., Bondapenxo K. C.
JIMHAMUYECKAS 3AJIAYA O IEMCTBUM COCPEJOTOYEHHO HATPY3KHM HA YIIPYT'OE YET-
BEPTb MPOCTPAHCTBA

Pesrome

ITocTpoeHo BOSTHOBOE II0JIE YIIPYTOrO YeTBEPTH IIPOCTPAHCTBA, KOIJA OJHA I'PAHb KECTKO 3a-
KpeIjieHa, a Ha APYToi II0 IPsAMOYTOJIbHOMY YYACTKy AeHCTByeT HeCcTallmOHAPHAA HOPMaJlb-
Hasl C2KIMAIOIIAsi HArPy3Ka B HAYAJIbHBIN MOMEHT BpemeHu. VlHTerpaspabe mpeodpa3oBaHust
Jlamtaca u @ypbe NpUMEHEHBI IOCIEOBATEIBHO K YPABHEHUSM JBUKEHUS U PAHIIHBIM
YCJIOBUSM, B OTJINYHME OT TPAAUIMOHHBIX IIOJIXOIO0B, KOTJIa MHTerpaJibHble IIpeoOpa30BaHus

NPUMEHSIOTCSI K [IPEJICTABJIEHUSIM PEIeHHIl Yepe3 rapMoHudYeckne MYHKIUNA. DTO IPUBOIAT
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K OJHOMEPHOII BEKTOPHOII OJHOPOJHON KpaeBO# 3aJlade OTHOCUTEJIbHO HEU3BECTHBIX TPaHC-

dopmaHT nepemenieHuii. 3aa4a perieHa ¢ IOMOIIbI0 MATPUIHOIO JnuddepeHnajIbHOro ue-

gucsenus. [Tome HNCXOOHBIX HepeMemeHHﬁ Haﬁ,[[eHO 1I0CJI€ IIDUMEHEHU A O6paTHBIX nHTerpaJib-

HBIX peobpazoanmii. /st ciaydasi crarmoHapHBIX KOJIEOAHUN yKa3aH CIocOO BBIYUCTIEHUST

B PEIIeHIHN KBaJpaTyp B OnmKHeN 30He HarpyzkeHus. /lisa anammsa kosiebaHmili B OTIAJICH-

HOIT 30He MMOCTPOEHBI aCUMITOTHYeCKHE HPOpMYIbl. VccaemoBana aMIIUTY/ /18 BEPTUKATIBHBIX

KojIeOaHUil B 3aBUCUMOCTH OT (DOPMBI y4acTKa HArPY3KHU, COOCTBEHHBIX YACTOT KOJIEOAHUH U

MaTepuaJia CPeJIbL.

Karoueswie caosa: mowroe PEWEHUE, YNPY20€ HIMEBEPMBNPOCIMPAHCINGO, QUHAMUMECKAA Ha-

2py3Ka, uHmezpasbHovle NPeodPa306aHUA.
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Let p be a prime number, d € IN, (%d) = —1, m > 2, and let E,, denotes the set of of residue

classes modulo p™ over the ring of Gaussian integers in imaginary quadratic field Q(v/—d)
with norms which are congruented with 1 modulo p™. In present paper we establish the
polynomial representations for real and imagimary parts of the powers of generating element
u+ivV/d of the cyclic group Ey,. These representations permit to deduce the “rooted bounds”
for the exponential sum in Turan-Erdds-Koksma inequality. The new family of the sequences
of pseudo-random numbers that passes the serial test on pseudorandomness was being buit.
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1. INTRODUCTION

The sequence of real numbers {a,}, 0 < a, < 1 we call the sequence of
pseudorandom numbers (abbreviation, PRN’s) if it is produced by determin-
istic generator and, being a periodical sequence, has the statistical properties
such that it looks like to implementation of the sequence of random num-
bers with independent and uniformly distributed values on [0,1). Primary
sequences of PRN’s are the sequences of PRN’s which generated by the con-

gruential recursion of the type

Yn+1 = f(y’n7 Yn—1,.-- 7yn—k+1) (mOd m)

with some initial values yo, y1,...,yx—1 € {0,1,...,m—1}, where f(uy,..., ug)
is integer-valued function over ZF . Such sequences have been studied with
many results (see, survey [12]).

Because it emerged that linear function f(u) = au + b does not supply
requirements of “affinity” to statistical independent (unpredictable) sequence
(see, [10]), this motivated the creation of nonlinear congruential pseudorandom

sequences having an unpredictability property.

Received 07.10.2020 (© Fugelo P., Varbanets S. 2020
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The generator produced by the quadratic function f(u) = au® + bu + ¢
satisfies to condition of “practical” unpredictability (see, [6]).

The generator associated with quadratic function f(c) we call parabolical.

In 1989 J. Eichenauer and J. Lehn[4] and H. Niederreiter|[13| have studied

the sequences generated by the congruential relation modulo p

ar, b +b if x, #0,
Ln+1 = .
b if x,=0.

with some coefficients a € 7, b € IF,.

In the paper [18] there are investigated the analogous of inversive congru-
ential generators, that without any increases of computational complexity of
finding the elements of sequence {y,}, have got an essential complexity for
intruder’s to work around the parameters of inversive or linear generator to be
recovered.

The requirements to uniform distribution and unpredictability is satisfied

the following inversive generator
Ynt1 =ay, ' +b (mod p™),

where p is a prime number, a,b € Z, y, ! is a multiplicative inverse to y,
(mod p™).

The inversive generator and its generalization was being investigated by
many authors (see, [1], [2], [3], [5], [6], [7], [8], [11], [15], [16], [17], [18]).

Starting out from our reasoning, we will call such inversive generator as
hyperbolical.

In [19] there have been studied the statistical properties of sequences of
PRN’s produced by a number generator, which determines by the norm group
of the ring of residue classes of modulus p™ of the ring of Gaussian integers.
That generator we call circular generator.

In present paper we consider the generalization of generator from [19] and
study the statistical properties of the sequences of PRN’s produced by this
generator.

Our main aim here is to elucidate the motivation for constructing circular
generator of the sequences of PRN’s with some specific properties that be
faster of its usage in cryptography. Our exposition focuses on some special

measures of "randomness" with respect to which "the good" sequences have
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been produced by using of norm group E,,. A quantive measure of uniformity
of distribution of a sequence may be the so-called discrepancy. Originated
from a classical problem in Diophantine approximations this concept has found
applications in the analysis of PR sequences on uniformity and unpredictability.
From the well-known Turan-Erdos-Koksma inequality it is evident that the
main tool in estimating discrepancy is the use of bounds on exponential sums
over on elements of the sequence of PRN’s. This motivates a construction this
paper.

Before we proceed further we will fix the notation that will be used through-

out this paper.

NoTATION.

e Lower case Roman (respectively, Greek) letters usually denote rational
(respectively, nonrational) integers of field @ (respectively, field Q(v/—d),
d is a free-square natural number); in particular, m, n, k are positive

integers and p is a rational prime number.

e We also define a norm over Q(v/—d) into Q by N(a) = a? + db* for
a=a+bv—d, a,be Q.

e For the sake of convenience, we suppose d =1 (mod 4) and denote by G
the set of integer elements of Q(v/—d).

e Let Z, (or G¢) denotes the ring of residue classes modulo ¢, and Zj (or

G) denotes the multiplicative group in Z; (or Gy).

o Ifz € Gy, we write 21 for the multiplicative inverse of  mod ¢, i.e.
is an arbitrary integer of Q(v/—d) satisfying the condition x - 27! = 1
(mod q).

e For a € Z the symbol <%> denotes a symbol of Legendre.

e As usual, (a,b) stand for the greater common divisor of integer rational

a and b (or, respectively, a and § in G).
e Through Z[z] (or G[z]) we denote the polynomial ring over Z (or G).

e For a € Z (a € G) stand v,(a) (or vy(a)) if p*@|a and p* @+ fa.
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e The fraction ¢, (b,q) = 1, of modulus ¢ means as ab™!, where b1 is a

multiplicative inverse modulo gq.

e At last, e,(z) denotes 2™

2. AUXILIARY ARGUMENTS

We start by listing some previous estimates of exponential sums which will
be used to establish our main results.
Let f(x) be a periodic function with a period 7. Forany N € N, 1 < N < 7,

we denote

N
S () = Y eI
r=1

Lemma 1. The following estimate

|SN(f)] < max
1<n<r

2627” flx)+

=1

log T

holds.

This statement is well-known lemma about an estimate of uncomplete ex-

ponential sum by means of the complete exponential sum (see, [9]).
Lemma 2. Let p be a prime number and let f(x) be a polynomial over Z
f(z) = Ay + Aoz + p(Aga® + -+ ),

and, moreover, let v,(A2) = a > 0, v,(A;) > a, j = 3,4,.... Then we have

the following estimate

Z omi L2 { P E ifr(Ar) > a
e P =
0

2eZm else,

(see, [16]).

The relevant statistical properties of any sequence of the independent and
uniformly distributed random numbers are, first of all, uniformity and depen-
dence. Departures from uniformity or independency may be detected by theo-
retical or empirical tests. The main tools of theoretical tests for the establish-

ment of the uniformity or dependency of the sequence {z,} is the s-dimensional
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discrepancy of the points XT(«LS) = (Tny Tngly -+ s Tngs—1), S = 1,2,..., which
defined by
s s s An(A
DX, X9 xE )= sup ]\E\(f)—vol(A) :
AC[0,1)5

where An(A) is the number of points X falling into A C [0,1)%, vol(A) is a
volume of A, and the supremum is extended over all subintervals A of [0,1)".

If DN(X(ES), Xf), o ,X](\}q)_l) — 0 for N — oo we say that the sequence of
PRN’s {z,} passes the s-dimensional test on the pseudo-randomness.

The following two lemmas give the estimate for D N(X(gs)7 X fs), .. 7X](\f)_l).

Lemma 3. Let T > N > 1 and q > 2 be integers, yx € {0,1,...,q — 1}* for
k‘:O,l,...,N—l;tk:%‘E [0,1)°. Then

Dy (to,t1,...,tn-1) <

(see, [12])

Lemma 4. The discrepancy of N arbitrary points to,t1,...tn_1 € [0,1)?

satisfies

N-1
> e(h-ty)
k=0

Dpy(to,t1,...,tn21) >
~(to, t1 N-1) 2(m + 2)|hiho|N

for any lattice point h = (hy, hy) € Z? with hihy # 0.

(It is the special version of Niederreiter result in [13]).
For integers s > 1 and ¢ > 2, let Cs(q) be the set of all nonzero lattice
points h = (hy,...,hs) € Z° with —2 < h; < € for 1 < j < 5. Define for

h € Cs(q)
e if h=0,
rih.q) = { qsin(ﬂ'—Z') if h#0,

r(h,q) = [] r(hj,q)

Jj=1
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Lemma 5. Let {Y,} be the sequence of s-dimensional points in (IN U {0})*
with a period T, and y,, = % €[0,1)°. Then for any N, 1 < N <1, we have

(s) 54 1
D - r(h. ) r(ho.q)
N (y07YI7 y YN— 1 q Z Z T(h, q)T(h();CI)
heC (@) hoe(~3,3]
N-1 nh()
X Z (h yn + 7) )
n=0

where h -y denotes the inner product of h and y.

Lemma 6. Let Xo, X1,...,Xny_1 €[0,1)°%, s > 1 with discrepancy D%;. Then

for any nonzero h = (hq, ..., hs) € Z*° we have
N-1 m
7 2 m+1 1
Z 2mih-Xn & s)
0€7r7, Sﬂ.<< 5 ) 2m>ND l_IlmaX 12’h ’)
n= J

where m is the number of nonzero coordinates of h.

(see, [13])
Let p be a prime rational number, <_7d) = —1. Let us denote by E,, the
following subgroup of Gm

Em:={x€Gpm: N(r)=+£1 (modp™)}.

The subgroup Ej, we call the norm group in G;m of imaginary quadratic

field Q(v/—d).
The following lemma is constitutive for the sequence {z,} being investi-

gated in our paper.

Lemma 7. The norm group E,, is a cyclic group of order 2(p + 1)p™~!. Let

u+1v denotes a generating element of Ep,. Then exist xo,yo € Zym such that
(u+ V—=dv)?PY) =1 + pzo + V—dpyo,
2x0 + dy2 = —2p*z2  (mod p*)

and for any t = 4,5,... we have modulo p™

R((u+ vV—dv)* P = Ag + Ayt + Agt® + - -
((u—'—\/iv) p+1) \/g'(Bo—l-Blt-l-Bth{-...)'
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Moreover,
Ap=1 (mod p*), By=0 (mod p?),

1 5
Ay = pPa + §dp2y§ = —596029 (mod p°),

By = pyo(1l — p?xp)  (mod p?),

5
Ay = —5x%p2 (mod p5),
5
By = Sp'zoyo (mod p?),
A;=B;=0 (mod p3), j =3,4,....

Proof. By virtue of the fact that the residue classes modulo p with
(%l) = —1 generate a prime field G, it follows that the multiplicative group
of this field is a cyclic group G, and we always can yield a generating element
of every group Ej, of a reduced residue system modulo p*, k =1,2,...,in G.

Denote

(u+ V—dv)*
(u 4 V—dv)2PHitk = Z ( k) +/—dB;(k )) (mod p™).

u()—i-\/ dv(k), 0 <k <2p+1,

3

It is clear, that
Aj(k) = Aju(k) — dBju(k); Bj(k) = Aju(k) + Bju(k).

And now, the description of group E,, is performed by an analogue of descrip-
tion of the norm group E,, in case of Gaussian field Q(7) F,, (in greater details
see [14]).

Thus from Lemma (7) we infer.

Consequence 1. For k=0,1,...,2p+ 1, we have

(k). p) = (o(k),p) = 1if K20 (mod P22

u(0) =1, v(0) =0, (u(p+1),p) =1, pllv(p+1);

uw(k) =0 (mod p), (v(k),p)=1if k= p; 1 or 3(p;L 1);
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Hence, for k # 0 (mod %) we have

(k) = u(k), Bo(k) = v(k) (mod p),
Ay(k) = —pdyov(k), Bi(k) = pyou(k) (mod p?),
Aa(k) = —adp*u(k), Ba(k) = —adp?o(k) (mod p),
A;(0) = A;, Bj(0) =By, j=3,4

Ag(p+1)= -1, Bo(p+1)=0 (mod p*),

P Ai(p + 1), pl|Bi(p + 1), p*[A2(p + 1),
pllAi(k), p*||Bi(k), p*|A2(k), Ba(p+1) =0 (mod p°),

1 1
By(k)=0 (modpg)ifk:p; or 3(p2+ )

Lastly, we will make use the following sequences produced by a generating

element u + v of the norm group F,.

We select a random number k£ € {0,1,...,2p+1} and consider the sequence
{(u+V=dv)?PrOntky iy = 0,1, pm - 1.
Denote
) = R((u + V=dv)>PHInE), (1)
Y 1= S((u+ Vdv) 2oy, (2)

Every sequence {xn } or {yn)} n = 0,1,..., has a period 7 = p™ 1.

From Lemma 7 and its corollary we obtain the description of elements of these

sequences as the polynomials at n. Besides, taking into account, that

(u 4 V=dv)?PH) = 4y + v/ =duo,

up = 1+ p*x0, vo = pyo, (z0,p) = (yo,p) = 1

and
x%k) = x(k)luo — yfl )11)0 (mod p™), (3)
y,(f) = x;k)lvo — y,(L ) (mod p™) (4)

(k) ()

we may be achieved the representations of xy,’, yn ~ as the polynomials at x,
Yo-
By virtue of the congruence <a;g€)) +d (y(k)> = (-1)* (mod p™) and

recursion (3) we call the sequences (1) and (2) as the sequences of PRN’s
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produced by the norm group. The recursions (3), (4) we call the generators

associated with the norm group E,,.

FAMILY OF SEQUENCES OF PRN’S PRODUCED BY CIRCULAR GEN-
ERATOR It is clear to see that, without restricting the generality, we can take
that d = 1 and, hence, p =3 (mod 4).

So, finally, we generate the family of the sequences of congruential PRN’s
which associated with the sequences {z,(k)} and {y,(k)}. Depending on a
select k € {0,1,...,2p+ 1} we will construct the special sequences of PRN’s.

We will distinguish three cases of class sequences depend upon the values of k:
(4) k#£0 (mod Z51);
(B) k=0o0rp+1;
(C) k=&t or 32l

Firstly, we consider the class (A). The classes (B) and (C') may be consider
by a similar way, but these classes have its specific.

So, for every k € {0,1,...,2p+ 1}, kK # 0 (mod %) we consider the
sequences {m,(lk) (t)} and {yy(Lk) (t)},t=0,1,2,.... For such k£ we have

k0 <modp;1>.

In these cases (u(k),p) = (v(k),p) = 1.

We denote
k xgﬂ)
A= T (mod ™), (5)
1+ 'U(](k)yn

where vo(k) = v(k) +p*vi(k), (vi(k),p) = 1.
This definition is correct by virtue of the fact that

L+ vo(k)yh” = 1+ vo(k)Bo(k) = 1 + dvd (k) = —ud(k) (mod p)
m—1
vo (k) Zl Bj(k)n? =0 (mod p).
j:

And hence, denoting (u(k)™1)? = u(k)~2 (mod p™), we have modulo p™

2 = —(u(k))"2(Ao(k) + AL (k)n + - ) (1 + (u(k)) " *vo(k) By (k)n

+u2(k) (vo(k)B2(k)n? + u=2(k)v3 (k) Bi(k)) n® + - -- ) _
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Now, after simple calculations, we get

M
A = —(u(k) 7 3 AP,
j=0

where
AF = pulk) " yo — pyov(k)u(k)~2,
AL = w9 (k) Ao (k) Ba(k) + u(k) "*vo (k)2 Ao (k) B (k)
+ vo(k)A1(k)B1(k) + Aa(k),
Aﬁ-k) =0 (modp?), j=3,4,....

So, we obtain modulo p™
20 = F(n) = (u(k)) ™" A + pPyovs (B)n + pea(R)n? + p°G(n)| - (6)
where

ca(k) = y2 - (—2xou~ (k)v?(k) — 10z2u® (k) — 1023u™ (k)v(k) — w3 (k)v?(k)),
(7)
where G(n) € Zym[n].

(k)

The relation (6) defines the representation of z ' as the polynomial at n.
(k) _ af)

In case of (B) we consider the sequence {zgk)}, 2 = T
Yn

Finally, in case of (C) we let

(k)
k Tn
5 (k) G

n’ = T
14 yp

(k)

and similarly to (A) we infer the representation z, ’ as polynomial at n.

This allows us to state the following theorem.

Theorem 1. Let hi,ho,j € Z, (hy, he,p™) = p*. Then for the sequence of
PRN’s {zfmk)} the following estimate

pm7171

m+L

1Sj(he,ha) = | Y epm(hazl? + hozl) )| < p™2
n=0

holds for every j € {1,...,2p + 1}.
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Proof. Without less of generality that (hy, ha, p™) = 1, using the relations
(6) we can write for k Z 0 (mod %)

hlzék) + hgzgfzj =

= (u(k)) 2| AS + p2((hav(k) + hao(k)(1 + pO(§)))yov(k) + 2-haca(k)(1 + pO(4)))n
+p2(hica(k) + haca(k)(1+ pO(j)))n? + p*Gi(n) | (mod p™),

where c¢o defined in (7)
By the condition (h1, he,p™) = 1, it follows that the congruences
(h1v(k) + hov(k)(1 + pO(j)))yov(k) + 2-haca (k) (1 + pO(j)) =0 (mod p)
hica(k) + haca(k)(1 +pO(j5)) =0 (mod p)
cannot be realized simultaneously. Thus, by Lemma 2, we infer

0 if hi+hy=0 (mod p),

m (8)
pz if hi+h2Z0 (mod p).

S (1, o)l S{

(s)
Consequence 2. The discrepancy of the sequence {z‘ffn",l }, s = 1,2, has the
following bound
m—1
] 2p 2

(s)
DY £ s+ Ty

2 7\°
<logpm+> , 0<N <, 9)
T 5

where XT({G) = (zgg), . ,zgi)sfl).

This assertion follows from Lemma 4 and Theorem 1. Now we prove a

lower estimate Dﬁ) .

Theorem 2. Let p be a prime number, p =3 (mod 4) and let zgﬁ) defined by

)
the relation (5), k # 0 (mod 7%1) Then for the sequence {wgk)}, w® = )

7’
n=0,1,...,7—1, we have
1 m—1
DAOWw® w® k) S —m 1
T (WO ’ 1 > ’WTfl) - 4(7T+2)p 2, ( 0)
where W7(Lk) = (wﬁlk),wfﬁzl), n=0,1,...,7—1.

Proof. We take h;y = hg = 1. Then by Theorem 1 with 7 = 1 and Lemma

7, we at one obtain
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(For detailed proof, see [16]).
Theorem 1 and 2 show that, in general, the upper bound is the best possible
up to the logarithmic factor for circular congruential sequence {(w%k), wfﬁ&l)},

n > 0, defined by congruence (5) (or (10)).

3. CONCLUSION

In conclusion we have the following two remarks.

Remark 1. It is straightforward to verify that all that we said in the case the
sequence produced of the relation (5) also holds for the sequence produced by

the congruence
2P = wg(k)z ) +vo(k)yH  (mod p™) (11)

with ug(k) = u(k)+p>ui(k), vo(k) = v(k)+p?vi(k), (u1(k),p) = (v1(k),p) = 1.

Remark 2. Relations (3), (4) make it possible to drive the representations

xglk), y,(lk) and consequently zr(lk) as polynomuals at xqg, yo. Thus it may be well

to construct non-trivial estimates of exponential sums over generating element

of the norm group E,,.

@yeeno I1., Bapbareyw C.
I'EHEPATOP IIBY HA HOPMEHII T'PVIII

Pesrome

Hexait p — npocre uuciio, d € IN, (%) = —1, m > 2, i uexait F,, mo3Havae MHOXKUHY KJIaciB
JIMIIIKIB 3& MOJyJIeM P’ HaJ KIIbIEM IIJIMX TayCOBUX YUCEJ B YIBHOMY KBAIPATHUIHOMY ITOJIi
Q(v/—d) 3 Hopmamu, mo JopiBHIOIOTL 1 33 Momysmem p™. B mamiit cTaTTi MH OTPHMYEMO TIO-
JliIHOMiaJIbHI 300parKeHHs JIJIsl JIHCHOT Ta YsIBHOI YACTUH CTEINEHIB MOPOZKYIOUOTO €JIEMEHTY
u + vV d nukotivHOL rpynu E,,. 11i 306pakeHHst 103BOJISIIOTh OTPUMATH “KOPEHEBI TPAHMUII’
ekcrioHeHniinol cymu B HepiBHocTi Typana-Epnsoma-Kokemu. Takoxk 6ys10 modygoBaHo HO-
Be CiMeCTBO MTOCIIOBHOCTEH MICEBIOBHIAIKOBAX YHCEJI, 1[0 IPOXO/IATH CepiajbHII TeCT Ha
IICEBJIOBUIIAIKOBICTb.

Karowosi caosa: yasre keadpamurme noae, HOPMENHA 2pYna, ncesdosunadkosi Hucaa, 0eckpi-

NAHCLA.

@yeeno I1., Bapbaney C.
I'EnEpATOP IICY HA HOPMEHO! T'PVIIIE

Pesrome
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Ilycte p — mpocroe uyuciio, d € NN, (%) = —1, m > 2, u nycrs E,, 0603HaUYaeT MHO-

2KECTBO KJIACCOB BBIYETOB 110 MOJYJIIO P'' HaJI KOJIBIOM IIEJIbIX I'ayCCOBBIX YUCEJ B MHUBOM
kBajgpaTmaroM noste Q(y/—d) ¢ HopMaMu, KOTOpEIe cpaBHEMEI ¢ 1 o Momymo p™. B nammoit
CcTaTbe MBI IOJIydaeM HOJUMHOMHAJIbHBIE IIPECTABICHUSA NEUCTBUTEJIbHON U MHOMOU 4decTel
CTENeHeH TTOPOKIAIONIETO eIeMEeHTa U + 10V d IIKIIIecKoit rpynnst E,,. OTH npecTaBie-
HUSI TTO3BOJISIOT MOJIYYATh “KOPHEBBIE I'PAHUIILI’ IKCIOHEHIINAIBHON CYMMBI B HEPABEHCTBE
Typana-Opuéma-Kokembl. Takke ObIJI0 TOCTPOEHO HOBOE CUMENCTBO IMTOCJIEI0BATETLHOCTEN
MICEBOCTYYafHBIX YMCEeJT, KOTOPBIE MPOXOIST CEPUAIBHBIN TECT Ha MCEBIOCTYIaHOCTb.

Karouesvie caosa: mrumoe K6adpamuywHoe nose, HOPMEHHAA 2DYNNG, NCEEIOCAYUATIHbLE YUC-

AQ, OECKPUNAHCU.
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An incremental approach to solving the antiplane problem for bimaterial media with a thin,
physically nonlinear inclusion placed on the materials interface is discussed. Using the jump
functions method and the coupling problem of boundary values of the analytical functions
method we reduce the problem to the system of singular integral equations (SSIE) on jump
functions with variable coefficients allowing us to describe any quasi-static loads (monotonous
or not) and their influence on the stress-strain state in the bulk. To solve the SSIE problem,
an iterative analytical-numerical method is offered for various non-linear deformation models.
Numerical calculations are carried out for different values of non-linearity characteristic
parameters for the inclusion material. Their parameters are analyzed for a deformed body
under a load of a balanced concentrated force system.
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1. INTRODUCTION

Problems related to contacts have been treated with great attention in the
literature of the subject due to their practical significance. Most materials
contain numerous subtle defects in the form of cracks and inclusions of various
origin [4; 7; 10; 13; 14; 18; 20; 23|. The presence of these inhomogeneities
in engineering materials affects or disturbs their elastic field and thus greatly
influences their mechanical and physical properties. Composite materials take
advantage of inclusions as reinforcements in the matrix to have superior prop-
erties not achievable by individual constituent materials. Such subtle inhomo-
geneities can have a complex structure, taking into account possible viscosity,

plasticity, and other nonlinear effects. Considering non-linearity significantly

Received 10.11.2020 (© Piskozub Y. Z., Sulym H. T. 2020
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complicates the process of solving the problem and requires the use of various
approximate methods even for bodies of simple geometry [1; 5; 12; 18; 19].

It has been noted in the surveys [13-15; 22; 23| that for solving the prob-
lem for elastic bodies with thin inclusions it is possible to select five main
approaches of analysis: general theoretic — to consider the inclusion of ar-
bitrary form and then to decrease one of its sizes [6; 13-15|; numerical —
to apply direct numerical methods [16]; experimental — to use experimental
methods; asymptotical — to consider the stresses and displacements directly
near the vicinity of heterogeneity and interface of materials by asymptotical
methods in detail; new theories of imperfect contact — to develop a spe-
cific theory that would enable to solve the proper problems rather simple taking
into account the effect of the small thickness of the defect [8; 9; 18; 23].

The idea of the last, one of the most productive approaches, is based on
the principle of the conjugation of continua with different dimensions [18; 23|.
An object is eliminated from consideration and its influence results in the
appearance of jumps of temperature, heat fluxes, vectors of displacements and
stresses in the matrix. Then stresses and other characteristics in an arbitrary
point of solid are determined by the problem geometry, materials properties,
external loading and jump functions. The mathematical model of inclusion is
given as the interaction conditions equivalent to the conditions of imperfect
contact between the matrix surfaces adjacent to inclusion.

Attempts to consider non-linearity in the problem of antiplane deformation
of compressed semi-spaces with thin interfacial defects were made by various
authors, including the study of sliding friction of contact bodies [3; 4; 7; 9; 21].

This article aims to develop a jump functions method and construct ap-
propriate models of thin inclusions and layers whose material has essentially
non-linear properties. Assume that the body thus loads non-uniformly, includ-

ing multistage or cyclic loads.

MAIN RESULTS

1. Formulation of the problem. Consider an infinite isotropic matrix
consisting of two semi-spaces with the elastic shear constants Gy (k = 1,2).
Here Oxyz are the Cartesian coordinates and xOz is the plane of contact
between half-spaces.

We'll study the stress-strain state (SSS) of the bulk section by the plane



42 Piskozub Y. Z., Sulym H. T.

xOy perpendicular to the direction z of its longitudinal shear. This section
creates two half-planes S; (k = 1,2) and the interface between them corre-
sponds to the z-axis L (Fig. 1). On L along the segment L' = [—a;a] there
is a thin inclusion of thickness 2h < a, mechanical properties of which in dif-
ferent directions may differ (orthotropy) and are characterized by constitutive

equality of rather general non-linear form

awin
s

= Ws (U;Za U;Z) ) s = {xvy}a (1)

m om) is chosen from general theoretical

where the monotone function wy (axz, e

considerations or is some kind of approximation of empirical data relationships.

O 0 0 00 O O

@ S G ©
O=T, Dz r o=
@ mez Gyz f @
@ - La * ©
Cyz=T1 74 Gy~
@' 50 Oz o)

@ ® @ 9.0 @ @
yz—
Figure 1: Geometry and load pattern of the problem

Suppose that external loading increase or decrease monotonically by ar-
bitrary law and consist of the uniformly distributed in infinity shear stresses

= 7(t), 033 = 7k(t), concentrated forces with magnitude Q(t), screw

g Tz

oo
2
d?slocations with Burger’s vector by (f) in points z,, € Si (k = 1,2), ¢ de-
notes the time as formally monotonically increasing parameter associated with
load variations (k = 1,2). It should be noted that the positive direction of
the forces and Burgers vectors is chosen along the axis z, in contrast to the
opposite direction implicitly adopted in some studies. Since we assume the
straightness of the matrix interface at infinity, we have to provide a correlation
T2(t)G1 = 11(t)Ga.

The presence of a thin inclusion in the bulk at the interface of the ma-

terial is simulated by the jumps of stress tensor components and vectors of
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displacements on L' [18; 23]

[O—yz]h = Jy_z - Jgj_z = f3($7t)7

ow] _ ow~  Owt ] _ O O
[w}h_w w_{a}h o o

bt ow _odw _ B _ ,
ox Oz ox G TG Go fﬁ(x7t)a e L,

fs(z,t) = fo(z,t) =0, x¢ L. (2)

Hereinafter the following notation is used: [¢], = ¢ (z, —h)—¢ (z,+h); (@), =
o (x,—h)+¢ (z,+h); the “+” and “—" indicators correspond to the limit values
of functions at the upper and lower faces of the line L. The contact between
the upper and lower faces of inclusion and semi-spaces along the line L’ and
between semi-spaces along the line L” = L\L’ considered to be mechanically

perfect
win(:m :l:h) = wk(:na :l:h)a 0.;7; ($a :l:h) = Gyzk(xa :l:h) (:‘U € L/) ’
wi(z, —0) = wa(x, +0), oyz1(z, —0) = oyza(x,+0) (x € L”).

In this way, we formulate the problem of longitudinal shear in the non-
bounded matrix with possible non-linear deformation of the thin interface
inclusion-layer under the action of the inhomogeneous distribution of shear
stresses, concentrated forces and screw dislocations. These forces can cause
energy dissipation, wear, etc. in the matrix with inclusion.

2. Modeling of the presence of thin interface inclusion. The mathe-
matical model of thin inclusion is presented in the form of so-called interaction
conditions [21-23|, which are equivalent to the conditions of nonperfect con-
tact between the adjacent inclusion surfaces of the matrix. The basis of the
proposed method of simulation of a thin object is the principle of volumetric
integration, which consists of defining relationships describing the physical and
mechanical state of the inclusion material and then considering the smallness
of one of the linear dimensions of the inclusion. The main constitutive relations

for the arbitrary material of inclusion are the equilibrium conditions

O Jdo ;Z
Tz — 4
Oz y 0 4)

and some known stress-strain dependencies (1).

Using thin-walled proportions

S Hw™ win(x7 h) _ win(a:’ —h) B [wzn]h .
8y (Qj‘,h) + ay (l‘, _h) - h - h ’ (5)
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integrating (4) by x within [—a, z] and averaging in thickness y € [—h, h]

1 [ 4 1 .
o | oe(E oy D)dy = ot (2, ) = S (ogL),, (. t) (6)
2h J_y, 2
we obtain the following form of inclusion balance conditions:

x

1 b . 1 )
3 | e d—acan - 5 [ (o), Gni=0. @)

which, together with the relations (4), (5), fully describe the model of the thin
physically non-linear inclusion, presented in SSS inclusion values. To pass to
the values of the SSS of the matrix we must use the contact conditions (3).
Finally, from (5), (7), and dependence (4), adding (3), we obtained the math-

ematical model of a thin physically non-linear inclusion [18; 23]

[wln _
_T = (ws (szﬂfyzvt» ’

—1 [ %22 Uyz in l z B
<wx (Gk ) G ) >h — 20';132 (_a/7t) - n /;a [Uyz]h (£7t)d£ =0.

The next step is to clarify the form of relationship (1). The relationship

(8)

in O':ZTZL) can be given as an analytical function that reflects a specific de-

formation graph over the entire quasi-static load range, as well as approximate

ws(o

relationships based on experimental data on the measurement of the deforma-
tion properties of specific materials. It should also be noted that dependencies
(1) for loading and unloading are predominantly (in the absence of ideal even
non-linear elasticity) in a different form [2].

Let’s consider a few partial cases of (1):

1. Let ws (ai@,a;’;, t) =0, s = {z,y}. This option corresponds to a com-

pletely rigid inclusion.

in in

o out,t) = const, s = {x,y}. This option can be considered a

2. ws (a

model of ideal hard-plastic deformation of inclusion.

3. Many variants of the dependence form (1) are related to the assumption
that the inclusion material is orthotropically non-linear and relation (1)
can be written in a simpler form

™
Ox

= %;” (afc’;, t) ,

=3y (oy2.1) 9)
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or
awm

0y

) as specified. For exam-

m m m m __ mn wm
Opr = Gq; (sz’t) W, O'yz = Gy (Uyz7t)

(10)

in

with variable shear modulus G (o), G;”(ayz

ple:

e Hooke’s classic linear law of elasticity

oin = GinT . gin = gin T (11)

Ox Yooy

e Bach-Shule plastic deformation model 37 (a?) = K (oi7)5.

e Ramberg-Osgood deformation model,

awin
Js

= A,oin (1 4B, (ag?;)MS) , s={z,y), (12)

where the ratio (12) coincides with the deformation model vari-
ant [2] in the case of My = my — 1, Ay = 1/Gops, Bs = KsAT=71,

s = {x;y} (Gos, ms, Ks are inclusion material parameters) and
ms
when Ky = 0.002 (%) , s = {x,y} it is used to determine the

“technical yield point” and the particular material parameter ms.
We note that model (12) can be considered as a non-linear ideal

elastic deformation option.
e Ilyushin’s model of plastic deformation

T PR/ — (13)
T 0s (1 —w(o))

e Classic linear elastic-plastic deformation models without hardening

in n
ow ol

Js = Go ) ’J;Z‘ < Tyieldy S = {$7y}a
awin Tyi:ld in (14)
= \Gsz > Tyield

0s GOs ’

and with hardening

awin Jin )
sz in
= o < Tyield S = 1T,y
88 G()s’ | sz’ yrela { 9 }7
ow™ i GOS - Gls

in
= Osz — Tyield) —(~——~
s ( 5 vee ) GosGis ’

(15)

in
‘Usz‘ > Tyield-
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e Models of plastic deformation

) ) _ k n
(S0(1) " = ey
1+ (ei/m) (16)
; i -1 Gsng;dd
(B0) = ma ¥ T2 e

e Each deformation model is given by a function like the experimen-

tally obtained dependence I (o2, ¢) for a given material [2].

For any of the above-mentioned deformation models of the form (9), con-
sidering (10) and (3), the mathematical model of physically orthotropically

non-linear thin inclusion will take the following form

N __in dw in 1 ’ _
Gw (U:cz>t) <8x>h (l‘,t) - 20'363(—(1,25) - E /—a [Uyz]h (§,t)d§ - 07 (17)
Gén(aég,t) [w]p(x,t) + h <0y2>h (x,t),=0.

Of course, the model (17) can be further complicated by considering the more
complicated dependence (1), the nonperfect contact between the matrix and
inclusion [8; 11; 19|, the thermal load, etc. However, these complications will
not be of fundamental importance for the general methodology of solving the
problem.

3. The problem solution. Using the method [18; 23| to solve the
problem, we can obtain dependences of stress tensor components and vector

displacement derivatives on the line L of the unbounded plane at the load stage

U;tz(xﬁt) = :Fpka(l"t) - 096($7t) + O-g(/);t(xat)y

U;tz(.r,t) = :Fcfﬁ(x7t) —|—pkg3(£L‘,t) + Uaoc;t(*rvt)’
1 fr(x, t)dx 1
t) = — JrA -
gr(z’ ) ™ Jr r —z ’ p G1+G2’

oy (2,t) +104.(2,t) = ng(z, t) 400 (2,t) + iprgs(z,t) — Cgg(z, 1)

pr = G, C = G3_ppx,

(z€8Sk; r=3,6; k=1,2).
(18)

— k = 1. The upper index “0” means

b

Superscript “4” refers to k = 2; “—

the corresponding values in the solid body without heterogeneity under the
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same external loading (homogeneous solution). The following entries [21] shall

continue to apply:
oy, (2,t) + i, (z,t) = 7(t) + i {7(t) + Di(z,t)+
+ (pr — pj) Di(z,t) + 2ppDj(2,t) },

 Qi(t) +iGrby(?)
27 (2 — zuk)

(19)
Dy(z,t) =

(z€ Sk, k=1,2; j =3—k),

Using (18), (19) and boundary conditions (3) the problem reduces (17) to

a system of singular integral equations (SSIE)

(p2 - pl)fG(:Uat) + 2pg3($7t) - thnl(O_Z”) B f3(£7t)d£ = F3 (:L’, G;R(U;Z),t) )
(pg—pl)f3($,t)+20g6($,t)— h 3 f6(§)t)d§_F6 (%,Gy (Uyz)7t)7
By (2. G2 (02).8) = G0t (=a) = (o2 0)/ G+ oy (.0)/Ga)
(20)
o o O (z,t O (z,t
Fo (2, Gy (032),) = (o) (1) = Gy (}2) (é e )> )
_ Ty Sy ) ("] (~a)

with additional power balance conditions and the uniqueness of the displace-

ments when traversing a thin defect

f3(&, 1)d€ = 2h (03 (a) — 03 (—a)) fo(&,8)d€ = [w](a) — [w](—a).
(21)

The method [21; 23| can be used to solve SSIE (20), (21) because the

characteristic part of SSIE does not depend on non-linear coefficients [17].

—a

In general, local jump of displacement and energy dissipation are defined

by expressions
[wl(z,t) = | fe(§,t)dE, =€ Lh; (22)

W(t) = /L 0y, [, 1) (23)
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In partial cases of crack (G2, GZ‘ — 0) or rigid inclusion (G, G?Z" — 00),
SSIE (20) has analytical solutions that correspond to known results [21; 23].
In case when the materials of the semi-spaces are identical (G; = G2 = G)
SSIE (20) is simplified to two independent SIE:

1 1 )
593(%75) WG (o 1) ) f3(f t)dg = Fs (x, G (042, 1), 1)
G'Ln( 1£z’) . (24)

A more detailed analysis of the solution of the problem will be carried out
for the partial case (24) equality of elastic characteristics of semi-spaces. As
a result of the above-mentioned method [21; 23|, we use the decomposition of

jump functions into a series of Chebyshev polynomials

f(a t) = W;JBT (z) (r = 3,6). (25)

Using known integrals, we obtain

a

_J;f,,(ﬁ, t)d¢ = < arcsma> aBj(t) — Va —mQZ =B (t ($>,

o (L) = mwu (2. [ 60 =ramie). (29

j=1

Next, after transforming (24) into a dimensionless form, using (25)-(26) in

mm

n+1
algebraic equations (SLAE) of orders n + 1 for unknown items B} (r = 3, 6;

the set of points x,, = cos (m = 1,n) generates two independent linear

j=0,n)

mej (:Um,Gm ) = (acm,Gm ) , @)

BO _2B( ccz( >_ze( a)) /Gtw,

n
Z X?nj (-Tma Gm ) F6 <$ma G;%) )
=0 m

BS = [d] (a) — [d] (~a),

=1,n. (28)



Modeling of deformation of the bimaterial with thin Non-linear interface inclusion 49

where the notations are used

3 _ ¢ Om oo [ Hgm S\
Xjm = 50] é%ﬂ + (1 50]) <é§% + 2p> Pjim,
X = =60, G ym + (1 = bo;) (é;ﬁnﬂjm + 2(?) Pim

V1—12, ™ m

Hjm = T Vn == (1 iy 1) s pim = Uj—1(zm),

G = G (wm), s = {z,y},

T=xfa, h=hla, §=yla, GI'=GC[Caw, Gy'=GCy[GCa,
5= Gaufs, fo="Ffo. Fs3=F3/Ga, Fs=F5/Gav, P=GCGaup
C=C/Gur, Gaw={V/G1Ga,max (G1,Gs) , 7, Tyietas Q/ma}

dp; is Kronecker symbol.

Dependence GZ' (ol ), Gi'(o4,t) on the current SSS causes serious cal-
culation difficulties due to its variability along L. Therefore, to take this effect
into account, we can propose the following iterative strategy for solving the
problem.

Let’s mark (G, (o (zm), t))k, s = {x,y} is a dependent shear module at
collocation points z,, (m = 1,n) for the appropriate number of approximations
k. At the initial moment (zero approximation), the values (Gi’}n)o (0,0) are
selected as equal to the initial point of the loading process G%, Z%

to the deformation diagram) in the absence of a residual SSS. These values are

(according

the same at all points of the collocation x,, (m = 1,n).

1. The external loading of the body starts with a relatively small value of the
parameter 7 or @) for the selected loading scheme (the first loading step in
time (1) is completed). Then we solve the SLAE (27)—(28). The obtained

k _
values (B]T) (r =3,6; 5 = 0,n) are replaced into the relations (25) -
(26), and then in (18), calculating the stresses and deformations in each

of the collocation points

U;sz(jjvt) = <02z(i’t)> /Gav - (p2 _pl)f3(§37t) - 25’.&6(56775)’
| | - ) (20)
o™ (1) = 207 (~0) /G + / fa(e. tyde /i
-1
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<?;:> (3,1) = <022> (%,1) + (p2 — p1) fo(&, t) + 2pG3(2, 1),

—a T O'OZ -

2. Next, we check that dependence (10) is performed at each collocation
point with the specified accuracy, i.e. that the value of the module
G (o) corresponds to the stress o2%(z,,) or deformation %—?m(mm)
level obtained by the given deformation graph. If the specified accuracy
meets the requirements, we determine the current values of the modules
Gin (oint), GZ%(O'?TZJ) for each collocation point and proceed to the
next loading step (on item 1). If not, we repeat the calculation by re-
placing in SLAE (27)-(28) the module values G, (o (z,, (G,)F1))
at each collocation point obtained at the previous approximation, thus
minimizing the deviation of the calculated module from that specified
in (10). The process is convergent. Once sufficient accuracy has been
reached, we return to item 1, continuing with the loading. The values ob-
tained in the first (initial) step of the SSS matrix will affect the residuals

in the second step (loading or unloading).

Using (5), (18), (25), (26) the expression of energy dissipation at the load

stage take a discrete dimensionless form

we(t) = / 0y (. )[w](z,t)dz = 0.5hGapa® W (t),

W) = 05> (6, (xm, 1)) [@] (2m). (30)

4. Numerical analysis and discussion. Numerical analysis of the
solution of the problem is made for a partial case of an equality of elastic
characteristics of half-spaces (G; = G2 = G) under a gradual alternating load
with concentrated forces Q = Q/aG gy (QQ = Q1 =Q, Zo = —F4q = zJ) in
the global load as a result of the change Q: [0 + 10.0].

Fig. 3 shows a comparison of the results using the elastic-plastic defor-
mation law (14)—(15) (dashed line, Fig. 2) and Hooke’s deformation law (13)
(solid line, Fig. 2).

According to the acute change like deformation in the plastic inclusion

area (Fig. 3), the change in energy dissipation rate depends on the difference
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Figure 2: The elastic-plastic deformations law (14)—(15) uniaxial stress-strain

diagram for inclusion material

between the diagrams (14)—(15) of the modules Gy, G1y (Fig. 4) and is much
more pronounced when the points of force application are closer to the inclusion

axis.

w9 AN mo| d
0.4

-

Figure 3: Distribution of elastic-plastic deformations (dash, dot-dash) of the
inclusion during loading in comparison with linear elastic (Hooke’s law, solid

line) deformations
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0.025]

0.02

0.015} || 1

0.0

0.005]

Figure 4: Dependence of change in energy dissipation rate on the difference
between the modules in the Go,, Gy, range (14)—(15) and a distance d of the

forces application points from the inclusion axis

2. CONCLUSION

A method of modeling of the thin inclusion with any non-linear physical-
mechanical properties of the general form has been developed. This allowed
solving the problem of a longitudinal shear of the matrix containing such a thin
inclusion-layer at the component’s boundary. SLAE with variable coefficients-
functions is constructed by the methods of coupling the limit values of analyt-
ical functions and jump functions. This makes it possible to describe any way
of changing the quasi-static load (monotonous or not) and its effect on the SSS
in the body with inhomogeneity based on an incremental approach. For the
numerical solution of the system, a convergent iterative analytical-numerical
method has been proposed. Calculation formulas for deformations, SSIF, and
energy dissipation are constructed. Numerical analysis of the inclusion mate-
rial is subject to the linear law of elastic-plastic deformation. It has been found
that the rate of energy dissipation increased significantly when plastic defor-
mations started under load and are much more pronounced when the points

of force application are closer to the inclusion axis.
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Hicxosy6 H. 3., Cyaum I T.
MO/JIEJIFOBAHHS JE®OPMAILIT BIMATEPIAJTY 3 TOHKMM MEXAHIYHO HEJITHIMHUM MIYK®A-
3HUM BKJIIOYEHHSIM

Pesrome

OO6roBOprOETHCST IHKpEMEHTAJIBHIH ITiIX1/1 10 BUPIIIEHHsST aHTUILIOCKOI 3a1a4i 11 GimMaTepi-
aJBHOTO CEPEeIOBUINA 3 TOHKUM, (PI3UIHO HETiHIHHUM MiKda3HUM BKIIOYEHHsIM. Bukopun-
CTOBYIOYH MeTO[u (DYHKIHN cTpuOKa Ta 3aJadi CHOpsKEHHS PAHUIHUX 3HAYEHb AHAJITH-
qaux GYHKIIH 3BOAUMO 33Jady 10 CUCTEMHU CHUHTYJIApHUX iHTerpanbHux piBuaub (CCIP)
31 3MIHHUMU KoediIllieHTaMu, 110 JI03BOJISIOTH ONKCYBaTH Oy/ib-SIKi KBa3icTaTU4YHI HaBaHTa-
»KeHHsI (MOHOTOHHI 1 HEMOHOTOHHI), & TaKOXK X BIUIMB Ha HAIPY»KeHO-1edbOpMOBaHUi CcTaH
cepemosutia. st Bupimenas CCIP mpomonyeTbesi iTepaTuBHAN aHATITUKO-UUCTOBUAN Me-
TOJ JJTst PI3HUX MOjeiell HeTiHIHHOrO TedopMyBaHHs. BUKOHYIOTbCS YUCETbHI PO3PAXyHKH
JUIS PI3HUX 3HAYEHb IMapaMeTpiB HeJIIHIHHOCTI, 110 XapaKTepU3yITh MaTepiajl BKIIOYEHHSI.
Ix mapamerpu amanisyoTbes mad Tida, mo edpOPMYETHCS i HABAHTAYKEHHSM 36AJaHCO-
BaHOI CUCTEMH 30CEPE/PKEHNX 3YCHJIb. 3IHCHEHO YHCJIOBI PO3PAXyHKH IS PI3HUX 3HAYECHb
mapaMeTpiB HEJIHIMHOCTI MEXaHIYHUX XapaKTEPUCTUK MaTepiaty BKJodYeHHd. Jlocirimkeno
IX BILIUB Ha HAIPYKEHO-Ae(POPMOBAHUI CTAH MATPHUIl HABAHTAXKEHOI 30aJIAHCOBAHOIO CHCTE-
MOIO 30CEPE/IZKEHUX CHIIL.

Kn10M08i0 cA08a: HEATHITHG NPYHCHICMD, MOHKE SKANOUEHHA, PO3CIIOEBAHHA eHepell, Koediti-
EHM, THMEHCUBHOCTNE HANPYHCEHD, GHMUNAOCKOT depopmanis, no3do8xHCHIU 3cys, bimamepi-

an, Pynryii cmpubka.

TTuckosy6 U. 3., Cysum I'. T.
MOJEMMPOBAHUE AJEPOPMALIMA BUMATEPHAJIA C TOHKUM MEXAHWYECKW HEJIMHEN-
HBIM MEYK®A3HBIM BKJIIOUEHUEM

Pesrome

O6cyX)IaeTcsi MHKPEMEHTAJBHBIN TOJX0/T K PEIIeHNI0 aHTUILIOCKON 3aja4un s OmMmare-
pUASBbHON CPeIbl C TOHKUM, (pU3MIeCKN HEJIUHEHHBIM MeK(Ma3HbIM BKIIOUeHHEM. Vcmomb-
3ysi MeTOIbl (DYHKIMI CKAYKa U 3aJa4d COIPSIYKEHUsI TPAHUIHBIX 3HAYEHUN aHAJIUTHYe-
ckux (YHKIUNA, MBI CBOAMM 3aJlady K CUCTEME CUHIYJISPHBIX HMHTErPaJIbHBIX ypPaBHEHUI
(CCIY) ¢ nepemenHbiME KO03bdUIMEHTAMH, [TO3BOJISIIOIMMHA OIIMCHIBATE JIIO0bIE KBA3UCTA-
THYIEeCKHEe HArPY3KHW (MOHOTOHHBIE U HEMOHOTOHHBIE), 8 TAKXKE UX BJIUSHUE HA HAIPIKECHHO-
nedopmupoBanHoe cocrosuue cpembl. s pemenuns CCUY mpenmaraercs nTepaTHUBHBIMN
AHAJIMTUKO-YHUCIIOBON METOJI JIJIsl PA3JIMIHBIX MOZeJIell HeJlnHeHOro aedopMupoBanusi. Borl-
[TOJTHSIIOTCSl YMCJIEHHBIE PACYETHI JIJIsl PA3JIMYHBIX 3HAYEHHI [1apaMeTPOB HEJIMHEHHOCTH, Xa-
PaKTepU3YOIINX MaTepuaJ BKJIIOYeHUs. VIX mapaMeTpbl aHAJTU3UPYIOTCS JJIs 1eOPMUPY-
€MOTr0 Teja IIOJ HArPy3KOil cOAJaHCHPOBAHHOI CHCTEMBI COCPEIOTOUEHHBIX ycmymit. Ocy-
IIIECTBJIEHO YMCJIOBBIE PACUYETHI JJIs PA3IMIHBIX 3HAYEHUN TapaMeTPOB HEJIMHEHHOCTH YIIPY-
IUX XapaKTEPUCTHK Marepuaja BKIIOYeHWsA. VcciemoBaHO WX BIIUSHME HA HAIPSXKEHHO-
1eOPMUPOBAHHOE COCTOSTHUE MATPHUIIBI HAPY2KAeMOil cOaJIlaHCUPOBAHHON CHCTEMOI cocpe-

JOTOYEHHbBIX CHJI.
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Karouesvie cno6a: HeAUHETHAA YNPY20CTD, MOHKOE BKAIONEHUE, PACCEAHUE IHEP2UU, KOIP-

Puyuenm uHMeEHCUSHOCTNU HANPANCEHUT, AGHMUNAOCKAS Jepopmayus, Npodosvhbill cdeue,

buMamepuas, PYHKUUU CKAUKA.
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TRIANGLE CONICS AND CUBICS

This is a paper about triangle cubics and conics in classical geometry with elements of
projective geometry. In recent years, N.J. Wildberger has actively dealt with this topic
using an algebraic perspective. Triangle conics were also studied in detail by H.M. Cundy
and C.F. Parry recently. The main task of the article was to develop an algorithm for creating
curves, which pass through triangle centers. During the research, it was noticed that some
different triangle centers in distinct triangles coincide. The simplest example: an incenter
in a base triangle is an orthocenter in an excentral triangle. This was the key for creating
an algorithm. Indeed, we can match points belonging to one curve (base curve) with other
points of another triangle. Therefore, we get a new intersting geometrical object. During
the research were derived number of new triangle conics and cubics, were considered their
properties in Euclidian space. In addition, was discussed corollaries of the obtained theorems
in projective geometry, what proves that all of the descovered results could be transfered to
the projeticve plane.
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1. INTRODUCTION

Centers of triangle and central triangles were studied by Clark Kimberling
[5]. We consider curves which pase throw incenter in a base triangle is an
orthocenter in an excentral triangle and other triangle curves. Also we studied

some properties of Jerabek hyperbola for the mid-arc triangle.

2. MAIN RESULT

Firstly, we will consider excentral triangle. Correspondence between points
of the excentral and base triangles will give us significant results in developing

new triangle curves. Below you may observe correspondence table between

Received 10.11.2020 (© Skuratovskii R., Strarodub V. 2020
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points of the base and excentral triangles. Main analytical results of this

paper belongs to Skuratovskii R. V.

Base triangle Excentral triangle
I (incenter) H (orthocenter)

O (circumcenter) E (nine-point center)
Be (Bevan point) O (circumcenter)

Mi (mittenpunkt) Sy (Lemoine point)

Mi' (isogonal conjugate of the mit- | M (centroid)
tenpunkt with respect to the base

triangle)
Sp (Speaker point) Ta (Taylor point)
Sy (Lemoine point) Sy(H1HyH3) (Lemoine point of the

orthic triangle)

Mi" (isogonal conjugate point of | GOT (homothetic center k of the
the mittenpunkt with respect to the | orthic and tangent triangles)

excetntral triangle)

Table 1: Correspondence table between points of the base and excentral trian-

gles

All of the above facts could be easily proved by basic principles of classiical
geometry [5]. Hence, we may apply derived results for creating new triangle

cubics and conics. Firstly Jerabek hyperbola was considered.

Definition 1. Jerabek hyperbola is a curve which passes through verticies of
trianlge, circumcenter, orthocenter, Lemoine point, isogonal conjugate of the

de Longchamps point [6].

We may observe that Jerabek hyperbola for the extcentral tringle has num-
ber of points which corresponde to other ones in the base triangle. The study
of such matches gave us significant results 2.

Therefore, we got new triangle hyperbola 1, which passes through cneters
of the excircles, Bevan point, incenter, mittenpunkt and de Longchamps point.
It is still rectangular as Jerabek hyperbola is. Known fact about Jerabek hyp-

perboal is that its center is center of the Euler circle. However, Euler circle of
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Jerabek hyperbola for excentral tri- | New hyperbola for the

angle base triangle

A, B, C (vertices of the base tringle) I, I, I (excenters)
O (circumcenter) Be (Bevan point)
H (orthocenter) I (incenter)

Sy (Lemoine point) Mi (mittenpunkt)

L’ (isogonal conjugate of the de | L (de Longchamps point)
Longchamps point)

Table 2: Mtaching points for Jerabek hyperbola

the excentral trinangle is circumscribed circle for the base triangle. In addi-
tion, Jerabek Hyperbola is isogonaly conjugate to the FEuler line. Meanwhile,
Euler line for the excentral triangle is line (I (incenter), O (circumcenter), Be
(Bevan point), M3’ (isogonal conjugate for the mittenpunkt with respect to the
extriangle), Mi” (isogonal conjugate for the mittenpunkt with respet to the base
triangle)). Therefore, we can conclude, that our new hyperbola is isogonaly

conjugate to the line (I,0, Be, Mi', Mi") and its center is the circumcenter.

Theorem 1. New hyperbola passes though excenters, Bevan point, incen-
ter, mittenpunkt, de Longchaps point. It is isogonal conjugate to the line

(1,0, Be, Mi', Mi"), and its center is circumcircle.

Similarly we studied Thomson cubic for the base trianlge and matched its

points with ones in the excetral trianlge.

Definition 2. Thomson cubic is a curve that passes through verticies of the
trianlge, middles of triangle sides, centers of the excircles, incenter, centroid,
circumcenter, Lemoine point,mittenpunkt, isogonal conjugate of the mitten-
punkt [5].

By apllying correspondence table between points of the base and excentral
triangles 1 to the points of Thomson cubic we obtain a new triangle cubic 3.

According to the table, we got new cubic.

Theorem 2. New triangle cubic 2 passes through vertices of the triangle, bases

of the altitudes, middles of the triangle sides in the orthic triangle, orthocenter,
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Figure 1: New trianlge conic based on Jerabek hyperbola for the excentral

triangle

Euler point, centroid in orthic triangle, Lemoine point, and gomotetic center

of the orthic and tangent triangles.

Analogically was derived new trianlge cubic based on the Darboux cubic

and correspondence of its points with triangle centers in the excentral triangle.

Definition 3. Darboux cubic is a curve that passes through vertices of the

triangle, centers of the excircles, incenter, circumcenter, Bevan point [2].

Trianlge centers of the Darboux cubic in the base triangle were matched

with points in the excentral triangle.

Theorem 3. Therefore, we got new cubic 3, which passes through vertices of

the triangle, bases of the altitudes, orthocenter, Fuler center, and circumcenter.

The discussed above results were obtained from considering excentral tri-
angle, its triangle centers and correspondence between points in the excentral
and basic triangle. As a result, were derived three new triangle curves, which
were not discovered before. However, to get wider results were applied the

same idea to other triangles. Namely was consider medial triangle.

Definition 4. Medial triangle is a triangle with vertices in the middles of the

base traingle sides.
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Thomson cubic for the base

triangle

New cubic for the excentral

triangle

A,B,C (vertices of the base tri-
anlge)

Hy, Ho, Hs (bases of the altitudes)

Mg, My, M. (middles of the base

triangle sides)

My, Mpp, M}, (midles of orthic tri-

angle’s sies)

I, I, I3 (excenters)

A, B, C (vertices)

I (incenter)

H (orthocenter)

M (centroid)

M (HyHyHs) (centroid in the orthic
triangle)

O (circumcenter)

E (nine-point center)

Sy (Lemoine point)

Sy(H1H2Hjz) (Lemoine point of the

orthic triangle)

Mi (mittenpunkt)

Sy (Lemoine point)

Mi" (isogonal conjugate of the mit-
tenpunkt with respet to the excen-

tral triangle)

GOT (gomotetic center of the or-
thic anf tngent triangles)

Table 3: Mtaching points for Thomson cubic

In the same way as before, was proven the fact that some points in the
medial triangle match with some points in the base triangle5. Proof of the
mentioned facts relies on the patterns of the Euclidean geometry, some of the

correspondence were proved before [5].

Definition 5. Yff hyperbola is a triangle curve wich passes through centroid,

orthocenter, circumcenter, and Euler center.

We have considered Yff hyperbola for the base triangle and matched its
point with triangle centers of the medial triangle, applying correspondence
tableb.

We got new conic, which has vertices in the centroid and de Longchaps
point, focus in the orthocenter. Directix of the Yff hyperbola is perpendicular
to the Euler line and passes through center of the Euler circle. Euler line for
the medial and base triangles coincide. However, center of the Euler circle of

the base triangle is circumcenter for the medial. Therefore, directrix of the new
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Figure 2: New trianlge conic based on Thomson hyperbola for the excentral

triangle

hyperbola is perpendicular to the Euler line and passes through circumcenter.

Theorem 4. New conic 4 is a curve that has vertices in the centroid and de
Longchaps point, focus in the orthocenter. Directrix of the new hyperbola is

perpendicular to the Fuler line and passes through circumcenter.

Let‘s go further in our research and create more triangle cubics with the
help of correspondence between triangle centers in medial and base triangles.
We obsereved the transformation of the Darboux cubic and under the cor-

respondence. It led us to a new cubic.

Theorem 5. We got new cubic 5, which passes through Speaker point, center
of the Fuler circle, circumcenter, orthocenter, complementary conjugate of the

orthocenter, middles of the triangle side, and antipodes of the medial triangle.

Simiraly, we take Lucas cubic for the base cubic and match it with points

of the medial triangle.

Definition 6. Lucas cubic is such curve which passes through triangle ver-
tices, orthocenter, Gergone point, centroid, Nagel point, Lemoine point of the

anticomplementary tringle, and vertices of th anticomplementary triangle.
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Darboux cubic for the base tri-

angle

New cubic for the excentral

triangle

A, B,C (vertices of the base trian-

Hy, Ho, Hs (bases of the altitudes)

gle)
I, I, I3 (excenters)

A, B,C (vertices)
H (orthocenter)

E (nine-point center)

I (incenter)

O (circumcenter)

Be (Bevan point)

O (circumcenter)

Table 4: Mtaching points for Darboux cubic

Figure 3: New trianlge conic based on Darboux cubic for the base triangle in

correspondence with excentral trianlge

We make the correspondence between points of the Lucas cubic in the
medial triangle with triangle centers in the base triangle. As a result we obtain

the following table.

Theorem 6. New cubic 6 which passes through Lemoine point, centroid, cir-
cumcenter, mittenpunkt, incenter, orthocenter, triangle vertices, and middles

of the triangle sides.

Therefore, while applying correspondence method to the medial triangle
we derived one new conic and two new cubics. In addition, we obsereved Euler

and mid-arc triangles as correspondence base.
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Points in the medial triangle

Point in the base triangle

I (incenter)

Sp (Speaker point)

M (centroid)

M (centroid)

O (circumcenter)

E (nine-point center)

H (orthocenter)

O (circumcenter)

L (de Longchamps point)

H (orthocenter)

Be (Bevan point)

Be(M;MsMs3) (Bevan point of the

medial triangle)

Na (Nagel point)

I (incenter)

G (Gergonne point)

M (mittenpunkt)

Sya (Lemoine point of the anticom-

plemetary triangle)

Sy (Lemoine point)

Bs (third Brocard point)

Mp (Brocard midpoint)

Table 5: Correspondence table between points of the medial and base triangles

Yff hyperbola for the base tri-

angle

New hyperbola for the medial

traingle

M (centroid)

M (centroid)

H (orthocenter)

L (de Longchaps point)

O (circumcenter)

H (orthocenter)

E (nine-point center)

O (circumcenter)

Table 6: Mtaching points for the Yff hyperbola and medial triangle

Definition 7. Euler triangle is triangle with vertices in the intersection points

of the triangle altitudes and nine-point circle.

Definition 8. Mid-arc triangle is a triangle with vertices in the middles of the

arcs of the circumcircle.

Let’s firstly consider correspondence of points between Euler and base tri-

angles.

According to the above table we have buil the correspondence between

points of the Darboux cubic for the Euler triangle and triangle centers of the

base triange.

Theorem 7. New cubic 7 passes through circumcenter, orthocenter, Euler cen-
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Figure 4: New conic based on Yff hyperbola

Darboux cubic for the medial

triangle

New cubic for the base triangle

A, B, C (triangle vertices)

M, Ms, M3 (middles of the triangle

sides)

A1, By, C3 (antipods of the trian-
gle)

Antipods of the medial triangle

I (incenter)

Sp (Speaker point)

O (circumcenter)

E (nine-point center)

H (orthocenter)

O (circumcenter)

L (de Longchamps point)

H (orthocenter)

L’ (isogonal conjugate of the de

Longchaps point)

H, (complementary conjugate of
the orthocnter)

Table 7: Mtaching points for the Darboux cubic and medial triangle

ter, midpoint of the incenter and the orthocenter, vertices of the Euler triangle

and middles of the triangle sides.

Finally, we observe correspondence of traingle centers between mid-arc and
base trinalge.
Based on the correspondence between point sof the mid-arc and base tri-

angles we discovered new cubic which is based on Jerabek hyperbola.

Theorem 8. New conic 8 is rectangular and passes through circumcenter,
incenter, midpoint of mittenpunkt and incenter, Schiffler point, and isogonaly

conjugate point to the Bevan point.
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Figure 5: New cubic based on Darboux cubic for the medial triangle

Lucas cubic for the medial tri-

angle

New cubic for the base triangle

Sy4 (Lemoine point of the anticom-

plementary triangle)

Si (Lemoine point)

M (centroid)

M (centroid)

H (orthocenter)

O (circumcenter)

Ge (Gergonne point)

M (mittenpunkt)

Na (Nagel point)

I (incenter)

L (de Longchamps point)

H (orthocenter)

Table 8: Mtaching points for the Lucas cubic and medial triangle

Therefore, during the research of the triangle curves were derived three

new triangle conics nad five new triangle cubics. This is a significant result

and leaves room for new investigations.

Since, geometry of conic sections and other triangle curves are broadly used

in the projective geometry we looked on the obtained result through the prism

of the projective geometry.

According to the Pascal’s theorem if six arbitrary points are chosen on a

conic and joined by line segments in any order to form a hexagon, then the

three pairs of opposite sides of the hexagon meet at three points which lie on

a straight line.

Let‘s consider the first derived triangle curve based on Jerabek hyperbola
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Figure 6: New cubic based on Lucas cubic for the medial triangle

Points in the Euler triangle

Points in the base triangle

I (incenter)

My (midpoint of incener and or-

thocenter)

M (centroid)

M s (midpoint of centroid and or-

thocenter)

O (circumcenter)

E (nine-point center)

H (orthocenter)

H (orthocenter)

N (Nagel point)

Furhman point)

L (de Longchamps point)

F o
O (circumcenter)

Table 9: Correspondence table between points in the Euler ad base triangles

for the excentral triangle. New hyperbola passes though excenters, Bevan

point, incenter, mittenpunkt, de Longchaps point. We bulit a hexagon with

verices in the given triangle centers and apply Pascal’s theorem.

Let Iy, Is be excenters, and Be, Mi, L be Bevan point, Mi mittenpunkt,

de Longchamps point, respectively. We get the following results:

Corollary 9. Concurent points of IoBe and LI, BeMi and I1L, Mil and

1217 belong to one line.

Corollary 10. Concurent points of segments IsMi and Bel;, BeL and 115,

MiL and II5 lie on one line.
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Darboux cubic in the Euler tri-

angle

New cubic for the base triangle

A, B, C (vertices)

E,, Es, E3 (vertices of the Euler tri-
angle)

A’ B',C" (antipods of the triangle

vertices)

My, My, M3 (middles of the triangle

sides)

I (incenter)

My (midpoint of incenter and or-

thocenter)

O(circumcenter)

E (nine-point center)

H (orthocenter)

H (orthocenter)

L (de Longchamps point)

O (circumcenter)

Table 10: Mtaching points for the Darboux cubic and Euler triangle

Figure 7: New cubic based on Darboux cubic in the Euler trianle

Simiraly, we have applied the same idea for the hexagon inscribed in the

new hyperbola derived from the Jerabek hyperbola for the mid-arc triangle.

Let As, A3 be middles of the arcs of the circumcircle, and Be, I, S, O be

Bevan point, incenter, Speaker point, circumcenter, respectively. The following

facts were discovered:

Corollary 11. Points of intersection of lines AoBe and SI, A3 and OAa,,

BeAs and OS belong to one line.

Corollary 12. Points of intersection of line segments BeO and A3As, BeS
and [ As, A3S and I Ay belong to a straight line.



70 Skuratovskii R., Strarodub V.

Points for the mid-arc triangle | Points for the base triangle

O (circumcenter)
H (orthocenter)

O (circumcenter)

I (incenter)
M ;7 (midpoint of mittenpunkt and

Sy (Lemoine center) . ter)
incenter

L (de Longchamps point)
K (Kosnita point)

Be (Bevan point)
S (Schiffler point)

Table 11: Correspondence table between points in the mid-arc and base trian-

gles

Jerabek hyperbola for mid-arc

triangle

New hyperbola for the base

triangle

A, B, C (vertices)

Ay, Ay, A (middles of the arcs of the

circumcircle)

O (circumcenter)

O (circumcenter)

H (orthocenter)

I (incenter)

Sy (Lemoine point)

Myyi; (midpoint of mittenpunkt and

inenter)

K (Kosnita point)

S (Schiffler point)

L (isogonal conjugate of the de

Longchamps point)

Be’ (isogonal conjugate of the Bevan

point)

Table 12: Mtaching points for the Jerabek hyperbola and Euler triangle

Moreover, combination of two of the discovered triangle cubics gives us
very interesting corollary as well. Let’s consider new cubic derived from the
Darboux cubic for the excentral triangle and new cubic constructed with the
base Darboux cubic with respect to the medial triangle. The first mentioned
new cubic passes through bases of altitudes, vertices, orthocenter, nine-point
center, circumcenter, let’s name it P(z,y). The second mentioned new cubic
passes through middles of the triangle sides, Speaker point, nine-point center,
circumcenter, orthocenter, let‘'s name it Q(z,y). We may notice that this
two cubics pass through three common points which are nine-point center,
circumcenter and orthocenter. Moreover, this three points belong to Euler

line, let it has an equation ax + by + ¢ = 0. Since, we have two cubics which
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ANy

Figure 8: New cubic based on the Jerabek hyperbola for the mid-arc triangle

pass through points which belong to one line, there exists such integer ¢ such
that the following holds: P(z,y) —tQ(z,y) : ax + by + c. Therefore, Euler line
is linear component of the composition of two new cubics. In addition, points

of intersection of the linear component with the curve are inflection points [11].

Corollary 13. FEuler line is a linear component of the composition of new
triangle cubic (passes through bases of altitudes, vertices, orthocenter, nine-
point center, circumcenter) and new triangle cubic (passes through middles of
the triangle sides, Speaker point, nine-point center, circumcenter, orthocenter).
Moreover, orthocenter, circumcenter, and nine-point center are inflection point

of the composition of these two curves.

The above corollaries prove that the discovered in the research new triangle

curves could be applied in different geometric areas and studied in advanced.

Remark 14. A further continue of our research consists in the same analysis of
singularities as provided by second author in [3; 10] for cubic obtained by us

in the presented work.

3. CONCLUSION

During the research were discovered three new triangle conics and five new
triangle cubics, what is very significant result for the classical geometry. In
addition, was shown that proceedings of the study could be applied not only

in Euclidian space, but in projective as well. However, the main result of the
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research was developed algorithm of deriving new triangle curves. This opens
an opportunity for creating more triangle curves, while applying the method
for various triangles, points, and geometric constructions.

The developed idea significantly simplifies the question of creating curves
passing through triangular centers. However, it opens up a number of new
questions. Which interesting properties do new curves have? What is the
topological nature of these transformations? Is it possible to apply a simi-
lar idea to non-Euclidean objects? Could one use the same method over an

arbitrary finite field? Can this idea be further generalized?
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Cxypamoscokui P., Cmapody6 B.
TPUKYTHI KOHIKU 1 KYBIKU

Pesrome

B crarti onucano TpukyTHi KyOMKK Ta KOHIKM B KJIACHYIHIM reoMerpil 3 eeMeHTaMy IIpoe-
KTUBHOI reomeTpii. B ocramui poku miero Temoro 3 aarebpaidyHol TOYKH 30py aKTHBHO 3aiiMaB-
ca H. JIxx. Binbnbeprep. TpukyTHi Koniku HegaBHo O6yau jmeraabio BuBdeni X. M. Kammi i
K. @. ITappi. OcHoBHE 3aBIaHHS CTATTI — PO3POOUTHU AJITOPUTM IMOOYIOBU KPUBUX, IO TIPO-
XOIATH Yepe3 EHTPU TPUKYTHUKIB. B xo1i mocsimkenHs 6ys10 momideHo, mo KijgbKa pisHux
[IEHTPIiB TPUKYTHUKIB B PI3HUX TPUKYTHUKaX 30irarorhbcs. HalmpocTimuit mpukIIaa: meHTp
B 6a30BOMY TPHUKYTHHKY — II€ OPTOIIEHTD B €KCIIEHTpaJbHOMY TpUKyTHHUKY. lle Oysio kito-
9eM 10 CTBOPEHHs ajroputMmy. JlificHO, MU MOKeMO MOPIBHATHA TOYKH, 110 HAJIEXKATH OHIii
KpuBiit (6a30Biit KpuBiil), 3 IHIIMMH TOUYKAMM IHIIIOTO TPUKYTHUKA. TAKUM YHHOM, MU OTPH-
My€EMO HOBHI I[IKaBUii reoMeTpuIHUI 06’eKT. B X0mi mociiizkeHHst 6y10 BUBEIEHO PsiJi HOBUX
TPUKYTHUX KOHIK 1 KyOiK, pO3IVISHYTO IX BJIACTUBOCTI B €BKJigoBOoMy mpocTopi. Kpim Toro,
0OrOBOPIOBAJINCS HACIIKM OTPUMAHUX TEOPEM 3 MPOEKTUBHOI TeOMeTpil, M0 JOBOAUTD, IO
BCi oTpuMaHi pe3ysIbTaTh MOXKYTb OyTH IE€peHeCeH] Ha MPOEKTUBHY ILIONIUHY.

Kmouosi crosa: mpukymmi Kyouku, KOHIKU, KPUBL, NPOEKMUBHA 2eomempis, npocmip Ee-

KA10a.

Crypamoscruii P., Cmapody6 B.
TPEVIOJIbHBIE KOHUKN U KYBUKHU

Pesrome

B craTbe nuzyguensr TpeyrosibHble KyOUKN M KOHUKH B KJIACCUIECKOUW T€OMETPUN C SJIEMEHTAMHU
IIPOEKTUBHON reoMeTpuu. B mocsennne rojibl 3T0il TeMOi ¢ ajaredbpanvecKoil TOYKU 3PEHUS
akTuBHO 3aHnMasicsa H. JIxx. Bunbnabeprep. Tpeyrosbable KOHUKHA HEJABHO OBLIN ITOIPOOHO
un3yudenbl X. M. Kangu u K. ®. Ilappu. OcHoBHast 3amada craTbu — pa3paboTaTh ajro-
PUTM MTOCTPOEHMSI KPUBBIX, MPOXOJISINNX Yepe3 Pa3IndHbIE IIEHTPhl TPEYTrOJILHUKOB. B xo/1e
WCCJIETOBAHUS OBIJIO 3aMEYEHO, YTO HECKOJBKO PAa3HBIX IEHTPOB TPEYTOJIBHUKOB B PA3HBIX
TpeyroJibHUKax coBrafaoT. CaMblil IPOCTOl MpUMep: HEHTP B 6a30BOM TPEYTOJIbLHUKE — ITO
OPTOLIEHTD B IKCIIEHTPAJIHLHOM TPEYTOJbHUKE. DTO OBbLIO KJIOYOM K CO3JAHUIO aJrOpPUTMA.
JleficTBUTEILHO, MBI MOXKEM COIIOCTABUTH TOYKM, NPUHAJJIEIKAIIE ONHON KpuBOil (6a30B0i
KPHUBOIi), C APYIUMHU TOYKAMH JPYTOro TPeyrobHUKa. TakuM 06pa3oM, Mbl IOJLy9aeM HOBBIi
WHTEPECHBIN TeoMeTpuYecKuil 00beKT. B xo/e ncciemoBanmst ObIT BBIBEIEH Psijfi HOBBIX TPe-
YTOJIbHBIX KOHUK U KyOWK, PACCMOTPEHBI UX CBOHCTBA B €BKJIUIOBOM IpocTpaHcTBe. Kpome
TOr0, 0OCYKTAJIICH CJIEICTBUS ITOJIYY€HHBIX TEOPEM IIPOEKTHUBHOI r€OMETPUH, YTO JOKA3bIBA-
€T, YTO BCe MOJIyYEeHHbIE PE3YJIbTAThI MOT'YT ObIThH ITEPEHECEHBI HA TTPOEKIMOHHYO IIOCKOCTh.
Kaoueswie caosa: mpeyzosvhvie KYOUKU, KOHUKU, KPUBHIE, NPOEKMUBHAA 2E0MEMPUSA, NPO-

cmparcmeo Iexkauoa.
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NEWTON’S METHOD FOR THE EIGENVALUE PROBLEM OF A
SYMMETRIC MATRIX

Newton’s method for calculating the eigenvalue and the corresponding eigenvector of a sym-
metric real matrix is considered. The nonlinear system of equations solved by Newton’s
method consists of an equation that determines the eigenvalue and eigenvector of the matrix
and the normalization condition for the eigenvector. The method allows someone to simulta-
neously calculate the eigenvalue and the corresponding eigenvector. Initial approximations
for the eigenvalue and the corresponding eigenvector can be found by the power method or
by the reverse iteration with shift. A simple proof of the convergence of Newton’s method
in a neighborhood of a simple eigenvalue is proposed. It is shown that the method has a
quadratic convergence rate. In terms of computational costs per iteration, Newton’s method
is comparable to the reverse iteration method with the Rayleigh ratio. Unlike reverse itera-
tion, Newton’s method allows to compute the eigenpair with better accuracy.
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1. INTRODUCTION

If a sufficiently good approximation to the solution of the equation F'(x) = 0
is known, then the Newton method is an effective method for increasing the ac-
curacy of approximation. Many statements about the convergence of Newton’s
method come from the well-known results of L.V. Kantorovich, who transferred
Newton’s method to nonlinear operator equations in Banach spaces|[1].

The application of Newton’s method to spectral problems of matrices has
a long history. Without pretending to be complete, we can note some stages.
J. H. Wilkinson |[2] investigated the application of Newton’s method to find
the roots of the characteristic equation det(A — A\I) = 0. In the monograph
by D.K. Faddeev. and V.N. Faddeeva [3] Newton’s method is applicable to
refine an individual eigenvalue and its own eigenvector, the first component of
which is not vanishingly small in comparison with the others, so that without

loss of generality it can be considered equal to unity. A nonlinear equation

Received 10.11.2020 (© Verbitskyi V. V., Huk A. G. 2020
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is obtained for the eigenvalue. Newton’s method is applied to this equation.
In V. N. Kublanovskaya’s article [4], an algorithm for finding the complex
conjugate eigenvalues and eigenvectors of a real matrix in real arithmetic is
constructed. To calculate the real and imaginary parts of the eigenvalue the
roots of nonlinear equations are found by Newton’s method. In all of the
above cases, Newton’s method was applied to scalar nonlinear equations to
refine the required eigenvalue. L. Kollatz [5] described a different approach.
The eigenvalue problem Ax = ABx (A, B — given matrices of dimension n x n)

is reduced to finding the roots of a nonlinear system from the n + 1 equation:

{ Az — A\Bz =0, O

z, —1=0.

To prove the convergence of Newton’s method for system (1), it is proposed
to use the theorem on the convergence of Newton’s method for a nonlinear
operator equation in a Banach space. However, in practice, it is difficult to
prove the fulfillment of the conditions of this theorem. In the same place the
proof of the convergence of Newton’s method is given only for a numerical
example with matrices of size 3 x 3. Moreover, the proof uses the estimates
obtained on the basis of the values found in the process of calculations. The
authors have not found any other proofs of the convergence of Newton’s method
for systems of the form (1). We have proposed a simple proof of the convergence
of Newton’s method for a system of the form (1), which is based on the known
theorem on the convergence of Newton’s method for a system of nonlinear

equations [6].
2. NEWTON’S METHOD FOR THE EIGENVALUE PROBLEM
The Newton method is introduced for the equation
F(z) =0, (2)
where F' : R* — R" is a smooth mapping. Let z* € R™ be the current ap-

proximation to the desired solution Z of equation (2). Then the approximation

2F*1 is found from the linear approximation of equation (2) near 2*,

F(a*) + F'(a*)(z —a*) = 0,
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and Newton’s method is written as
Mt =gk — (F' (@) TLR (), k=0,1,.... (3)
In [6] the following theorem is proved.

Theorem 1. Let the map F : R™ — R™ be differentiable in some neighborhood
of the point * € R"™, and its derivative is continuous at this point. Let T be a
solution to equation (2), and det F'(z) # 0. Then for any initial approrima-
tion 2° € R™ sufficiently close to T, Newton’s method (3) defines a sequence
converging to T. The rate of convergence is superlinear, and if the derivative
F is continuous in the Lipschitz sense in a neighborhood of the point T, then

it is quadratic.

The eigenvalues and the corresponding eigenvectors of the symmetric ma-

trix A € R"™™ are the roots of the nonlinear system:

Ar — A x =0,
{ (1 —aTz) =0. )

The last equation of the system is the normalization condition of the eigenvec-

tor. We write system (4) in the form (2), setting

f([3])-

The derivative of the mapping F' is easy to calculate:

(:):

Let’s define the following iterative process:

o B o G (E) B (B B

Theorem 2. Let \ be a simple eigenvalue, T be the corresponding eigenvector

(5)

Ax — Mz
%(1 —zT'x) '

—xT 0

A— M —x]

of a real symmetric matriz A. Then for any initial approzimations [x°, \0]T
sufficiently close to [T, \]T, Newton’s method (7) defines a sequence converging

to [, \]T with quadratic speed.
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Proof. Let us show that for the mapping F' of the iterative process (7)
all conditions of Theorem 2 are satisfied. Indeed, according to (5) and (6), the
mapping F' is continuously differentiable, and its derivative is continuous in

the Lipschitz sense in the neighborhood of [#, A\]”. Let us prove that

detF’( i]) £0.

It suffices to show that the system

R

has only a trivial solution. Multiplying the first equation of system (8) on the

left by 7 and taking into account the last equation, we obtain
el Az — Xalz = 0.
If we assume that x # 0, then

2L Ax
T

=

and = o (a # 0), because X is a simple eigenvalue. But then from the last

equation of system (8) az!Z = 0. It is impossible. Hence, 2 = 0. Taking this

into account, the first equation of system (8) takes the form
-z = 0.

Hence, A = 0. O
Let \°, 20 be some approximations to the required eigenpair X, Z of a sym-
metric matrix A. Then, the k-th step of Newton’s method (7) is conveniently

written as follows:

1. find the solution [y, u*]T of the system
A— NI gk yk B
_(xk)T 0 ,uk -

{ ohHl — gk yk7

(9)

Axk — Nk ‘
§(1 - @hTah) |

2. define

AkJrl — )\k _ Mk-
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Let us note some features of Newton’s method (7). The right-hand side of
Eq. (9) contains the residual r* = (A — A*)2* which is the best computational
measure of the accuracy of (A\¥, 2¥) as an eigenpair of the matrix A [7]. There-
fore, it is convenient to define the condition for the completion of the iterative
process as follows:

)] < e, (10)

where ¢ is the required computational accuracy.

In terms of computational costs, Newton’s method (7) is comparable to the
reverse iteration with the Rayleigh ratio, the k-th step of which has the form
7]

1. pk = (aF)T Az¥,

9. (A _ pkz)yk:-i-l — $kz’

3. gkl = yk+1/|‘yk+1||2'
Indeed, at each iteration, the main computational costs of the methods are
associated with solving the system, the matrix of which changes with the use
of the shift \* or p*. Newton’s method may be preferable to reverse iteration
with the Rayleigh ratio in the following case. If the eigenvalue is computed by
reverse iteration with high precision, then the matrix A — p¥I becomes degen-
erate in machine arithmetic and the calculations should be interrupted. It may
happen that the corresponding eigenvector has not yet been calculated with a
given precision. As proved above, the matrix of system (9) is nondegenerate,
even if \¥ coincides with the desired eigenvalue. Therefore, calculations by
Newton’s method can be continued to achieve the required accuracy of the

eigenvector even if the eigenvalue has already been calculated exactly.

3. NUMERICAL EXPERIMENTS

The finite-difference approximation of the spectral problem for the Laplace
operator in the unit rectangle with homogeneous Dirichlet conditions is an
eigenvalue problem for the symmetric matrix A. All eigenvalues of the matrix
A are different. The minimum eigenvalue and its corresponding eigenvector

are defined as follows [8]:
8 . ,7h
=gy

on(wi,y;i) = 2sin(rx;) sin(ry;), x; =ih, y; = jh, i,j =1,...,N — 1.
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Here the integer N defines the parameter h = 1/N of the uniform mesh on the
unit rectangle.

Calculations have been performed by the MATLAB package. The minimum
eigenvalue and the corresponding eigenvector of the matrix A of size 10° x 10°
(N = 101) have been calculated by the Newton method and inverse iteration
with the Rayleigh ratio. To determine the initial approximations \° and z°,
one step of reverse iteration had been performed for the initial vector y° =
..., 1]T. The calculation results are presented in tables 1 and 2. Let’s note
the following. In three steps of reverse iteration with the Rayleigh relation, the
matrix A — p"T becomes degenerate in machine arithmetic and the calculations
are terminated. In Newton’s method, the condition number of the matrix of
system (9) does not increase when approaching the eigenvalue and calculations

can be continued to achieve better accuracy.

Table 13: Reverse iteration with the Rayleigh ratio.

kP2 | A =" | llen = 2"[l2 | cond(A = p*1)
1 12.2 -0.901 2.00 9.04e+04
2| 0.0895 | -9.64e-05 1.33e-09 8.46e+-08
3 | 1.06e-07 | -1.42¢-14 * 6.08e+-16

Table 14: Newton’s method.

k k
B oAkl | A= AF | llon — 2F]]2 | cond ( ‘i(;?)TI _;” )
1] 142 | 00874 | 00125 6.83¢-+05
2 0.900 5.04e-04 7.801e-05 8.47e+04
3 | 0.00108 | 3.88e-08 3.05e-09 8.16e+-04
4 | 3.93e-08 | -3.55e-14 1.84e-15 8.16e+04
5 | 4.25e-12 | -7.11e-15 1.77e-15 8.16e+04

4. CONCLUSION

Newton’s method for calculating the eigenvalue and the corresponding

eigenvector of a symmetric real matrix is presented in this study. The proof of
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the quadratic rate convergence of Newton’s method in a neighborhood of a sim-
ple eigenvalue is given. In terms of computational costs per iteration, Newton’s
method is comparable to the reverse iteration method with the Rayleigh ratio.
The most attractive feature of this method is that it allows to compute the
eigenpair with good accuracy. Proving of the applicability of the method for
multiple eigenvalues and for asymmetric matrices is the prospects for further

research in this direction.

Bepbiuvkuii B. B., I'yx A. T.
METO/T HBIOTOHA /JIJ1s1 3AJIAYI HA BJIACHI 3HAYEHHS CUMETPUYHOI MATPUIII

Pesrome

PosrianyTo meton HpioToHa 00unCcIeHHsT BJIACHOTO 3HAYEHHS Ta BiAIIOBIIHOTO BJIACHOTO Be-
KTOpa JiificHol cuMmeTpuvHol maTpuili. Hesiniitna cucrema piBHsIHB, SIKa PO3B’sI3YETHCS METO-
oM HbIOTOHA, CKIIaIa€ThCsT 3 PIBHSIHHSI, 1[0 BU3HAYAE BJIACHE 3HAYEHHS 1 BJIACHUIN BEKTOD
MATPHIl, Ta YMOBU HOPMYBaHHs BJIACHOTO BeKTOpa. MeTos 703BOJIsi€ OTHOYACHO O0UUCITIO-
BATH BJIaCHE 3HAYEHHs 1 BiamoBimuwii BjacHuii BeKTOp. [loyaTKoBI HAOIMXKEHHS I BJla-
CHOT'O 3HAYEHHS 1 BiAMIOBITHOTO BJIACHOIO BEKTOPA MOXKHA 3HAUTHU CTENEHEBUM METOIOM abo
METOJIOM 3BOPOTHOI iTepariii 31 3cyBoM. 3alpONOHOBAHO MPOCTUIN JOKa3 3012KHOCTI MeToLy
HeroTona B OKoJHIIl MPOCTOro BJaCHOTO 3HadeHHs. [[okaszaHo, 10 METO/ Mae KBaJIpaTUIHY
MIBUAKICTH 3012KHOCTI. 3a 00YNCTIOBAJBHIMA BATPATaMU Ha OJHY iTeparito Mmetox HeoToHa
MOKHA TIOPIBHATH 3 METO/IOM 3BOPOTHOI iTepariii 3 Bigunomenusm Pesnes. Ha Bimviny Bing 3Bo-
porHol irepariii, merosr HpioToHa 103BOJISIE OOYUCTUTH BJIACHY APy 3 OLJIBIITOI TOYHICTIO.

Karowosi caosa: Memod Hvromona, esache 3HaAUEHHA, CUMEMPUYHA MAGMPUUA, 360POMHA

1Mmepayia.

Bepbuyruti B. B., I'yx A. I.
MEeToa HbIOTOHA JIJis1 BAJJAYU HA COBCTBEHHBIE 3HAYEHUSI CUMMETPUYHO MATPU-
bl

Pesrome

Paccmorpen meron Heiorona BeramcieHnst COGCTBEHHOIO 3HAYEHUsI M COOTBETCTBYIOIIErO COO-
CTBEHHOTO BEKTOpa, CUMMETPUYHOI BeleCTBEHHON MaTpunbl. HenHeliHast cucreMa ypaBHe-
HOil, perraemasi MeTonoM HbroToHa, cOCTONT M3 ypaBHEHHUsI ONPEIEISIONIEr0 COOCTBEHHOE
3HaYeHNe U COOCTBEHHBIN BEKTOP MATPHUIIBI U YCJIOBUS HOPMUPOBKHM COOCTBEHHOTO BEKTODA.
Meto/ 1103BOJISIET OJJHOBPEMEHHO BBIYHUCJIATH COOCTBEHHOE 3HAYEHHE U COOTBETCTBYIOIIMIA
cobcrBeHHbI BekTOp. Hawanbuble mpubimkeHust Jjisi COOCTBEHHOTO 3HAYEHUsI U COOTBET-
CTBYIOIIETO COOCTBEHHOI'O BEKTOPA MOXKHO HANUTH CTEIMEHHBIM METOJOM WJIM OOPATHOM UTe-
parmeit co casuroMm. Ilpesoxkeno npocToe 10Ka3aTEIHCTBO CXOAUMOCTH METOA B OKPECTHO-
CTH TIPOCTOro cobCTBEeHHOTO 3HaueHus1. [lokazano, 9To MeTo 001a/1aeT KBAAPATHIHON CKO-
POCTBIO CXOAMMOCTHU. [0 BBIUMCIINTENIBHBIM 3aTpaTaM Ha OjHy urTeparnuio Meror Hbiorona
CPaBHEM C MeTOZ0M o0paTHOoil urepannu ¢ oruomenueM Pesesi. B orsimane or obpaTHoit nre-

paluu, METO/ HrioroHa mo3BoJisteT BBIYHUCIISTH CO6CTB€HHyIO Iapy ¢ 0OJIBIIIEeH TOYHOCTHIO.
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Karouesvie crosa: Memod Hwvromona, cobecmeentoe snaueHue, CUMMEMPUYHAA MAMPUYG,

00PAMHAA UMEPAYUUA.
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Oprechkuit HarionaspaMit yaiepcurer imeni I. 1. Megnukosa

IMOBYJOBA MHOXKWHN JOCAXKHOCTI IMHAMIYHOI
CUCTEMMU B R?

V craTTi 3aIIpONOHOBAH] ABa aJITOPUTMU UCEJIHHOI I0OYI0BU OILyKJIOI OOOJIOHKH MHOXKHHY B
TPUBUMIPHOMY IIPOCTOPI 1[0 BUKOPUCTOBYIOTH ioro ornopuy ¢yukIio. [IpoBegeno nopiBasH-
He aJICOPUTMIB, 3HaiifileHo acuMITOoTH4HI OoriHku. Iloka3aHo 3acToCyBaHHS 3aIIPOIIOHOBAHOTO
arapary J0 3HaXO/PKEHHsI MHOXKUHU JTOCS?KHOCTI JIIsT JUHAMIYHAX CHCTEM.

MSC: 00-02, 00A05, 00A06.

Karouo6i cnosa: onykaa 06040HKG, MHOACUNG O0CAACHOCTME, OUPEPEHUIAALHT BKAIOUEHHA,
0NOPHA PYHKYLA.
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1. BcTvn

Saadi ONTHMAJIBHOIO KePyBaHHS BUHUKAIOTH IIPHU JOC/IIIXKEHH] TPOIECiB
B pizHoOMaHITHUX cdepax, TAKHX sIK eKOHOMiKa, 010J10risI, MequInna, TexXHika i
1.71. [Tpn aHasizi cucTeM 3 KepyBaHHSIM OJHUM 3 KJIIOUOBUX IT1IXOIIB € IT00Y/I0BA
MHOXKHUHH JOCSI>KHOCTI, 110 J1a€ iHOpMAIIiio Ipo BCl MOXKJ/IMBI CTAHU CHCTEMH B
KOXKHHUI MOMEHT Jacy. TakoXK 3 3aa9e0 MoOYyI0BU MHOXKUHU JTOCAXKHOCTI MU
3yCTPIMa€MOCh TIPHU IMOOYIOBI PO3B’'S3KYy IUCKPETHUX BKJIOYEHb. DBararo3Ha-
YHI CHCTEMH, IO OMUCYIOTHCS JUCKPETHUMH BKJIIOUEHHSIMU CTAIOTh BCE OIJIBII
aKTyaJIbHUMH, 0COOJINBO y cdepax, Je € HEBU3HAUEHICTh aD0 HEIOCTATHI BUXi-
aai gani. Hapasi mmpoxo BigoMi aaropuTMu mo0yI0BU MHOXKWHH JOCSZKHOCTI
B R2. B janiii po60oTi 3a1poHOHOBAHO JIBa, UHCEIBHUX AJTOPUTMHE, HOOYIOBH
MuOoKuHE jocskuocTi B R3. Tleprmii asropurM 6a3yeTbesi Ha alapaTi omop-
nux GYHKIN, Ipyruii 3a ocHOBY Oepe (dbyHKIio gedopmarrii.

Y crarTi Oy/yTh BUKOPUCTOBYBAaTUCH Taki no3HadeHus: R — n-BuMipHuii

eBKJIiTiB BekTOpHMA mpocTip 3 exemenramu x = (z(0),... (™) || .| — es-
KJIJIOBa HOpMAa, < «,+ > — CKaJsSpPHUN J0OYTOK, SKUil MOPOJXKYE €BKJIIJIOBY
Hopmy B R™ comp(R™) — mHOXKuHa BCix Hemycrux KoMmmakTiB 3 R™) intA

— CYKyIHICTH BHyTpimHiX Touok mHOKMHH A C R™, A — rpanurg mHO-
kuan A C R™, ¢(F,¢) = supyep < z,¢ >, F C R, ¢ € R" — onopna

Haditiwna 10.11.2020 © Kapramos /1. T., Taiposa M. C. 2020
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dbyuxmia muoxuan F, S = {z € R": ||z|| = 1} — omuanuna cdepa 3 R”,
Sr(a) = {z € R": ||z —a|| < r} — 3amkHyTa Kyns pajiyca r 3 IEHTPOM B
a € R™,

Kapelao) = {z € R™: [z — 2| < a, 12 — 2| < b,1a® — 2P| < ¢}

— 3aMKHYTHIl MTapaJesernines 3 BuMipaMu a, b, ¢ 3 ieHTpoM B To4ri g € R™.
F+G={f+g: f€F,ge G} — cyma komnakruux MHOXKuH F', G, A\F =
{\f: f € F} — nobyrok muoxkuuu F' ta ancia A € R, AF = {Af: f € F}
— 00pa3 MHOXXMHH F' 1pm JiHIHHOMY IepeTBOpPEHHi, sike 3aJaH0 MaTPHUIIEIO

A € R*n,

2. TIOBYIOBA OIIYKJIOI OBOJIOHKM MHOXKUHHU B R?

st 100y/T0BU MHOYKUHU JTOCS2KHOCTI TUHAMIYHOI CUCTEeMHU HEOOXiTHO CIIO-
YaTKy BUPIIMINTH 3324y HOOYIOBH OmyK/oi obomonkn mMuoxkuan B R3. Hexait
muoxkuna F' C R i Bizoma i1 onopua dyHKIis ¢(F, ). 3anponoHoBaHoO J1Ba aj-

TOPUTMU TTOOYIOBH OITYKJIOT OOOJIOHKU MHOXKUHH F' 38 JIOTTOMOTOI0 HOTO OIIOPHOT

dbyuxuii ¢(F, ).

2.1. AJjaroputTm IIOBYJ0OBHA OIIYKJIOI OBOJIOHKU MHO2KVHMU, 110
BA3YETbHCsdA HA INEPETUHI OIIOPHUX TINEPIIJIOIIINH

Hexait 3agan0 jegky muoxkuny F C R3. Tlobymayemo crcreMy BEKTODIB
¢ € R3, piBHOMIpHO B3gTHX Ha OJMHUUHIH cepi.

Tenep posriisineMo Tpu HAHOIMKYINX BEKTOPU ¢ 3a €BKJIJIOBOIO METPH-
koo (o), ¢ ¢®) i smaiinemo smauenns omopuoi bynkiil MoKuHE F 32
nanpsvkanmu ¢ F, o), ¢(F, ¢?)), ¢(F, ). Cxragemo cucremy miniitanx aj-

rebpaiunux pisuasiab (CJIAP):

20+ yof) + 20 = e(F, oY)
20 +yofp) + 262 = o(F,¢)
0 +yo) + 20 = o(F,99).

Posp’stskom CJIAP 6ys1e Touka ormykjiol 060JI0HKH MHOXKUHU. Po3ryistHy BIH BC

Taki TPifiku BEKTOPIB ¢, MU 3MOKEMO 3HAUTHU BCl TOYKN OIYKJIOI OOOJIOHKH.

Hexait z € [—1,1]. Pozi6’emo siapizox [—1,1] 3 xpokom Az, ne Az = 2

m
i m — YHC/I0 B3ATHX TOYOK HA MHOMY iHTepBasi. 3adikcyeMo 21 3 TPOMIKKY
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[~1,1) i 29 = 21 + Az. 3maitnemo x1, y1 i 2, y2 Taki, mo 3 +yf = 1 — 22 i

73 +y3 =1 — 23. Orpumaenmo

T = \/1—zfcosa,y1 = \/1—z%sina,
To = \/1—z§cosa,y2 = \/1—z§sino¢,

ne a € [0,27]. Ha pucynky 1 300paKeHO MHOXKHHY TOYOK T'DAHUIL OILyKJIO!

obostorKy MHOXKHHA F' 1715 0Opanux piBHIB 21 1 22.

Levels

0.75 1.00-1.00

Puc. 1: ImocTparis iteparii aaropurmy

BadikcyeMo KyT « 1 06epeMo 1o OJIHiii TOYIl 3 BEPXHBHOIO 1 HUXKHBOI'O PiB-
HIB, 10 BiAMOBiAIOTEH 1bOMY KyTy (Ha Puc. 2 ne Touku A i B). Byaemo ne-
peMiIaTucs 1Mo OJHii TOUI B HAIPSIMKY 30LIBINIEHHST KyTa Ha HUXKHHOMY ab0
BepxHbOMY piBHI (Ha Puc. 2 nepexoanmo 10 Toukn C' Ha BEPXHbOMY DIiBHI, siKa
€ HalbIMKIOI0 13 OOYIOBAaHUX TOYOK J10 IpsiMol AB). 3HaiijieMo 3a TPUKY-
THUKOM TOYKY OIIYKJIOI ODOJIOHKM Ha JaHOMY PiBHI, sKa BiAmOBimae I.c. i €
Haito MK 9010 10 Hel. Bygemo mpomoBKyBaTh, MOKU He MPOiiIeMO BeCh PiBEHb.

Taka npore/rypa 3/ificHIOETbCs JUIs1 KOxKHOTO piBHst z (Puc. 2).
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Puc. 2: Imocrparliisg nomyky TpUKyTHUKIB

3a 100y10BOI0, KOXKHA TOYKA OILyKJI0I 000JIOHKH 3HaiijieHa Ha i-TOMYy PiBHI
(piBerb — JBa sIpycH TOYOK OJMHUYHOI cepu) OyJie 3 GLIBIIOI KOMIIOHEH-
TOIO 7, Hi’K TOYKHU 3HaiijeHi Ha piBHi ¢ — 1. TakuMm YuHOM, Ha KOXKHOMY SAPY-
ci 6yyTh OOYI0BaHI TPUKYTHUKU. 3HANIEH] TPUKYTHUKH JIOJIAEMO B CIIHCOK

rpaseii TpUaHryJIsiiiii omyKJIoi 0600k MuOKUHU F' (Puc. 3).

Puc. 3: Ilobymnosa TpuanryJisiii

Ckuaaicts agropurmy — O(n), ne n — KUIBKICTb BEKTOPIB 3 S B3ATHX

IIPU AITPOKCUMAITI].

Ipuknan 1. ITobydosa onyraoi obosonky mroocurnu F = Kj11((0,0,0)) +
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S51((0,0,0)) 3a donomozoro memody nepemuny zinepniowut 306pasrcena Ha
Puc. 4.

Triangulation
AT

Puc. 4: Ilpuxmnan mobymosu omyksoi muoxkmun F = Kj71((0,0,0)) +
51((0,0,0)).

Ipuknan 2. ITobydosa onyk.aoi obosorku mroocuru F = S1((0,0,0)) sa do-

NOMO02010 Memody nepemuny 2inepnaowur 30bpascena na Puc. 5.

Puc. 5: Ilpukmiays nobymosu omykiioi muoxkuuu F' = S7((0,0,0)).
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2.2. AJIrOPUTM MOBYJIOBHM OIIYVKJIOI OBOJIOHKM MHOX>XWHH 3
BUKOPUCTAHHSIM ®YHKIIII JE®OPMAIIL

Osnauenns 1. Qyuxuyiero deopmanii onyr.aoi mnosicuru A C conv(R3), 0 €

intA Haszusaemuves GyYHKULA
d(A,¢) = sup{A>0: \p € A}, p € S.

Buxkopucrosyroun dyHkiio medopmanii, maoxkuny A C conv(R3) moxkma

MIPEJICTABUTH Y BUTJISAL

A= J{z eR": 2 =1¢, A€[0,d(4,¢)]}.
PeS

3a ByacTuBicTiO onopHOI hyHKIIT BekTOp [ HasmexkuTh MHOXKUHI X TOmi i

TITBKA TOJTi, KOJIM BUKOHYETHCS] HEPIBHICTD:

(f,¥) < (X, 9)

Jist Beix ¢ € S. Tomi i1t KOXKHOTO HAIPSIMKY MOYKHA 3HANTH MaKCUMaJjbHE A

BUKOPHUCTOBYIOUH, IIO
(A, ¥) <c(X, ) Vo eSVpeSs.

Taxkum YUHOM, OTPUMYEMO AJITOPUTM 3HAXO/KeHHs (YHKITT medopmarii. Ha-

BeJIeMO IICEBAOKOA aJITOPUTMY:

A < inf

for all v € S do

¢(X,9)
/\curr A\ D)

if then(v,¢) #0 & Acurr >0 & A > Acurr
)\ % )\curr
end if

end for

Cxnamicts anmropurmy — O(n?), e n — KiIbKicTh BeKTOPiB 3 S B3ATHX
IIPU AITPOKCUMAITI].

Ilicna zaBepienHst poOOTH AJTOPUTMY MOXKHA 3aIlyCTUTH AJTOPUTM I10-
OyJI0BU TPHUAHTYJISAI, IPOTe B JAHOMY BHIAJKY, JJIs KOPEKTHOI Bisyasrisartil

IOT0 HE MOTPiOHO.
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Ipuknan 3. [lobydosa onyx.s0i 000A0HKU MHOHCUHU
F= Kl,l,l((ov 0, O)) + Sl((oa 0, 0))

3a donomoezor Pymxuii depopmanii npedcmasaena na Puc. 6.

Puc. 6: ITpukia s moby0Bu OIyKJIOT MHOXKUHU 34, JIOTIOMOT0K0 (DYHKIT J1edop-

Marii (6e3 TpuaHryssiiii).
Ipukaan 4. [lob6ydosa onykaoi 060A0HKU MHOHCUHU
F=51((0,0,0))

3a donomozoto Pynxuii depopmanii npedcmasaena na Puc. 7.

Puc. 7: Ilpukirag mobyaoBu OIyKJIOl MHOXKHHH 33, JIOIOMOroio (pyHKIHi 1edop-

Mariii (6e3 TpuaHrysIsii).
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2.3. TIOPIBHSIHHS ABOX METO/IIB

Meroz repeTuny rinepInIomuH Mae Habararo Kpally 9acoBy OIIHKY, 004n-
CJIEHHST BCI€T OIMYyKJI01 ODOJIOHKM 3a/I€2KUTh JIHIRHO BiJl KiTBKOCTI TOYOK, 00pa-
HUX IIpX po30uTTi omuHUIHOI cpepu. OHAK, HOr0 3aCTOCYBaHHSI JO CKJIATHUIX
diryp nop’sizaHe 3 10siBOIO apredakTiB B TpuaHryJsiii. Apyruit meron mae
KBaJIPATUIHY JacOBY CKJIAJIHICTH, TaK sIK Ha KOXKHOMY KPOIl IMOTPiOHO 064n-
coBaTn KoedillieHTH Ha IiICTaBl BIACTUBOCTI HAJIEXKHOCTI TOUKHU 0 MHOXKU-
HU 3a J01noMoroo onopuoil ¢gyukiii. [Ipore npocrora itoro 6a3oBux od4UnCICHDb

JIO3BOJISIE B BUCOKOIO TOYHICTIO Bi/ITBOPIOBATHU CKJIAIHI pirypu.

3. IIoBYJOBA MHOXKMHMU JOCSI)KHOCTI B R3

3.1. TIOCTAHOBKA 3AJIAYI

Posrastaemo miniiire qudpepeHItiaabHe BKIIOTEHHST

d
d—f e A)X + F, x(ty) € Xo, (1)

t €I C R wac, z € R* — dasosnit BexTop, A(t) — HemepepsHa 1 X n
marpunst, F': I — conv(R"™) — nenepepsre bararosnaune Binobpaxkenns, X €
conv(R™).

R-posp’siskoMm BktovdeHHsT (1) Ha3MBa€ThCst abGCOIIOTHO HelepepBHE Bijl-

obpaxkentst R: I — conv(R", R(ty) = X, aKimo

1
lim—h | R(t+0), | {z+oF(tx)}]| =0 (2)
cl0 O
zER(t)
Ipu MalizKe BCiX .

Posrisiremo nurannst mobyoBu R-poss’sisky Briodenus (1). Ockiibku
A(t) — memepepBrua n X n marpung, a F': I — conv(R™) — menepepsue 6a-
rarosHavHe Bijobpakenns, To A(t)x + F(t) — HenepepBHe GaraTo3HauHe BiJi-
obpazkenHsi, 1o npuitmae 3Hadernst B conv(R™). Toxi poss’s3ok icuye. Kpim

hA@)z1 + F(t), Alt)zz + F(t)) = h(At)z1, A(t)x2) < [[A@D)|[|1 — 2,

TO HemepepBHe bararosHatHe Bigobparkennst A(t)x + F(t) 3a/10BOJIbHSIE YMOBY

JIirmmmurist mo x, po3B’sI30K €AUHUI Ta 30ira€ThCst 3 MHOXKUHOIO JIOCSI?)KHOCTI B
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MOMEHT 4acy ¢ 3 moIaTKoBoIO yMoBoo Xo. Takmm aunom, R(t) = X (¢, Xo), e

X (t, Xo) — muoxkuna mocsizkaocTi. Tozmi Maemo

fA(S)dS / ftA(s)ds
R(t) = €0 Xo+ [ e F(s)ds

to

#oro ormopHa QyHKITS:

c(R(t), ) = ¢ <X0, (e“—to)f‘)T 1/)) + 70 (F(s)7 (e@—s)f‘)T ¢> ds.

to

3.2. TIOBYIOBA PO3B’A3KY JIHIAHOIO JVPEPEHLINHOTO BKJIIO-
YEHHY B R?

CKopHCTaBIINCH 3AIIPOITIOHOBAHIMY BHIIE aJIOPUTMAaMHU ITOOYIOBH OILYKJIOI
06OJIOHKY MHOXKHMHH, MOXKHA 10Oy tyBaTu po3s’s30K BitouenHs (1). e Gye

MIOCJIiTOBHICTD TPUBUMIpHUX Diryp.
Ilpuknan 5. Hexat 3adamna dunamivna cucmema eudy (1) 3 napamempamu
to=0, t1=1, X(to) = Ki23((10,10,10)), F = S53((0,0,0)), A=2I

ITobydyemo R-poss’asox exaouenns (1), euxopucmosyrowu aszopumm nepe-
muny einepnaowun. Poss’asok exaouenna (1) daa momenmis wacy 0; 0,25;

0,5; 0,75; 1 mpedcmasaeno na Puc. 8.

t=10.0
t=0.25
t=105
t=10.75
t=1.0

Puc. 8: Ilpukiiag mobyaoBu MHOXKWHHU JIOCS?KHOCTI METOIOM II€PEeTHHY Tilep-

TJIOIIUH.
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IIpuknanx 6. Hexatl 3adana dunamivna cucmema sudy (1) 3 napamempamu
to=0, t1=1, X(to) =K444((0,0,0)), F =5(0,0,0), A=I

ITo6ydyemo R-posé’asox exmouenns (1) 3 euxopucmannam arzopummy Ha
ocnosl pynkyii degpopmauii. Poss’asok exaovenns (1) das momenmis wacy
0;0,25; 0,5; 0,75; 1 npedcmasaerno na Puc. 9.

- 1=0.0

Puc. 9: Ilpukiiag mobymoBr MHOXKHHU JOCS?KHOCTI MeToaoM hbyKHIIT 1edop-

Marrii.
4. BuUCcHOBKU

Y crarti Oy/in IPUBEJIEHI AJITOPUTME YUCEJIHHOI TOOYIOBHU OITyKJIOT 0O0JIOH-
KV MHOXKWHHU B TPUBUMIPHOMY IIPOCTOPi. ByJs1o mpoBeieHo MopiBHSIHHS aJropu-
TMIB, 3HAN/IEHO ACUMIITOTUYHI OI[IHKU, HABEIEHI IPUKJIAIN ODY/I0BU MHOXKUH
B R3. Ba j0moMoromo onmcanux aaropuTMiB 6yia MoGyI0BAHA MHOXKIHA, JOCS-
JKHOCTI I AUHAMIYHOI CHCTEMH IO IPE/ICTaBIeHa IrepeHiaJlbHuM BKJIIIO-

YCHHAM.
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Kapmawos /. I'., Tauposa M. C.
I[TOCTPOEHUE MHOYKECTBA JIOCTUYKMMOCTU AUHAMUYECKO! CUCTEMBI B R?

Pesrome

B crarbe mpejiozkeHbl 1Ba aJropuTMa, YMCJIEHHOIO TOCTPOEHUSI BBITYKJI0M 060JI0YKHA MHOYKE-
CTBa B TPEXMEPHOM IIPOCTPAHCTBE KUCIOJIb3Ysl €ro onopyio dyHkImo. [IpoBeneno cpasuenne
aJITOPUTMOB, HAMIEHBl ACHMIITOTHYIECKHE ONEHKH. [[0Ka3aHO MpUMeHEeHHe MPeIoyKEHHOTO
anmapara K HaXO0K/IEHUIO MHOYKECTBA, JOCTHKUMOCTH JJIsI JUHAMIIECKUX CACTEM.

Karouesvie caosa: svinyksas 060a04Kka, MHodcecmeo docmusicumocmu, dugddepenyuanrvroe

BKNIOUEHUA, ONOPHAA PYHKUUA.

Kartashov D. G., Tairova M. S.
CONSTRUCTION OF THE DESTINATION SET OF A DYNAMIC SYSTEM IN R®

Summary

The article proposes two algorithms for the numerical construction of the convex hull of
a set in three-dimensional space using its support function. The first uses the hyperplane
intersection method to find the pivot points of a set. The second one is based on the defor-
mation function and allows you to find an arbitrary point of the convex hull of a set, which
is convenient in many applications. The algorithms are compared, and asymptotic complex-
ities are found. The application of the proposed apparatus to finding the destination set of
dynamical systems is shown. The dynamic system will be based on differential inclusion.

Key words: convex hull, destination set, differential inclusions, support function.
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1. OCHOBHBIE OBO3HAYEHUA U OITPEJAEJIEHN A

Matpuunbie auddepeHuaabable YPaBHEHUST HU3JABHA [TPUBJICKAJIN BHU-
MaHIe MaTEMATUKOB, STUM YPaBHEHUSIM ITOCBAIIEHO MHOXKECTBO paboT. 3 BbI-
HIEJINX B HOcJejHee BpeMst ormeruM [1-5|. B Hacrosimieir crarbe mocTpoen
aHAJIOr PE3YJIbTATOB PAbOTHI [6] /Uit KBa3UINHEHHBIX MATPUIHBIX AuddepeH-
[UAJLHBIX YPaBHEHUIA.

IIyctn

G(eo) = {t,e: t€R, €€ (0,e9), e0 € RT}

Ounpenenenne 1. Ckaxem, uro dyukius f(f,€) NPUHAIIEKUT KIACCY
S(m;eg), m € NU {0}, ecomn:

1) f:G(go) — C,

2) f(t,e) € C™(G(g0)) mo t,

3) d¥f(t,e)/dtF = e fi(t,e) (0 < k < m),

def “
1 ll$tmien) = >, sup |fa(t,e)] < + oo.
k=0 G(c0)

Ounpenenenne 2. Ckaxkem, uro dbyukuus f(t,e,0(t,¢)) npunaiiekur
kiaccy F(m;ep;0) (m € NU{0}), ecom

fte,0(t,e) = Y falt,€)exp (ind(t,c)),

n=—oo

Honyuena 04.01.2020 © IIérones C. A., Kapanerpos B. B. 2020
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TPUIEM
1) fu(t,e) € S(m,ep) (n € Z),
2)

0o
def
HfHF(m;EO;G) = Z Hf'leS(m;ao) < + oo,

n=—oo

t
3) O(t,e) = [ (1, e)dr, ¢ € RT, ¢ € S(m, o), é?f) o(t,e) = o > 0.
0 €0

Onpenenenne 3. Ckaxem, uro marpuna A(t,€) = (ajk(t, €)),; p_7 5 1PH-
HaJUIeXKuT Kitaccy Sa(m;eo), (m € NU{0}), ecrm aj, € S(m;e0) (4, k=1, N).

OrnpeenuM HOpMY

N
A satmen) = e, S lage(t,2) s
T k=1

Onpenenenne 4. Ckaxem, aro marpuna B(t,€,0) = (bji(t,€,0)), x5
HpuHaIeKAT Kaaccy Fo(m;eg; ) (m € NU{0}), if bji(t,€,6) € F(m;eo;0)
(j7 k=1, N)

Orpesiesium HOpMY

N
HB(tv g, ‘9) ”Fz(m;eo;H) = 12234;5\[ ; ||bjk<ta &, H)HF(m;ao;G)' (1)

2. TIOCTAHOBKA 3AJAYU

PaccmorpumM KBaswinneiinoe MmaTpudnoe quddepennuaibHoe ypaBHEHHE:

O = AL O)X — XB{t,2) + F(1,5.6) + (1, =,0, X), )
riae A(t,e), B(t,e) € Sa(m;eq), F(t,e,0) € Fa(m;eo;0), marpuna X npunaji-
JIEKAT HEKOTOPOIi 3aMKHYTOl orpannaermoit obmactu D C CNXN pge CNXN -
POCTPAHCTBO KOMILIEKCHO3HAUHBIX (N X IV )-MaTpuIl BEIIIeCTBEHHOI'O apry MeH-
ta. Marpuna-byuxnus @ (¢, e, 0, X) npeanonaraercs npuHaiexkarieii Kiaccy
F5(m;ep;0) orrocurenbho t,e,60 u nenpepwiBuoit o X B D. p € [0, uo] —
MAaJIbIil BEIECTBEHHBIN ITapaMeTp.
V3y9aercst BOIPOC O CYIIECTBOBAHUN YaCTHBIX PEIICHIH KaaccoB Fo(my;er;0)

(m1 < m,e; < gp) ypaBHenus (2).
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3. BCIIOMOTATEJIBHBIE PE3VYJIBTATHI.

Jlemma 1. ITycmo 3adano ckaanproe aunetinoe duddepeniyuarvhoe ypas-
HeHue 1-20 nopadka

dzx

= At o)zt ult,e,0(t,) (3)

rae A(t,e) € S(m;e), G@{lf)]Re At,e)] = v > 0, u(t,e,0) € F(m;eo;6).
€0

Tozda ypasnenue (3) umeem eduncmeennoe wacmnoe pewenue x(t,e,6) €

F(m;ep;0). Omo pewenue daémesa gopmyao:

t

x(t,e,0(t,¢)) :/U(T,€,(9(T, £)) exp /)\(s,s)ds dr,
T

T

o) T if Re A(t,e) < —y <0,
B 400, if Re A(t,e) >~ >0,

u, Kpome mozo, cyuecmeyem Ky € (0, 4+00),maxoe, umo:

”‘T(t? &, G)HF(M;E();Q) < K()Hu(tv €, G)HF(M;E();O)'

Joka3zaTesbCTBO JIeMMbI IIpUBEJIEHO B pabore [7].

JIemma 2. ITyemo ypashenue (2) makoso, 4mo cyuecmeyom mampuyol
Li(t,e), La(t,e) € Sa(m;eg) maxue, wmo

a) |det Ly(t,e)| > ap > 0, (k=1,2),
6) Ly (t,e) A(t,e)La(t,€) = Di(t,e) = (d(t,€)); 1+
Ly(t,e)B(t,e)Ly ' (t,€) = Da(t,e) = (d3(t,€)); o1 v

2de Dy (t,e), Da(t,e) — nuotchue mpeyeorvrvie mampuyse N-20 nopadka, npu-
nadaesrcauyue Kaaccy Sa(m;ep).

Tozda nodcmarosroli

X = Li(t,e)Y La(t,¢)
ypasnenue (2) npusodumca x 6udy:

av
dt

Dy(t,e)Y =Y Ds(t,e) —eH(t,e)Y —eY Ha(t, )+

+F1(t757 9) + M(I)l(ta€797y)7
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20e

dLl(t, 5)
dt

Fi(t,e,0) = LT (t,e)F(t,¢,0) Ly (t,¢),
®y(t,6,0,Y) = L7 (t,e)®(t,¢,0, Li(t,e)Y La(t, €))Ly  (t,¢).

Hy(t,e) = Ly'(t,e),

1 1 dLs(t, e
Hifte) = = L' (1,9) e

dt

HokazareabcTBo. UT00BI yOEIUTHCA B CIIPABEIINBOCTH JIEMMBI, TOCTa~
TOYHO B ypaBHeHHH (2) IPOM3BECTH MOJCTAHOBKY (4) 1 UCIIOIB30BATH YCJIOBUSI
JIEMMBI.

Jlemma 3. [lycmo aunretinoe mampuunoe ypagrerue

dY
7;) :Dl(t>€)yb_YbD2(t75)+F1(t7579)7 (6)

2de mampuuve D1(t,€), Do(t,e), Fi(t,e,0) me orce, wmo u 6 ypasrenuu (5),

maxoeo, 4Imo

Gmf Re (dj;(t,e) — di(t,e))| > bo >0 (j,k=1,N). (7)
80

Tozda ypasnenue (6) umeem eduncmesernnoe wacmnoe pewenue Yo(t,e,0) €

Fy(m;ep;0), u cyweemeyem Ky € (0,400) makoe, wmo

Hyb(tvé‘,e)”Fﬂm;eo;G) < KIHFl(ta £, H)HFz(m;so;@)' (8)

HokazareabcTBo. IlycTh

Yo = (W) pcrr Filte,0) = (Fi(t.6,0)) iy

Torma, pacnuceiBas ypasHenue (6) B MOKOMIIOHEHTHON (opMe, IPHIEM K CKa-

JIAPHOW JIMHEHHOW cucteme qudepeHnuaibHbIX YpaBHeHUN B!

dy, a 4 N

J Zdl t € ygk_ngk(tag)yjo's—i_fjlk(t?‘gg)a Jak:LN-

s=k
N
d
ZZ;N (d(t.€) — B (t,)) iy + fin(t.2.0),
N

dy?l

a (diy(t,e) — diy(t,€)) oty — ngl(tﬁ)y?s + fh(t,e,0),
s=2
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dy9
d?tN = (déz(@ e) —dan(t, £)) Yoy + dby (t.e)yn + fan(t,€,0),
dyo al
WZI = (dyy(t,e) — diy(t,€)) y3) + dyy (t,€)yt) — Zd§1(ta€)ygs + far(t,e,0),
s=2
a0 N—1
# = (d}VN(tv 5) - d?\/N(ta 5)) yJOVN + Z d}VS(t7 5)y2N + f]lVN(t7 £, 9)a
s=1
. N-1
djzl = (d}VN(tﬂf) - d%l(tvg)) y?\fl + Z d}vs(ta E)y[s)l_
s=1
N
- Z A2y (t, )y + (L€, 6).
s=2

Ha ocHoBanum jeMMbl 1 ¢ HCHOJIb30BAHMEM YCJIOBHUIT HACTOAIIEH JIEMMBbI
yOezK 1aeMcest, 9TO KazKJ0e U3 YPaBHEHUIT 3TO CHCTEeMBI HMeEeT PelIeHne KIacca
F(m;eo;0). U, cnepoBarensio, ypapHeHue (6) nmeer eJIuHCTBEHHOE DeIleHUe

kitacca Fa(m;eg; 0), n cupasenmuBa onenka (8).

4. OCHOBHBIE PE3VJIBTATHI.
Oupenenum 06J1acThb:
Q= {Y S FQ(m;‘SU;e) : HY - YOHFQ(TH;SO;@) <B; B> 0} .

Teopema 1. ITycmo ypasuenue (5) maxoso, wmo
1) inf ’Re (dl--(t,s) - dgk(t,s))) >0y >0 (j,k=1,N);
G(Eo) 27

2) mampuya-gyrnxyua @1 (t, ,0,Y) nenpepvisna no Y, uecau'Y € Fo(m;ep;0),

mo ®1(t,e,0,Y) makorce npunadaesrcum xaaccy Fo(m;eo;0);
3) cywecmsyem L(5) € (0,4+00) maxoe, wmo ¥V Y1,Ys € Q ewnoaneno

HEPABEHCMBO!

||(I)1(7f,6, 97Y1) - <I>1(t,6, 0, Yé)||F2(m;eo;0) < L(/B)H}/l - Yé||F2(m;so;9)'

Toz0a moorcno yrazamov maxoe €1 € (0,e0) u maxoe py € [0, po), wmo
Ve € (0,e1), u VY € [0,u1) ypasnenue (5) umeem eduncmeentoe wacmroe

pewenue Y (t,e,0,u) € Fo(m — 1;21;0).



100 IJézones C. A., Kapanempos B. B.

Hoka3zaresnbcTBo. Pemenne kiacca F(m —1;e1;0) ypasuenus (5) 6yaem
HMCKATh METOIOM IIOCJIeN0BaTe/bHBIX PUOINKEeHNIT, BEIOpaB B KadecTBe Ha-
JabHOrO npubsmKenust Yy (t, €, 6), a mocseryomnue MpubIMzKeHNs! OIPeIe/InB
Kak perenust Kiaacca Fo(m — 1;e0;60) JuHERHBIX HEOJIHOPOJHBIX MATPHUYHBIX
YPaBHEHUI:

dYgi1
a D1(t,e)Ygy1 — Yier1Dao(t,e) — eHy(t,e)Yy — eYi Ha(t, )+
+Fi(t,e,0) + udi(t,e,0,Yy), k=0,1,2,... . (9)

[Tpumensist OOGBIYHYIO METOAUKY [IPUHIIUIIA CXKUMAIOIIUX OTOOpaykeHuit (8],
HECJIOYKHO TIOKA3aTh, YTO IIPU JOCTATOYHO MAJIOM € U JOCTATOYHO MAJIOM [i BCE
npubimxkenus (9) ocrarorcss BHyTpu objactu ), u nporecc (9) cxomurest 1o
HopMe ||+ || 7, (m—1;¢0;0) K Pemmenmio Y (¢, ¢, 0, 1) xnacca Fa(m—1;e1; 0) ypasnenus
(5).

Teopema mokazana.

HemnocpeacrBeHHBIM CileICTBUEM TEOpeMbl 1 sIBJIseTcs Teopema 2.

Teopema 2. [ITycmv ypashenue (2) maxoso, wmo:

1) svinoanenve Ycaosus semmos 2;

2) das ypasnenus (5), noayuarowezoca usz ypasuenua (2) ¢ nomouybo noo-
cmanosky (4), cnpasedausa meopema 1.

Tozda cywecmeyrom maxue €1 € (0,e0), p1 € [0, o), wmo ¥V e € (0,e1),
YV p € [0, p1) ypasnenue (2) umeem edurcmeenmoe “acmHoe peweHue Kaacca
Fy(m —1;e130).

5. 3AKJIIOUEHUE

Takum obpasoM, JiIsT KBa3WJIMHEHHONO MaTPUIHOTO TudDepeHInaIbHOro
ypaBHEeHHSI C KO3 pUimeHTamMu, mpeIcTaBUMbIMI a0COJIIOTHO U PABHOMEPHO
exogsinumucs psigamu Oypbe ¢ MeJJIEHHO MEHSIIOIUMUCS KObduIimeHTaMu u
YaCTOTOMN, TOJIyUIEHBI JOCTATOYHBIE YCJIOBUS CYIIECTBOBAHMS YACTHOIO pellre-

HUS aHAJIOTUIHON CTPYKTYPHI.

IJozones C. A., Kapanempos B. B.

IIPO OAVH KJIAC PO3B’SI3KIB KBABLIIHIMHUX MATPUYHUX NUOEPEHIIAJIBHUX PIBHSHb
Pesrome

st kBazimiHifiHOro MaTpuvHOro AudepeHIiaJbLHOr0 piBHAHHS, KOoeilieHTH sKOro 300pa-

>KyBaHl y BuIsii abCoJIIOTHO Ta piBHOMIpHO 36ikHUX psiAiB Pyp’e 3 MOBLIBHO 3MIHHEMEI
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KoedillieHTaMu Ta 9aCTOTOIO, OTPUMAHO JOCTATHI YMOBU iCHYBaHHSI PO3B 3Ky aHAJIOTiYHOT

CTPYKTYPH.
Karouosi crosa: mampuya, dupeperyiasore pieHAHHA, KEA3TATHITHUI.

Shchogolev S. A., Karapetrov V. V.
ON ONE CLASS OF SOLUTIONS OF THE QUASILINEAR MATRIX DIFFERENTIAL EQUATIONS

Summary

In the mathematical description of various phenomena and processes that arise in mathe-
matical physics, electrical engineering, economics, one has to deal with matrix differential
equations. Therefore, these equations are relevant both for mathematicians and for spe-
cialists in other areas of natural science. Many studies are devoted to them, in which the
solvability of matrix equations in various function spaces, boundary value problems for ma-
trix differential equations, and other problems were investigated. In this article, a quasilinear
matrix equation is considered, the coefficients of which can be represented in the form of
absolutely and uniformly converging Fourier series with coefficients and frequency slowly
varying in a certain sense. The problem is posed of obtaining sufficient conditions for the
existence of particular solutions of a similar structure for the equation under consideration.
For this purpose, the corresponding linear equation is considered first. It is written down
in component-wise form, and, based on the assumptions made, the existence of the only
particular solution of the specified structure is proved. Then, using the method of successive
approximations and the principle of contracting mappings, the existence of a unique partic-
ular solution of the indicated structure for the original quasilinear equation are proved.

Key words: matriz, differential equation, quasilinear.
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