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A. I. Dudko, V. N. Pivovarchik
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SPECTRAL PROBLEM OF FULLERENE VIBRATIONS

Small vibrations of a graph of fullerene (truncated icosahedron) is considered each edge of
which is a so-called Stieltjes string (a massless thread bearing finite number of point masses)
symmetric with respect to its midpoint. The spectral problem is obtained by imposing the
continuity and balance of forces conditions at the vertices. It is shown that when all the
edges of the graph are the same then due to the symmetry of the problem there are multiple
eigenvalues. The maximal multiplicity of an eigenvalue of such problem is 32, exactly the
value which is maximal for cyclically connected graphs, i.e. u+ 1 where p is the cyclomatic
number of the graph.

MSC: 39A70, 39A60, 70J30.

Key words: Stieltjes string, graph, multiplicity, eigenvalue, cyclomatic number, recurrence
relations, boundary conditions.

DOI: XXXX.

1. INTRODUCTION

Since the time of Plato and Archimedes, it is known that there are only 5
regular polyhedra that are called Platonic solids. There are also Archimedian
or so-called semiregular polyhedra.

In our work we will consider a truncated icosahedron. From the point of
view of mathematics, this is an old object, which was rediscovered relatively
recently. Interest to this object arose unexpectedly again in connection with
the discovery by chemists of the third state of aggregation of carbon. It turned
out that this state of carbon corresponds to a molecule that consists of 60
atoms, which are located at the vertices of a truncated icosahedron. A fullerene
(buckyball) is any molecule composed entirely of carbon, in the form of a hollow
sphere, ellipsoid, tube, and many other shapes. In our case, we will consider
buckminsterfullerene Cgg. It was prepared in 1989 by Richard Smalley and was
named after Richard Buckminster Fuller, an architect who created a geodesic
dome similar to a truncated icosahedron. Buckminsterfullerene is the smallest
fullerene molecule containing pentagonal and hexagonal faces in which no two

pentagons share an edge. The structure of Cgg is a truncated icosahedron

Received 04.01.2020 © Dudko A. 1., Pivovarchik V. N. 2020



8 Dudko A. I., Pivovarchik V. N.

(one of the semiregular or Archimedean solids), which resembles an association
football ball of the type made of twenty hexagons and twelve pentagons, with
a carbon atom at the vertices of each polygon and a bond along each polygon
edge [8] (see Fig.1, [9]).

In this paper we consider small transverse vibrations of truncated icosa-
hedron the edges of which are so-called Stieltjes strings, i.e. elastic threads
of zero density bearing point masses. Transverse vibrations of graphs of such
strings were considered in many publications [2], [3], [4].

Spectral problems describing longitudinal vibrations of a graph of springs

bearing masses are reduced to the same equations [6].

2. MAIN RESULTS

1. Fullerine graph. We choose arbitrary orientation of the edges of
the graph. Let us consider a Stieltjes string bearing n > 3 point masses

mi,ma,...,my (myg > 0), let lo,l1,...,0, (I > 0) be the intervals into which
the masses divide the total length [ of the string <Z Iy = > We enumerate
the point masses my (k = 1,2,...,n) and subintervals I, (k =0,1,...,n) on

an edge successively in the direction of the edge. In the sequel we consider

Stieltjes strings symmetric with respect to their midpoints. This means that:
1) if n is even then: my = my_p+1, k=1,....n;lx =l—g, k=0,...,n
2) if nis odd then: my = my,_gy1, k=1,...,[nl;lk =lp—k, k=0,...,[n],
where [a] denotes the integer part of a.

We consider a fullerene graph G each edge of which is the same symmetric
Stieltjes string bearing n point masses. The graph is stretched and can vibrate

such that each mass moves in the direction orthogonal to the equilibrium po-
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sition of the edge.

Denote by v; (i = 1,2,...,60) the vertices of G, by e; (j = 1,2,...,90)
the edges of G.

For each i denote by d(v;) = 3 the degree of the vertex v;, by d*(v;) the
indegree, i.e. the number of edges incoming into v;, by d™ (v;) the outdegree,
i.e. the number of edges outgoing from v;. It is clear that 0 < d*(v;) < 3 and
dt(vi) +d~ (v;) = d(v;) = 3.

Let Wf be the set of numbers of edges incoming into v; and W, be the
set of numbers of edges outgoing from v; (i =1,2,...,60).

It should be noticed that the graph of the fullerine belongs to the class of

cyclically connected graphs

Definition 1 (see [1], Definition 2). Two wvertices v and w of a connected
graph G are said to be cyclically connected if a finite set of cycles C1,Cs, ..., Cy
(C; C G, j=1,2,..k) exists such that v € C1, w € Cy and each neighboring

pair of cycles possesses at least one common verter.

Definition 2 (see [1], Definition 3). A graph is said to be cyclically connected

if each pair of vertices in it is cyclically connected

We assume absence of point masses at the vertices. Vibrations of masses
on the edges are described by equations (see [5]|, p. 141 or [11], eq. (0.7.4))
-V v -V &

+1 (4)
4 = V(¢ 1
lk—l lk mg dt2 k ( )7 ( )

where £k = 1,2,...,n; j7=1,2,...,9;¢ is the number of edges; Vk(j)(t) is the
transverse displacement of the mass my, lying on the edge e;; ¢ is the time.
At an interior vertex v; we impose the continuity conditions
Gi) ) U= 0y
Vol ((t) =V (1) =--- =V} (t) @

o+
(Jtﬁ(vi))

-+
=V =V t) = =V, ),

7

where {jl_,...,jd_,(v_)} e W, {ji",...,j;ﬂv_)} € W." and the balance of

forces condition
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As usually in the linear approach we separate variables by ansatz (see, e.g.
eq. (0.7.4), (0.7.5) in [11]) Vk(])(t) = U,g])(z)ei’\t, z = A2, Substituting it into
(1) — (3) we obtain the following spectral problem:

0)(:) - UL G) | UG UG _

+1 €)
=— 4
I L my2U" (%), (4)
- Gy y)
U(]l)(z):Uéh)(Z):"':Uod ('u)(z) (5)
Gl )
= UV () = U (0) = = U, (2),
d*(vi) 7r(jsh) () Vi) 77(jm) (Gm)
U, (2) = U™ (2) U™ (z) = Uy™ ()
Z +1 l o Z l 0 =0 (6)
m—1 n 0
where k =1,2,...,n; i=1,2,...,60; j,€ W , m:jf,...,j;(v}); gt e
WZ-+, m = jfr, ce ,j{;ﬁr(w) and Uéj) is the amplitude of vibrations of the mass

my, located on the edge e, z is the spectral parameter. Here equations (5) are
the continuity conditions and (6) describe the balance of forces.

2. Graph of Stieltjes strings vibrations.

Following |5] we look for a solution in the form U(])( ) = Rop—2(z, c)Ul(j), k=
1,2,...,n+1, where Ror_o(z, ¢) is a polynomials of degree k— 1. In the sequel,
we use Ry(c) instead of Rj(z,c) to shorten the notation.

The polynomials Ry(c) satisfy the following recurrence relations:
Rog(c) = I Rog—1(c) + Rap—2(c), (7)

Rop—1(c) = Rop—3(c) — mpzRop—2(c)

with the initial conditions

For a symmetric string

and due to the Lagrange identity

Ron—1(0)R2p (1) — Ron—1(1)R2n(0) = -
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(see, e.g. 7], Lemma 3.5) we obtain

L Ron())? -

l = Ry, (0)R2p—1(1). 9)
0

Iy

Now we use the procedure described in [10]. It is convenient to introduce

the following solution of (4):

B — A(j)RZn(l)
R9,(0)

U9 (z) = Roj—(0) + AD Ry (1), (10)

where AU), BU) are constants independent of k and z. These solutions exist
for all z which are not zeros of Ray,(0). In view of (1), (2), equation (7) for
k = 0 implies B_5(0) =0, R_5(1) = 1.

Substituting these into (10) we have

BU) _ A(J')RQH(I)
R, (0)

In the same way, for k =n +1

U9 (z) = R_5(0) + AV R_5(1) = AW, (11)

BU) — A(j)RZn(]-)

Uih() = = Ran(0) + AV Ran(1) = BY. - (12)
Continuity conditions (5) look now as
AGD) — A6G2) — ... = AYamwp) — gUD) — BUH) — ... — B(jiﬂvn) = B(v;).
(13)
Balance of forces equation (6) with account of (10), (13) attains the form
dt(v;) d=(vs)
Z (lnB(j:’g)Rgn_l( A(Jm)> ( — AU Ry, (1 >> =0. (14)
m=1 m=1
dt(v;) N d™(vs)
<lnB(]m)R2n_1(0) _ A(]m)) _ <B(Jm) _ A(]m)R2n< ))
m=1 m=1
dt(v; d= (v;) dt(v;) d~ (vi)
_ Z 1, BY™) Ry, _1(0) + Z AU Ry (1) — AUm) Z BUm)
m=1 m=1 m=1 m=1
dt(v;) d™ (vs)
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dt(v;) d= (vy)
= Ro(1) | D @(wi) + Ov) | = Y @)
m=1 m=1 Vg
= Ron(Dd(v)@(0) — 3 @(vy)

or
Royn (1)d(v;)®(v;) — Z ®(v;) =0.
Vg

Here the sum is taken over all the vertices v; adjacent with v;.

Finally, we obtain using the notation { = 3Rg,(1),

= {®(v1),...,P(ve0)}", and denoting by A the adjacency matrix of our
graph:

(F—AF =0. (15)

Let zo be not a zero of Ray,(0), then it is an eigenvalue of problem (4)—(6) if
and only if p := 3R, (1) is an eigenvalue of matrix equation (15). This means
that the spectrum of problem (4)—(6) consists of zeros of R, (0) and of zeros
of the polynomials 3Rs, (1) — (s, where (s (s = 1,2,...,60) are the eigenvalues
of (15).

Theorem 1. The characteristic polynomial of problem (4)-(6) is
$(2) = (R2n(2,0))* Poo(3R2n(2,1))
where Pgg is the characteristic polynomial of matrixz A.

Proof. We have already shown above that if zy is an eigenvalue of
problem (4)—(6) and Ry, (20,0) # 0 then (y is a zero of Pyso(¢). This gives
60n (with account of multiplicities) eigenvalues of problem (4)-(6). The
total number of eigenvalues is 90n since 90 is the number of edges in the
fullerene. Therefore, there are 30n (with account of multiplicities) eigenval-
ues more. They are the zeros of R30(z,0) because for each eigenvalue there
exist 30 linearly independent eigenvectors which are composed by the vectors
R5(2,0), R4(2,0), ..., Rap—2(2,0) on the edges of the hexagonal faces of the
graph. Theorem is proved.

Using (15) we obtain the characteristic equation for Buckminsterfullerene

graph by program MAPLE

Pgo(¢) = 2985984 +54743040¢ +186416640¢> — 1566501120¢> — 7440712560+
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+26034025632¢° + 108565938200¢° — 310065067080¢7 — 831616531095¢5+
+2527365617120¢°+3576552321006( 10 —13627897407360¢ 1 —8131429397135¢ 12+
+49433493646080¢ ' 4 4679380503120¢ M — 126428882536240¢ 1°+
+29617003666920¢ ¢ + 238553091055200¢ 7 — 112654402736360( 18—
—344185906596720¢ 1 + 228227031040884¢%° + 390055074762240¢%! —
—324375523213200¢%2 — 354145195147200¢% + 351861389316780¢ 4+
+261359090670624¢?® — 303315997028160¢%¢ — 158412719276240¢>" +
+212712221820840¢2® + 79417625268960¢° — 123163094844616¢30—
—33076275953760¢3! + 59443188508110¢32 + 11466942645600(>3—
—24056403184260¢3* — 3308173115904¢% + 8189116955350¢% +
+792175427520¢37 — 2346799508400¢3® — 156652575440¢37+
+565407465144¢4° 4 25376437920¢*H — 114118295000¢*2 —
—3327625680¢*3 + 19180834020¢** + 347208896¢*% — 2661033600¢*6—
—28113600¢*7 + 300906380¢%8 + 1700640¢%° — 27244512¢°0—
—72240¢5t + 1925160¢52 + 1920¢53 — 102160¢°* — 24¢%5+
+3825¢%0 — 90¢%® + ¢,

and, consequently, (this is given by MAPLE)
Poo(¢) = (¢ = 3)(¢* + 3¢+ 1)°(¢" = 3¢° — 2¢* + 7¢ + 1)

#(CH 2+ DU - =3+ -1 -1

Thus we obtain the following set of zeros of Pgp: (1 = (3 = (3 = —2.618,
G =0 = = ( ~ —2562, (s = (9 = Co = C1 = -2, Q12 =3 =
Cla = Q15 = 16 ~ —1.6818, (17 = (18 = (19 ~ —1.438, (20 = (21 = (22 =
C23 = Caa ~ —1.303, (25 = (26 = (o7 = —0.382, (28 = (29 = (30 ~ —0.139,
(31 = (32 = (33 = (34 = (35 ~ 0.618, (36 = (37 = (38 = (39 = Qa0 = Qa1 =
Ca2 = Qa3 = Cua = 1, G5 = Qa6 = Qa7 = Qs = 1.562, (49 = (50 = (51 =~ 1.820,
G52 = (53 = Cpa = (55 = 56 ~ 2.303, (57 = (58 = (59 =~ 2.757, (60 = 3.
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3. CONCLUSION

The graph Cgg is cyclically connected (see Definition 2). The maximum
multiplicity of an eigenvalue of the problem on such graph is g + 1 where p
is the cyclomatic number of the graph [1], Theorem 3.2. Since u = ¢ —p + 1,
where p is the number of vertices and ¢ is the number of edges, in our case
w41 = 32. We see that in our problem the maximum possible multiplicity
is 32 when the eigenvalue is a (simple) zero of Ra,(z,0) and a double zero of

R2n(2’, 1) — 1.

yoxo A. I., IMTusosapuux B. M.
CIIEKTPAJIbHA 3AJAYA, [IOB’sI3AHA 3 KOJIUBAHHSIMU ®VYJIEPIHY

Pesrome

PosrsnyTi Masti nonepeuni konusanus rpady dysepiny (ycideHoro ikocaenpy), KoxKHe pe-
6pO SIKOro — CTLIBThECIBChKA CTPYHa (6e3MacoBa HUTKA, IO Hece Ha cobl CKiHYeHy KiJIbKICTh
30CEPE/PKEANX MaC), CAMETPUIHA BiIHOCHO CBOET cepemnn. CrekTpasbHa 3a7a9a OTPUMAHA,
HaKJIAJAHHSAM yMOB HEIEPEPBHOCTI Ta OasaHcy cuia y BepmmHax. [lokazaHo, mo sKImo Bei
pebpa OIHAKOBI, TO 3aBIsIKM CUMETpIl 3a/1a4i BUHMKAIOTh KpaTHI BiaacHi 3Hadenns. Makcu-
MaJIbHa KPATHICTh TAKOI'O BJIACHOI'O 3HAYEHH: CTAHOBUTH 32, IO € MAKCUMAJIbHUM MOXKJIU-
BUM JIJTsI IUKJIIYHO 3B’s13HOTO rpady, To6TO 1+ 1, 16 p — Iie MUKJIOMaTUIHE YUCTIO rpady.
Kaowosi crosa: Cminvmoeciecvka cmpyna, 2pad, Kpammicms, 6aacHe 3HAUERHA, UUKAOMA-

MuuHe YUCA0, PEKYDEHMMHE CNIBEIOHOWEHHA, KPATI06T YMOBU.

Jlyoxo A. U., ITusosapuux B. H.
CHEKTPAJIbHASI 3AJIAYA, CBSI3BAHHASI C KOJIEBAHUSIMU ®YJIEPUHA

Pesrome

Paccmorpenbl Masible nonepednsie Konebanus rpada dbysnepuna (yCeIeHHOTO MKOCA3IPA),
KaxKJ10e pebpo KOTOPOro — CTHIIBTHECOBCKas CTpyHa (6e3MaccoBasi HUTh, Hecylias Ha cebe
KOHEYHOE KOJIMIECTBO COCPEJOTOYEHHBIX MACC), CHMMETPUYHAsI OTHOCUTEJILHO CBOEH cepeiiy-
vbl. CeKTpasibHas 3a/1a9a MOy YeHa HAJOXKEHNEM yCJIOBUI HEMPEPBIBHOCTU U OAJIaHCA CHJT
B BepmmmHax. [loka3zaHo, 9To ecyiu Bce pebpa OAMHAKOBBIE, TO OJIAr0apsi CHMMETPUH 330a4N
BO3HUKAIOT KpaTHbIe cOOCTBEHHbIE 3HadYeHHs. MakcuMasibHas KPATHOCTb TAKOrO COOCTBEH-
HOI'O 3HA4YeHUs 32, 4TO SABJISETCS MAKCUMAJIbHBIM BO3MOXKHBIM ISl IUKJIMYECKU CBSI3HOTO
rpada, T.e. i+ 1, e g — 9TO MUKIOMATHIECKOe YHCcJIo rpada.

Karoueswie crosa: Cmuavmuvecosckas cmpyna, 2pad, KpamHocms, cobcmeennoe 3navenue,

YUKAOMAMUYECKOE YUCN0, PERYPPEHMHDBLE COOMHOUEHUA, KPAEBBLE YCAOBUA.
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THE FUNDAMENTAL SOLUTION OF THE PROBLEM OF
THERMOELASTICITY FOR A PIECEWISE HOMOGENEOUS
TRANSVERSELY ISOTROPIC ELASTIC SPACE

The problem of constructing fundamental solutions to the thermoelasticity problem for a
piecewise-homogeneous transversely isotropic space is reduced to the matrix Riemann prob-
lem in the space of generalized slow growth functions. As a result of the solution of which,
were obtained expressions in explicit form for the components of the vector of the funda-
mental solution of the heat conduction problem, as well as simple representations for the
components of the stress tensor and the displacement vector in plane of connection of trans-
versely isotropic elastic half-spaces containing concentrated stationary heat sources. The
temperature distribution is investigated depending on the thermophysical characteristics of
the half-space materials.
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1. INTRODUCTION

The study of stress concentration in the vicinity of interfacial and internal
defects such as cracks or inclusions in thermoelastic fields is of great practical
importance. Many works have been devoted to this problem for various envi-
ronments. In particular, in [1-2], the problems of stationary thermoelasticity
for bodies with a heat-penetrating disc inclusion, between whose surfaces there
is an imperfect thermal contact, as well as problems with a thin heat-active
disc inclusion are considered.

The problem is reduced to hypersingular integral equations of the first and
second kind, for which exact solutions are obtained.In [3-9| non-axisymmetric
problems of elasticity and thermoelasticity for piecewise-homogeneous trans-
versely isotropic spaces containing interfacial stress concentrators, such as
cracks or rigid inclusions, using the method of singular integral relations (SIR)

[10] reduced to systems of two-dimensional singular integral equations (SIR)

Received 15.04.2020 © Kryvyi O. F., Morozov Yu. O. 2020
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and proposed a method for their solution. A similar approach was applied
in [11-15] to solving problems of interfacial and internal defects in piecewise

homogeneous anisotropic media.

In the mathematical formulation and solution of such problems about de-
fects, it is necessary to set the boundary conditions on the defect itself, such
as stress on the crack edges or displacement at the inclusion.Since in thy phys-
ical formulation of the problems from determining the stress and displacement
fields in the vicinity of the stress concentrators, known the stresses or displace-
ments at the boundary of the region,at some interior points or at infinity (for
unbounded bodies), then the determination of the boundary conditions on the

defect is a separate problem.

Within the framework of the linear theory of thermoelasticity, to solve this
problem, it is necessary to know the distribution of the temperature, stress
and displacement fields in the corresponding piecewise homogeneous bodies
without defects in the presence of volumetric forces and concentrated heat

sources.

In particular, for piecewise homogeneous isotropic and transversally
isotropic spaces, such solutions are given, respectively, in [16] and [17].Green’s
functions for piecewise homogeneous transversally isotropic spaces in the pres-
ence of a concentrated heat source and in the absence of thermal diffusion were
constructed in 18|, and in the presence of thermal diffusion — in [19]. In [20,

21], Green’s functions for a layered thermal environment were constructed.

An effective method for solving this problem is the method of fundamen-
tal solutions in the space I/(R?) of generalized functions of slow growth. In
particular, in [14], the problem of constructing fundamental solutions for piece-
wise homogeneous two-dimensional anisotropic media is reduced to the matrix
Riemann problem with respect to some variables in the space $’(R3) and sug-
gested an approach to its solution. In this work, this approach is general-
ized to construct in an explicit analytical form fundamental solutions to the
problem of heat conduction and thermoelasticity for a piecewise-homogeneous
transversely isotropic space, which made it possible to study the temperature
distribution and obtain how the temperature affects the distribution of stresses

and displacements in the plane of joining materials.
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2. MAIN REsSULTS

1. Statement of the problem. Let stationary heat sources, concentrated
in some regions of dimension n (n = 0,1,2,3), act in an inhomogeneous space
composed of two different transversely isotopic half-spaces, completely linked
in the plane z = 0.

The thermoelastic state of space is described by the vector

Vv = {Uk(%y, Z)}k‘:179 = {O-x7o-yaO-Z7TyZa7—:csz:Ey7uvv)w} (1)

Based on the equilibrium equations and the generalized Hooke’s law, and
also taking into account the Duhamel-Neumann relation with respect to the
components of the vector v, in the space of generalized functions of slow growth

Q' (R?) we write the following boundary value problem

D([z,01,02,05]v =F, v, F e (R, (2)
vi(x,y,+0) = v (z,y,—0), k =1,9, k #1,2,6 (3)
Uk(a:7y’x)‘(x,y,z)~>oo =0, (k=1,9), (4)

Here we use the notation

Dy O S O
D= 0 3;3 7FT - ”O)O)O7ﬁ17627/63707070”7S - ! 53 )
-S D} 3x3 S
81 0 0 0 83 82 S$11 S12  S13 S44 0 0
Do=|0 02 0 095 0 01],S1=|s21 su1 s13/:52=|0 saa 0],
0 0 83 82 61 0 S$13 S13  S33 0 0 S66

O =2, 0, = a%’ O3 = 2, sy = H(z)s;j +0(=2)sy;, s; — the coefficients
of the generalized Hooke’s law, respectively, for the upper z > 0 and lower
z < 0 half-spaces; O3zx3— zero matrix of dimension 3 x 3, 8, = H(z)ﬁlj +
0(—2)B, , Bki— thermal expansion coefficients , T— temperature concentrated
heat source.

2. Construction of the fundamental solution of the heat conduc-

tion problem.
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We introduce the following notation w = {wy},_77, where functions
wi(z,y,2) € ¥'(R3) there are components of the system of fundamental so-
lutions, that is, solutions that satisfy the following system of boundary value
problems

D[z,01,00,035]lw = £°,  w;, £ € ¥'(R?), (5)

’U)4(SC, Y, +0) = w4($7 Y, _0)7 )‘;83104(1:7 Y, +O) = )‘;;837»04(1"’ Y, _O) (6)
where

MNP0 0 o

0 X' 0 &

0 0 MN' 0
& & 05 O

D= 0 = {—0rab(z — 20,y — Y0, 2 — 20) 1>

dx;j-Kronecker symbol,\; = )\ZTFH (z3) + A; 0 (—x3), i = 1,3, )\;t—thermal con-
ductivity coefficients for the upper z > 0 and lower z < 0 half-spaces, respec-
tively.

Vector components w represented aswy, = 6(z)wy, + 0(—2)wy, = wl +w,_,
Jie wki € §'(RY), RY = R? x Ry and apply to the matrix equation (5) the
operator of the three-dimensional Fourier transform F3 from $(R3). Then,
considering the conditions (6) and results of works [10-13,26,27]|, relatively

Wi (1,00, a3) = Fa[w*] € §'(R?) we obtain the following matrix equation

B"W' =B W™ +F\, W} Fjec (R, j=T4 (7)

W = (W, B* =D[+0, —iay, — iag, —ias),

0 __ i1 xo+iceyo+iazzo14
Fj = {Okae Frets

AL 0 0 (—ia1)
0 Al 0 —i
D[£0, —ian, — iy, ~ioz] = | S E Z’ZQ;
3,+ e

(—ial) (—’iOQ) (—iag) 0

+
kj

variable ag, therefore, matrix equation (1.7) is a boundary condition for the

Function w® € $/(R3) admit an analytical representation [22,26,27] on the

matrix Riemann problem in the variable as.
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Given the properties of generalized functions and applying the methodology
of [10-14,26,27], the boundary conditions (1.7) can be written as

B*W* = F* W+ F* € ¢'(R%), (8)
where
1
Fj = {fl?:t}k:ﬂ’ fi = 0(+20)e; 6 F 3 Xk
X = {Xk}r13 € S'(R?), Xk =0, k=1,2.

xk(a1, a9)— unknown functions from J/(R?) for determine of which, we use
conditions (7) in Fourier transforms.
Directly from equations (1.8) we obtain W* = BI'F* where B! =

{b;;’i}k o After applying the inverse Fourier transform, the components of

the vectors wt = {w,jf[}k:H = F5'[W*] will be presented as:
wh = o) g oy (mitdrElzmal)) T bR )
o (& 12— 20l+1/r3+ (&l 12=20)") (& [a+20l+/r3+(6] (++20))°)
—1/2
mify (r3+ (6 20-64 2)°) )
(&5 20— =|+y/r2+(6 20—5 9)°)

+6(—20)

- _ o) (b HE wl)) M3+ (200"

Wy _ 9 | fe— 2 _ 9 | fe— 2
(&n [2—20|+\/r5+(&n [2—200)") (& |2+=0l+1/rg+(& (2+20))7)
—1/2
—0(z0) mfg(T(z)Jr(fJZ*EJZO)Q) / }
(&5 25 20| +/r2+(65 2= 20)°)

1/2 /2

+ = o) rg(0( miy (3 +(EFz—z0)”) ity 3+ (& (2)) )+

w B
2 (€5 1o—r0l+ 2+ (E la—20)) (€ [etzol+1/r2+(EF (2+20))°)

_ —1/2
O(—zg) il g ) Ty
bl
(&5 20—€3 2| +\/r2+(5 z0—€8 2)%)

/2 1/2

wy = o) gy mahrl e et
(6 =20y 3+ lr—20)) (& =20l 746 (=420))")

— /2 — + 2, —1/2

—6(20) my5(rg+(& #—&g 20)°)

s
(€5 2= 20| +1/ra+(E5 =€ 20))

n | sign(z—z0)& 22| e (z+20)
wf = {0(z0)(m fleg] __ mailern) )
’ B I G e R
—9(_2 m23|€0 >—% 220\3/2 5

(r2+(eF 2—¢€5 20)")
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- — si —20)&g |2—20| mp&f (2+20)
R O e )
s ey |z—zo\>f>3/ P2 (ere)D

23l&0 20—&y 2|
+9(_ZO) mas|éo 0 "2l ,
(246 o—ggr2))

+

wi = {0(z0)( Ha -

! ViHeflesol” el )’
M33

0) }
Vra(Ed €5 20)?

M3y M39

+
M3o

)+

wy = {0(=20)( +
! \/%Jr(é&lz—zolf \/r3+(§g(z+zo))2
—9(20) M33 }’
\/rg-&-(fgz—{arzof

where
+ Af + +/\+ :k i + +/\+ 3
"1 _ _ F 2
miy =1, My = AT (Agm i ) miz = AT (Agm{ £ —),
0 50 0
+y+ +y+
+ L ATA o + 4+ + _AAY o + ¥
my =1, 2 = T F L EAZmy, magy = I 1 EA3mg
50 50
:F
+ 1 £ L
mz = PETES m32 Azm i ) m33 >‘3 my + T
360 0 0

Sought temperature 7" we get like this T = wy * Q.

3. Construction of a fundamental solution to the problem of
thermoelasticity. We apply to the matrix equation (2) the operator of the
three-dimensional Fourier transform F3 i3 §/(R3), given the following repre-
sentation for vector components v: v = 6(z)vg + 0(—2)vr, = vF + v, were
v;t € ¥'(RY), RY = R? x Ry. Then, considering the condltlons (3) and the
results of [10-14,26,27|, with respect to VZE (a1,00,c03) = Fg[’l);t] c ¥'(R?)
and also that the functions Vki € O/(R3) admit an analytical representation

[22,26,27] in the variable a3 we obtain the following matrix equation
M.VE = F* W F* ¢ &/(R?), (9)
where

M. = D[£0, —iay, — iag, —iag], Fi = {f,f}k:ﬁ,
1 _
f];t::':§Xka ]{3:1,9, k#3’4757
1
fk 5k 2TjE 35

X ={xt}heiz € YR, xx=0, k=4,59

Xk? k:3’4’57
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Xk (a1, az)— unknown functions from 3/(IR?) for determine which, we need to

use conditions (3) after the Fourier-transformed.

We represent the sought functions as

Vi = —(—iag) U3, — (—ian) W35, Vi = (—ion) V5 — (—iag) W55, (10)

Vi, = —(—ia2) Y5, — (—ia1) Y35, Vi = (—ion) Y3, — (—iag) Yo, (11)

where \I’f,Tf (k = 1,2) new unknown functions, then matrix equation (9)

can be separated into two independent equations
L, VIDE = FF G, VEO* = F7 (12)
where we use the notation

v+ {V;(fl)’i}kzl,g _ {Ti" \I’fj},

VEOEZ (vIPEy = (WEL TS v W,
F = {(_iOQ)flij — (—ian) f3;, (—iag) f7; — (_ial)fétj} 77 = af + a3,
Fh = {5, (mian) f55 + (—iw) f55, (—iao) fi + (—ian) £, S5 }

Gz = {04}, ,_rp 911 = 911 = (—i0s), g1 = r*, g = g3 = (—ies)r?,

G =9 =0, k=12 j=34,

+ _4+ 42
+_ CG3 + +_ Cztoz o400 o+ 1oy
921 = —x 9120 Y23 = Ex Ty 932 = ——x 912
C33 C33 C4q
+ + + 1 + Ci + +
930 = —912» 9n=—""x» 9= 92 Li= {lkj}k 19
C C »J s
33 33
+ . 2 + . 2 + 2 4 + 4
7 = (miag)r™=, oy = (—iag)r®, Iy = —1"/cyy, 3 = —ceer”,

Directly from equations (12) we obtain vE = L;lF;-tl, v+ = G;leiQ,

-1 *,74 -1 *,74 . .
were L} = {lkj }kal ) G, = {gkj }”:1 - Further, using representations
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(11), (12) after applying the inverse Fourier transform, we obtain:

23: R(l),n Win
O = — _
’ i\ Vo T (Enlz = 20))? \/7’3+(En2+5020)2
2 3
4 Z Z \/ il,n,m _ ’

n=Um= A1 4 (€2 + Enc0)?

0-4:(y_y0){i R2n(TO (§n|Z_ZO|) )
n=1 <5n‘z_20‘ + 7'(2)4‘(5”’2—20’)2)
- 9 —1/2

Ly el + (£n2 + £020) )
2 (Ealel + Eoleol + V73 + (€02 + Eg0)?)

2 —1/2

i 02, (1 + <Enz + €,20) ) }
2)

lmzl( n|2’+£m|20’+ (fnz+§mzo 2

{23: 2n (rg + (§n|Z*ZO|)2)_1/2

fn’2—20’+\/7’o + (&, 2 = 201)?)
wWan(r3 + (En2 + E920)?) 2
n=1 (& n|2|+§o|20|+\/7“0 fnZ‘FfoZO) )
2 3

3y ol )
n=lm=1 (&, |2| + &, |20] + \/72 + (€2 + €,,20)2)

—-1/2

Mw

3
I

up = (:cxo){
nl(gn|z—zo|+w~0 &z = 0I?)
3
_Z - — W3,n — —
1= (€, 121+ &o Lol + /73 + (€2 + E920)2)
2 3

Qa3 nm

‘Z|+£m’ZO|+\/TO gnZ‘FfmZO) )}

3
ug = (y — yo){z R37n
n=1

=1 (6l — 20l + /73 + (& |2 — 20])?)
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3
z: W3 n
2

n\zr+sorzo\+¢ro (Enrt Eor0))

7} : z : Qa3 nm

= = 2 [’
n=tm=b (& [2] + &4 |20l + V1§ + (§nz + E20) )}
3
;Ri,n(mgﬂn(lzzdfm 7+ ale— )
+§3:w <1nc+1n(<2 2] + € | !)+\/r2+(5 z+§z)2)>
2 4,n 9 n 0 120 0 n 0~0
2 3 c s _ . — )
2 Zazx,n,m(lnfln((énrz\ b Elal) + 73+ (6t )),

n=1m=1

were
*,1 *,1 . T
q;t(af}a T) = g]Q (Oé3, 7’)"}/]?‘:7’2 + g]4 (Oé3, 7,),7;:,] = 174
af (Zi&, DT (=g 1) o _ 0l (60, DT (gH 1)
Tt e WO Tt
&n hn &n hn
T (as,r) = (—iaz)Admi —rmy, 7 (a3, ) = (—iag) A3 mi —rmy,

qy (16, DT~ (i€, . 1)

07+ J—
Rl,n -

T

9

7 (a3, 1) = (—iaz)\gm] — er_,Bi: =

&n hn
e _ @ (G )T (—igh 1) G- ¢ (6L DT (g )
1,n — ;—h’r—il- ;-h;zl,_ J =4
? 2 2
h7:|1: = H (52:) - (gl:t) ,T__(CVSJ’) = (—iag)/\gml_ — rm2_7
I=1,l#n
iy . 3
5 &, , )17 (i&,, 1) N ~
iy = S O] e S g = Y
n n n=1
+ :t - * _
BT = JT:LF’A = {agity o Ao = {anby 12 =N"+N7,

_{ }k] 1,4’ ]m Za]kRkn’ Za]kkav

4
= anBy oy = Za]kﬁk B =Bt BB =8+ B
k=1
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4 4 4

—+ o ot o+ 4= o+ o+ 4
Gt =Y Rl al =Y Ry af = Rk
k=1 k=1 k=1

+— +—
Hjmn = ZRJIMZMJ’ 12” _On_gajnm Z kn km’

4 4 4
ot = T Lo P
Gt = D R0 i = D Ry g =Y Ry it in=1,2,
k=1 k=1 k=1

GEE bk o +
Bin F=57

- _ =t _ _ ~++ ===
Hjn = Hjp =0,n =305 = M Wi 0~ Hin o

~0,+

j7n

—0,— _
=0(z— zo)R?,’;L +0(z0—2)RYT R, =0(z— zo)R?”; +0(z0 — 2)RY

gm0 him jn
wjn = —0(z, zo)wl T 0(z, —20)@7 +0(—2, zo)d)f; —0(—=z, fzo)d)i;

W = 0(2, 20)0] 1, = 0(2,—20)0

jmn_'_e( O)ij_,;z,n_e( z, z0) ]r—;n

En = 0(27 ZO)&—%’_ - (9(2, _20)57—1’— + 9(_27 _20)57: - 0(_27 20)577;

€0 = 0(2, 2065 — 02, —20)& +0(—2,—20)& — 0(—2,20)€7

Em = 0(2,20)&, — 0(2, —20)&, + 0(—2, —20)&, — 0(—2, 20)605
~0,+ —0,—
€, =0(2)0(z0)&" + 0(—z)9(—z0)£g,R§{n =0(z,20) Ry, +0(—2,—20) Ry, ,
4. Stress and displacement fields in the plane of connection of
half-spaces. Putting z = 0 in the fundamental solutions, we obtain the
distribution of normal and tangential stresses and displacements in the plane

of connection of half-spaces in the presence of heat sources.

3 RO 3 o
w ,
: 2+Z - 2

os(x,y) = — Z 2 - e

5030 wari(Eaze))
($7y) (y yo){z € |zo\(—)i-\/r7;+ oy _wa(rg 0%0 .
APV GO ot (E o))
2 —1/2
_ Z A2,n T0+(§ 20) ) }7

"=l (g, \20|+\/r3+<£m> )
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- -1/2
3 RY, (r3+(€,20)) wa (r3+(€ o2 )2) 1
xZ, - o " - .
o5(w,y) = (T =)l 2 o e  (Eololy i (Eozo) )
9 —1/2 ’
N Z 04271 TOJ’_(EnZO) ) },
n= 1(£n‘z0|+\/r0 (énZO))
) = (20 { 3 e o
(€nlz0l+V/r3+(6n20)%) (Zo|20‘+\/7'(2)+(20z0)2)
3

-2 e 2
n=1 2
(€, \ZO|+\/ro+<£nza>>
R,

5n|z0‘+\/’r0

w3

uy(z,y) = (y — yo){Z

2

+HEnz)) <Zo|zo|+\/r%+(20zo)>
Q3 n
_ 21 — — I
"= (€ 20l r3H(€ n20) )

3
ug(@,y) = = 3 RY, (0§ + (|20l € + /7 + (§020)))+

sl g+ (o o) + "2 4 (E970) )+
- — 2
+ZQMW1+M@HMH'%+@MMW

n=1

5. Discussion and numerical results. Numerical investigations of
the temperature distribution were carried out depending on the thermophysi-
cal properties of materials. Figures 1-4 show the temperature distribution in

the Z0Y plane depending on for some combinations of transversely isotropic

materials. In particular, for zinc Zn : (A = 115\ = 117,/°) - ma-
terial m1; Cadmium Cd : (\] = 93,)\; = 94,/%) - material m2; alu-
minum oxide AlbO3 : (A = 2507 = 30/°) - m3 material; magnesium

Mg:(A\] = 156,\; = 157, /%) - material m4, and in the presence of two heat

sources of the same power Q = 10°

3. CONCLUSION

The problem of constructing fundamental solutions to the thermoelasticity
problem for a piecewise-homogeneous transversely isotropic space is reduced
to the matrix Riemann problem in the space of generalized slow growth func-

tions.As a result of the solution of which, were obtained expressions in explicit
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i
lli;’f"" f

i 1}
A
2R,

i

Fig.3 m2-m3 Fig.4 m1-m3

form for the components of the vector of the fundamental solution of the heat
conduction problem, as well as simple representations for the components of
the stress tensor and the displacement vector in plane of connection of trans-
versely isotropic elastic half-spaces containing concentrated stationary heat
sources. The temperature distribution is investigated depending on the ther-

mophysical characteristics of the half-space materials.

Kpusutii O. @., Moposos FO. O.
DYH/IAMEHTAJIbHI PO3B’SI3KU 3AJIAYI TEPMOITPYYKHOCTI [J1sI KYCKOBO-OJIHOPIJTHOT'O
TPAHCBEPCAJIbHO-I30TPOITHOT'O TIPY>KHOT'O ITPOCTOPY

Pesrome
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IIpobiema mobyioBU (yHIaMEHTAJIBHUX PO3B’SI3KIiB 33/1a4i TEPMOIPYKHOCTI JjIsd KYCKOBO-
OJHOPI/THOT'O TPAHCBEPCAJIbHO-I30TPOITHOIO IIPOCTOPY 3BeJeHa /10 MaTpuyHOl 3a7a4i Pimana
B [IPOCTOPI y3araJbHeHUX (DyHKIH MOBiIbHOrO 3pocTanns. B pe3yiabrari po3B’s3yBaHHs sIKOT
OTPHMAHO B SIBHOMY BHIVISIII BUPA3H [JIsT KOMIIOHEHT BEKTOPa DYHIAMEHTAJILHOIO PO3B I3KY
3aJlavl TEIJIONPOBIIHOCTI, a TAKOXK HPOCTI NMOJAHHS JIjIsi KOMIIOHEHT TEH30pa HAIPYXKEHb 1
BEKTOpa MepeMilleHb y IIONKMHI 3’€IHaHHSA TPAHCBEPCAJTBHO-130TPOIHUX MPYKHUX IiBIPO-
CTOPIB, sIKi MICTATH 30cepeKeHi cTalfionapHi jKepesi Teria. JloctikeHo po3nomaia remiie-
paTypH B 3aJI€2KHOCTI BiJl TEIIOMI3NIHUX XapaKTEPUCTUK MaTepiaiB MiBIPOCTOPIB.

Kaowosi caosa: yndamenmanvii poss’asku, mampuywna 3adawa Pimara, mparceepcanivro-

13omponrutl Heodnopidnull npocmip, yzazaivheni GyHKryii.

Kpusoti A. @., Moposos FO. A.
®YH/IAMEHTAJIBHBIE PEIIEHUST 3AJAY TEPMOVYIIPYTOCTU /IS KYCOYHO-O/IHOPOJHON
TPAHCBEPCAJIbHO-U30TPOITHON YIIPYT'OT'O TTIPOCTPAHCTBA

Pesrome

IIpoGema mocTpoenust byHIAMEHTATBLHBIX PEIIEHUN 3aJa1 TEPMOYIIPYTOCTH JJIsT KYyCOIHO-
OIHOPOJHON TPAaHCBEPCATHLHO-U30TPOITHOTO MPOCTPAHCTBA CBEIE€HA K MATPUYIHON 3aadu
Pumana B mpocTpancTBe 0600IIeHHBIX (DYHKIIAN MeJJIEHHOrO pocTa. B pesyibrare perieHus
KOTOPOIi HOJIyYEeHO B SIBHOM BHUJIE BBIPAXKEHUs JIJIsi KOMIIOHEHT BEKTODPa (DYHIAMEHTAIBLHOTO
pellleHnn 3a7a49u TEIJIONPOBOJHOCTH, a TaKKe IMPOCThIE IPEJICTABJIEHUS JIJIsi KOMIIOHEHT
TEH30pa HAIPSIZKEHUU M BEKTOpA MEPEMEIEHNN B IJIOCKOCTH COEIUHEHUs] TPAHCBEPCATBHO-
M30TPOIHBIX YIPYTUX MMOJIYIPOCTPAHCTB, COMEPIKAIIUX COCPEIOTOUYCHHBIE CTAIMOHAPHBIE
ucToYHUKE Tensia. VccaemoBano pacipe/iejieHre TeMIIEPATYPbl B 3aBUCUMOCTH OT TeIiodu-
3UYECKUX XapaKTEPUCTHK MaTEPHAJIOB ITOJIYIIPOCTPAHCTB.

Karoueswie crosa: pyrndamenmanvrvie pewenus, mampuinas 3adawa Pumara, mpancsepcanvro-

UBOMPONHOE HEOIHOPOOHOE NPOCMPAHCMEO, 0006ULEHHBIE GYHKUUU.
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ON THE REDUCTION OF THE LINEAR SYSTEM OF THE
DIFFERENTIAL EQUATIONS WITH COEFFICIENTS OF
OSCILLATING TYPE TO THE TRIANGULAR KIND IN THE
RESONANT CASE

For the linear homogeneous differential system, whose coefficients are represented as an abso-
lutely and uniformly convergent Fourier-series with slowly varying coefficients and frequency,
the conditions of the existence of the transformation which leads it to triangular kind, are
obtained in the resonant cases.
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1. INTRODUCTION

In the theory of linear systems of differential equations is well known prob-

lem of the construction for the linear homogeneous system of the differential

equations
dz
— = A(t 1
" _ At )
where x = colon(21, ..., %), A(t) = (ajk(t)); y—17, Lyapunov’s transformation
z = L(t)y,

which leads the system (1) to the triangular kind

dy
o=
where T(8) = (b1(0)) s bir(t) = 0 (j < &) [1-4].

In this paper, we assume, that the system (1) already reduced to a kind,

T(t)y,

close to triangular:

& = (T + kP(0) )

Received 29.06.2020 (© Shchogolev S. 2020
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where p — small parameter, and the matrix P(t) has a some special kind. And

we study the problen on bringing the system (2) to a purely triangular form

dy
= — D(t
7 )y,

where D(t) = (d;i,(t)) dix =0 (j < k).

This paper continues the research, begun in the paper [5|. The basic no-

j?k:177n7

tation and definitions of the paper [5| are retained. As in the paper [5], we
will study this problem for a third-order system (n = 3) so as not to clutter
up the presentation with secondary technical difficulties associated with the
dimension of the system. All fundamental difficulties take place in this case
too.

Statement of the Problem. We consider the next system of differential

equations:
dx
i (B(t,e) + uP(t,e,0))z, (3)
where z = colon(z1, T2, 73),
bll(t, 6) 0 0
B(t’ g) e b21 (t7 8) b22 (t, g 0 )
ba1(t,e) b3a(t,e) b33(t,e)

bir(t,e) € S(m;eo) (4, k =1,2,3), P(t,e,0) = (pjr(t,e,0))j k=123, Pjr(t,c,0) €
F(m;eo;0), p € (0, o) C RT.

We assume that
bjj (t, 5) - bkk(t7 5) = imjkso(t? 5)7 (4)

mj € Z, mj; = 0, mj, = —my; (J,k = 1,2,3), o(t,e) — the function that
appears in the definition of the class F(m;eg;6).

We study the problem of the existence of a transformation of kind
x=(E+p¥(te0,p))y, (5)

y = colon(y1, y2,y3), F — unit matrix of third order, ¥ — matrix of third order
with elements from F(l;e1;0) (0 < 1 < m, 0 < g1 < &), which leads at
sufficiently small p the system (3) to the kind:

dy
Y K(te b
7 (t,e,0, 1))y, (6)



On the Reduction of the Linear System 33

where K = (k:jk(t,s,G,,u))j?k:m, kir =0 (j < k), kjp(t,e,0, 1) € F(l;e150).
That is, the same problem is considered as in work [5], but, taking into

account conditions (4), in the resonance case, in contrast to [5].

2. AUXILIARY RESULTS

Lemma. Let we have the system

% - <A(t,e) + ;Qz(t, £, 9)ul> v, (7)

v = colon(vy, v2,v3), ¢ € N,

im12<p(t, E) —C32 (t7 5) 0
A(t,e) = 0 im13p(t, ) 0 (8)
0 021(7575) im2390(t75)

mjir € N, cji(t,e) € S(m;eo), and p(t,e) — the function in the definition of
class F(m;eo;0), the elements of matrices Q; (I = 1,q) belongs to the class
F(m;e0;0).

Then there exists 1 € (0, o), such that for all ;€ (0, p1) there exists the

Lyapunov’s transformation of kind

v = (E +) Wi(te, 9)M> w, (9)

=1

where elemens of matrices Wi(t,e,0) (I =1,q) belongs to the class F(m;eq;0),
which leads the system (7) to kind:

d q q
dqu = (A(t,éf)+ZUl(t,€),Uzl+€ZV2(t,5, H)MZ_F,LL(H_IW(tveaea/JJ) w,
=1 =1

(10)
where Uj(t,e) — the matrices with elements from S(m;eg), Vi, W — the matrices
with elements from F(m — 1;¢¢;0).

Proof. We substitute the expression (8) into system (7), and require that
the transformed system has the kind (9). We obtain the next chain of matrix

differential equations for detemining matrices Uy, ..., ¥,:

LG
% =A(t, e)¥; — V1 A(t,e) + Qi(t,e,0) — Ui(t,e) — eVi(t,e,0), (11)
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4y,

-1
— = A(t, &)U — WAt ) + Qi(t,e,0) — z::l QU ,—

-1 -1
= UL (te) =Y U Vi (te, 0) = Uilt,e) —eVi(t,e,0), 1 =2,q. (12)
v=1 v=1

where U; = (¢§k)j7k:1,2,3, Q = (qék)j7k:17273, U = (uék)j7k:17273’ v, =
(Wi )jk=1.23 (1 =1,9).

Then the matrix W at sufficiently small values u is determined from the

equation:

q q—1
(E + Z ‘I’ml> W= Z Z (Qo¥s — W, Us | p°—
1=1

s=0 | o+4+d=s+q+1

—_

q

DR 278 T (13)

s=0 \o+d=s+q+1
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We consider the equation (11). In the component it looks like this:

d 1
qfijtll = _632(t7 5)¢%1 + Qh (t7 &, 9) - uh(t, E) - Ev%l(ta g, 0)7

dapl .
2 = i(muy — mus)e(t €y — eaa(t €) (b — ) — em(t )+

+qiq(t, e,0) — uly(t, e) — eviy(t, e, 0),
Whs (g — teVha — can(t, £)iplat
a = i(mi2 — mas)p(t, )i — csa(t, €)thag
+qi5(t,e,0) — uls(t,e) — evis(t, e, 0),

War — i(mys — t )l + abi (t,e,0) — uby (t,€) — e, (t,e,0
g = i(mas — ma2)p(t,e)va + aa1 (L€, 0) —uyy (t,€) — vy (t,€,0),

032(t7 8)1/}%1 - ch(tv 6)1/1312 + q%Z(tﬂ & 9) - uh(t, 8) - EU%Z (t7 &, 6)7

sy
3
I

a i(m13 - m23)30(t7 5)¢%3 + q%?)(tv &, 0) - u%3(t7 5) - 81}%3@’ &, 6)7

Wir — (s — t, e t,e)s
a = 23 — ma2)p(t, €)Yz + cai(t, €)y+

+q§1 (t,e,0) — u}ﬂ (t,e) — av%l (t,e,0),

U

1
%2 — i(mag — mua)e(t, €) by + co1(t,€) (Wl — Vls) + caalt, )d +

+Q31,2(t, g, 0) - u%)?(ta 5) - 61}31;2(75’ &, 9)7

d 1
155’3 = co1(t,€)ds + g3 (t, €,0) — uls(t, e) — evis(t, e, 0).

(14)

Define w;k, ujl-k, vjl-k by the following expression:

o0

Fn[ql (t, g, 0)] i
. _ 21 inf(t,e)
Va1 (1€, 0) Z i(m13 —mi2 — n)p(t,€) ‘

M
n=—00
(n#mi3—mi2)

u%l(tv 5) - I‘77113—77112 [qél (t/57 6)]?
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1 > d Tnlgd(t,e,0 in
7151(75,5,9) - - Z @ <Z( [ 21( )] ) e 9(t,s)’

3 e o mi3 — mi2 — n)(p(t, 8)
(n#mi3—m12)

olai(t,e,0) — c3a(t, e)vd (t,e,0)]
L(t,e,0) = E HAD = ) 21\" <> ind(t,e)
it 0) S — ing(t,e) € )
(n70)

u%l (t7 E) = FO[Q%I (t7 g, 0) — (32 (ta €)¢%1 (t7 &€, 0)}7

1 & d [(Talgly(te,0) — caalt, o)l (t.e,0)]\ .
1 - _ = el 11\"» <> ) 21\% < ind(t,e)
vt e, 9) € nz_:oo dt < inp(t,e) ¢ ’

(n#0)
= Tolgd (t,6,0) + cor(t, e)d (t,6,0)]
1 _ ni1431\" <> ) 21\% né(t,e)
t,€,€9 = . € )
il ) n;oo i(ma3 —miz2 —n)p(t,€)

(n#ma3—m13)

uilil(tv 5) = szs—mm [q%l <t7 &, 9) - 632(t7 8)1#51(’57 & 9)]7
1 i d (Fn [qél(tv &, 0) + 21 (ta 5)¢%1 (t7 & 9)} ) einé(t,s)

1
te,0) = — o
v (t,€,0) - dt i(mas — mia — n)p(t,e)

n=—oo
(n#mogz—m12)

o0

Lnla33(t, €, 0)] :
! = — 23 ind(t,e)
¢23(t7 €, 0) Z i(m13 — Mgy — Tl)g&(t, 8) € )

n=—oo
(n#m13—mao3)

u%i’) (ta ‘5) = DIinig—mas [Q%?, (ta &, 0)]7

[e.e]

1 Ilq4 ,
U%3(7§,6, 9) — g Z d <Z( [QQS(t7579)] ) 6m€(t,5)’

e oo dt mi3 — Ma3 — n)gp(t, 6)
(n#myz3—ma3)

. Fn[ql (t,&,e) + CQl(tag)wl (tagae)] in
Usa(tie,f) = ) o S enotte),
“nz0)
u%ﬁ (tv 6) =Ty [Q?IB (ta g, 0) + c21 (t, €)¢%3 (t7 &, 9)}7
1 & d (Tulgds(t,e,0) + car(t, e)ds(t, e, 0]\
1 _ - el 33\% <y ) 23\% < ind(t,e)
,033(757550) - Z dt < anp(t,€) € c y
")
= Pn[ql (t7€70) +C32(t7€)¢1 (t7570) B CQl(t, €)¢1 (t7579)} in
¢%2(t757 9) = Z 2 mi;(t 5) 2 € 6(t78)7
iy

u%2(ta 5) = FO[q%2<t7 &, 9) + 632(t7 5)¢%1(t7 & 9) - C2l(ta 5)¢%3(t7 g, 9)]?
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uby(t,,0) % i dﬂ < nla35(t,€,0) + caa(t, €)vy (t,€,0) — ean(t, €)yds(t e, 9)]) eind(t:e).

inp(t,e)
"o
o Dufada(te,0) + car(t ) (Vs — is) + eaalt, )]
1 _ 324, 6, , 22 33 ' E)V31] inb(te)
P3a(t, €, 0) n;oo i(ma3 —mag — n)p(t,€) ‘ ’

(n#ma3—m13)

ué2(t7 5) = 1_‘77123—m13 [q§2(t, & '9) + c21 (t7 5)(¢%2 - 1/{%3) + 632(t7 5)7»0?{1]7

1 = d (Talady(t.e,0) + ca(t,e) Py — ¥is) + csa(t, )]\
1 _ = el 32\ < ) 22 33 ) 31 nf(t,e)
vga(t:€,0) € Z dt < i(mag —mi3z — n)p(t, ) € ’

n=—oo
(n#mgz—mg3)

o)

Tonlals(t,e,0) — csa(t, e)is(t,e,0)]
L(t.e ) = — 13\ <> ) 23\% <) ind(t,e)
¢13( y €y ) Z i(m12 — Mg — n)«p(t,e) €

)

n=-—00
(n#m13—ma3)

u%?)(tv 5) = I‘m12—m23 [q%?,(t? €, 9) - 032(t7 E)w%:%(tv & ‘9)]7

’U% (t g 9) = 1 i i Fn [q%?)(m & 0) 632 (t’ 8)¢%3(t7 &, 9)} ein@(t,s)
T < n=—00 dt i(m12 — ma3 — ”)80(75, 5) ’
(n#mi13—ma3)

o0

Dlo(t e, 0) = — Z Lolgia(t ,0) — caa(t, €) (W3 — ¥1y) — car(t, €)¢i1) ey

i(mi2 —miz —n)e(t, )

n=—oo
(n#mig—m13)

U%Q(u 5) = 1_‘77112—77"013 [Q%2(t7 & '9) - C3Q(t7 5)(w52 - w%l) - ch(tv €)¢%3]7

. B 1 0 i Fn [q%z(t’ g, (9) — ng(t, E)(QJJ%Q - w%l) —C21 (ta 8)1/}%3] nf(t,e)
via(ts€,0) = c Z dt i(miz2 — miz — n)p(t,e) ’ ‘

n=—o00
(n#mig—m13)

All the elements of matrix U; belongs to the class S(m;ep). All the elements
of matrix ¥; belongs to the class F'(m;ep;0). All the elements of matrix V)
belongs to the class F(m — 1;e0;6).

All the equations (12) are considered similarly to equations (11), and so
the matrices ¥;, U, V; (I = 1,q) are determined. And also all the elements
of matrix ¥; belongs to the class F'(m;ep;0), all the elements of matrix U,
belongs to the class S(m;ep), all the elements of matrix V; belongs to the class
F(m —1;60;0) (I =1,¢q). Matrix W are determined from the equations (13).

Lemma are proved.
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3. PROBLEM SOLVING METHOD AND BASIC RESULTS.
We seek the transformation of the kind:
x=(E+p¥(teb,pn)y, (15)
y = colon(y1, y2,y3), F — unit matrix of third order,

0 ¢12(t»€797ﬂ) 17[)13(15,6,9,,&)
\I’(t,E,e,,U/) = 0 0 ¢23(t7579’:u> )
0 0 0

i € F(my;e1;0) (0 <my <m; 0 < e <eg), which leads the system (3) to

the kind:
dy B

dt - (B(t,8) +1U’D(t78)97:u))y7 (16)
where
dll(tvgveau) 0 0
D(ta 6797#’) = d21(t,5,9,,&) d22(t7579nu) 0

d31(t757‘9’/j“) d32(t58)95/4") d33(t58)97,u')

We substitute the expression (15) into system (3), and require that the
transformed system has the kind (16). We obtain the next system of the
differential equations for detemining 12, Y13, Y¥23:

d’ﬁtm = K12(t7 &, 9? ¢127 wl?n 1/]237 N)a

d’ﬁ;g — K13(t;‘5’97¢127w137w237ﬂ)5 (17)

28 = Kos(t,e, 0,12, V13,123, 1),
where
Kia = (m11 — ma2)p(t,€)h12 — baa(t, €)v13 + p1a(t,e,0)+

+ b1 (t, €)1hTy + pbsa(t, €)Prathas—
—u2par(t, &, 0)1%y + pPbs1 (t, €)biathas + 1’ paa(t, €, 0) 12903+

+12b31 (¢, €)h1avis 1 psa(t, €, 0) i3+ psi (t, €, ) igtos+1Ppsi (¢, €, 0)b1ats,
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K3 = (m11 — ma3)p(t, €)v13 + pis(t, e, 0) + p(pi(t, €,0) — pss(t, e, 0)) 13+
+pp12(t, €, 0)23 — pubis(t,€)1his — pbsa(t, €)1gthas—
—i?p3i(t, €, 0)0Ts — 1 paa(t, €, 0)b13thas,
Koz = (maz — ma3)p(t, €)thes + bar (¢, €) P13 + p2s(t, €, 0) + upai (t, €, 0)h1a+
+u(p22(t,€,0) — p3s(t, €, 0))v23 — pbsi(t, €)Yh13v23—
—pbsa(t, €)33 — pPpsi(t, €, 0)h1sthas — (°p3a(t, e, 0)13.
In this case dji(t,€,60, 1) (j > k) has a kind:

d3i(t,e,0) = pai(t,e,0),

dsa(t,e,0, 1) = p3a(t,e,0) + b31(t, €)P12 + ups1(t, €, 0) 12,

ds3(t,e,0, 1) = p33(t, e, 0)+b31(t, €)P13+b3a(t, €)as+u(psi(t, €, 0)P13+p3a(t, €, 0)1a3),
do1(t,€,0, 1) = p2a1(t,€,0) — b1 (t, €)1 — pupai(t, €, 0) P23,

daa(t,€,0, ) = p2a(t, e, 0)—=ba (t, €)P12—bsa(t, €)has+pup2i (L, €, 0) 12— pdsa(t, €, 0, p1)1os,

dll(ta &, 97 /.L) = pll(t> g, 9)_b21(t7 5)¢12—b31 (tv 5)¢13—M(d21(t> g, 97 M)¢12+p31(t; &, G)QPIS)

(18)
Together with the system (17) we consider the auxiliary system:
Sp(ta 6)% == KIQ (t7 €, 07 5127 6137 5237 M)a
80(75,5)% = Ki3(t,¢,0,812,813, 623, 1), (19)

Sp(ta 6)% == K23(t7 g, 07 5127 6137 5237 M)a

where ¢(t,¢) — function in the definition of the class F(m;eg;0), and t, e are
considered as constant. Using the method of the small parameter of Poincarais
[6], we construct the partial sums of the series in degrees of the small parameter
representing the 2m-periodic with respect to € solution of the system (19):

Enlte,0,1) = Ey(t,6,0) + pfy(t,e,0) + ...+ p* 7 C 7 (t,e,0),  (20)
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where £3,.(¢,€,6) (s = 0,2¢ — 1) — 2m-periodic with respect to 6 functions.
Regarding these functions, we obtain the chain of the system of the differential
equations:

d512 —

o zm12§12 + ’”Zﬁ 2)0)’
553 = imy3&ls + pilzgzzf), (21)
233 = imao3lds + + pi‘;’g:z’)e),
déiy 1 baa(te) 1 0 (0 (0
12 ——Fo(t, e, 0
7 im12§1o — ot ) s + o005) 12(t,€,0, 19,813, €3),
dely = imizly + ;Fw(t £,0,05,&05,35) (22)
da (P(t’ 6) ) b ) b ) b)
dﬁ%:s bo1(t,€) 1 0 ¢0 (0
- 235 + —— E F23 t75707€ 75 75 )
d9 23 90( ) 13 gD(t,E) ( 122613 23)
where
Fio(t,,0,09, &13, £93) = bar(t,€)(£92)% + baa(t, €)193,
F13(t7579a§?2>£(1)37£[2)3) =
= (pu(ta & 9) — p33(t, e, 9))5?3 +P12(t’ & 9)5(2)3 — b31(t, 5)(5[1)3)2 - b32(t7 5)5[1)35837
Fs(t,e,0,£0y, &3, £93) =
= (p2a(t,e,0) — ps3(t,e,0))E95 + P21 (t,&,0)E0 — baa(t,€)(€33) — b1 (t, €)ED5E0s,

LS s tE)
- = imikiy — 5Ly Szt

1 —1 -1
+<p(t75) PfQ(t75v07§(1)2’€?37§(2)37"'7512 ’ TS ’ 53 )7

défs _ - 0
0 = lm13€13+

1
+m §3(t7579’£[1)27£?3a£[2)37'"7512 ) 13 75 )7

dé3s

s b21 (t 8)
40 — Zm23€23

ote) SiaT

—1 es—1
+ﬁ R§3(t75707€?27§(1)37§837'"’512 ) fS ’ 53 )7 3—2 3 q_l

(23)
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P%,y, Q35 Ry; — polynomials from &0, ..., &55 " with coefficients from the class
F(m;eo;6).

Theorem. Let the system (17) such that:

1) there exists the such functions f;k(t,a,ﬁ,p,), Qp(t,e,0,p1) (4,k =
1,2,3;7 < k;1 = 1,2,3) belongs to the class F(m;eg;0), that the transforma-

tion

Vjk = Ep(t, 6,0, 1) + jpa(t, 6,0, p)or2 + Pjra(t, €, 0, p)ois + js(t, €, 0, 1) oas
(24)

13, k=1,2,3;7 <k,

leads the system (17) to a kind:

d q
d% - <A1(t, &)+ y Uit 6)#’) o+eg(t,e, 0, p) + p?le(t,e, 0, p)+
=1

q
Te (Z Vilt,e, G)Ml> o+ uI Lt e, 0, 1) + pH(te,0,0,1),  (25)
=1

where o = colon(o12, 013, 093),

imi2p(t,e)  —bsat,€) 0
Aq(t,e) = 0 imazp(t, €) 0 ’
0 boi(t,e)  imasp(t,e)

Ui(t,e) (I =1,q) — matrices with elements from S(m;ep), g = colon(g1, g2, g3),
gj(t,e,0,n) € F(m —1;e0;0) (j = 1,2,3), ¢ = colon(c1, ¢, ¢3), cj(t,e,0,p) €
F(m;e;0), Vi(t,e,0) (I =1,q) — matrices with elements from F(m — 1;e0;6),
L(t,e,0, n) — matriz with elements from F(m;eo;0), the components of vector-
function H — polynomials in respect to o12, 013, 023, containing terms not lower
than second order with respect theese variables, with coefficients, belongs to the
class F(m;eo;0);
2)the eigenvalues \j(t,e,p) (j = 1,2,3) of the matriz

q
Ult,e,pn) = A(t,e) + > Ui(t, o)
=1

such that
inf [Re);(t,e,0) > vop® (v0 >0, 0 < go < q);
G(eo)
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3) for the matriz U(t,e, u) there exists the matriz Y (t, e, 1u) such that
a) inf |detY (¢,e,u)| > 0,
G(eo)

b) YUY = A(t,e, ) — diagonal matriz.

Then there exists p1 € (0, po), €1(p) € (0, o) such that for all € (0, p1)
and for all € € (0,e1(p)) there exists the transformation of the kind (15), whose
coefficients V;(t,€,0, 1) (j < k) belongs to the class F(m — 1;e2(p); 0), which
leads the system (3) to a triangular kind (16), where dji(t,,0, 1) (j > k) are
determines by the formulas (18).

Proof is complete analogous to the proof of the Theorem 3 from [5].

Now for different relationships between mj; we get for the system (17)
more specific conditions of existence of the transformation (24). We will check
only condition 1) of the theorem, assuming conditions 2) and 3) to be satisfied.

Case 1. mj2 # mi3, mi3 7# Mmag, Mi2 7# Mag3.

Consider a generating system (21). Under the conditions

27
[ p13(t,e.0) e~msfgH — ),
0

27 .
[ (pra(t,e,0) — bsa(t, e)x13(t, €, 0)) e~ ™12040 = 0, (26)
0
27 .
[ (pra(t, e, 0) + bor (£, £)x13(t, £, 0)) e=M2:0d6 = 0,
0
where
- Fn[p13(t757‘9)] ind
t,e, 0) = , e 27
xas ) n_z_:oo i(n—mag)e(t, €) 27
(n#mq3)

the system (21) has a family of the 2m-periodic on 6 solutions:
£h(t,e,0) = x13(t, &, 0) + My3(t, €)e™13?,
Ea(t,e,0) = xaa(t, €, 0) — ara(t,€)e"™ 3% + Mg (t, €)e™ 2,
5(2]3(757 € 9) = X23(tv &, 0) + a23(ta 5)eim130 + M23(t7 5)€im2307

where

Lnlp12(t,e,0) — baa(t,)xa3(t, €, 0)] gint
i(n —mi2)p(t,e)

xi2(t, e, 0) = Z

n=—00
(n#my2)
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bgz(t, E)Mlg(t, 6)
i(miz — mi2)p(t,e)’

a2 (t, 6) =

o0

Iy [pes(t,e,0) + bai(t, e)x13(t, €,0)] g
t 0 — mn
xnlbef)= 3 i — ) (E.2) ‘

n=-—o00

(n#ma3)
bgg(t, 6)M13(t, 6)

’i(mlg — m23)<p(t, 6) ’

and My3(t,€), Mia(t,€), Mas(t,e) — the function from the class S(m;eq), which

defined from the next system of the equations:

a23(t, E) =

2
Rgl) (ta &, M127 M137 M23) - /F13 (tv &, 07 6(1]27 6?37 égS) e*im139d0 = O,
0

2w

Rgl)(ta g, Mya, Mys, M23) = / (F12 (ta & 97 5?27 6?37 5[2)3) - b32(t7 €)X13(t7 B 0)) e*iﬂlu@dg =0,
0
27
Ri(’,l)(ta g, Mya, Mys, M23) = / (F23 (ta & 97 §?27 5?37 633) + b21(t7 €)X13(t7 & 0)) e—im239d9 = 0.
0
(28)
We assume, that the system (28) has a solution Mjj(t,€), such that
1) (1) p
| o (R, B, RYY)
inf |det > 0. (29)

G(eo) O(My2, M3, Mas)

Then, in accordance with the small parameter method, all systems (23) will
have a solution, belongs to the class F'(m;ep; ). Consequently, the functions
& (t,e,0, p) in (20) will also belongs to the class F'(m;eo;6).

Thus, the functions f;‘k (t,e,0, 1) in the theorem are defined, and the sub-

stitution
i = E(ty2,0,1) + Y (G < F) (30)
leads the system (17) to the kind:

dip?! I
% = (Al(t,@ + ZK:(@&G)M) D!t egl(tie, 0, p) + p*lct(t e, 0, )+
=1

+utT L (t e, 0, )t + pU (¢, e, 0,91 ), (31)
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where 1 = colon (15, V13, 135), elements of the matrices K;, L' (I = 1,q) and
the vector ¢! belongs to the class F(m;ep;6), and the elements of vector g'
belongs to the class F(m — 1;e9;60). The components of the vector-function
Ul are the polynomials in respect to elements of vector ¢! with coefficients
from the class F'(m;ep; ), and containing the terms not lover second order in
respect theese variables.

Based on the lemma, using the transformation of kind

q
Yl = (E +) (e, 0)m> o (32)
=1
we will lead the system (31) to the kind (25).
Case 2. mig = MmMi13, M13 7é mos.
In this case under the conditions
2

[ p13(t,e.0) e~ st dg = 0,
0

(33)
27 )
f (p23(t, g, (9) + b9y (t, E)Xlg(t, g, 9)) eilm%ed@ = 0,
0
where x13(t, €,0) are defined by formula (27), the system (21) has a family of

the 27-periodic on 6 solutions:

5?3(7575, 0) = x13(t,¢,0) + MlS(t,€)€im139,

> | [p12 (t £, 9) — b32(t7 6)(X13(t & 0) + MlB(t 6)6im139] '
. B , s 5 inb
§a(t,e,0) = nz_:oo i(n —mig)p(t, ) ’
(n#m12)

+M12(t, E)eimme,

o Dulpia(t,e,0) + bai(t,6) (st €, 0) + Mu(t,e)e™s0]
. B inf
§3(t,€,0) = Z i(n —maz)p(t, €) ’

n=—00
(n#ma3)

+Mos (t, E)eim%e,
where x13(t, €, 0) are defined by formula (27),
27
1

- - _ —im120
M13(t7€) - 27Tb32(t,€) /(pIQ(t7€70) b32(t7€)X(t7€70))€ d97
0



On the Reduction of the Linear System 45

and Mia(t, ), Mas(t,e) — functions of class S(m;ep), which defined from the

next system of equations:
2) 27 )
R1 (t7 £, M127 MQS) = f F13 (t7 g, 97 5(1)% 5?3) 6(2)3) e—zm139d9 = 07
0

2T )
R§2) (t,e, M1z, Maz) = [ (Faz (t,£,0,&0,&%,95) + bar(t,€)x13(t, €, 0)) e7 2049 = 0.

0
(34)
We assume, that the system (34) has a solution Mia(t,e), Mas(t,e) such
that

inf deta <R§2), Rg))

—_— 2| > 0. 35
G(eo) O(Mi2, M>3) (35)

Further reasonings are the same as in case 1.
Case 3. mo3 = 1M13, 1M12 75 mos.

In this case under the conditions

2

[ p13(t,e.0) e~msfgh — ),
0
(36)
21 )
f (plg(t, g, «9) — ng(t, E)X13(t, g, 9)) 671m129d9 = O,
0

where x13(t, €,0) are defined by formula (27), the system (21) has a family of

the 27-periodic on # solutions:

5?3@75, 0) = x13(t,€,0) + M13(t’5)eim136’,

—  Tnlpia(t,e,0) — bsa(t, e)(xa3(t, €, 0) + Mis(t,e)e™3]
i = — ’ L ) inf
512(t7 87 9) - n:z:oo ’L(’rL - m12)(p(t75) e +,
(n#m12)

-I—Mlg(t, S)Gimlze,

o~ Tulpas(t,e.0) + baa(t ) (xas(ts €, 0) + Mg (t, e)e™™%]
. B , s ) inb
E3(t,e,0) = nz_:oo i(n —ma3)p(t, €) o
(n#mag3)

+Mog (t, €)€im239,
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where x13(t, €, 0) are defined by formula (27),

2
1 )
P S — —ima3z6
M13(t76) 27Tb21(t,€) / (p23(t7€79) + b21(t7€)X(t7€79))e dev
0

and Mia(t,e), Mas(t,e) — functions of class S(m;eg), which defined from the

next system of equations:

2 )
Rg?’) (ta g, M127 M23) = f F13 (tv g, 07 5?27 6(1)37 §83) e—zm139d9 = 07
0

Rgg) (t7 g, M127 M23) =
2T ) )
= [ (Fi2 (t.€.0.605,€05,605) — ba2(t,€) (xa3(t, €, 0) + Mis(t,€)e™37)) e7"120df = 0.
0
(37)
We assume, that the system (37) has a solution Mis(t,e), Mas(t,e) such

that
3 3
| o (R, RSY)
inf |det

—2 1 > 0. 38
G(eo) (Mo, Ma3) (38)

Further reasonings are the same as in case 1.
Case 4. mig2 = 1mMa3, 1M12 75 mis.

In this case under the conditions

27
[ p13(t,e.0) e~ m3fdg = 0,
0

2 )
f (plg(t, g, (9) — b32 (t, E)Xlg(t, g, 9)) eflmmed(g = 0, (39)
0

2T )
f (pas(t,e,0) = ba1(t, e)x13(t, €,0)) e—im2st qp — 0,
0
where x13(t, €,0) are defined by formula (27), the system (21) has a family of

the 27-periodic on # solutions:

5?3@75, 9) = X13(t,€,9) + Mlg(t’g)eimlb’e’
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0 _ im136 )
5?2(1/_’5’9) _ Z Fn[plQ(t7€70) b32(ta€)(X13(t7€70) + M13(t,€)€ ] ezne

i(n —my2)p(t,e) +

n=—oo

(n#mq3)
+M12(t, €)€im129,

—  Dulpas(t,e,0) + bai(t,e) (xas(t, e, 0) + Ms(t,e)e™3]
e = 3, Dlmtaftinl It Ot Mall O oo,
n=—00 23)90( ,8)
(n#ma3)

+M23(t, E)eim%@,
where x13(%, €, 0) are defined by formula (27), and Mi2(t, €), Mi3(t,e) Mas(t, <)

— functions of class S(m;egp), which defined from the next system of equations:

2
R§4) (t7 g, M12> M13a M23) = f F13 (ta £, 97 6?27 5?37 583) efzmlgﬁdg = 07
0

Ré4)(t,€,M12,M13,M23) .

2 )
= f (F12 (ta &, 97 5?27 5(1)37583) - b32(ta 8)Xl3(ta & 9)) e—zm129d9 = 07 (40)
0
R§4)(75,€7M12,M13,M23) =
2 )
= f (F23 (ta €, 9) 6?27 6(1]37 583) + b21(t7 €)X13(t7 g, 9)) e—zng@d& - 07
0

We assume, that the system (37) has a solution Mia(t,e), Mis(t,¢)
Mos(t,€) such that

o (R, kY, RYY)

inf |det > 0. 41
G(eo) O(Maz, My3, Ma3) )
Further reasonings are the same as in case 1.
Case 5. mi1o9 = Mi13 = M3 = M.
In this case under the conditions
2m .
f plg(t,E,G) e_””edﬁ =0,
0
(42)

2
(tv 79) (t7 79 —imb —
/ (pzﬁz(fe) + pifl(fs))) e""™df =0,



48 Shchogolev S.

the system (21) has a family of the 27-periodic on € solutions:

£(t,e,0) = x13(t, €,0) + Myz(t,e)e™?,

> o im6 )
5(1)2(t,€,9> _ Z Fn[pl?(tvgae) b32(t7 E)(X13(t7€70) +M13(t,€)€ ] 67'”94-,

N——00 Z(TL - m)@(t7 5)
(n#m)

+Mia(t, €)€im9,

Fn[ng(t, g, (9) + b21 (t, 8)(X13(t, g, (9) + Mlg(t, E)eimlg’e] emg

i(n —m)p(t,e) +

533(157 €, 0) = Z

n=-—00
(n#m)

+Mas(t, )™,
where x13(t, €,0) are defined by formula (27),
27

1 .
/ (p23(t, €, 0) + baa(t,)x(t, £, 0))e ™",

M - -
13(t76) 27rb21(t,€)
0

and Mia(t,e), Mas(t,e) — functions of class S(m;ep), which defined from the

next system of equations:

27T )
RO (t, 6, Mg, Mag) = [ Fiz (t,¢,0,0, 0, 69,) e=mdo = 0,
0

R (t,e, My2, Mag) = (43)
2 )
= f (F23 (t7 £, 0, 5?27 5?37 533) + b21 <t7 5)X13<t7 &, 6)) e~ 'mPdfh = 0,
0

We assume, that the system (37) has a solution Mia(t,e), Mas(t,e) such
that

inf |det i (R?)’ Rg5))

——2 1 > 0. 44
G(eo) O(Mi2, M>3) (44)

Further reasonings are the same as in case 1.
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4. CONCLUSION

Thus, for the system (2) the conditions of the existence of the transforma-
tion with coefficients are represented as an absolutely and uniformly convergent
Fourier-series with slowly varying coefficients and frequency, which leads it to

triangular kind, are obtained in the resonant cases.

IIJozones C. A.
TIPO B3BEJIEHHS JIHIMHOI CUCTEMM JIM®EPEHIIAJIbHUX PIBHSIHb 3 KOE®®IIIEHTAMU
KOJIMBHOT'O TUITY O TPUKYTHOI'O BUIJISIIYB PEBOHAHCHOMY BUMAJIKY

Pesrome

st miniitHOT OMHOPIAHOT nudepeHIiaIbHOI CUCTeME, KOeMIlieHTH siKol 300pazkyBaHi y BU-
st abCOTIOTHO Ta piBHOMIpHO 36ikHUX psiiB Pyp’e 3 MOBIILHO 3MIHHUMEU KoeillieHTaMu
Ta YACTOTOIO, OJEPKAHO YMOBU ICHYBAHHSI MEPETBOPEHHS, IO MPUBOIUTH IO CUCTEMY 10
TPUKYTHOT'O BUIVISAIY B PE30HAHCHOMY BHUIIQJIKY

Karowosi crosa: ainiting dugpepenuiasvhi cucmemu, mpuxymuutl euzand, padu DPyp’e, no-

BIADHO 3MIHHT NAPAMEMPU.

I]éz0one6 C. A.
O MPUBEJEHUU JIUHENHON CHUCTEMBI JJU®PEPEHIIUAJIBHBIX YPABHEHUN C KODDOUIIN-
EHTAMU OCIHUWIJIMPYIOIIETO TUIA K TPEYIOJIbLHOMY BU/IY B PE3OHAHCHOM CJIVUAE

Pesrome

st uneitHON OmHOPOAHON MuddepeHnnaaIbHONl CUCTEMBI, KOI(DMUIMEHTH KOTOPO Ipes-
CTABUMBI B BHJIe aDCOJIIOTHO U PABHOMEPHO CXOAIIUXCs PsAsioB Pypbe ¢ MeJIEHHO MEHSIOIIU-
Mucst K03 dUIMEeHTaMI U 9aCTOTO, HOJIyYeHbl YCJIOBUs CYIIECTBOBAHUS 11PEOOPa30OBAHMS,
MPUBOJISAIIETO 9TY CUCTEMY K TPEYTOJIBHOMY BUJIY B HEPE3OHAHCHOM CJIydae.

Karoueswie caosa: aunetinvie dudpeperyuaibroie cucmemsl, mpey2oivhuti 6ud, padv, Pypove,

MEINEHHO MEHAIOWUECH NAPAMEMPDL.

REFERENCES

1. Perron, O. 1930, Uber eine Matrixtransformation. Math. Zeitschr. V.82, 465-473.
2. Persidsky, K. P. 1947, O kharakteristicnyh chislah differentsialnyh uravnenyi [On the

characteristic numbers of the differential equations]. Izv. AN KazSSR, ser. math. and
mechan. Is. 1, 5-47.

3. Izobov, N. A. 1971, O kanonicheskoi forme lineynoi dvumernosi differentsialnoi sistemy
[On the canonical form of the linear two-dimensional differential system|. Differents.
uravn. (Differential equations) — 1971. — V. 7, N 12, 2136-2142.

4. Kostin, A. V. 1984, Ustoychivostj i asymptotica kvazilineynyh neavtonomnyh differ-
entsialnyh sistem |The stability and asyptotics of the nonautonomous differential sys-
tems], Odessa, OGU, 95 p.



50

Shchogolev S.

Shchogolev, S. A. 2020, On the Reduction of the Linear System of the Differential
Equations with coefficients of oscillating type to the Triangular Kind in the Non-resonant
Case. Bulletin of L.N. Gumilyov ENU. Mathematics. Computer science. Mechanics se-
ries, 2020, Vol. 130, N1, 31-41.



Researches in Mathematics and Mechanics. — 2020. — V. 25, Is. 1(35). — P. 51-61

UDC 511, 512

V. V. Shramko
Odessa I. I. Mechnikov National University

GAUSSIAN INTEGERS PARTITION IN POWER-FREE
NUMBERS PRODUCT

Let g1(a) be the number of Gaussian integer a representation in a product of square-free
factors. Let g2(a) be the number of Gaussian integer a representation in a product of
power-free factors. In this paper we consider their summatory functions N(a)<z 81 (a) and
ZN(a)Sz g2(a) and obtain asymptotic formulas for them. Also, we prove analogue of Kétai-
Subbarao theorem to study the distribution of gz(«) in increasing norm order case.
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1. INTRODUCTION

Let G denote a ring of Gaussian integers
G=L[i]={a+ib|abeZ,i*=—1}.

Let p denote a Gaussian prime integer.

Let Gaussian integer o be power-free if a = p’flpgz -o-pkr and

GCD (k1. ko, ... k) =1,

where k; € N, i = 1;r. In other words, « is power-free if there is no Gaussian
integer B such that a = ¥, k € {2, 3, ...}. Let us notice that all square-free
numbers are power-free.

Let Gaussian integer o be square-free if for any Gaussian prime integer p
such that p | a there is no positive integer k > 1 that p* divides . Also notice
that all square-free numbers are power-free.

Fach Gaussian integer a can be represented as the product of power-free
(square-free) numbers except e € {£1, +i}. Therefore let gs (@) (g1 ()
denote the number of Gaussian integer « representation in a product of power-

free (square—free) numbers.
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For example, consider the following representations of o = p? - p3 in a

product of power-free factors

OéZP%'P%ZPl'Pl'PQ'Pz'Pz =Pp1p2 - P1P2 - P2
= p1-pip2 P2 - P2 =p1- (P1p3) = p1 - (p1b3) - P2 = p1p2 - (p1p3) -
g (a) =T.

In case of square-free factors a has the following representations
Q=Pp1-p1-pP2-P2-P2=PpiP2-PiP2-P2= Pr-piP2-p2-Pp2.
gi(a) =3

By g3 (a)) we denote the function below

0; are power-free, i = 1;r,

g§ (Oz) :#{a: 5152--~5r

N()< N(@) <--- < N(ér)},

where N () is the norm of « (i.e. if @ = o +it, then N(a) = o2 + t?).
The purpose of this paper is to prove the asymptotic formula for the sum-
matory functions of g1 (o), g2 (o) and g5 (). These are a generalization of the

results of A. Korchevskiy and Ya. Vorobyov in positive integer case.

2. AUXILIARY RESULTS

Let us consider Hecke zetafunction Z,,(s) with the Hecke character A, ()

Zm(s) = Z

0#£a€eCG

Am (@)
N(a)s’

where A, (o) = exp(mi arg «), o is a Gaussian integer, m € Z, Re s > 1.
Moreover, we are interested in the case when m = 4my, my € Z for A\, («)
be the same for associated Gaussian integers.
Thus, for associated Gaussian integers o and e, where € € {41, +i}, the

following relation

holds, because

exp(4mi arg ) = exp(4mi arg e«).
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The function Z,,(s) can be analytically continuated to the entire s-plane,
except the point s = 1, where it has a simple pole with residue .
For m = 0 we have Zy(s) = 4 {(s) L(s, xa(n)), where {(s) is Riemann
zetafunction, x4(n) is non-main Dirichlet character modulo 4.
Hecke zetafunction Z,,(s) satisfies the functional equation
_ o3 +1-9)

Zm(s)=m mzm(lfs)a

where Re s > 1, I'(s) = Tts_lexp(—t)dt is the gamma function.

It is known that theoabsolute value of a regular function in the interior
of a bounded region is bounded by its absolute value on the boundary of the
region.

Moving the function to the left of the line Re s = % and using Phragm?n-
Lindel6f principle we can get the following estimates for Hecke zetafunction in

critical strip.

Lemma 1 (Estimates for Hecke zetafunction in critical strip).

1, if o>1+4e¢,
Zm (0 +it) < {  log |[t2 +m?|, if 1<o<1+e¢,
1—o
(t2+m?) 2 log(1+e¢), if 0<o<1.

Our purpose is to study special arithmetic functions g; («), g2 () and
g5 (o). These functions are related to the functions studied by Kétai and
Subbarao in [2].

Let e(n) be an arbitrary arithmetic function. We will assume that e(n) > 0,

e(n) < n®, where € > 0 is arbitrarily small.

Theorem 1 (Katai-Subbarao [2|, Theorem 5.1). Let {e(n)} and {f (n)} be

sequences that satisfy the relation

II (HG(TSL)) -y f(:b) .
n=2 " n=1 "
Moreover e (1) = f(1) = 1. Since we chose the function e(n) so that

e(n) > 0 and e(n) < nf, where ¢ > 0 is arbitrarily small we have that series

Sooe e(n) absolutely converges in a half-plane Re s > 1.

n=1 ns
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Let the function E(s) define the Dirichlet series created by coefficients e (n)
in a half-plane Re s > 1

Bs=Y <
n=1

n

And let E(s) satisfy following assumptions

1. There exist positive constants A and [ such that

A

PO =y

+ G(s)

where G(s) is a regular function in a half-plane Re s > % ;

2. If [t| > 3, then there exists a constant Ay such that

|E(1 + it)] < Aglog [t].
If conditions 1 and 2 are met, then exists such a positive integer N that
the following asymptotic formula

_ 2h+tvB

T (x) = Z f(n)=-exp (co (1ogx>ﬁil{z H (h,v) (10g$) 3512

n<a (hyv)

- <<1  colog x)_ﬁ}rl B %;—5% (10g:c>_1> + O<(log a:)_21\£;gﬁ> })

is true. Here ¢y is a countable constant that depends on A and 8, N is an

arbitrary fixed positive integer, H (h, v) are suitable constants independent of z
and N. The sum }_;, .y means summation over all pairs (h,v), 1 < h < N,
v = 1, 2,..., that satisfy the inequality h + %I/,@ < N + 2 + %ﬂ.

The function I,,(z)

0
(4n2-12)(4n2-32)...(4n?—(2k—1)?)
k! 8F

where argz < 7, ag(n) = 1, ay (n) = , is the
modified Bessel function.

The modified Bessel function I,,(z) is one of two linearly independent so-
lutions of the differential equation x2y” + 2y’ — (2% + o?)y = 0 written as the

power series.
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The function I,(z) is regular on C and goes to infinity for real positive z.

Moreover, for o > 0 limy 04 Io(z) = 0 and for a = 0 limg_,04 lp(x) = 1.

Lemma 2. For positive real numbers x, c, a the following relation

2
e c+ioco ez—i—i—z
c

211 —i0o

holds and for sufficiently large x the following asymptotic formula
e’ 4a? -1 1
I, = 1— ol =
)= oz < sz <:r2)>

Let us also notice that the constant in the O-term depends only on «.

1s true.

3. (GAUSSIAN INTEGER PARTITION IN A SQUARE-FREE NUMBERS

Theorem 2. By g; () we denote the number of square-free divisors of the
Gaussian integer o. Then for ¢ > 0,dy > 0 and sufficiently large x the
following asymptotic formula

n+1
2

> si(e)= coacnf:odnin+1 <2 log ac) <log x) +0(z).

N(a)<z

holds. Here coefficients dn,m > 1, can be defined through the Taylor series

coefficients of some function @g (s) considered below.

Proof. Let e; (o) be characteristic function over the set of square-free
numbers. Then for the generating function of g; («) following identity in a

half-plane Re s > 1

is true.

logFu(s) = 3 log<1—N(1f)s) =3 Y RN

f is square-free
N(f)>1
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1/ Z (ks
hgﬁaw)=§:k<zém$_{o’

k=1

where Z (s) is the well-known Hecke zetafunction with the Hecke character 1.

Thus,
B 1 [ Z(ks)
Fi (s) =exp (;k <Z(2ks) — 1>> .

Z(ks)
Z(2ks)

The series

x| =

00
k=1
1

converges uniformly in each compact of half-plane Res > 0 except points ¢

o+iy
2k

is regular in a half-plane Res > 0 except specified points. Hence in a circle

and

, where o 4 iy are complex roots of Z (s). Thus, the function Fi(s)

|s — 1| < 1 the following representation

Fy(s) = exp (Z(Z)l(s—l) + o (3)>

is true, where the function ¢ (s) is regular in a circle |s — 1] < Therefore,

1
5
we can consider the Taylor series of ¢g (s) in this circle

o (n)
o () = Z %n'(l)(s—l)”
n=20 ’

:CoeXp<Z(s)(ls—1)> <1—|—a1(s—1)—|—a2(s—1)2—|—...>,

where o = exp(ig (1)) > 0.

Now, using the well-known relation
]_/Hm led r—1, if z>1,
270 Jo_ine S(s+1) 0, if 0<ax<1,

1 2-+i00 T s+1

Z g1 ()=5— Fy(s) —— ds.
<< 270 Jo—ino s(s+1)

we get

Function Fj(s) doesn’t have singularities in a half-plane Re s > 1 except
the first kind pole s = 1. Let us replace the integration segment (2—ioo, 2+ioc0)

with the union of following segments
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I'; denotes a segment ( 1—ioco, 1 —ia |;
I'y denotes a half-circle with radius a and the center in a point s = 1
1+ a exp(if), _r <fh< z,
2 2
I'; denotes a segment [ 1 + ia, 1+ ic0 ).
It follows from lemma about estimates of Hecke function in critical strip
that integration segments I'; and I's can be estimated as O (m2) For the

segment [’y we use substitution of integration variable
1
s=1+4 —.
z

Hence z = o~ 'exp(if)), —§ <0 <3, ds = —; dz.
After constricting the integration segment I's into a point the following

equations

1 xs+1 1 .,L.sfl+2
B ds=— | Fi(s) o d
2ri Jp, 1) Sy & 2m‘/F2 1) S @

$2 1’8—1
B N0 P
2m‘/F2 1O eEn ®

22 b+ico 1 a:% )
270 Jp—ioo P <(p0< z ) (1 + %) (2 + %) ‘ (ac )
2 [bico e exp (‘PO (1 + i’))

_ 2
“omi s (24 1) (22 +1) dz+0(a%)

1
9 phtico €XD (z + ; log :c>
CcoT by bo 9
= _— I+—+—5+...)d
2mi /bioo (z4+1)(2z+1) < totat ) 2+0(@%)

are true for all b > 0. Hence, we want to use the modified Bessel function

I, (z). B
1 S
s) T s
s

27 Jr, (s+1)

» +1logz

2 1 b+zooexp<z Z > b b

or - 1+ 2424 )dz +0(a?)
z z

2 27TZ b—ioco z

2 o

= CQ% Z bn/ exp <z + - log x) 2" 224+ 0 (:U2) i
n=0 b—ioco z
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Note that

dz.

" b+ico eXp (Z + g)
I (2) —
b

270 Sy i 2l

Therefore,

1/ F(S)Lﬂds—cxjibl (2 lo 1:>+O(m2)
omi Jr, N s(s v Tt & '

By the asymptotic differentiation we get the statement of the theorem.

4. (FAUSSIAN INTEGER PARTITION IN A POWER-FREE NUMBERS

Theorem 3. By g2 (o) we denote the number of power-free divisors of the

Gaussian integer . Then for sufficiently large x the following asymptotic

formula
n+1 2 V IOg £
Z =T Z dp———7 ) + 0 (2)
N(a)<z IOg ;L') 2
holds. Here d,, n =0, 1, ..., can be defined through the Taylor series coeffi-

cients of some function Fy3(s) considered below.

Let ea(a) be characteristic functions over the set of power-free Gaussian
integers. Then for the generating function of gy («) following identity in a
half-plane Re s> 1

no- ¥ Far- I (-Fy)

0#aed N(a)>1

is true.

To find the generating series for Fs (s) let us consider that the number S(z)
of power-free numbers with norms not more than z is equal to the number of
all Gaussian integers in the circle of a radius 23 with the center in the point
s = 0 without the number of power full numbers in this circle. (The Gaussian
integer « is power-full if a = pl p2 ...p¥ and GCD (ky, ko, ..., k) > 1,
where k; € N, ¢ = 1;7.) Thus,

S(:z:):x—x% —:c%—I—O(x%JrE).
Hence, for Re s > 1 we have

By(x)= Y =7 (s)— Z(25) — Z(3s) + G (s),

a is power—free
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where the function G (s) is regular in a half-plane Re s > 1.

Therefore,

log F5 (s) = Z log (1 — ]\7'(15)5) = Z ]\7(15)5 + Fy1(s),

¢ is power-free § is power-free

N[

where Fy; (s) is a regular function in half-plane Re s >

log F5(s) = Z (s) + Faa (s),

N[

where Fb 5 (s) is a regular function in half-plane Re s >

™

F:
S—1+ 2,3(8)>>

F>(s) = exp (Z (s)+ Fao (s)) = exp <
where Fy 3 (s) is a regular function in half-plane Re s > %

Theorem 3 can be proved in a similar way to Theorem 2.

5. (GAUSSIAN INTEGER PARTITION IN A POWER-FREE NUMBERS
NORM ASCENDING ORDER

The function gi(«) denotes the number of representation of Gaussian in-
teger « in the power-free number product @ = §10s...6,, §; are power-free,
i=1;r,and N (d1) <N (62) <...< N (6,), where N («) is the norm of a.

For Re s > 1 we have

g5 (@) e2 (@)
= 1 .
> For- I (e

0£a€G N(o) >2

We will study function gj(«) using the Kéatai-Subbarao theorem.
We have

E(s)= Y. ]e\?(a): 3 L Z(s)+ Ro(s),

s
0#aedG N(O()

a is power—free

where es(a) is a characteristic function over the set of power-free Gaussian
integers, Fj (s) is regular function in a half-plane Re s > %

Moreover,

1 = r(n
Z(S): Z N(Oé)s: Z T(ls)’

=0
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where 7 (n) is the number of representation of n in a sum of two squares such
that 7 (n) =0 (n®). Here, the constant in the O-term depends on ¢.
In this case all the conditions of the Katai-Subbarao theorem are fulfilled.

Hence, we obtain the following theorem.

Theorem 4. For sufficiently large x the following asymptotic formula
_ 2h+4v

Z g93(a) ~ exp (CO\/@) Z H(h,v) (logw> '

N(a) <z (h,v)

_1 -1
2 2
X | 14+ag <log x> — % <10g x>

holds, where cg, ag are positive countable constants, mark * above the sum
Z(h,ﬁ) means that we summarize by all the pairs (h,¥), 1 < h < N,¢ =
1,2,... such that
1 5
h+ -9 <N+ —.
+ 2 + 2

Similar statements can be obtained for analogue for functions g3 («) and

g5 (o) that we will consider further.

6. CONCLUSION

Proposed research methods of Gaussian integers partition number can be
applied to study of partition number function of integer ideals (divisors) from
arbitrary imaginary quadratic field in a product of integer ideals (divisors)
from this field.

Hlpamxo B. B.
Po3BUTTA NUINX TAYCOBUX YUCEJ B JJOBYTOK CTEIEHEBO-BIJIbHUX

Pesrome

Hexait dynknis gi(a) saBiasge cobo0 9uca0 PO3KIAJAHD IJIOrO rayCOBOTO UHC/IA (! y BUTJISA-
i 1o6yTKy GeskBaaparHux unces. Hexail dyHKnis go(a) ABisie coBOI0 IMCIO PO3KIALAHD
I[iJIOTO TayCOBOI0 YHUC/a (v Y BHUIVISL JIOOYTKY CTEleHeBO-BiIbHUX duces. B it crarTi Mu
PO3IJISTHEMO CyMaTOPHI (byHKIIiT EN(a)gz g1(a) Ta ZN(a)ﬁz g2(a) Ta orpuMaemMo JyIst HUX
acuMnTOTHIHI popmyan. TakoK, MU BUKOPUCTAEMO aHAJOr Teopemu Katai-Subbarao mis
BUBYEHHS PO3IOALTY 3HaYeHb (DYHKIIl g2 () y BUNAJKY, KOJM CTENEHEBO-BLILHI MHOXKHUKHA
po3TaIloBaHi B MOPSAJIKY 3POCTAHHS 1X HOPM.

Karowosi caosa: JIzema-gpyrxuyis lexxe, Gesxsadpamme uine 2aycoge wucao, Cmenereeo-

8iAbHE Uine 2aycose wucao, meiphul pad ipixae.
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HlIpamxo B. B.
PA3BHMEHUE LEJBIX TAYCCOBBIX YHCEJI B TTIPOU3BEJIEHUE CTEIEHHO-CBOBOJHBIX

Pesrome

Iycts dynkmusa g1 () npeacrasiasger coboit YUca0 pasbreHns! EJIOro rayCCoOBOroO IHuCIa ¢ B
BUJIe IpoU3BeeHns Oe3KBaapaTHbix ducesl. [lycrs dynaknusa ga (o) npeacrasiser coboii dnc-
JI0 pa30MeHns [EJIOr0 TayCCOBOIO YHC/Ia (¢ B BUJIE IIPOU3BEIEHNUS CTEIIEHHO-CBOOO/HBIX YUCEJL.
B sT0it cTarThe MBI PACCMOTPUM CyMaTOpHBIE (DYHKIAU ZN(a)gz gi(a) n ZN(a)gz g2(a),
a Tak’Ke IIOJIyIHUM aCCUMIITOTHIECKHE (POPMYIBI s HuX. KpoMe TOro, Mbl BOCHOJIB3yeMCs
aHasorom Teopembl Kéatai-Subbarao nyist m3yuenuns pacnpeesnenns suadenunii pynknuu ga (o)
B CJlydae, KOIJIa CTEIIeHHO-CBOOO/HbIE MHOXKUATEIN PACIIOIATAIOTCS B IIOPSIIKE BO3POCTAHMSA
X HOPM.

Karoueswie caosa: Jsema-pynrkuyus Iekke, beaksadpammoe yesoe 2aycco6o wucao, Cmenerto-

c80600H0€E Yeaoe 2aycco8o HuUCA0, NPou3eodawutl pad upuxie.
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YMaHCHKUIT JIepKABHUM I1€IarOTIYHUN YHIBEpCUTET, Y MaHb, ¥ KpaiHa

HABJINKEHIIT METO/, PO3B’A3AHHSI MATPUYHUX
PIBHAHDb BIHEPA — I'OII®A B 3AJAYAX ITPUKJIATHOI
MEXAHIKN

3aIpoIroHOBaHO METOJI, IIOCIIOBHUX HAGJINKEHD JIJIs1 PO3B’si3aHHsl cUCTeMU (DYHKI[IOHAJIBHUX
piBusHb Binepa — I'onda. MeTo1 BUKOPHUCTOBYE TTOJaHHS MATPUIHOTO KoediIieHTa cucTeMu
Yy BUIJISIII CYyMHU JBOX MaTPWIlb, OJHA 3 SIKAX JOIYCKAE TOYHY (DAKTOPHU3AIlif0, a BiIHOCHO
iHII0T — MaTpuUI-30ypeHHsT — HepeadavdacThCs YMOBA 11 MAJIOCTI TTOPIBHSIHO 3 MEPITAM J0-
JAHKOM B 00/1aCTi 3a/laHHs cucTeMu. PO3B SI30K CHCTEMI IIYKAETHCS Y BUIVISAII PO3BUHEHD 34
CTEeNeHAMU MaTpUIli-30ypeHHsi. Ha KOXKHOMY KPOIli HAOJIMKEHHs PO3B’SI3aHHsI CUCTEMU 3Tiii-
CHIOETBCS 3a JioroMoroio merony Binepa — londa 3 Bukopucranusam dpaxTopusalii OCHOB-
HOI CKJIaJI0BOI MaTpr4dHOro Koedirienra. Bukopucranus Meromy LI0CTpyeThCs Ha IPUKIIAI]
PpO3B’si3aHHS 33/1a49i TPO PO3PAXYHOK MTApaMeTPiB 30HU MepeIpYHHYBAHHS V 3’€IHYBAJIbHOMY
Marepiasi B KiHIi Mikda3HOI TPIUHA, IO BUXOAUTH 3 KyTOBOI TOYKH JIAMAHOI MeXKi IO-
Ly JBOX DPi3HMX MarepiasiB. 30Ha MOJEJIOETHCs JIHIEI0 PO3PUBY HEPEMIlEeHHsI, Ha sAKil
HAIIPYKEHHs 33JI0BOJILHAIOTEH KpuTepiit MirtHocTi Mizeca — Xiyura. Ilokazano, mo 3a neBHIX
YMOB BKe y TepIIoMy HaOJUZKEHHI METOJT JI03BOJISIE OTPUMYBaTH PO3B’SI3KM 3 MPUIHHITHOIO
TOYHICTIO.

MSC: 39B72, 74599.

Karouwosi crosa: mampuune dyrkyionasvre pistanna Binepa — [onga, memod nocaidosrux
HAOAUIHCEHD, MIHCPAZHA MPIWUHE, 30HG Nepedpylinysarts, kpumepit Miseca — Xiana.
DOI: XXXX.

1. BcTvn

Bararo mirockux kpaiioBux 3ajad MaTeMaTUIHOI 1 TeopeTwdHOol (Di3uKH,
[IPUKJIATHOT MEXaHIKH 38, JOMOMOI0I0 IHTerpaJbHUX IIePETBOPEHDb MOXKYTh Oy TH

3BeJIeH] JI0 cucTeM (DYHKITIOHAJIBHUX PIBHSIHD BUJLY

®"(p) +F(p) = G(p)® (p) (peD), (1)

BU3HAUEHUX VY Jedkiii cMy3i [ IUIOIUHU KOMIJIEKCHOI 3MIiHHOI p, 110
PO3B 3y I0ThCA 32 jTonoMoroio Meroy Binepa — Londa [1]. Tyt & (p), @~ (p)
— HeBizoMi BexTopHI ¢yHKIii, anamiTudni B obractax DT i DT BigmosigHo,

D = DY (D~ — cuinbha cmyra ix amamituunocri; F(p) i G(p) — sazani

Haditiwna 07.06.2020 © dymux M. B. 2020
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BEKTOpHA 1 KBaJpaTHa MaTpudHa (PYHKIMI, STKi MOXKYTh MaTH CHHIYISPHOCTI
1o3a CMYTOI0 aHaJITUIHOCTI. K/Ii090BOIO mpob/IeMOI0 PO3B’SI3aHHSA CHCTEMU
(1) e dakropusanis 17 marpuanoro koedirieara G(p), Tob6To MOAHHS fiOr0 Yy

BUIJISII OOy TKY
G(p) =G ()G (») (€ D) (2)

neox marpuite G (p), G~ (p), ananituannx y obnacrax DT, D™ signosinmo.

Hespazkaroun na re, mpo me y 1958 poni M. Kpeiin Ta 1. Tox6epr B [2]| mo-
Ka3aJil TEOPETUIHY MOXKJIUBICTH Takol (paKTOpu3aliil, IpoTe Hi BOHU, & MOTIM
1 HIXTO IHImMMNI He 3MOIVIN 3aIIPOIOHYBATH YHIBEPCAJIBHOI'O JITOPUTMY TOTHOL
aHaJiTuaHOI (bakTopmsarnil Marpuanux yHKIiin. Huri BijoMuii jurre onuH,
susiBsiernit . M. Heborapbosum (3], ByspKuil HeTpuBiajbHUI KJac MaTpH-
9HUX (QYHKINH KOMILIEKCHOI 3MIiHHOI, IO JOIYCKAIOTh TOYHY (hbaKTOpU3aIiio
y 3aMKHYTiit anamiTuaniit dopmi. Meron daxkTopuzariiil M»0ro Kjaacy MaTpUITh
possuBasm A. A. Xpankos [4-6], V. G. Daniele [7], B. Noble [1] ra inmi. Bin
YCIIIITHO 3aCTOCOBYBABCS JIJIsi PO3B’SI3aHHS Dsijly 3a/lad MEXaHIKU PYIHYBaH-
HsI, TEOPil PO3CITHHS €JIEKTPOMArHITHUX 1 TPYKHUX XBU/Ib, KOHTAKTHUAX 33184
TOIIIO.

IIpote, meron YeborapboBa — XpalkoBa BUSIBUBCS HEIIEBUM y BUITAIKY
MarpudHux QYHKINNH, BiaMiHHUX Bif 3Halijgenoro auMu Buay. lle ctumysoBa-
JIO TIONIYK AJIbTEPHATUBHUX Ta PO3BUTOK HAO/IMKEHUX METOJIB (paKTOPHU3AIlil
MaTpHIlh, ¥y skux 6paiu ydactb A. O. Aurinos, B. A. Babemko, P. B. dymxy-
qasa, H. I. Moicees, B. I. Ocrpuk, B. B. CimsBecrpos, I. D. Abrahams, V.
G. Daniele, I. Gohberg, R. A. Hurd, D. S. Jones, A. B. Lebre, G. Mishuris,
A. D. Rawlins, S. Rogosin, G. R. Wickham Ta iumi. 3okpema, y meromi B. A.
Babemnika dakropuzaliisi MaTpuill 3/iHCHIOETBCS Y TPHU e€Talu: HOpMaJIi3arlil,
HabymkeHol paxkTopu3ariil i yrounenol ¢axkTopu3aliil; Ha erari HabJIHKeHOT
daxkTopu3aiii HOpMaII30BaHy MATPHUINO HADIMUKAIOTH Ha JiMCHIH Bici MmaTpu-
nero 3 panjonanbauMu Koedinienramu [8]. Merog A. O. Anrinosa mosisirae y
PO3BUHEHH] HeaHAJITUYHUX €JIEMEHTIB MaTPUYHOI'O PIBHAHHS 3a 1X IIOJIIOCAaMU
y Psiin 3 HEBiIoMUME KoedilieHTaMu, M0 IPU3BOAUTE 10 HECKIHIEHOI CHUCTe-
Mu aareOpaldyHuX PiBHSHD, sIKa PO3B’SI3y€ThCS 3a JOIOMOIOI0 ACHMIITOTUIHOIO
meroay |9, 10]. I. D. Abrahams mist HabGimzkerol daxropusarii MaTpup Bu-
kopucrosye [lase-anpokcnmariito mosiHOMaMu 10BLIBHOT cremneni [11].

B minmomy, 3acrocyBamts HAOJMAKEHUX METO/IB 0a3ye€ThCs Ha T'POMI3IKUX
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MePETBOPEHHAX BUXIJIHOI MaTPUILi, 1HIT METOU 3BOIATHCS JIO JOCUTH TPY/I0-
MICTKHAX OOYHCTIOBAILHAX Tporeayp. Tomy icHye moTrpeba y pO3BUTKY MaTe-
MATHUYIHO 3PO3YMIINX 1 00YMC/TIOBAJILHO ITPOCTUX METOIIB OTPUMAHHS HAOJIM-
JKEHUX AHAJITUYIHUX PO3B’SI3KiB cucTeM (DYHKIIOHAJBHUX PiBHAHBb Binepa —
londa.

2. OCHOBU METOOY

Ha Bimminy Bin BukopucTannsg HaOIMKEHUX METOMIB (pbakTOpm3aIiii MmaTpu-
qHOTO KoediriernTa BuxiqHoro pieasius (1) y ganiii poboTi 3a1poroHoBaHO Me-
TOJI, TOCJTOBHUX HAOJIMKEHb PO3B’si3aHHs cucTeMu (DYHKIIOHAJIBHUX DIBHSIHb
Binepa — l'onda. Bin 6a3yerbcs Ha mogaHHl MATPUIHOIO KOeillieHTa CUCTEMHI
y BULUISIZII CYME JIBOX MaTPHIIb, ofHa 3 AKkuX, Go(p), momyckae anamtuany ¢a-
KTOPU3AIIII0 B 3aMKHYTiil (hbopmi, a BiHOCHO iHIOT — MaTpuni-36ypenns G’ (p)
— NPUIMAETHCS YMOBa MaJIOCTI B 00JIaCTi BU3HAYEHHSI CHCTEMU IMOPIBHSIHO 3

ocHoBHOW MaTpureio Go(p):

G(p) = Go(p) + G'(p) (Golp) = Gy (p)Gq (p), Golp) > G'(p), pe D).

(3)

TlopiBusinnsg MaTpuib HE €, B ILJIOMY, KOPEKTHOIO IIPOIEIYPOIO IIPU Bil-

CYTHOCTI MaJjIoro mapamerpa, 10 Mir 6u OyTH BHKOPUCTAHU y DPO3KJIAJAHHI

(3). B nomasibimomy BBazkaTUMEMO, IO OOIPYHTOBAHICTH TAKOTO PO3KJIAIAHHS

Mozxke OyTu nepesipena 3a BimmBoM marpuii G'(p) Ha ckassipHi BeJauauHN, sIKi
OTPUMYIOThCS 3 BuXifgHoro piBugaHsa Binepa — londa.

Y BiAmoBiAHOCTI 3 TPUHHATUME BHIIE MPUIIYIIEHHIMA II0IaMO PO3B 30K

piBusiHEg (1) y BUrIAAl PO3BUHEHD 3a CTeneHsMU MaTpuil-30ypenns G’ (p):
¥ (p)= @5 (p) + 1 (p) + 25 (P) + o (4)

Jle KOYKE€H HACTYIHHH JIOJAHOK € 3HAYHO MEHIIUM MOPIBHSHO 3 IOIepeaniM. 3
ypaxyBanusM (3) i (4) piBusinHg (1) y HyJIOBOMY HaOJIMMKEHHI 3BOJIUMO 10

BI/II‘JIH,Z[y
(GE() "¢ () + (GE () "Fp) =Gy (n®5(») (peD), (5

Je creminb “—1”7 mozHadae obepHEHY MATPHUIO. PO3B’Sd3aHHSA 1BOTO PiBHSIHHS

BUKOHY€EMO 32 JI0I0OMOroto 1ipore/ypu Binepa — Tonda [1]. Ilpunyckarouu, 1o
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-1 .
€JIEMEHTH BEKTOpa (Gg (p)) F(p) sagoBombusiiors ymMoBy [esbiepa, 3amimu-
Mo ftoro 3a gomomoroio inTerpaJiiB Tumy Ko pizuuiiero KpaiioBux 3HaveHb

aHaJIITHIHUX BeKTOpiB [12]:
—1 _
(G3 ()™ F(p) = F§(p) — Fg (p),

2 -t z 6
F(p) = /(Gg( VFE . ep pepty O
Y

T 2mi z—p

i nomamo piusiaHs (5) y dopmi

(G(®) " @5 (n) +F{(p) = Gy (0P (0) + Fy(p) (D). (7)

3pobuMO TAKOXK JTOJATKOBE IIPUITYIIEHHS, IO IIPAaBa 1 JiBa YaCTUHU DiBHSHHS
(7) npu p — oo npsamyorh g0 Hyis. (Ile npumynieHHsT He € TIPUHIUIIOBUM,
OCKITTBKY HECKJIATHO Y3araJbHUTH MeTOJl Ha BUIQIO0K IIPsIMYBAHHS JIiBOI 1 mpa-
BOI YaCTWH PIBHAHHSA JIO0 OJHOTO 1 TOTO K TOJIHOMA, SK I€ TPAIIAETbCA Yy
ckaIspHUX (DYHKIOHAJBHUX piBHsHHAX Binepa — Tonda [12].) Toxi y Bia-
MTOBITHOCT] 3 TMPUHIUIIOM AHAJITHYIHOTO IPOJOBXKEHHS Ta TeopeMu JIiyBisis

OTPUMYEMO PO3B’s130K piBHAHHSA (7)
@5 (p) = -Gy (P)F5 (p) (p € DF), ®
@5 () =—(Go(p) Fop) (pe D7),

SIKUI € HyJIbOBUM HABJIMZKEHHSIM PO3B’SI3KY BHUXIJIHOrO piBHsiHHS (1).

Y nepmiomy HabsmkenHi piBusauns (1) mae BurIsg

®1(p) =Go(p)®1(p) + G'(p)®y(p) (pe D).

Bsejiemo BekTopHy DyHKIIIO

3 ypaxysanusim (akropusarii marpuiii Go(p) npuxoaumo 0 piBHSHHS

(GEp) " @5 (0) + (GF () " Filp) = Gy (n)@1(p) (pED), (9)

anasioriunoro pisusiHHO (5). Ilomibro mo (6) Bukomaemo B (9) 3aminy

(G(T (p))f1 F1(p) pisHurnero kpaiioBux 3HaYCHb aHAJITUIHAX BEKTODIB:

(Gi (0)) " Fi(p) = F{ () — F1 (p), (10)
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_1/ (Gi(2) "Fil2)
211 ~ zZ—Dp

(G (2) 7 G'(2) (Gy (2) " Fy (=)
z—=p

dz (y € D, p e DF).

4\

1
©2mi
[icns migcranosku (10) B (9) i BUKOpHCTAHNHS IPUHIMUILY aHATITHYHOIO IIPO-

JOBXKEHHSI Ta Teopemu JIiyBiIAsT 3HAMAEMO TOMPABKY IEPIIOTO MOPSIAKY 34

30ypeHHsIM J10 PO3B’si3Ky (8):

(pe D1,

@ (p) = —Gg (n)F{ (p) a1
p)) Fi(p) (peD7)

_ 1
'I’1 (p) = - (G

[omnpasku n-ro nopsaKy ®;(p) oTpUMYIOTHCS AHATOTIYHO MOTIEPE/THHOMY eTa-

ny i onmcyorbes dhopmysnamu, nogioaumu g0 (10)-(11):

(p€ D),

@5 (p) = —G§ (»)F;i (p)
F,(p) (peD7),

12
@, (p)=—(Gy(p) " "

R0 = 5 [ (6(2) " G'() (G (2) " Foi(2)

271 zZ—Dp

dz (y €D, pe D).

[TizcymoBytoun 11i nmonpasku 3rijHo 3 (4), 3HAXOIMMO OCTATOYHHI PO3B’A30K

piBasiaHst (1):

" (p) = -G (p ZF+ (p € D*),
(13)
 (p) = (Gy(p) Zmp) (pe D).
n=0

3 dopmanbHOT TOYKM 30py po3B’s30K (13) MOXKHA BBaXKATU TOYHUM. Y MO-
BOIO KOPEKTHOCTI PO3B’SI3KY € 3012KHICTH HOT0 PsIAiB, TOOTO BUKOHAHHS HEPiB-
nocti |FE (p)| < }Ff_l(p)‘. Brizro 3 susnavennam Fi (p) B (12) miit mepisrocTi

€KBiBaJIEHTHa yMOBa

(Giw) ™ &) (Grw) | <1 (14)

B roii ke wac npakrtudne 3acrocyBanHst (opmyir (13) juis amcioBux pospa-
XYHKIB HAIIITOBXYETHCS HA 3pOCTAHHS KPATHOCTI IHTErpaJIiB Y KOXKHOMY HACTY-

naomy Habskensi. st obcraBuna 3Myiye obMexkysaruch B (13) HeBeaukumM
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9HCJIOM JOJAHKIB, SIKi BPaXOBYIOTbCS IPU OOYHC/IEHHAX, 1 HAK/IAIa€ 3aMiCTh

(14) 6iabin KOpCTKe OOMEXKEHHsI Ha, MATPUIIO-30Y DEHHsI:
-1 _ -1
(Gm) &) (G ) | <1 (15)

SIK BUJIHO 3 TIONIEPEHBOIO PO3LIISIILY, TIEPEBATOIO 3AIIPOIIOHOBAHOTO METOJLY
€ yHuKHeHHs (hakTopusaril MarpuaHoro koedinieara G(p) BuxigHOro piBHs-
uus (1). 3 immoro 60Ky, dhbopMaibHO Po3B’st30K (13) MOXKHA TPEJICTABUTH SIK

pe3ymbTaT il JedKNX MaTPUIHUX OIepaTOpiB:

®*(p) = ~G*(p)Fo(p) (p € D),

110 J103BOJIsi€ Tporieaypi dakTopusarii (2) mocTaBuTH y BiIOBIAHICTH orepa-
TOPHE IIOJaHHSI

G(p) —» G (p)G™(p).

Y TakoMy TpaKTyBaHHI PO3IJISHYTHI METOJ, € OJIU3bKUM JI0 JeAKNX HAOJIHKe-
HUX METOMIB (pakTOpm3aIil MarpuIHnx (PYHKIINH, 30KpeMa, 3aIPOIOHOBAHOIO
B [13] acumnrornanoro meromy dakropusalil KJiacy MaTpHIlb, siKi Ha HECKiH-

YEHOCT] IPAMYIOTH JIO TOTOXKHOI MaTPHIIL].

3. IIPUKJAA 3ACTOCYBAHHA METOAY: MOJEJIb 30HU IIEPE/I-
PYUHYBAHHSA ¥ B’G,HHYBAJ'IBHOMV MATEPIAJII B KIHII MI>K-
®A3BHOI TPIIINHHA, 1110 BUXOJAUTDHb 3 KYTOBOI TOYKHU JIAMAHOI
ME2XKI IIOALJIY ABOX PISHMUX MATEPIAJIIB

B ymMoBax 1mrockol gedopMariii po3risaaeMo 3aJady MMpo PO3pPaxXxyHOK I1a-
paMeTpiB OYATKOBOI 30HU MepeApyHyBaHHs Vv 3'€IHYBAJILHOMY MaTepiasi 6i-
Jig BepmuHU Mik(a3HOl TPINIUHY, M0 BUXOAUTH 3 KYTOBOI TOYKH JIAMAHOL
MeXKI1 TOJIITY JIBOX IPYXKHUX OJHOPITHUX 130TPOIHUX MaTepiasiB 3 MOMIYJIs-
vu HOnra Fq, Fs i koedimienramu Ilyaccona vy, vs. HexTyiounm ToBIIMHOIO
3’€IHYBAJILHOTO IIPOIIAPKY, MOJETIOBATHMEMO 30HY JIHIEI0 PO3PUBY IE€pEMi-

IMEeHHs, Ha AKill HOpMaJbHE 1 JOTUYHE HAIPYKEHHS 33/ I0BOJIbHIIOTH YMOBY

()< () = "

e 0y, Tp — OIOPHU BiApWBY Ta 3CyBY 3’€IHYBaJbLHOTO MaTepiajy, IO eKCIIe-

PUMEHTaJIbHO BU3HAYAIOTHCA AK CepeﬂHi SHaQYC€HHA HOPMaJIbHOI'O i JOTHUYIHOI'O
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HAIPY?KeHb B 30HI IIPU BiANOBIHI Mol HaBaHTaXkeHHsi. YMoBa (16) BUKOpH-
CTOBYETBCS B OJTHOMY 3 BapiaHTIB KOre3iitHOI Mojte i Mizk(as3Horo pyiHyBaHHs
[14] i Bignosinae kpurepito minHocTi Miseca — Xisuia.

Ha mouaTkoBoMy eTari cBOro pO3BUTKY JOBXKWHA 30HU IMEPEIPYHHYBAHHSI
[ 3HAYHO MEHINA Bil JOBXKWHU TPpimuwHU L Ta IHINX aKTyaJIbHUX PO3MIpIB Ti-
Jia, 1 OCKIJIbKU HAIIPYKEHO-AePOPMOBAHNI CTaH MOCJIIIKYEThCS B OKOJI 30HU,
TO BUXiJHA 3aJia4a 3BOJAUTLCS JI0 3aJiadi PO JIHII0 PO3PUBY CKIHUYEHHOI JTOB-
JKWHH, IO MOIIUPIOETHCS 3 BEPIIUHU IIiBHECKIHYEHHOI MixKda3HoI TPIIuHU ¥
KYCKOBO-OJTHOPITHI#l TIIOMMHI MO MeKi MOJIIY JBOX PI3HUX MPYKHUX MaTe-
piasis (puc. 1). YMoBy Ha HecKiHueHOCTI DOPMYIIIOEMO SIK BUMOIY IEPEXOJLY
IIyKAHOrO0 PO3B 3Ky Ha BifcTanax | << r << L y po3B’sa30K aHaOTivqHOL

3aj1a4i Teopil pyzKHOCTI 6e3 JiHiT po3puBy, sikuii BijoMuii 3 pobir [15, 16].

Puc. 1: Po3paxynkoBa cxema 3a/1a4i

Bpaxosytoun ymoBy (16) Ta BBaxkaouu Geperu TpIUHA BLIBHUMU BiJl Ha-
Opy?KeHb (38 BUHSITKOM MOXKJIMBOI 00JIACTI KOHTAKTy OeperiB TPIlUHU, SIKY
BBasKae€MO 3HAYHO MEHITIOI0 ITOPIBHAHO i3 30HOIO TlepeIpyHHYBaHHA 1 HEXTYEMO
HEI0), IPUXOMMO JI0 CTATUIHOI KPaoBOI 3a/adi Teopii HpyKHOCTI 3 TpaHu-

YHUMU YyMOBaMU

0=-al Jor—a: op=10=0; (17)

0=0: (09) = (Tr9) = 0; (18)
0=0,r<lI: o9 = oo cos(r), Trg = Tosin(r);

0=0,r>1: (ug) = (uy) = 0; (19)

=0, r—>o00: ogn~ ZC’iFg(oz, AT Trp ~ ZC’iFT(a, )T (20)
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ne (f) mosnadae crpubok BesmumHu f Ha Mexi moainy; ¥ (r) — dasoBuit KyT
HaIpy?KeHHsI B 30HI IepeApyHHYBaHHS, AKWIl B IOJAJIBIIOMY ‘Ie€pe3 MaJjliCThb
POBMIpiB 30HM 1 JJISI CIIPOINEHHSI PO3B’SI3aHHS 33184l BBAXKATUMEMO CTAJIIM
i piBHUM #oro cepenubomy 3HaueHHIO ¥; Fy(a, N;), Fr(a, \;) — Bigomi dyH-
Kiii 3 pobirt [15, 16]; C; — moBiibHI cTasi, SKi XapakTepu3yoTh IHTEHCHBHICTH
30BHINIHBOTO HABAHTAYKEHHS 1 BU3HAYAIOTHCS i3 PO3B 3Ky 30BHIITHBOI 3aati;
A\j— TOKA3HUKU CUHTYJISIPHOCTI HAIPYKEHb B OKOJIi BEPIIMHU TPIIIUHU, IO €
KOPEHSIMUA XapPaKTEePUCTUIHOTO PIBHSIHHSI aHAJIOTIIHOL 3a/1adi 6e3 30HU Iepe/I-
pyitayBanus [15]:
D(A\) =0 (-1<ReA<0),

D) =— (14 r1)%t1 —4(1 + k1) (e — 1) taty — 2(1 + r2)*ts+

+4 (e — 1) t1t3 4 de(1 + ko) (e — 1) taty + 2e(1 + ko) (1 4 K1) s,

t1 = A+ 1)%sin?a —sin? (A + D)a, ty =sin?(A+1) (27 — @),
ts = (A +1)?sin?a —sin?(A+ 1) (27 — o),

ty = sin? (A + Da, t5 = t; +sin(A + 1)asin 27 cos(A + 1) (21 — a),
1+ V9 El

e = P

1+ 141 E2

s Hl(?) =3 41/1(2).

B kinmi 3oum nepenpyitHyBanHs peasizyeThbcs aCHMTOTHUKA, STKa BiIIMOBimae
CUHTYJIAPHIN YaCTHUHI PO3B’A3KY OJHOPIMHOI KpaitoBOl 3a/1adi Mpo MiBHECKIH-
qeHy JIHII0 PO3PUBY MEPEMINeHb Ha MPAMOJIIHINHIN MeXKi MOJILTY ABOX PI3HUX
NpYKHUX MaTrepiajiB, aHajaoriuHy MiKdasHiil Tpimuai. 30KpeMa, JJist HAIIPY-

JKEHb Ma€ MicIre acuMuToTuka [17]

k(r — l)i“’

r—=>14+0, og(r,0) + ite(r,0) ~ ,
o(r,0) o(r,0) 27 (r —1)

(21)

ne k = ki + iky — mokampnmit KIH B xinmi somn, w = 5-1In %, 68 =
(1+eka)—(e+k1)
(1+ek2)+(e+k1)

3a, J10I10MOr0I0 iHTEerpabHOro IeperBopents MeJina Kpaiiosa 3a1a4a Te-

— mapameTtp Jlarmepca.

opil npyzkHOCTI 3 rpannaHuMu ymoBamu (17)-(20) 3BOAUTHCS 10 MATPUIHOIO
piBasinast Binepa — londa y emysi —e1 < Rep < g2 (€1, €2 — mocraTabo Masii

JIOZIATHI YHCIIA), MO MICTHTH YSIBHY BiCh:

B+ (p) + F(p) = G(p)@ (p) (-1 < Rep < e), (22)
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N < [ o¢(pl,0)
¢+(p) _/1 ( Trg(pl,O) ) ppdpa
_ By 1o [ ug
0= [ (o () oo 7

[ Fu(p)
F(p)_(FQ(p)>’
_ 0gCcosY ) sm¢ ‘
Al =0 Z p+1+)\ ’FQ(p_ Z p+1+)\ ’

—(1+r1) [ gulp) 2g9012(p)
D(=1—=p) \ 2g21(p) goa(p) |’

g11(p) = e(1 + k2)d1(p)ds(p) — (1 + k1)d2(p)da(p),
912(p) = 2(1 — e)di(p)d2(p) + e(1 + K2)di(p)ds(p) — (1 + K1)d2(p)dz(p),
921(p) = e(1 + k2)d1(p)do(p) — 2(1 — e)d1(p)d2(p) — (1 + k1)d2(p)ds(p),
)

g22(p) = (1 + k1)d2(p)ds(p) — e(1 + K2)d1(p)dio(p),

G(p) =

dy(p) = p?sin® a — sin® p(21 — @), do(p) = p? sin® a — sin? pa,

ds3(p) = psin2a — sin 2p(27m — ), da(p) = psin2a + sin 2p(27 — @),
ds(p) = psin® a + sin® p(21 — ), de(p) = psin 2a — sin 2pa,
d7(p) = psin® a — sin? p(2r — ),  ds(p) = psin® a — sin? pa,
dg(p) = psin® a + sin® pa, d1o(p) = psin 2« + sin 2pa.

Yepes crmaguicts marpuni G(p) i1 dakropusarnis 3a dopmymamu Xpa-
nKkoBa — YeboTapboBa HEMOXKJ/IMBA, TOMY BHKOPHUCTAEMO HAOJIUKEHUI METO/I
pO3B’si3aHHsl piBHsAHHs (22), onucanuii y Buine. Y HYJIbOBOMY HAOJIMKEHH] Bi-

3bMEMO 3HAYEHHSI Ii€] MATPUI Jisi II0CKOT Mexki nosiay [18]:

Go(p) = G(p) |a=r = —A - tgpnG(p)Q(p), (23)

4(e + k1)(1 + erz) cos? pm
(e +k1)2 4+ (1 + era)? + 2(e + k1)(1 + ekg) cos 2pm’

G(p) =
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(14 k1) (I + k1 +e(l 4 k2)) B [ 0 —i
A= ) (1 ema) 7Q(p)—1+g(p)J,J—< - )

ne I - opmanana marpuns, g(p) = i tg pr. Marpuns Q(p) Bigaocurbest J0 Tu-

my XpankoBa — YeborapboBa i (hakKTOpU3yEThCs Ha YsiBHIi Bici 3a popMmyiamu

[6]:
Q(p) = QT (pQ (p) Rep=0), Q=(p) =r(p) [ch0F(p)I +sho*(p)J],

ne enementu Marpuib Q1 (p) i Q™ (p) ananituuni y nismionumuax Rep < 0 i

Rep > 0 sigmosinao. Oynkii r*(p) i % (p) smaitaeno srigno 3 [6] y [18]:

+ 2 1/4 1 & lnHl(t) B 1 —52th27rt
ri(p) = (1-5°) [14”/_00 t+ipdt},H1(t)_l_62,

L.\ ED [ H(t) _arth(B - thrt)
R B A

Ckausipai koedinientn piBusinas (23) dakropusyoorbest 3a dhopMmyiamu
[12]:

)
6) = G- (Rep=0),
; (24)
1 1% In G(2) G*(p), Rep <0,
P [2772 /_m Z—p dz] { G~ (p), Rep>0;
B P +, v I'(1Fp)
BT R P T T 05F,)

BacrocoByioun TeopeMy abesieBoro THILy 0 acuMuToTuku (21) i BpaxoBy-
09U OOMEXKEHICTh HAIpyKEHb Oiisi KiHIlS 30HU IepeapyiHyBaHHs, y Bimo-
BIJIHOCTI 3 oImMCaHNM BHUINe HAOJIMZKEHHM METOJIOM 1 3 ypaxyBaHuaM (23)-(24)

OTPUMAEMO PO3B’SI30K PiBHsIHHS (22) y HYJIbOBOMY HAOJIMKEHHI:

pG™*(p)

@J(p) = -7 )

Q" (p)Fy (p) (Rep < 0),

®5(p) =~ [Q ()] Fg(p) (Rep<0), (25)
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+ (- 00 COS
W@zpjxﬁﬁamﬂml+gi3@%4ﬂ§<£m$>

C.lM K-I—(p) B
N Z P11+ (pG+(p) Q@)

Kt(=1-X\) Fy(o, )
+ wiCHS O/ 1)( )

(EPVCHE Frfo )
(- 00 COS
mw:4L§££MWﬁw<£m$>

—Z Oyl K+(=1—-X)
Pr1+N(1+A)GTH(—1—N)

X [QF(-1-A nl(ﬂﬁ“ﬁ)

3 pos’ssky (25) 3a uporeayporo Binepa — Tonda, noxi6uo g0 (15, 16],
OTPUMAEMO PIBHAHHS JIJIsl BU3HAYEHHS JIOBXKMHHU 30HU 1 (ha30BOro KyTa HaIlpy-

»KEeHb y 30Hi:

K?f%rvml<%@w>

To sin ¢

Ai + o, A
_Z 1C+l)\K 1_))[Q+( 1= M)]™ 1(?5({2;):0' (26)

BukopucroByioun 3naiizeHe Hy1b0Be HAOIMKEHHS (25) pO3B’'sI3KY BHUXIIHO-

ro pieusinas Binepa — Tonda (22) i noksagaodn MaTpuio-30ypeHHs K
G'(p) = G(p) — Go(p),

3a dopmysamu (10)-(11) 3HAXOAMMO TIOIPABKHU JI0 PO3B’SI3KY Y IIEPIIOMY Ha-

OJIMZKEeHHI:

® (p) = -G (p)F{ (p) (Rep < 0),
&7 (p)=—(Gy(») 'Fi(p) (Rep>0),
F

(@) @E) (6 () R ), [ F), Rep<o,
270 oo z—7p N Fi (p), Rep>0.

(27)

Bpaxosytoun acumnrorukn (21) i obMexkeHicTh HaNpyzKeHb OISt KiHIE 30HU

nepe/pyiiHyBaHHsl, IPUXOIUMO 3aMicTh (26) /10 yTOUYHEHUX PIBHSIHb ISl BU-
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3HAYEHHsI JOBKWHY 30HU 1 (a30BOTr0 KyTa HAIPYKEHb Y 30Hi:

K+(—1) +7 1y-1 o0 Cos Y
Gt (-1) Q7 (=1)] (Tosinz/) >

CiMK*H(=1—\) 1 Folay )
Z(1+A)G+( )[Q*( 1= A)] 1<F(Q’Ai)>

T

1 100

o | (G1(2) 7€) (6o () Fy ()= =

3 Buznauenus @ (p) B (22) oTpUMYEMO KOMIIOHEHTH CTPUOKA TIEPEMIIIEeHHST

V BEPIUHI TPIITUHA:
5 2
Su — ( ’U,Q(0,0) ) :_4(1 7/1)‘1)7(0)7

fK1 BU3HAYAIOTHh [TOBHE PO3KPUTTS TPINUHU Y BEPIIUHI

6 = /6ug(0,0)2 + du,(0,0)2.

Ha nizcrasi dopmyt (25) 1 (27) 3HAX0IUMO POSKPUTTSI y HYJIBOBOMY 1 IEPIIOMY
HaO/IMKEHHSAX!

4(1 —v3) 1 _
Sup = — F; (0),
" B avecw

dug = <I + W [G+( )] G,(O)> dug.

4. YUCEJIbHUN AHAJI3 MTPUKJIAY

Haiipuma edpekTuBHICTD HAOINZKEHOTO I IXOY Y PO3IJISHYTOMY BHUIIE TIPU-
KJIaIi TIPO MAJIOMACIITA0Hy 30HY HepeapyiHyBaHHI OTIKYEThCS IIPU Ky Tax 3718~
My MeXKi IoJiiJry MarepiajiB a, 6im3bKuX J10 KyTa ag = 180°, sikoMmy Bimosi-
ae HysiboBe HabJsmKeHHst (23) marpuuHOro koedirienra pisHsiHHs Binepa —
Tonpa (22). Tlpu Takux Kyrax 3iamy, sik Busisieso B [15], HAC 6ius seprn-
HE1 MixKda3HO! TpImuHN JTOBXKUHOIO L > | BU3HAYAETHCS IBOMA KOMILJIEKCHO
CIPSI?KEHUMH TIOKA3HUKAMU CHHTYJIAPHOCTI A1 = Ao = A\ + i\, 1 KOMILIE-
KCHIUM KoeiIlieHTOM iHTeHCuBHOCTI HanpyKeub K = K7 + i Ko, IKuii BXOIUTH
B KoedirnienTn possurens (20):

—iA
Cp=Cy= KL
V2r
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Y 3B’43Ky 3 I[UM 30BHIIHE HABAHTAXKEHHS 337]a€MO Oe3pO3MiPpHUM TapaMETPOM
K|L>r .
o= l/z‘% i dazosum kyTom @ = arctg(Ks/ K1), Hexryouu B (20) peryssip-
0

HHNMHU BKJIaJaMU.

VY rabsungx 1-2 (B KiHIl cTATTi) HABEIEHO PE3yIbTaTH OKPEMIX PO3paxyH-
KiB mapaMeTpiB 30HM IepeapyitHyBanus (BignocHol nosxunn x = /L, daso-
BOI'0 KyTa HAIIPY2KEHb Yy 30HI 1) Ta, HOPMOBAHOI'O ITOBHOI'O PO3KPUTTS TPIIUHU

)l § s s C .
T0=17)0y L | IX BlaHOCH] BiAMIHHOCT] €5, €y, €5 Y HY/IBOBOMY
i nepriomy Habmzkenni) st By /Ey = 0,5, v1/ve = 0,3, 09/170 =5, 0 =0, 1.

B i1 Bepmmni §' =

Ak BuHO 3 TaOIUID, ICHYIOTH IHTEPBAJIN [IAPAMETPIB TOCJIi2KYBAHOTO Ti-
Jia 1 HaBaHTaXKeHHs, SKUM BiJIITOBI/Ia€ IIJIKOM IPUITHSATHA TOXUOKA, BUSHATEHHSI
JIOBXKWHU 30HU Ie€peJIpyHHYBaHHSA, K& BUABJISETHCS HAUOIIBIN Uy TJIUBOIO JI0
KyTa 3JTaMy MeXKi oIy 1 (pa30BOTO KyTa HABAHTAXKEHHSI. 30KpeMa, Iph 30171h-
IIEHH] KyTa 3J1aMy MeXKi Moy MaTepiasiB oXxuOKa HaOJIMKEHOI'O PO3B’A3KY
HEMOHOTOHHO 3pocTae. HEMOHOTOHHOIO € TaKOXK 3aJIeXKHICTh MOXubKu Bif da-
30BOI'0 KyTa HaBaHTaKEHHsI, IPOTE€ HEMOHOTOHHICTH 3aJIe’KHOCTEN BiJI KyTiB
37aMy i aszoBOro KyTa HaBAHTAYKEHHS € XapaKTEPHOIO OCODJIMBICTIO JIJIs I1a-
paMeTpiB 30HU IepeApyHHYBaHHsS B OKOJI BEPIMUHU MiK(MA3HO! TPIMUHU Y

KYCKOBO-OJIHOPIIHOMY TiJIi 3 JIAMaHOK Mexkero oy [16].

B rabaumnsgx xupHuM mprndToM BHIIIEHI CTPIUKNA 31 3HAYHUMHA BiIMIiHHO-
CTSIMEM PO3DAXOBAHUX 3HAYEHDb JOBXKUH 30HU IepepyliHyBaHHs Ta/abo daszo-
BOI'O KyTa HAIIPY?KeHb Y 30H1 y HYJIbOBOMY 1 IIepImoMy HaOJIMKeHHSIX Teopil 30y-
perb. OTKe, NIpU BiAOBIIHEX 1M KyTax 3JjiaMy MexKi rmojity i ¢paszoBux KyTax
HaBaHTAYKEHHS YMOBH 3aCTOCOBHOCTI HAOJIMKEHOI'O PO3B’SI3KY BUSBIISIOTHCS

HEBUKOHAHUMU, a BIJIMOBa BiJl IOIIPABOK HACTYITHOI'O TOPSIKY HEKOPEKTHOIO.

5. BuHuCHOBKUu

3alporoHOBaHO HAOJIMKEHUIT MeTOJ| pO3B’si3aHHsT CUCTeMHU (DYHKITIOHAb-
Hux piBHsiHb Binepa — londa, skuit He BUKOpUCTOBYE (haKTOPU3AIIIO MaTPU-
qHOoro kKoedirienra. Merox 6a3yerbcst Ha MOJAHHI MaTPUYIHOTO KoedimieHTa
CUCTEMU y BUIVISJI CYMH JBOX MaTPHUIlb, OJHA 3 SIKUX JOIyCKae Touny da-
KTOPHU3aIliio, a IHIa PO3IVIAAEThCA K MaJje 30ypeHHs 70 mepIinol B obacti
BU3HAYEHHSI CUCTEMU. PO3B 130K CUCTEMU MIYKAETHCS y BUIVISIII PO3BUHEHB 3a

CTENEeHIMU MATPHUI-30yPEHHS.

B skocTi inmrocTpariil 3acTocyBaHHS METO/LY PO3TJISHYTO PO3B’si3aHHS 3 HO-
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ro JIOIIOMOT0I0 33J1a9i PO PO3paxyHOK ITapaMeTpiB 30HU TepeIpyiHHyBaHH y
3’€IHyBaJILHOMY MaTepiasii B KiHI Mik(a3HOI TPIIUHH, 110 BUXOIUTH 3 KyTO-
BOI TOYKM JlaMaHOI MexKi Momiy nBoX pizHux marepianis. Ilokazano, mo npu
IIEBHUX YMOBaX BKe y IIEePIIOMYy HAOJIMXKEHHI METOJ, JO3BOJISIE OTPUMYyBaTU

PO3B’S3KH 3 JOCTATHBOIO TOYHICTIO.
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Tabsa. 1: [Tapamerpu 30HEU TepepyHHYBaHHS [PU PI3HUX KyTaxX 3jIaMy MeXKi

noginy st Ko/ Ky = 2.

a’o Zo €1 81‘7% wo;o 1/}170 €y % 6[/] 6/1 €5, %

150 0,075468 | 0,07729 | 2,35 | 73,52 | 73,75 | 0,31 | 0,18396 | 0,18372 | 0,13

155] 0,079884 | 0,07953 | 0,44 | 75,51 | 75,51 | 0,0017| 0,1675 | 0,16656 | 0,57

160 | 0,081855 | 0,08008 | 2,22 | 77,19 | 77,07 | 0,15 | 0,15365 | 0,15239 | 0,83

165| 0,081389 | 0,07901 | 3,01 | 78,65 | 78,49 | 0,20 | 0,14182 | 0,14054 | 0,91

170| 0,078668 | 0,07647 | 2,87 | 79,93 | 79,79 | 0,18 | 0,13159 | 0,13056 | 0,79

175 0,074009 | 0,07267 | 1,84 | 81,07 | 80,98 | 0,10 | 0,12268 | 0,12209 | 0,48

1801 0,06783 | 0,06783 | 0,00 | 82,11 | 82,11 | 0,00 | 0,11488 | 0,11488 | 0,00

185 0,060607 | 0,0622 | 2,56 | 83,06 | 83,17 | 0,13 | 0,10806 | 0,10876 | 0,64

190 0,056028 | 0,00319 | 5,70 | 83,96 | 84,18 | 0,26 | 0,10211 | 0,10359 | 1,42

195/ 0,044989| 0,04958| 9,26 | 84,81| 85,15/ 0,40 | 0,09696| 0,09927| 2,32

200| 0,037483| 0,04311| 13,05 85,64/ 86,09 0,53 | 0,09256| 0,09575| 3,33
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Tab6s1. 2: [lapamerpu 30HU TEepeIpYHHYBAHHS IpU Pi3HUX (Pa30BUX KyTax Ha-

BaHTarKeHHs Jist o = 160°.

©,°| xo 1 €z, %0 1o,° U, ° ey, %0| 0 5 gs, %o
0 0,0052764| 0,00569| 7,20 | -19,16| -25,02| 23,39| 0,45206| 0,45199| 0,02
10 | 0,0065949| 0,00599| 10,14 25,10 | 18,73 | 34,04 0,43674| 0,43645| 0,07
20 | 0,0148477| 0,01312| 13,17 51,66 | 48,82 | 5,81 | 0,31038| 0,3098 | 0,19
30 | 0,0283536 0,02588| 9,57 | 63,59 | 62,31 | 2,05 | 0,2353 | 0,2345 | 0,34
40 | 0,0446754| 0,04182| 6,82 | 70,15 | 69,49 | 0,95 | 0,19275| 0,19177| 0,51
50 | 0,0615364 | 0,05867 | 4,89 | 74,47 | 74,11 | 0,48 | 0,16576 | 0,16464 | 0,68
60 | 0,0768316 | 0,07428 | 3,44 | 77,69 | 77,50 | 0,25 | 0,14702 | 0,14578 | 0,85
70 | 0,0887731 | 0,08681 | 2,26 | 80,33 | 80,23 | 0,12 | 0,13318 | 0,13184 | 0,12
80 | 0,0960488 | 0,09488 | 1,23 | 82,66 | 82,62 | 0,05 | 0,1226 | 0,12117 | 1,18
90 | 0,0979388 | 0,09766 | 0,29 | 84,85 | 84,84 | 0,01 | 0,11453 | 0,11303 | 1,32
100| 0,094368 | 0,09497 | 0,63 | 87,05 | 87,05 | 0,01 | 0,10875 | 0,10721 | 1,43
110| 0,0858859 | 0,08726 | 1,57 | 89,37 | 89,37 | 0,01 | 0,10561 | 0,10407 | 1,48
120 0,0735793 | 0,07554 | 2,59 | 91,99 | 91,95 | 0,05 | 0,10607 | 0,10459 | 1,41
130| 0,0589268 | 0,06122 | 3,75 | 95,13 | 95,01 | 0,14 | 0,11209 | 0,11076 | 1,20
140 0,0436127 | 0,04596 | 5,12 | 99,19 | 98,91 | 0,34 | 0,12714 | 0,12605 | 0,86
150/ 0,029321 | 0,03146| 6,81 | 104,90 104,32 0,77 | 0,15728| 0,1565 | 0,50
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Jlyoux M. B.
IIPUBJIN>KEHHBINT METO/] PEILIEHUS MATPUYHBIX YPABHEHUI BUHEPA — XOII®A B 3A-
JTAYAX TTPUKJIAJITHOM MEXAHUKU

Pesrome

IIpemiozken MeToz IOC/IEI0BATEILHBIX TPUOJINKEHU JJIsI PEIIeHUsT CUCTEMBI (DYHKIIMOHAb-
HBIX ypaBHeHuit Bunepa — Xorda. Meros ucrnosb3yer mpejcraB/ieHue MaTPUIHOTO KO-
buImenTa CUCTEMBI B BUE CyMMBI JIByX MATPUIL, OJHA U3 KOTOPBIX JOMYCKAET TOYHYIO (haK-
TOPU3AIUIO, 8 OTHOCUTEIBHO JIPYTOil — MATPUILI-BO3MYIIEHUS — IPENOJIaraeTcs yCIOBUe
€e MaJIOCTHU TI0 CPABHEHUIO C IIEPBBIM CJIAra€MbIM B OOJIACTH 3a/IaHUsI CUCTeMBI. Perrernne cu-
CTEMBI UIETCs B BUJE PA3JIOXKEHUI 110 CTENEeHIM MaTpPUIbI-Bo3MyIleHus. Ha kaxk/ioMm 1mare
npubJIMXKEHNsT PEIIeHne CUCTEMbI OCYIIECTBIISIETCs C MOMOIbIo MeToja Bunepa — Xomnda
C WCIOJIb30BaHUEM (DAKTOPU3AIUUA OCHOBHOM COCTABJISIFOINEN MaTPUIHOrO KO3 DUIIMeHTa.
Hcnonp3oBanne MeTo1a UILIIOCTPUPYETCA Ha IPUMEPE PEIIeHUsI 331891 O PACTIeTe 1apaMeT-
POB 30HBI TIepeIPYHHYBAHHS B COEMHUTEILHOM MaTepHuaJjie B KOHIE MexK(a3HON TPeluHbI,
BBIXOJISIIEN U3 yIJIOBOM TOYKY JIOMAHO! IPAHUIIE Pa3elia JIBYX PAa3jInIHbIX MAaTepHasoB. 30-
Ha MOJEJINPYeTCs JINHUEN pa3pbiBa IepeMeNIeHns], Ha KOTOPOil HAIIPsI?)KEHNE YIOBJIETBOPSIET
Kpurepuit mpounoctu Muzeca — Xwusuta. [TokazaHo, 9TO Ipy OIpeeIeHHBIX YCIOBUSIX Y7Ke
B IIEPBOM MPHUOIMAKEHUN METOJ[ TIO3BOJISIET MOIYIATh PEIIeHHs C JOIMYCTUMON TOYHOCTBIO.

Karoueswie caosa: mampuunoe dynrkyuonaavroe ypasnenue Bunepa — Xongpa, memod no-
€1e008AMEABHBLT NPUOBAUHCERUT, MEAHCPHAZHAA MPEWUNHA, 30HA NPEIPA3PYUWEHUA, KPUMEPUT

Museca — Xuana.

Dudyk M. V.
AN APPROXIMATE METHOD FOR SOLVING WIENER—HOPF MATRIX EQUATIONS IN PROBLEMS
OF APPLIED MECHANICS

Summary

Method of successive approximations for the solution of the Wiener—Hopf functional equa-

tions system is offered. The method uses the presentation of matrix coefficient of the system
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as a sum of two matrices, where the first matrix assumes the exact factorization, and the sec-
ond matrix — matrix-perturbation — is much smaller than the first matrix in the domain of
system definition. Solution of the system is sought in the form of expansions in powers of the
matrix-perturbation. At each step of the approximation the solution of the system is carried
out by means of the Wiener—Hopf method using factorization of the main component of the
matrix coefficient. The example of the use of method is considered for the solution of the
problem about the calculation of the pre-fracture zone parameters in connecting material
near the tip of the interfacial crack outcoming from the angular point of the broken interface
of two different materials. The zone is modeled by the discontinuity line of displacement,
on which the stresses meet the Mises—Hill failure criterion. It is shown that under certain
conditions, already in the first approximation, the method allows to obtain solutions with
permissible accuracy.

Key words: Wiener—Hopf matrix functional equation, method of successive approximations,

interfacial crack, pre-fracture zone, Mises—Hill criterion.
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AKICHE OJOCJIIIZ2KEHHA JTEAKOT'O CUHI'VJIAPHOTI'O
OYHKIIOHAJIBHO-IM®EPEHIITAJIBHOI'O PIBHAHHA
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PiBHSIHB.
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1. BcTvyn

Perynsapui 3amaqi g byHKIioHATBHO-U(EPEHITIATPHAX PIBHAHD BUBYEH]
Jocuthb jokaazano (1], (2], [3], [6], [18], [21]. Hactinbkn K JoKIaHO JOCTI K-
Hi CHHTYJIAPHI MOYATKOBI 3aadi /i 3BUYAHHUX TUQEpPEeHIaIbHUX PiBHIHb,
POJIOBHUM YMHOM, PO3B’I3aHMX BIJHOCHO CTApIIMX NOXijgHUX HeBimomwux [11],
[12], [13], [17], [19], [20], |22]. Pasom 3 TuMm cunrynaspui Kpaiiosi 3asmati s
byHKITIOHAIBHO- 1M EPEHTIaIbHAX PIBHSIHD BUBYEH] MOPIBHIHO MAJIO; BiA3HA-
aumo poboru (3], [4], [5], 7], 8], [9], [23], y sikux posrystayTi muranms icmy-
BaHHsI i KIJIbKOCTI PO3B’SI3KiB y pi3HUX (DYHKIOHAJIBHUX MpocTopax. OjHak
ACUMIITOTUYHA ITOBEJiHKA PO3B’SI3KIB TAKMUX 3a/a4 B OKOJIi OCOOJUBOI TOUKH

MMPAKTUYIHO He JIOCIIKYBaJIacs HaBiTh y MPOCTUX BUIAJIKAX; BII3HAYUMO TYT
mumte poboru |7], [14], [15], [16], [24], [25].
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Y maniit poboTi pO3IIAMAETHCS CUHTYIAPHA 3a1ada KoImi 11 0HOTO KJjla-
cy HesiHiHIX GyHKIIOHAIBHO-In(EPEHITIaIbHIX PiBHAHL. BUKOpUCTOBYIOIN
MeTonu sikicHoI Teopil audepentianbaux pisusus [10], [11], a rakox [12], [13] 1
IPOJIOBKYIOUH JIOCIIKeH s, po3nodari B [14], [15], [16], y poboTi moBomuThest
icHyBaHHS HeIycTOI MHOXKWHU HellepepBHO udepeHIiiioBaHnX PO3B’I3KiB, 110
MAaIOTh IT€BHI BJIACTUBOCTI B JOCUTH MAJIOMY HAIIBOKOJI OCODJIUBOI TOYUKU.

Posrinsimaersest 3agaga Komri

eal = f(t,2(t), 2(g(0)), 2'(8), 7' (h(1)), 1)
z(0)=0 (2)

aer>1,z:(0,7) - R — nificaa 3minna, = : (0,7) - R — nenepepsHa dyH-
kiist, f : D — R — #enepepBHa (hyHKIIis,

D = {(t7y17y27y3ay4): te (O’T)’ ’yl’ < )‘Z(t)ull S {1727374}}7

ne Bei A; ¢ (0,7) — (0,400) — nenepepsHi dyukuii, g : (0,7) — (0, 4+00) i
h:(0,7) — (0,400) — HenepepsHi QyHKIII.

2. OCHOBHI PE3VJIbTATU

Osnauenns 1. Po3s’a3kom 3amadi (1), (2) nasusaemwves nenepepsro du-

pepenuitiosana gynxuia x : (0,p] = R (p — cmana, p € (0,7)) i3 nacmynru-

MU BAACTNUGOCTNAMU:
1. (8, x(t), 2(g(t)), 2'(8), 2" (h(t))) € D npu eciz t € (0, p] ;
2. & momostchvo 3adosoavhsc pishannio (1) npu scix t € (0, p] ;

3. lim z(t) = 0.
t—+0

OsnauenHs 2. Hazsemo ymosamu A cykynnicmsv nHacmynnux ymos:
1. g :(0,7) = (0,400),h : (0,7) = (0,400) — Henepepsro dugeperyitio-
sani pynryii, npuvomy g(t) <t, h(t) <t nput e (0,7);
2. icuyroms  menepepeno  dugepenuyitiosani  Pynrkuii @ : (0,7) > R ma
w: (0,7) = (0,400), maxi, wo tlirfow(t) = O’tgrfow(t)tl_r = 0,

li t) =0, lim to'(t) =0, i
m o(t) =0, Jm tp (t) =0, i npu Yvomy BUKOHAHA YMOBA

17 (8) = f(t, 0(t), 0(g), €' (£), ' (h(1)))] < w(?),
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te (0,7);

8 |f(t, o1, y1,ur,v1) — f(t, 02, y2,u2,v2)| < la(t) |1 — 22| + 13 (t) [y1 — y2| +
+l4 (t) "U,l - 'U,Q‘ + l5 (t) ’UI - U?‘; (t7$i7yi7ui7vi) € D7Z € {172}7 de
lj: (0,7) = (0,400) — menepepsni pynruyii, j € {1,2,3,4}.

[Mosnaunmo uepes U (p, M, q) MHOXKHUHY HelepepBHO JudepeHIiioBaHx

dbyuxuiit u : (0; p] — R, 1110 38/10BOIBHSIOTH HEPIBHOCTSIM:

u(t) — o)) < MO )~ 0] < (a4 4D e 0,005 @)

TyT p, ¢, M — nmonmarHi crami, p < T.
Osnauvenns 3. Haseemo ymoBamu B cyxynnicms ymos:

1o0o(t) = bot™, 13(t) = I3(g(8)) ~ w(t)/w(g(1)), la(t) = Lt Is(t) =
I5 (h(t))",t € (0,7), de ece l; — dodamni cmani, i € {2,3,4,5};

2. b +l3+lu+15)1+wo+7r) <wy—r+1;

3. lim tw'(Hw 1(t) = —1;
t—lg-l()w()w (t) = wo,wo > ;

: / —1 _ : / _
4. lim ¢g'(t)g™" (1) = go, lim th'(t)h(t) = ho

Teopema 1. Hexati suxonani ymosu A, B. Todi icnyromv cmani M, q, p ma-
ki, wo 3adaua Kowi (1),(2) mae xoua 6 odun poss’asox x : (0, p] — R, wo

naaescums muoorcuni U (p, M, q).

Hosenennsi. Hacammepen, obupaemo cram p, M, q. Hexait Bukonani Ha-
CTYIIHI HEPIBHOCTI:
l+w+r<g< (wQ—T+1—l2—l3)(l4+l5)_1,
M>(wy—r+1—lo—Il3—(r+q)(la+15))""

Cramna p 3a710BOJIbHSIE YMOBI

= min p;

P 120 Pi;
Je Bel crasi pg,i € {1,2,...,8} BU3HAYAIOTHCS B IPOIECI JOBEJICHHSI TEOPEMU.
3po3ymijio, o p JocTaTHbBO MaJjie. Bubip p, M, g 3abesnedye 3aKOHHICTH BCiX

IO JaJIBIITNX MlpKyB aHb.



DynKyionarvbHo-uPepeHUiansHi PIEHANHA 85

Hexait B — npoctip zHenepepsHo audepentiiiopanux dyukmiii u : [0, p] — R
3 HOPMOIO

lull = max (ju(®)] + |/ (£)])- (4)

[Mosnaunmo 1yepes U ninmuoxkuny B, koxkuuii esement u : [0, p] — R sikoro

3a/I0BOJIbHAE YMOBaM

u(t) =" (1) < Mtw (1), |u' (8) = rt" " o (t) =170 (1)] < gMw (1), t € (0, 0],
(5)

npuuaomy ©(0) = 0,4/ (0) = 0 i, KpiM TOro, BUKOHAHA yMOBA:

Ve > O0Vu € UVt € [0,p] 1 € {1,2} : [ty — to| < 8(e) = |u/(t1) — W/ (t2)| < &
(6)
tyT 6(g) = (1—14—15)(2B (t:)) " te, ne crana B(t.) Busnauena pisnictio B(t.) =
li(te) + (h(te) 727" + 2(g(te)w(g(te)) ;s mpu mpomy crama t. € (0, p) obpama
TaK, o0 BUKOHYBAJINCS yMOBU

()] < TR, ¢ o)) < Tl

11y —1
AT e (0,t].

Muw(t) <
gMuw(t) < 54 ,

Hesaxxko nepekonaerbcsa B Tomy, o U — 3aMKHEHaA, 0OMeXKeHa, OIyKJia
MHOXKUHA. Bifmnosinao o kpurepito Apresa, MaOkuHA U KOMIIAKTHA.

P . 1 . _ y(t) - .
osryianemo pisnanna (1) i moxmazemo x(t) = %7, ne y — HOBa HeBizOMa

dbyukuis. Toxi pisusnus (1) HabyBae BUTUISILY:

9@ y®) ¥yt y'(Bd)  yh) ()
T ogr(t) ot U (h() () )

ty'(t) = ry(t) + tf(

OueBu/tHO, 10 icHYE Take, jocTaTHBO Madse, p1 € (0,7), mo upu t € (0, p1]
Jurs Beix u € U, gaxmio Titeku p < py.

Hauti 6ynemo posriisiiatu gudepeHIiaibHe piBHIHHS
u(®) u(g(t)) u'(t) ru(t) w'(h(t)  u(h(t)) )
) e (IO T Gy
(7)
3 nogaTkoBo yMoBow ¥y (0) = 0, ne u € U — nosinbua dikcoBana QyHKIIs.
[Mosuaunmo Dy = {(t,y(t)) : t € (0;p],y € R}. Ipu (t,y) € Dy nis pis-

0 () = ry(t) + 1 f (t,

HsHHs (7) BUKOHAHI yMOBU TeOpEMHM ICHYBaHHsSI # OJMHUYHOCTI PO3B’sI3KiB i
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HeIepepBHOI 3a/1e>KHOCTI PO3B’A3KiB BiJI MOYATKOBUX AaHUX. [loKIamemo

O ={(t,y) : 1 € (0,p], ]y —t"p(t)] = Miw(t)},
Dy =A{(t,y) : 1 € (0,p], ]y —t"p(t)] < Miw(t)},

H={(t,y):t=p,ly—p"¢(p)l < Mpw(p)}.

Hexait gonomizkaa dyskiis Ay : Dy — [0, +00) BU3HAYEHA DPIBHICTIO
Ap (ty) = (y — t7o(t))? (tw(t)) 2 i exait a; : Dy — R — noxisma uiei dbynkuii
B cuity piBasiHs (7). HeBakko 1epekoHaTucst B ToMy, 110 iCHy€ Take, J10CTa-
THEO Masie pg € (0,7), mo a1 (t,y) < 0 upu (¢,y) € @1, gxmo Tiibku p < po.
Tenep JoBeIeMO, 10 TOJI KOXKHA inTerpanbia Kpusa J @ (¢, y(t)) piBusmus (7),
mo neperunae $; posramosana takum anHoM: (¢, y(t)) € Dy npu t € (to, to+9)
it (t,y(t)) ¢ D1 upu t € (to—d,t), ne (to,yo) — Touka meperuny J 3 ®q,
ad > 0 — mocurs maije. liiicuo, Hexaii P(tg,y0) € ®1 — Oyub-sika TOUKa,
a J : (t,yp(t)) — imrerpanbua kpusa piBHsHHS (7) Taka, mo yp(to) = yo.
Tomi a1 (to,yp(to)) = ai(to,yo) < 0. Tomy sxmo 0 < ¢ty < p, TO 3HAIIETHCS
TaKe, JIOCUTH Majie, 0 > 0, mo sign(A1(t, yp(t)) — A1(to, yp(to))) = sign(to — t),
|t — t0| < 4.

Tax sik Aj (to,yp (to)) = A1 (to,y0) = M?, To Maemo

sign (lyp () = 7 (O] (tw (1) > — M?) =sign (to — 1),

|to — t| < ¢, abo sign (|yp (t) — t"¢ (t)| — Mtw (t)) = sign (to — t), |to —t| < 0

e osmavae, mo (t,yp(t))EDy upnu t € (to—d,t0) it (t,yy(t)) € Dx,
upu t € (to,to+6). fAxmo x typ = p, TO icHye Take IOCTATHBO MaJie
§ > 0, mo Ai(t,yp(t)) > Ailp,yp(p)), t € (p—46,p). e osnauae, o
lyp (T) — "0 (1) (tw (1)) ™2 > M2, t € (p—d,p), abo |yp (T) — "¢ ()] >
Mtw (t),t € (p—96,p), abo (t,yp) ¢ D1 uput € (p— 9, p). Hame rBeprxenis
JOBeIeHe.

HoBesemo, 1m0 KOoXKHa iHTerpaibHa KpuBa piBHsHH: (7), mo neperunae H,
sasmaeTbest Beepeauui Dy npu Beix ¢ € (0, p] (I ToMy npuMuKae 10 TOUKH
(0,0) upn t — 40, samumarounce B Dy ). [ificHo, KojHa 3 iHTErpaJbHUX
kpuBux (7), siki neperunaiors $q, y pasi MOJAIBLIIOrO 3pOCTaHHs ¢ HE MOXKE
nepernytu ®; 3H0BY. OTIKe, KOXKHA TaKa iHTerpasibHa Kpupa neperne H. Bu-
3HAUMMO Bijobpazkenns W : ®; — [, cTaB/Ig49 y BiIOBIAHICTL KOXKHIi TOUIT

P € ®; touky W(®;) € H, mo JexnuTh Ha Tiif 3ke iHTerpanbHiil KpUBiil piBHs-
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uus (7), mo it Touka P. ITosnaunmo depe3 W(P;) Muoxuny ob6pasiB BCix TOUOK
D;.

Binobpaxkenns ¥ B3aeMHO OHO3HATHO ¥ B3aeMHO HemepepBHe. MHOXIHA
®1 He3aMKHYTa, TOMY 110 BOHO HE MicTHTh ¢BOIO rpanndny Touky O(0,0). Tomy
obpa3 1iel MHOXKUHU IIPU HelepepBHOMY Bimobpazkenti U Texk € He3aMKHYTOIO
MHOZKHNHOIO.

Bomnouac muoxkuna H samkmyTa. Tomy muoxkuna () = H\W(®1) ne nopo-
JKHS.

Posrisinemo inrerpanbhny kpusy Jy, @ (t,yu(p)), piBusaas (7) Taky, mo
(p,yu(p)) € Q. Ha nigcrasi BuiesasnaueHoro, sikino ¢ cuajgae Big t = p j0
t=t_, ne (t—,p) — JiBuii MaAKCUMAJbHUN IHTEPBAJI ICHYBaHHSI PO3B’sI3KIB Yy,
TO I iHTerpaJibHa KpuBa He 3MoxKe IrepeTHyTn ®1. Tomy iHTerpaJsibHa KpuBa
J : (t,yy(t)) BusHauena upu Beix t € (0, p], aexkurs y Dy upu Beix ¢t € (0, p]
i Bxogurs y Touxky O(0,0) npu ¢t — +0 ( 3amumatouncs y Dy upu t € (0, p] ),
1m0 # moTpibHO OYyJI0 JOBECTH.

Taxkum aunoM, |y, (t) — t"p(t)] < Mtw(t),t € (0, p)].

3 TOTOXKHOCTI

ty, (t) = Tyu(t)

u(t) ulg(t) u'(t) u(t) «'(h(t)  u(h())
t (t’ tr 7 (g(t)" U (h(t)" (h(t))’““)’te(o’p]

HEBayKKO OTPUMATH, IO ’yq’l(t) —rt"Lo(t) ftrcp’(t)’ < gMuw(t),t € (0,p],
SIKITNO TIIBKE p < p3, Je p3 — JIOCTaTHBO Maje, p3 € (0, 7).

Hosenemo Tenep, 1o B piBHsHHs (7) € TiIbKEU OjiHA IHTErpaabHa KpuBa (a
came — kpusa Jy, : (t,y,(t))), mo neperunae H it jexkuth ycepeauni Dy npu
t € (0, p] ( Bxomstam npu 1pomy B Touky O(0,0) mpu t — 40 ), a Bei inmi Kpusi
pisagnng (7), mo neperunatoTh H, 3anumators MHOxuHY Dp 1ipu t — +0.

JLJ1st 1IbOTO PO3TJITHEMO OJIHOIIAPAMETPUYHI ciMeiicTBa MHOXKUH

{t,y) =t € (0, 0],y — yu(t)] = viw(t)(~Int)},
(v) ={(t,y) : t € (0, 0], ly = yu(t)] < viw(t)(—Int)}.

ne v — mapamerp, v € (0,1].
Hexait monomizkaa dyskiis Ag : Do — [0;+00) BU3HAYAETHCS DPIBHICTIO
Ag(t,y) = (y — yu(t))? (tw(t)(—Int)) "2 i mexaii ap: Dy — R — moxigsa miei
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dbyukil Bignosigao 1o piBasiaas (7). HeBaskko mepekoHaTHCS B TOMY, IO iCHYE
Take, JocTaTHho Majte, py € (0,7), mo az(t,y) < 0 upu (¢,y) € Po(v),v € (0, p]
i upu Beix t € (0, p], axmo Tinbku p < pg. 3BiACH BUIIMBAE, 1O Jist OYIb-
sikoro ikcoBanoro v € (0, p| inrerpansua kpusa J : (t,y(t)) piBusunsa (7),
sika neperunae Po(v) B Oyap-sakiit Touri (to, yo), pPO3TAIIIOBAHA TAKIM THHOM:
(t,y (t))€ED2(v) mpu t € (to — d,t0) it (t,y(t)) € Da(v) upn t € (to,to + 9),
jge § > 0 — mocuthb majie. lle 10BOAUTBCS TUMU K MIpKyBaHHSIMU, IO i TIpu

pozrisiai Pq.

Hexait tenep (t.,y«) — Oyab-sika Todka MHOXKWHE D] Taka, 10 Y. 7#
yu(ts) . Haiinersest take v, € (0,1], mo (t«,ys) € Pa(vy). Posrusinemo inre-
rpasibay KpuBy Jy : (£, y«(t)) piBHstHHs (7), 00 TPOXOAUTE Y€pe3 TOUKY (x, Ys ).
Ha mizcraBi Bumiesasnadenoro, npu 3Menrreni ¢ (¢ < t,) 1s inTerpajgbHa KpuBa
He 3Mozke nepernyTn $o (v, ). Orke, BoHa JekuTh 1032 Do (v, ) IpH Beix mpuiry-
crumux t < t,. Bomaouac |y(t) — yu(t)| < |y(t) — "o ()| + |yu(t) — t"@(t)t"] <
< 2Mitw(t) < vtw(t)(—Int), akmo t € (0, e, e 3HaMeHHS ty € (0, p) 0OpaHo

1 v
TaK, 06 upu t € (0,%.«] BuKonyBasaca ymosa _ﬂ oYYi
[Mokamemo 3a oznadenusam Y, (0) = 0,y,,(0) = 0. HeBazkko nepekoHaTucst

B TOMY, 1110 DyHKIis Yy, : [0, p] — R 3a10B0sIbHSIE yMOBI :
Ve > 0Vt; € [0,7],i € {1,2} 1 [ty — ta] < 8(e) = |u/(t1) — W' (t2)] <&,

sxio Tiibku p < ps. (Tyr 6(e) — re xk, mo i B ymosi (6).). Mu 6aunmo, 1o
Yy € U. Busnaunmo oneparop 1 : U — U, Tak : Tu = y,,. Joememo, 1o orre-
parop T : U — U wuenepepsuuit. liiicno, wexait u; € U,i € {1,2} — nosiibhi
dikcoani dyukmil. [losnaunmo Tu; = y;,1 € {1,2}. Toni y; € U,i € {1,2} i

BUKOHYIOTHCA TOTOXKHOCTI

tyi(t) = ry(t) + tf<

u; 75) u; (h( ) ui(h(t)) :
- $r+1 ’ (h(t))r - (h(t))r—l-l)’ (S {172} (9)
Hexait [|[ug —ug|| = d. dxmo d = 0, To y; = yo. Hani BBaxkaemo, 1o

d > 0. Hexait v — crasa, ska 3a10BosrbHsge ymosam: v € (0,1), v < (wp — 7 +

1) |go + ho + gowo — 1\_1. [puitmatoun 10 yBaru Bubip v, HEBAsKKO IIEPEKOHA-
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THUCA B TOMY, IO

w(t) wgt) W) () Ghn) rubhe))
i (5 e - T o)
() ualg®) (O rus(t) wh(h(t)  rus(h(t)
P T T (h(t»rﬂ)lg

H)h(t)w(g(t))

< Kod tw(t) ( ,

>_U,t€(0,p], (10)

e Ko = (lQ + l3 + T(l4 + l5) + 1)(2M)1_U.

Bynemo BuBuaTu nmoBemiHKy iHTerpaJibHAX KPUBUX JUQEPEHINAJIHLHOTO PiB-

o ut) w(g(®) W) ult) W) uh()

W = +1f (052 L8 5~ e Gy <h<t>>r+l>‘
()

TToknagemo

By — {(t,m e (0.0 y — yalt)] = vdto(t) (9(”"(”w<g<t>>)_“} ,

Do={(t0) € 0.0y = m(0)] < s " utaon) .

ne v — crana, v > 2K (wg — 7+ 1 —v(go + ho + gowo — 1))_1. Buznaunmo
JonoMixkay yukio As : Dg — R piBricTiO

Lo\ -2
As(ty) = (y — () (m(t) (Ww<g<t>> )

t

Hexait a3 : Dy — R — noxigna dynknii As(t,y) B cuny pisasias (7).
Jlerko 3’sicyBaru, 1o icHye Take, mocratabo Mase py € (0,7), mo as(t,y) < 0
upu (t,y) € @3, axuio Tiibku p < p7. Tomy iHTerpanbaa kpusa piBHsHHs (11),
o neperunae Py B Oyab-sikiii Touni (g, yp), pO3TAIIOBAHA TaK: BOHA JIEXKUTh
B D3 npu t € (tg,to + 0) i mexuts 308HI D3 npu t € (tg — 0,tg), 1e 6 > 0 —

JI0CTaTHRO MaJie. Kpim Toro,

ly1(t) — y2(t)] < [y1 (1) —t"@ ()] + y2 (t) —t"p ()] <

< 2Mtw (t) < vd tw(t) (

o)
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axio t € (0,t(d)], ne t(d) nocrarabo mage, t(d) € (0, p). Tomy inTerpanbua
kpusa J : (t,y1 (t)) piBusuns (11) nexnrs Beepeauni Dy npu t € (0,t(d)]. Ha
OCHOBI BUIIIECKA3aHOTO, SIKITO ¢ 301iIbIyeThes Bi t = t (d) 1o t = p, TO BKazaHa
iHTerpaJibHa KpUBa HE MOYKE MaTH CILIbHUX TouoK 3 P3. Tomy, Bona (Kpusa)

nexuth B D3 upn Beix ¢ € (0, p]. Orxe,

(@ 0] <) (L5 g) el a2
3a monomoromo (9), (12) HeBarXKKO IIEPEKOHATHCS B TOMY, IO
(1) — 2 (B)] + [91(1) — v5(1)| < d"(g(DR(B)w(g(1)) ™", t € (0,p].  (13)

HepefmeMo Tenep 6€3HOC6pe,ILHbO J0 JO0BedCHHA HeHepepBHOCTi orepaTropa

T:U — U. Hexaii € > 0 nano. Icuye rake t. € (0, p), mo

2Mtw(t) + 2gMw(t) <

N ™

upu t € (0,t.]. dxmo t € (0,t.], To

y1(t) = 2(0)] + [92.(t) — w2 ()] < lya(t) — ()] + ly2(t) — £ (t)]
+Hyi(t) = rt" o) — T ()] + [ya(t) — rt T hp(t) — 7 (1))

< 2Mtw(t) + 2¢Muw(t) < g
STkimo x t € [t p], 10 3 (13) Maeno
y1(t) = y2(0)] + w1 (t) — ' (1)] < d¥ (g(te)n(t)w(g(te))) ™", t € [te, p].
Hoxknazemo () = (2/2)% g(t)h(te)w(g(t:)). Sxkmo d < 6(c), To

ly1(t) = y2(O)| + + 1 (t) — y5(t)| < &/2 upu Beix t € (0, p]. Kpim roro, y; (0) =
01y, (0) =0,i € {1,2}. Tomy s (ly1() = 2(D)] + 11.(8) = (1)) < £/2 abo
5P,
ly1(2) = y2()[| < /2.
Otxke, JIOBEJIEHO, 110 KO |lu; — ugl| =6 < d (g), To

[Tur = Tuz|| = lly1(t) — y2 (D) <e/2 <e.

11i mipkyBanHst He 3ajexkaTh aHi Bl Bubopy dbyskiii u; € Ui € {1,2}, aui
Biz BubODPY £ > 0.

Hemnepepsuicts oneparopa T': U — U noBenena.
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3acrocyemo J1o oneparopa 1 : U — U npunnun nepyxomol Touku [Ilayme-
pa. B omeparopa T : U — U € xo4a 6 omgHa HepyxoMa Todka g € U, T00TO
Tyo = yo. Ockinbku icuye eauna dynkiisa xo : (0,p] — R raka, mo xo(t) =
w00 1o maemo: [zo(t) — (1) < MY |ap(t) — @' (8)] < (¢ + r)MED ¢ ¢
(0, .

Teopemy moBeaeHoO.

BigmiTumo, mo 3 yMoOBH Teopemu, B3araji KaxkKydd, He BUILIMBAE, IO

o (t) = ¢, t — +0, 20

Hazsemo ymosamu C' cyKymHICTH HACTYIIHUX YMOB:

— 0,t = 40, 1e ¢ — craJa.

L Io(t) = Lt 2B(1), 13(t) = 13t (g(1))" 1 B(1), la(t) = Lt* ' B(2),
Is(t) = Ist"1 (h(t))" B(t), ne l; — nomarwi crami, i € {2,3,4,5};

2. 5:(0,7) = (0,400) — HenepepsHa DYHKIIs;

: _ : wt)
5 tl—lgloﬁ () =0, tl—lglo RO

Teopema 2. Hexati suxonani ymosu B,C. Todi ichyroms cmani p, M, ¢ maxi,

wo 3adava Kowi (1), (2) mae edunuti pozs’asor x : (0, p] — R, wo naresrcumo

mnoorcuni U(p, M, q).

HoBenennsi. Hacammepen, obupaemo crami p, M, q. Hexait Bukonani Ha-

CTYIHI HEPiBHOCTI:
M>2/(wo—r+1), q>1/2(wo+r+1).

YMOBH, 10 BU3HAYAKOTH BUOIp p TYT He HaBomumo. Lli ymoBu Mmoxkua Oys0 6
KOHKDETHO BUIIMCATH, TAKUM CAMHUM YMHOM, SK 1 IIPU JOBEJEHHI Teopemu 1;
3apa3 MH BKaXKeMo, IO p JIOCUTh MaJjo. Bubip p, M, ¢ 3abe3mnedye 3aKOHHICTD
BCiX IOIAJIBITNX MIPKyBaHb.

Hexait B — npoctip HenepepsHo jaudepentiiiopanux dbyukmiii u : [0, p] — R
3 #HopMmoio (4). IMosmaumvo wepes U mimMuOXKUHY B, KOXKHHUI €JI€MEHT U :
[0, p] = R sixol pu ¢ € (0, p] 3am0B0sbHSIE HepiBHOCTSIM (5), ipraomy u(0) = 0,

o

' (0) = 0. Muoxuna U 3amkHeHa i o6mexkena. Posrusinemo pisstHHs (1)

1 IIOKJIaJIEMO T = yt(f), e y — HoBa HeBizoma dyukiisa. Toxi piBasiauas (1)

marume Bursy (*). dasi 6yaemo posrusaaru 3amady Komi (7), (8), e u €

U — nosinmbHa dikcoBana ¢yukiig. Tumu camMumu MipKyBaHHSIMH, IO # y



92 Hontwyx (Yatuyx) O. P.

TeopeMi 1, 3'sicyemo, 1o icuye enmHuit po3B’si3ok yy, ¢ (0, p] — R 3amaqi (7),

(8) Takwmii, 1110 BiANOBIIAE OIIHKAM

lyu (t) =" ()| < Mtw (1),
|y (8) — 7t o (1) — 7 (t)] < gMw (t), te€(0,p)].

ITokmanemo 3a o3nadenusM Y, (0) = 0, y,, (0) = 0. Toni y, € U. Busnauumo
omeparop 1" : U — U, nokmanaoun Tu = y,(t). Josexemo, mo omeparop
T :U — U — omneparop CTHUCKY.

Hexait u; € U,i € {1,2} — nosinbui dikcoBani dyukmnil. [Toszraamvo
Tu; = y;, @ € {1,2}. Toni y; € U,i € {1,2} il BUKOHYIOTbCSI TOTOXKHOCTI
(9). Hexait ||u1 — uz|| = d. dxmo d = 0, To y; = y2. Hexait naui d > 0. Byzemo
JIOCJTJIZKYBATHU [IOBEJIHKY PO3B’s13KiB JudepeHtiagibHoro pisasaus (11).

TTozmauynmo

4 =A{(t,y) : t € (0,p],[y(t) — y2(t)| = ~dt"B(t)},
Dy ={(t,y) : € (0,0],[y(t) — ya2(t)] < ~dt"B(1)},

Jle 7 — cTaJa, g9Ka 3aJ0BOJIbHSIE YMOBI:
> (Bo) Hla+ 15+ (L4 7)(la + 1)) (14)

Posrisinemo ponomixkay dyukiio Ay : Dy — [0, +00), 3agaHy piBHiCTIO

Ag(ty) = (y — y2(t) 2 (" B() 2

i mosHaunMmo 1epes a4 : Dy — R moxinuy miel dyHKIil B cuiy piBasaas (11).
Tak $IK p JOCTATHBO MaJie, TO HEeBarXKKO IEPEKOHATUCS B TOMY, 10 a4(t,y) <
0 upu (t,y) € ®4. Orke, KOKHa iHTerpanbha kpusa J : (t,y(t)) piBHsHHs
(9), sika meperunae ®4 B Oyub-sakiit Touni ({g, Yo), pPO3TAIIOBAHA TAKUM YHHOM:
(t,y (t))EDy upu t € (tg —6,t0) i (t,y (t)) € Dy upu t € (to,to+9), me § > 0—
JIOCUTDH MaJie.

IIpu nmpromy MaeMo

ly1(t) — ya()] < [y1(t) — t ()] + [ya(t) — t"p(1)]

2Mtw(t)
< 2Mtw(t) = ytrdﬁ(t)m < " dB(t),
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axio t € (0,t(d)], ne crana t(d) € (0,p) BusHAYeHA 3 yMOBH trff?(t) < %

upu t € (0,t(d)], robro t(d) — mocrarHpo Mase. Buxoaurs, iHTerpasibHa Kpuba
J1: (t,y1(t)) piBusinus (11) nexkurs ycepeauni Dy npu t € (0,¢(d)]. Bogrouac,
Ha TIJICTaBl CKa3aHOTO BHUIIE, SIKINO ¢ MOHOTOHHO 3pocTa€ Bin t = t(d) mo t = p,
TO 15l iHTerpajbHa KpHBa He MOXkKe MaTd CHiibHuxX Touok 3 $4. Tomy nana

inTerpanbpaa Kpusa jiexkuTh y Dy nipu Beix ¢ € (0, p]. Takum auHOM,

y1(t) — ya(t)| <t"dB(t), t€(0,p]. (15)

Ba JjiormoMoror ToTokHOCTEl (9) HEBaXKKO OJIePKATH OIHKY:

tyi(t) — 1a(t)| < (Bo+ )" B(t)d,  t e (0,0]. (16)

3 (15) i (16) BumnBae, 1O

te (0,p],

1 () — y2 (0495 (t) — ya(t)| < A" B(t)d+(Bo+r)vt" ' B(t)d < g,

OCKIIBbKH p 1ocuTh Masie. Tomy tren[(a)tx](]yl (t) — y2 ()| + |yi(¢) — vh(8)]) < 1/2d,

)

10670, ||y1(t) — y2(t)]] <

N |

1
Takum annaOM, s10BejieHO, MO ||[Tuy — Tus|| < 5 |lur — ual|-
Hagezeni mipkyBaHHsI He 3asexkaTh Bij Bubopy dbyukiiii u; € U, i € {1,2}.
Tomy T : U — U — cruckatounii omneparop. st 3aBepIieHHst J10BeIeHHs

TEOPEeMU 3aJIUIIAETHCS 3aCTOCYBATHU IIPUHIIAI CTUCIUX Binmobpakenb Banaxa.

3. BHUCHOBKU

Jlama meToamKa MOXKE€ BUKOPUCTOBYBATHUCS JJIsS JTOCJIIZKEHHST IITHPOKOTO
kitacy 3aga4d Ko mjist GyHKITIOHAJBHO - JHudepenIiajbHuX PIBHIAHD 1 JO3BO-

JId€e ,ILOCJIi,H)KyBaTH ACUMIITOTUYIHY HOBe,HiHKy pOBB’SKiB 3a1a4d TaKOI'oO BULJISAY.
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Hosuwwyx (Qatuyx) O. P.
KAYECTBEHHOE MCCJEJOBAHUE HEKOTOPOIO CHUHIVJ/ISIPHOIO ®YHKIMOHAJJILHO-
[IUOOEPEHIUAJILHOTO YPABHEHUSI

Pesiome

PaccmarpuBaercs cunrynspras 3agada Komwm st dyHKImoHabHO-1udGEPEHIUATBHOTO
YPABHEHUsI ONPEIEJIEHHOrO THIIA, PA3PEIIEHHOI0 OTHOCUTE/IHLHO IIPOU3BOIHON HEM3BECTHOMN
dyukuu. Pemenust uiyTcss B Kiacce HelmpepblBHO-mIuddepeHmpyeMbix dyukmuii. Jloka-
3BIBETCSI, YTO CYIIECTBYET HEIIYCTOE MHOXKECTBO HEIIPEPBIBHO- MMM EPEHIMPYEMbIX PEIIeHuil,
MMEIOIIUX OIPEJIEJICHHBIE ACUMIITOTUIECKUE CBOACTBA B JIOCTATOYHO MaJIOi OKPECTHOCTHU OCO-
6oit Touku. [TocTpoeHne aCUMITOTUKY DEIIEHU SBJISIETCA HE MEHEe BAYXKHBIM PE3YJIbTaToM,
YeM JJOKa3aTesIbCTBO CyIIeCTBOBaHUs perteHuil. jis ucciaeoBanus MOCTaBICHHON 3a1a9u
KCIIOJIB30BAHA METOJMKA, COEIMHSIONIAsl JIEMEHTBI Teopuu (DYHKIUI U KaueCTBEHHONH Teo-
pun quddepeHImaibabIX ypaBHeHuit. [Ipu sToM KavecTBeHHBIN aHAIN3 TPUMEHEH HE TOJIHLKO
IIPU [TOCTPOEHUM HEKOTOPOI'0 HEJIMHEHHOTO OIepaTropa, HO U IPH JI0KAa3aTe]bCTBE TOrO, YTO
9TOT ONEPATOP YIAOBJIETBOPSET YCIOBUAM TEOPEMbI O HEITOIBUKHOM TOUKE. DTa METOIUKA, 110
HallleMy MHEHHIO, MOXKET ObITh MCIIOJIb30BaHa IIPU PEIIEHUN MIMPOKOro KJacca 3aad HeJld-
HeHOI Teopnr OOBLIKHOBEHHBIX MU dEPEHIINAILHBIX yPAaBHEHUH.

Karouesvie caosa: GyrnkuuoHasvio-dupdeperyuaisvhoe ypasrenus, 3adavwa Kowu, acumn-
momuka peweruti, CUH2YAAPHAA 3060040, HENPEPLIBHO -JuddeperHyupyemoe pewerue, PyHK-

yuy Janyrosa.

Polishchuk (Chaichook) O. R.
A QUALITATIVE INVESTIGATION FOR SOME SINGULAR FUNCTIONAL DIFFERENTIAL EQATION

Summary
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A singular Cauchy problem for functional differential equations of a certain type is consid-
ered, solved for the derivative of the unknown function. Solutions are sought in the class of
continuously differentiable functions. It is proved that there exists a nonempty set of con-
tinuously differentiable solutions having certain asymptotic properties in a sufficiently small
neighborhood of the singular point. Construction of the asymptotic behavior of solutions is
as important result as proof of the existence of solutions. To study the task, a technique
was used that combines elements of the theory of functions and the qualitative theory of
differential equations. Moreover, a qualitative analysis was applied not only in constructing
a certain nonlinear operator, but also in proving that this operator satisfies the conditions
of the fixed-point theorem. This technique, in our opinion, can be used for a wide range of
problems of the theory of nonlinear ordinary differential equations.

Key words: functional differential equation, initial value problem, solution asymptotics, sin-

gular problem, continuously differentiable solution, Lyapunov functions.
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