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VIIK 517.925

A. B. Ipox>kunHa

Opnecckuit marmonanbubiil yansepcurer umenu 1. 1. Meanukosa

ACUMIITOTUKA HEKOTOPBIX TUIIOB OJHOTI'O KJIACCA
PEIIIEHUN HEJIMHEVNHBIX JUO®PEPEHIINAJIBHBIX
YPABHEHUI BBICIIINX ITIOPAJIKOB

Jlinst audpdpepennmanbuoro ypassenus y(") = fty, ..., y("fl))7 e f:[a,w[xAy, X Ay, X
- X Ay, , — R — nenpepsiBHasg byHKIM:A, —00 < a < w < +00, Y; paBHO 100 HYyIIIO,

160 +00, Ay, — HEKOTOpas OZHOCTOPOHHSS OKPECTHOCTD Y;, ¢ = 0, 1,...,n—1, ucaemyiorcs
[P HEKOTOPBIX OIPAHUYEHUAX Ha (PYHKIUIO f BOIPOCHI O CyIIECTBOBAHWUM, AaCUMIITOTHKE U

kosimaectse P, (Yo, R ”;:1 -pemennit ayia Beex ¢ € {1,...,n—1}. Takne pemenns
OTHOCATCA K 0CO0BIM ciaydasM Kuacca P, (Yo, ..., Yn_1, Ao)-pemennii, rae —oo < Ag < +00,
KOTODGIH 66T BBesieH B pabotax B. M. EBTyxoBa, mocBsimeHHbIX quddepeHInaIbHBIM YPaB-
HeHuaM Tuna IMena-DPaysnepa n-ro nopszka. Janubie ocobble cirydan TpedyoT OTIeIbHOTO
WX PACCMOTPEHHUS B CBSI3U CO CHENUPUIECKUMU AITPUOPHBIMUA ACUMIITOTUIECKUME CBONCTBA-
MU TakuXx perrennii. MccaeqoBannme mocTaBiIeHHBIX 38189 OCYIIECTBIISIETCS IPH TPEIITOI0KE-
Hud, 910 JuddepeHInaJIbHOe yPaBHEHUE SIBJISETCH B HEKOTOPOM CMBICJIE ACUMIITOTHIECKHU
OIU3KUM K JIBYyUIeHHOMY audOEPEeHINATLHOMY YPABHEHUIO C MPABUJIBHO MEHSIFOIUMUCS
HEJIMHEAHOCTAMHA.

MSC: 34D05, 34C11.

Karoueswie caosa: mesunetinoe ouddepenyuarvrvie YpasHEHUs, NPABUALHO MEHAIOULUECH
Pynryuu, acumnmomura pewenut, P,(Yo,...,Yno_1,Ao)-pewerua.

DOI: 10.18524/2519-2062.2019.2(34).189938.

1. BBEIEHUE

Paccmarpusaercst mudbdepennuaibHoe ypaBHEHE

y" = fty, sy TY), (1)

rien > 2, f o, w[xAy, X Ay, x---x Ay, | — R — menpepsiBuas byHKIHS,
—00 < a < w < 400, Y pasuo ymbo Hymo, mmbo +oo, Ay, — HeKOTOpast
OJTHOCTOPOHHAS OKpecTHOCTh Y, 7 =0,1,...,n — 1.

Onpegnesienne 1. Pewenue y duddeperyuanvrozo ypasrenus (1) nazweaems-
ca Py(Yo, Y1, ..., Y1, No)-pewenuem, 2de —oo < A\g < +00, ecau oo onpede-
AeH0 Ha npomedcymee [to, w[C [a,w[ u ydosaemeopsaem caedyrowsum ycaosuam

yO0) €Ay mpu te el Bmy?) =Y (G=0n-T), @)

i ()
e oy ~ Y

Honyuena 17.09.2019 © Hpoxxuna A. B. 2019



8 Apootcorcuna A. B.

Cnyuan, xorma Ay = ";7:1 (1 = 1,n — 1) aBagoTcss 0COOBIMU TIPU U3y~

YEHUM TAKWX PEIIeHuil u TpedyloT OTIAeILHOrO UX paccMoTpenus. B cuiry pe-
syabraroB u3 [1] (Dnasa 3, §10) umeer mecro cieiyioliee yTBep:KjeHue o6
AITPUOPHBIX ACUMIITOTUYIECKUX CBONMCTBAX TAKUX PEIICHUIA.

Jlemma 1. Ecau y : [to,w]— R asasemca P, (Y(],Yl,...,Yn,l, ”;:1)—
peweruem npu Hekomopom i € {1,...,n — 1} duddepenyuarvrozo ypasnerua
(1), mo dasn amoeo pewenusn umerom mecmo npu t T w acumMnmMoOMuUUECKUE

COOMHOWEHUA

gy O™ o oy e 0 o [N
y* () ~ W?J( D) (k=T71-1)," y9(t)=o (W) , (4)
y0) ~ (-0 B 00 k=TT, o)

[ (8]

t AKWO w = 400
t) = ’ ’
(1) { t—w, akuwo w < +oo,

nNpuUHYemM 6 CAYHaeE, K02da 1 = n — 1, CoomHoweHue (5) UMEEM, MECTMO NPU do-
NOAHUMEANOHOM YCAOBUU CYWECTEOB8AHUA KOHEYHO20 UAU PABHO20 +oo npe(?EJLa
ENOROI0)

tTw y(n—l)(t)

Acumnrornyeckoe nosenenue P, (Yb, e Yo 1, ”;i;l)—pemeHHﬁ npu i €
{1,...,n—1} B paborax [2] u [3], [4] ucciemoBamOCh 115t HEABTOHOMHBIX JH-
depeHIaIbHBIX YPABHEHNN - TO TMOPsIIKa, KOTOPbIE COMEpPKAT B IIPABOl da-
CTH OJIHO WJIU HECKOJIBKO CJIAraeMbIX C IMPABUJIBHO MEHSFOIIMMUCS HeJINHEH-
Hocrsimu, u B pabore JL.U. Kycuk [5] qst ypasuenusi (1) obmiero Buma npu
n = 2, T.e. B caydae quddepeHnuaIbHOr0 ypaBHeHnsT BToporo mopsiaka. [pn
5TOM B [5] mpe/osaranocsk, uro ypasHenue (1) siBjsieTcss B HEKOTOPOM CMBbIC/Ie

ACHMIITOTUYIECKY OJTU3KUM K JuddepeHInaj bHOMY YPaBHEHUIO

y" = aop(t)eo(y)er(y'),
riae ap € {—1;1}, p: [a,w[—]0, +00[ — HenpepbiBHAsT GyHKIUSA, —00 < @ <
w < 400, p; + Ay, —]0,+00[ — HenpepbIBHAA W MPABIILHO MEHAIOMIAACH
upu y¥) — Y; dyuknus nopsiiika o, Y; pasno 6o mystio, smbo +00, Ay, —
HEKOTOpasl OJHOCTOPOHHsAsI OKpecTHOCTD Yj, j = 0, 1.

Teopust TpaBUJILHO MEHSIONUXCSA (PYHKIUH TOAPOOHO M3JI0KEHA B MOHO-
rpadusx E. Cenera [6] w N.H. Bingham, C.M. Goldie, J.L. Teugels [7]. Co-
IJIACHO TOW TEOPUU KaxKjasi MPaBUJIbHO MEHSIIOIAsCsS Ipu iy — Y (QyHKIUs

*Ilpu 4 = 1 3TU COOTHOIIEHUSI OTCYTCTBYIOT.
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¢ : Ay —]0,4+o00[ mopsimka o, rae Y pasHO mbo Hymo, 60 +00, Ay-
HEKOTOpasl OIHOCTOPOHHSISI OKPECTHOCTL Y, JOIyCKAeT IIPEACTABICHNAE BUIA

o(y) = [y|”L(y), (6)

B KoTOpoM L : Ay —]0, +00[~ Me/jIeHHO MeHsomasicst (PyHKIWs Ipu y — Y,
T.e. TaKasl, ITO
L(A
ylgn% L((yy)) =1 puasa Oyge-gaxkoro A > 0. (7)

yEAY

Cpenu CBOICTB MeJJIEHHO MeHSIoImuXcs pu y — Y Qyakmmit L : Ay —
10, +o0[, rme Y pasno smbo Hysto, 6o +00, Ay- HEKOTOpasi OIHOCTOPOHHSISI
OKPECTHOCTH Y, OTMETHUM CJIeIyIOIIHe.

M. Ilpenensroe coorHomenue (7) BBIIOJIHIETCS PABHOMEDHO 110 A\ HA JIfO-
6om orpeske [c, d] C]0, +oo;

M. L) _ g

oy In |y|

M. CymectByer HenmpepbiBHO nuddepentupyemast pyuknumst Lo : Ay —>
10, +00[, KoTOpasi HOCUT Ha3BaHWE HOPMAJIM30BAHHASI MEJJIEHHO MEHSIIOIIAsICSI
dyuKrIUMg TIPU Yy — Y, Takast, 9To

L L
lim LW lim Y20 _
L) 2 Lo(y)
My. Tlpu v #£ 0
[ vy
z z vy
/ = [1+0(1)] mpu y—Y (ye€Ay),
L(z L
J (2) vL(y)
rje
Y _
Yo, ecam | [ |Z|Z(Zl)dz = 400,
Yo
v=signy, B= Yo € Ay

|27l dz

Y
Y,, ecmn |f e | < 400
Yo

Bsenmem Takike 1151 MEIJIEHHO MEHSIOMUXCS (DYHKIINAN yeaoBue S(.

Omnpenenenne 2. Bydem 2060pumb, 4mo MEOAECHHO MEHAOUAACA NPU Y —> Y
Pynrkuus L : Ay —]0,+00[, 2de Y pasno aubo wyaro, aubo +oo, u Ay -
oonocmopornas oxkpecmmocms Y , ydoeaemeopaem ycaosuio Sy, ecal

I (V€[1+o(1)} 1n\y|> =Lyl +o(1)] npu y—Y (y€Ay),

2de v = signy.
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YenoBuio Sy 3aBEJIOMO YAOBJIETBOPAIOT (DYHKITUU, KOTOPbIE UMEIOT OTJINY-
HBII OT HyJIg KOHEUYHBIN TIpeiest npu ¢y — Y u pyHKIUU BUIA

|ln|y||%7 In72 ‘ln|y||¢ 71,72 cR.

[esbio HacTOsIIIEl pABOOTHI SIBJISIETCST PACIIPOCTPAHEHKE PE3YJIbTATOB U3 |5]

Ha CJIydvaii TPOU3BOJIBLHOIO N > 2, & UMEHHO YCTaHOBJIEHUE yCJIOBUM CYIIIECTBO-
n—i—1
n—i

Banus y muddepennuanbioro ypasuenus (1) P, (Y(),Yl, oY,

pelteHuii mpu ¢ € {1, R 1} U ACUMIITOTUYECKUX IPEACTABJICHUN JIJTA TAKAX
peleHnit U uX MPOU3BOTHBIX JI0 TOPSIAKA 1 — 1 BKIIOYUTEIbHO. /19 TaKuxX pe-
meHunii ¢ — 1-g Mpou3BoIHAS ABJISIETCS MEJJIEHHO MeHsIomeiics hyHKImel mpu
t1T w.

2. OCHOBHBIE PE3VJIbTATHI

Onpenenenue 3. bydem zosopumv, wmo ¢yrxuus f 6 dudeperyuarvbrom
ypasnenuy (1) ydosaemsopaem ycaosuro (RN )y, npu Ao = ";7:1 0AA HEKO-
mopoeo i € {1,...,n — 1}, ecau cywecmeyem wucao oy € {—1,1}, nenpepvis-
nas Pynkyus p : a,w[—]0,+00[ u HenpepusHbIE NPABUALHO MEHANOULUECA
npu zj — Y; (j = 0,n—1) dynwyuu @; : Ay, —]0,+00[ (j = 0,n—1)
nopadkos o; (j = 0,n — 1) maxue, wmo das 1106vx Henpepoviero Juddepenyu-
pyemuix Gynryud z; : [a,w[— Ay, (j = 0,n — 1), xomopvie ydosaemsopsrom

YCcao6uAM

mo(£) 2" (t
limz;(t) =Y;, lim M
w ttw  zj(t)

UMEET, MECTO ACUMNIMOMUYECKOE npec?cmaeneﬂue

n—1
ft,z0(t), z1(t), ...y zn—1(t)) = aop(t) H ©i(zi(t))[1+0(1)] npu t1Tw. (9)
=0

ITockospky B (9) Kazkaast u3 GYHKIUH ¢ SBISETCS MPABHILHO MEHSIO-
meiicst pyHKIHel Hopsiika o npu z; — Yj, To corsacHo (6)

i(zi) = |27 Lj(z) (G =0,n—1), (10)
rie kaxgas Lj @ Ay, —]0,+o00[ (j = 0,n — 1)~ menpepbiBHAst MeTEHHO
MeHsIomasica GyHKIMA Ipa 2 — Y.

[Ipu BbImONHEHHN 17151 HEKOTOpOTO 7 € {1,...,n — 1} ycnoBust (RN)n—i—1

n—i
Hapsiy ¢ (10) GymeM UCIIOIB30BaTH CJIEJLYIONIe 0003HAYEHMSI:
1, ecm Y;=+4o0, mbo
Y; =0 u Ay, — npaBag OKpecTHOCTb Hy/Id,
-1, ecm Y; = —oo0, smbo
Y;=0 u Ay, —eBag OKpeCTHOCTb HyJIs

(j=0,n—1),

v =
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n—1 n—1
’7:1720}7 ’YZ:l*ZUja
j=0 J=t

i—2 n—1
pi=n—i—1+Y oili—j—1)— > (1),
j=0 j=i+1
1 i—1 n—1
Ci = —TIG=i=007 I [G-917,
(n—a)! - 4
7=0 Jj=t+1
t
50 = [ sl H L (vylma) ) ds,
A’i ];ﬁz 1

t
0= [1HE) ds
Ay

IJle KaXK bl U3 IpejiesioB nHTerpupoBanus A;, A;; BBIOMpaeTcsi paBHBIM TOYKE
ap € [a,w][ (cupaBa or KoTopoOii, T.e. ipu t € [ag,w| moaUHTErpabHAS DYHK-
{15l HEIPEPBIBHA), €C/IM [IPU ITOM 3HAYEHUU IIPeJiejia MHTErPUPOBAHUST COOT-
BETCTBYIOIIUIT MHTErPaJI CTPEMUTCS K +00 npu ¢ T w, U PaBHBIM W €CJIU TIPU
TAKOM 3HAYEHUU IPeJIesia NHTErPUPOBAHUs OH CTPEMUTCS K HyJI0 1pu ¢ T w.

Teopema 1. IIyemv n > 2,4 € {1,...,n — 2}, pynxyus [ ydosaemsopsem
ycnosuto (RN)n—i—1, ewnoanaemes nepaserncmeo vy; # 0 u dynryuu L npu

scex j € {0,...,n—1}\{i—1} ydosaemsoparom ycaosuro Sy. Tozda das cywe-

cmeosanus y Jupdeperyuarvrozo ypasnenus (1) P, <Y0, e Yo g, ";’_‘f)—

peweﬂuﬁ H€06.’E0(9U./\/L0, a ecau anee6pau%ec1€oe OMMHOCUMENADBHO P YPABHEHUE

n—1 ) J—1i n—i
Z&H(m—p)+0¢=(i),n(m—0) (11)
j=i+1 TV S A

He umeem KopHet ¢ Hysesotll deticmeumenvroti ¥acmvio, mo u Jdocmamoyto,
Ymobvl CObM0OANUCH HEPABEHCTEA

vivi—1(i — j)m,(t) >0 npu scex j € {1,...,n—1}\ {i}, (12)

I/il/i_1"y’yi<]ii(t) > 0, I/Z'Oéo’}/i(—l)nfiilﬂ'giifl(t)Ji(t) >0 (13)

6 Henomopovj NEBOTU OKPECTMHOCTNU, W, A TMAKIHCE YCAOBUA

v lim|m, (O 7 =i mpuecer j€{l..np\{i},  (14)
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Vi1 ltle |Ju(t)|% =Yi1, (15)
R AORAG ()5 (1)
i = = Tm 1o

Boaee moeo, 0nA Kaoscdo20 maxozo PEWEHUA UMENOTI MECTO NPU t T w acummn-
momu4ecrue npe@cmaeneHuﬂ

S0 () = My(i—l)(ml +ol)] (j=1,...,i—1), (17

00 = (1t S T 6D 01 o(w)] (=i n ), (19
PO
Lo (D)

nputveM MaKuT peweruti 6 caywae w = +00 cyuecmeyem | + i-napamempu-
weckoe cemelticmso npu evnoaHenuy nepasencmea vivi1y < 0wl 44 — 1-
NAPAMEMPUNECKOE CEMETCTNEO NPU BLINOAHERUL Hepasencmea vivi—1y > 0, a
6 cayuae w < +00 cywecmeyem n — i — | + 1- napamempuyeckoe cemeticmeo
MAKUT PEWEHUT, NPU BLINOAHEHUY HEPABeHcmea Vivi—1y < 0 un — i —[- na-
PAMEMPUNECKOE CEMETCTNBO NPU BLINOAHEHUY Hepasencmea Vivi—17y > 0, 2de
I — wucao xopnet (¢ ywemom xpamnvix) ypasnernua (11) ¢ ompuyamenvhnod
deticmeumenvroti wacmovio.

Vi

= [7Cil [1+o(1)], (19)

g
—Jii(t
S i)

Bameuanne 1. Anzebpauveckoe ypasnernue (11) sasedomo e umeem xopret
n—1

¢ Hyaesotll deticmeumenvoti wacmoio, ecau . |oj| < 1.
j=i

HokazareabcrBo. Heobxodumocms. Ilycrs y : [to, w[— R— npoussosb-

noe P, (Yo, LY, ";’__Z )— permenne juddepennuaibHoro ypassenust (1).
Torna B cuity ycsouii (2) onpesesenus: 1 cymecrsyer t1 € [tg,w| Takoe, 4To
Ha [POMEXKYTKe [t1,w[ 9TO pellleHne U ero IPOU3BOJHBbIE JO MOpsijiKa 1 — 1
BKJIOUNTEIBHO COXPAHSIOT 3HAKH, npmdeM signyd) () = vi (j =0,n-1)
upu t € [t1,w[. Kpome Toro, B cuity jieMmbl 1 umeror Mecto npu t T w acumii-
roruaeckue coorromtenus (4), (5), U3 KOTOPBIX, B 9aCTHOCTH, BBITEKAET CIIPa-
BEJJIMBOCTH acUMITOTHYecKuX npejcrasienuii (17). Kpome toro, uz (4) u (5)

CJIEJIYET, 9TO
=i—j—1 (j=0,n-1), (20)
OTKyJ/la BbITEKaeT CIpaBelJInBOCTh HepaBeHcTB (12) u ycsoswuii (14). B cuty

(20) raxxe sicro, uro s dymkumit z;(t) = y9)(¢) (j = 0,n — 1) BoITOMHS-
1orcst yeaosust (8) u mosToMy corytacHo yeiaoBuio (RN )n—i—1 u3 (1) mosmydnwm
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ACUIMIITOTHYECKOEC COOTHOIIICHUEC

n—1

y™(t) = aop(®) [T s (y9®) L +0(1)] mpn ¢ 1w,

=0

wm ¢ yderoM npejcrasiennii (10) — coorHomenue Buia
y" () = aop(t H DO Ly () wpn tw.  (21)

Brech coryacHo ycaoBusM Teopembl dyuknun L; mpu Beex j € {0,1,...,n —
1}\ {i — 1} ynosrersopsitor ycnosuio Sp u B cuiy (20)

Iy (6] = i —j 1+ o] Infma()] (j=00=T) mpu t1w
ITostomy mst Beex j € {0,1,...,n—1}\ {i — 1}

Ly @) = L; (,,je[uom]lnm(tw*j*) —

=L; (vjlm(®)" ) [1+0(1)] mpun t1w.

C yuaerom (20) Takzke HAXOIUM, UTO

y™M) oy Y+ (p) =
y(=b(t) ()

1) =),
S e g4 0(1)] mpn £,
Ty (t)
Vcnonb3yst 9T acUMITOTHYIECKHE COOTHOIIEHNUS, & TAKXKe ACUMITOTHIECKIEe
coorHorenuii (4), (5) u BBeZieHHbIe 0603HAYECHUT (14, 7Y, Y; 11 Cy, u3 (21) mosryunm

COOTHOIIICHUE BU A

y™(t) =

y OO
Yy () Liea (y (1)

= ag(—1)"" (sign [my (1)]" 7 7) Cip(#) | (1) %

H (vilme O [L+0(1)] mpr 1w, (22)

:0

B cuity cBoiicrBa M3 MeJIeHHO MEHSIONUXCsT (DYHKITUH CYIIIECTBYET Helpe-
peiBHO JuddepeHimpyemMas HOPMAJIU30BAHHAS MEJJIEHHO MEHSIONASICS IPU
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y(i_l) — Y1 dyuxrus Loj—1 : Ay, , —]0, +00[, y1oBieTBopsiionias yCIoBr-
AM

L (4~ -1 7 (i-1)
L)y Y e ) g
W=y, Loi—1(yt=Y) WUy, Lo (yiY)
Wi-Deay, | Wi-Deay, |
C wucnosnp3oBanueM 3Tux yeaosuit, (2) n (20) naxoxum
X

. / . .
PRIGIk M@l O@r!
YOO Lo (6D (0)

(Iy("‘”(t)IW‘VLo@'—l(y(i‘l)(t))

yO@t) YD)
X <% + (v — %)y(iﬂ)(t) YD)

yO) YW 'y(i_l)(t)L{Jifl(y(i_l)(t)) _
yir(t) yi=() Loi—1(y=1(#)) -

I el (01 ]
[y =D ()= Lo;—1 (y =D (1))

[Tosromy (22) MoKeT GBITH 3AIIMCAHO B BUJIE

PRIOIR ’:
YD OP Loia (50D (1))

= viag(—1)""" 1y (sign [y, (6)]" 1) Cip(t) |7 () [ X

[vivi +o(1)] mpn 1 w.

n—1
X H L; (vj|mo(@®)"7 ) [L+0(1)] mpu ¢ 1 w.

J#i—1
NuaTerpupyst 3T0 COOTHOIIIEHUE HA TPOMEXKYTKE OT t1 JI0 t U yUUTBHIBas, YTO
JpoOb TIOf 3HAKOM TIPOU3BOJHON B CHIy ycjoBHUs ~y; # 0 cTpemMuTcst mbO K
HYJIFO, Jinbo K +00 1pu t T w, Moy Inm

ly ()]
lyC=D (@) Loi—1 (yi =1 (1))

= viap(—1)""" 1y (sign [, ()] CiJi(¢)[L + 0(1)] mpn ¢ T w.

Orcrofia, IpezKie BCEro, CIIEYeT, 9TO BBIIOJIHSIETCsI BTOPOe U3 HepaBeHCTs (13).
Kpowme Toro, orcioga u (22) BBuy sxBuBajentHoctu Gyt L1 u L1
mpu y(z_l) — Y;_1 caenyer, aTo

y @) T

)

y@O () vidi(t)

[1+4+0(1)] mpum ttTw,
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orkyza ¢ yaeroM (20) mpu j = ¢ BBITEKAET CIPABEJINBOCTH IEPBOTO U3 YCJIOBUIL
(16).
I/I3 HO.Hy“IeHHOFO COOTHOIIIEHNAd TaK2Ke mMeeM
y@(t)
. vy L .
[y @) 7 L (y=D ()

— U |C T 1+ 0(1)] mpn t1w. (24)

WHTerpupys Temepb 3TO COOTHOIIEHHE Ha IPOMEXKYTKe OT ti 110 t, ¢ yIeToM
ycioBusi yy; # 0 u umcrmosib3oBaHHEM CBOcTBa M3 MEIJIEHO MEHSIIOIUXCSI
byHKIIH, HAXOTUM, ITO

1) (¢)|7% Vi L
ly ) _ Vi1 ‘%Clhlz Ji()[1+0(1)] wmpu t1 w,

1
L) (wiD@) "

T.e. CIPaBEeJINBO ACUMITOTHUYECKOEe Hpejcrasienue (19) u mepBoe u3 Hepa-
Bercts (13). Kpome Toro, uz (24) u (19) ciemyer, aro

YO k()
y=h) i)
B cmy sroro coorHomenusi cobmonaercst yeaosue (15) u u3 (20) BbITEKaer

CIIPaBE/YINBOCTL BTOPOro n3 ycsosnuit (16), a Takyke aCHMITOTHIECKHUX IIPE-
crasienuit (18).

[14+0(1)] upun t1w. (25)

Hocrarounocts. Ilycrs cobmonatorest yemosust (12) — (16) u anrebpau-
1geckoe ypasHenue (11) me numeer KOpHeil ¢ HYIeBOI AEHCTBUTEIHHON IaCTDHIO.
[Tokaxkem, 9To B 9TOM caydae y nuddepennuanbHoro ypasrenus (1) cyre-
CTBYIOT PeIleHusI, JOIMYCKAOIe Ipu ¢ T w aCUMITOTHIECKNE MPE/ICTaBICHUS
(17) - (19) u BBIsICHUM BOIPOC 06 NX KOJINIECTBE.

CuadaJjia paccCMOTPHUM COOTHOIIIEHUE

|Y|7 Vi

— = |%C;

3 ;

rie Lo; : Ay, —]0, +00[ - HenpepsiBHO JuddepeHnupyemast MeJICHHO MeHsi-
fomaecst upu Y — Y;_1 dyHKIMuU, yuosiaersopsonme yeaosusam (23), cyie-
CTBYIOIAsI B CHJIy CBOHCTBa M3 MEJJIEHHO MEHSIIOTINXCsT (OYHKITHIA.

Bribpas npousBosibHBIM 00pa3oM Uucjo d € }0, ‘%‘ [, MIOKAYKEM, UTO IIPHU
HEKOTOPOM tg €|a,w[ coorHomenue (25) OJHO3ZHAYHO OINpeJIEeIIsieT, 3a/JIaHHYI0
Ha MHOXKecTBe [to,w[xXR 1, Te R 1= {v eER: |y < %}, HenpepbIBHO Judde-
peHIppyemyIo HesiBHyIO dyukimio Y = Y (t,v,) Buga

Y (t,00) = vt |Ja(t)] 7 00 (27)
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e GYHKIUS zZ TaKOBa, 9TO

|z(t,v,)| < d upu (t,vy) € [to,w[xR

1
2
lim z(¢,v,) =0 paBHOMEpPHO IO v, € R1.
tTw 2
[Monarast B (26)
Vi,
Y = Vi1 ’Ju(t)‘ v y (28)

HaXO/JUM IIOCJIC 3JIEMEHTAapPHBIX Hp606paBOBaHI/IIU/I7 q9TO

2= alt) + bt va) + (1, 2), (29)
rie

- In| 2]+ Lin|ycil -

aty = 2. e B R
0% In|J;(t)| v In|Ji(2)]
i z
Z( ) 1 In L0i71 (Vifl |Jm(t)| K * )
t,2) = —-
¥ In | J5(1)]

Baech B cuty yceosus (15) u coiictBa Mo MeJIEHHO MEHSIIONIUXCsT (DYHKIUIL
%
Vi1 liTm |J;i(t)] 7 ¥ =Y;_1 pasrOMepHO O 2 € [—d, d],
tTw
lima(t) =0, limb(t,v,) =0 pasHOMepHO IO v, € Ri,
2

tTw ttw

ltle Z(t,z) =0 paBHOMepHO 110 z € [—d,d].
w

Tak Kak

Yy, Vi,
0Z(t,z) 1 vieilu(t)] T Ly (V¢f1|Jn’(t)\ Tl )

0z Y Loi—1 (Vz‘—l\Jii(m%ﬁ)

I

To BBUY (15) u Broporo us ycsosuii (23) umeem

[ 9Z(t2)

lim == = 0 pasHOMepHO O 2 € [—d, d].

CorylacHO 9TUM YCJIOBHSIM CYIIECTBYeT 4ucio t1 € [a,w[ Takoe, 4To
s
via|lJu@®)| 7 TP e Ay, mpu  (t,2) € [t1,w[x[—d,d],

a(t) 4 bt 1, v) + Z(6,2)| < d pn (£,00,2) € [11,w[xRy x [~d,d
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u
1
|Z(t,z1) — Z(t, z2)| < 5]21 — 2o upnt € [t1,w| u 21,22 € [—d,d].
Tlomo6pas TakuM obpasom umcyo ti, obosHaunMm uepe3 B GaHaxoBo mpo-
CTPAHCTBO HENPEPBIBHBIX M OTPAHMYEHHBIX Ha MHOXKecTBe ) = [t1,w[xR1
2

dyukumii z :  — R ¢ Hopmoii
[zl = sup {[z(t, vn)| : (¢, 0n) € 2}

Boigennm u3 Hero mommpoctpanctBo B Tex dynkunumit 3 B, mis KoTopbIx
|z|l < d, u paccmorpum Ha By, BEIGpaB npeBapUTEIHLHO IPOU3BOILHBIM 00-
pasom uuciio v € (0, 1), oneparop

D(2)(t,vn) = 2(t,vn) — v [2(t,vn) — al(t) — b(t,vn) — Z(t, 2(t,v,)] . (30)

B cuty ykazauHbIX BbIIe cBoiicTB byHKnuii a, b u Z sicuo, uro ®(Bg) C By
u || ®(z1) — P(22)| < (1= %) ||z1 — 22| mnst m06bIx 21, 22 € By.

BnaunTt, oneparop P orobparkaer npocrpancrso Bg B cebst u sBjsiercs Ha
HEM oIepaTopoM cxKaTusi. Torga coriacHO HPUHIIUAIY CXKATBIX OTODPaKeHUit
cyllecTByer eIuHCTBeHHast pyHKIws z € By rmakas, uro z = ®(z). B cuy
(30) sTa HempepbiBHas Ha MHOXKeCTBe ) (DYHKIMS SBJISIETCS €IMHCTBEHHBIM
pemenueM ypasrenus (29), ynosiersopsionmm yeiosuio ||z|| < d. 3 (29) ¢
YUIETOM 3TOTO YCJOBUS U CBOHCTB DYHKIWE a, b, Z cieayer, 9TO JaHHOE pe-
IIeHue CTPEeMUTCs K HyJo npu ¢ T w paBHOMEPHO 110 v, € R 1 Henpepoisras

s depeHIpyeMocTh 9TOro pelienns: Ha MHOXKeCTBe [to, w[xR1, rie to- Heko-
2

TOpOE YHCJIO U3 MPOMEXKYTKA [¢1, w[ HEMOCPEJICTBEHHO BBITEKAET U3 M3BECTHOM
JIOKaJIbHOHM TeopeMBbl O CYIIECTBOBAHUHU HESIBHON (DYHKITUHU, OIPEIEIIsIEMON CO-
orHomenueM (29). B cuny 3amensr (28) mosrydenHoit GyHKIUN 2 COOTBETCTBYET
HerpepbiBHO nuddepenimpyemMast Ha MHOXKeCTBe [tg, w[X R 1 dyuxius Y Buia

(27), KoTOpast siBjIsieTcst perieHneM ypasHenusi (26) 1 yI0BJIeTBOPsieT YCIOBHIM

Y(t,v,) € Ay, , upu (t,v,) € [to,w[XR%, (31)
ltle Y (t,v,) =Y;—1 pasHomepHo o v, € Ri, (32)
w 2
BY (t,0n)
() ot
lim ————%*— =1 eR:. 33
tlTrg Vi ()Y (L, vn) PABHOMEDHO 110 Uy, ! (33)

Tenepnb, npumensist Kk auddepennuaibaoMy ypasaenuio (1) npeobpasosa-
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Hue

S (g) — w V(@)1 + v;(7)]
j=1,...,i—1,

(34)

(J —9)! ) i d3i(t) y(i—l)

@ Ada ¥ DL

s (0) = (-1

y (1) = Y (tva(7))
u yunreBas, aro byuxims y D (t) = Y (t,v,(7)) upu t € [to,w[ 1 v, (T) € R2
VZOBJIETBOPSICT yPABHEHHIO
D@
Loi—1(y=1(t))

HOJIYYMM C HCHOJIb30BaHUEM 3HAKOBBIX yciosmii (12), (13) cucremy mudde-
PEHITMAJIbHBIX YPaBHEHUIN BUIA

Vi

= |G| (14 vn(7)],

~
—Jii(t
i ()

,

o) = b [ = Dl —v) = Za(n) 1+ )1+ )]

v = wk [ oo - B+ )1+ )]

v = gy |G =D +) = G+ 1= )1 +v0) -

= Lho()(1+vy) + L (r) (L4 v7) (3 = % = 7000)|

—1)" Iy J (D) [rw ()]G (vt Un .
o1 = @ [( . (nzi—g)![%J{(:()g)Y(t,v(i) Lestn) 4 (n— = 1)(1+ vp1)—
= 5-h2 (1) (1 + vn1) + SR (T) (1 + va1) (Y — 7 — %’Ui)} ,
| = 2 [ o) (U 00) = (L 0) = LH (7, 00) (L ) (14 03)]
B KOTOPO#
_ m(t) T (2) 7w (1) Ji(t)
hl(T) - Jz(t) ) hz( ) Jl(t) )
Y (t, o) Lh (Y (¢, 0

H(r(t),v,) = (t,vn)Lo;_1 (Y (¢, 0n)) G(r(t), vt ) =

Loi—1(Y(t,vy)) ’
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= f(t,z0(t,v1, ..y 0n)s ..oy 2n(tv1, . 0n)),  2zi(tvr,...,0n) =
j

7Tu.) I t . e
(i—j— 1()1)Y(t77)n)(1 + ’Uj+1) apu  j) = OJ — 27
= Y(t vn) HpI/I j = Z — 17

(1p= G Sy (4 ) (1 0y) mpn =TT

Baech B cuity yenosuit (16), (31), (32) u Broporo us ycsosuii (23)

1
lim by (t) = lim hy(t) = ——
lim 1(t) =0, lim 2(t) ” (35)
u
lim H(t,v,) =0 paBHOMEpPHO 0 vy, € ]R1 (36)

ttw

Kpowme toro, cornacuo ycosusim (31)—(33), (14)—(16)

7Tw< )82j (t,v1,...,0n)

1 tvg, ...,V Y;, li ot =i—j—1(j=0,n—1) (37
lim 2t v1,...., vn) = 5, lim PRSI R (4 =0,n—1) (37)
paBHOMEPHO 10 (v1,...,V,) € RT, r1e
2
n 1. T
RT = (vl,...,vn)ER:|vj|§§(j:1,n) .
2

[Tosromy BBU LY BbIOIHEHUST YCsI0BUsE (RN ) n—i—1 UMEET MECTO IPEJICTABJICHUE

n—i

G(t,v1,...,vn) = agp(t H(p] zi(t,vr, .. o) [T+t vi, ..o o)),

rae dyukiwms 71 : [to, w[ xR} — R HenpepsIBHA 1 TaKOBa, 4TO
2

hTmrl(t ,U1,...,0y) =0 pasaomepno 10  (vi,...,v,) € R,

w 2

Orciona ¢ yuerom npejcrasiennit (10) n Buna dbynknumit z; (j = 0,n—1)
HAXOMM

PAGIE
B )7

Cey ) = i(n —1)!p(t pkrn
G(t,v1,...,vn) = agCi(n — 0)p(t)|my(t)] S iit)

n—1 n—1

1—2
< T+ veal TT 1L+ 01 TT Li (25t 01, vm)) (L4 1t o, - o).

i=0 j=i i=0
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Tak xak B cuity yciaosuii (37)

lim In|z;(t,v1,...,v,)]

te  In|mo(t)] . (j=0mn—1)

PAaBHOMEPHO 10 (U1, ...,vV,) € RT u dynkruu L; (j =0,n—1) npu j #1i—1
2
YZOBJIETBOPSIOT YCJIOBUIO S), TO cooTHomenue Jjisi G MOXKeT ObITh 3aIlUCaHO B

BUIE

aoCi(n — i)!p(t)|me ()"

G(t, UVly--- ,’Un) = ; P ‘Y(t, ’Un)’l_’yLl‘_l(Y(t,’Un))X
o (£) =1 | 2 |
w vJii (1)
i—2 n—1 n—1 A
< [T+ vl [T +vi17 T Li (wilma®) 77 [L+ ra(t o, o0,
j=0 j=i J=0
Jj#i—1

rae dyukims 7o : [to, w[ xR} — R HenpepsIBHA U TaKOBa, 4TO
2

liTm'r’g(t,vl, ...,0p) =0 pasHOMepHO 10 (v1,...,vy,) € RY,
ttw 2

OTKYJIa C y9eTOM Bujia DYHKIUH J; UMeeM

oaoCi(n — Z)'J{(t)

G(t,v1,...,00) = o |Vt 0n) | Lic (Y (E, 00)) X
(1) =it | L
w vJii(t)
i—2 n—1
) T+ vl T 10+ 0% [0+ ra(t, 01, - o).
j=0 j=i

Haxkower, yunreiBasi, uro Y (t,v,) sBisiercs peinenueM ypasHenus (26) u co-
6uioatorest yesosust (23), (31), (32), a Takxke Bug dynkuuit J; u Jy;, HaxXoaum

agvi—1(n — )L @)Y (¢, vp)

G(t,v1,- 0y vn) = ) Vi |yl () [ViL
Pillma @l |2 ga@| | 2G| (1 va)
i—2 n—1
< T+ vjal T 1L+ 09 [0+ rs(t0n, 0] =
j=0 j=i
o1 (n — )VT[(6) T ()Y (t, vy) y
Al PAGIIFALS]
i—2 n—1
[T 11+ vjpa| TT [1+ 057
XJZO = [1+r3(t,v1,...,vn],

1+wv,
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rie dbyskmus 13 ¢ [to, w[ xR — R HenpepbiBHa 1 TakoBa, UTO
2

liTmrg(t,vl, ...,vp) =0 paBHomepHo mo (v1,...,v,) € RY.
ttw 2

Torga ¢ ucrosnb3oBanneM HepaseHCTB (13) mveem

(=D)L J (8) [ ()]Gt v1, - .y )
(=i~ VGOV (6, )

i—2 n—1
14 vj41]|% 1+ v;|%
n — i m,(t)J!(t) jl;[(]’ 1l jl;[i | i
— - J(t) o [1—|—7‘3(t,1}1,...,’un)].
(2 (2 n

B cuiy sToro npejcrasiennst, a rakxe ycsosuii (35), (36), nosyuenHast Bbliie
cucreMa udHepeHIAIbHBIX YPABHEHHI MMeeT CJIe/yIOuii BIL

Vi = o it vn, o) + (0= ) (vj1 = )],

j=1,...,1—2,
Vi1 = o fimr (o1, o) — v,
Vi(t) = o it vn e vn) + (G — i+ 1) (v = vj41)]
J=14y...,m — 2,
1 ] i—1 n—2
s = 2y [Fra o) = 0= ) (£ oncio+ S oun)
k=1 k=i

+(n—10)(1 = op—1)vn—1+ (n — vy + Vi1 (v1, ..., vn)],

v = lel(t) [fn(t7v17 e ,Un) —V; + Vn(vly SRR Un)] )

(38)

riae dyuknun f; (i = 1,n) HenpepsIBHBI Ha MHOXKeCTBE [to, w[XR"? 1 TakoBHI,
2

4TO
lim fi(r,v) =0 (i=1,n) pasHOMepHO Mo ¥ € RY,
T—+00 3
i—2 —1
[T 11+ wvgga | TT |1+ vg|7"
Vo—1(vi,...,0n) = —(n — 1) k=0 1+UZ:1 —
i—1 n—1
-1 - Zak_lvk — Zakvk +on|, Valvi,...,vn) = vjv,.
k=1 k=i
311ech
oVi(uvy,...,
V;(0,...,0) =0 lim MzO (k=1,n) upm j=n—1,n
[v1 |4+ |vn|—0 oy,
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t

d

/ T =In|m,(7)|| — *oo upn t7Tw,
T (T)

to to

‘ t
J(1)dr
Ji(r) dr =In|Ju(7)|| — +oo upm t1 w.
Jii(T)
to to
[Tosromy nannasi cucrema auddepeHInalbHbIX YPaBHEHNIT IPUHAJIEKUT K
KJIaCCy CHCTEM, KOTODbIe HccyeoBanchk B padbore [8]. IIpu srom Takke 3ame-
TUM, 9TO

. 1, ecm w=4o0,
sign ., (1) = -1, ecmm w < 400

u B cuny ycaosuii (13), (16)

!/
sign j:zg; = sign J;;(t) = vv;—1sign (vy;),
(=2%2) (OI0) | mlt) 40
4 (1 . Tw : Tw !
1. —_— = l 1 2 (1 — 0
P T) i [ LY A O R Ty
Jii(t)
Obozuaunm 1uepe3 P,_1 marpuily Ko3(pGUIMEeHTOB IpH V1, . . . , Up_1, CTOSI-

IUX B KBaJPATHBIX CKOOKAX MEPBLIX 1 — 1 ypaBHEHMIT CUCTEMBI, & depe3 Pp—
MaTpuily Ko3(hOUIUEHTOB, CTOSIINX B KBAIPATHBIX CKOOKAX BCEX YpPABHEHUI
CUCTEMBI.

Herpymao nposeputsb, 4To

det Py = (=116 — D(n — i)y, det P, = (=1)"( — 1)!(n —i)!

i—1
det[P,_1 — pEy_1] = (-1)" " ] (k + p)x
k=1

n—i n—1 ) J—1
< [T m—p)—(n—in Y (.iji),H(m—p)—(n—i)!m ,
m=1 J=i+1 J " m=1

rie E,_1— equnnanas marpurna pasmepuoctu (n — 1) x (n — 1).

V3 Buga XapaKTepPUCTUYECKOI0 MHOIOYJICHa MATpPUIbl P, 1 $ICHO, 94TO OH
umeer i—1 kopueil Buga p, = —k (k= 1,7 — 1), a ocraubHble ero n—i KopHeii
SIBJISIIOTCsI KOPHsIMU aJsirefpamdeckoro ypasuenus (11), koTopoe B cuity yciio-

BHUil TeOpeMBbI HEe MMeeT KOpHell ¢ HyJeBOl neficTBuTebHON YacTbio. [TosTomy
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Mmarpuna P,_1 He mMeeT cOOCTBEHHBIX 3HAYEHUH € HYJIE€BOU JIeHCTBUTEILHOMN
YaCThIO.

Tem caMbIM HOKa3aHO, YTO ISl cucTeMbl nuddepeHIualbHBIX YPaBHEHUI
(38) BbImostHEHBI BCe yesoBus TeopeMbl 2.6 3 pabors! [8]. CorsacHo 3Toit Teo-
peme y cucremst (38) cymectsyer xots 651 osto pemenne (v;)7_; ¢ [t w[—
R™ (t1 € [to,w[), crpemsieecs: K mHyso npu ¢ T w. Bosee Toro, eciu [- qucio
KOpHeil (¢ yuerom KparTHbIX) ypaBHenus (11) ¢ orpunaresbHOil qeiicTrBuTe b
HOIl YaCTBIO, TO COIJIACHO ITOIl Ke TeopeMe B Claydae w = —+00 y JIAHHO
CUCTEMBI CYIIeCTBYeT | + i- mapaMeTpPUIecKoe CeMeHCTBO TAKUX PEIIeHU mpu
BBIIIOJIHEHUH HepaBeHCTBa V;v;—17Y < 0 u [ +1— 1- mapameTpuieckoe ceMeficTBO
IIPU BBINIOJTHEHUN HepaBeHCTBa V;v;—17y > 0, a B caydae w < +00- CyIIeCTBYET
n — i — [+ l-napaMeTrpuyecKkoe CeMefiCTBO B CJlydae BBIIIOJHEHNS HEPABEHCTBA
vivi—1y < 0 u n — i — [- mapameTpudeckoe B ciaydae, Korja v;v;—17y > 0.

Kazxkomy takomy perreHnio cucreMbl (38) COOTBETCTBYET B CUILy 3aMeH
(34) u nepBoro u3 ycuosuii (23) permenne y : [t1,w[— R (t; € [a,w[) ypas-
nenns (1), momyckaromee npu ¢ T w acuMOToTnYeckue npejacrasiennst (17) -
(19). Ucnonbayst a1 upejacrasienus u yciaosus (12) - (17) werpyHo yoeursb-

Ccsi B TOM, 9TO OHO dBjsieTcs P, (Yo, R ";:1>— pemrenueMm. Teopema
ITOJIHOCTDBIO JIOKA3aHa.

ITony4yennoe B TeopeMe aCHMIITOTHIECKOE IIPEJICTaBIEHNE i ¢ — 1-i mpo-

n3poanoit P, <YO, e, Y1, n;i_il)—peﬂleHI/IH 3allCaHo B HesIBHOM Buje. B
cJIeIyIONell TeopeMe IIPUBEIEHBI JIOIOJTHUTEIbHBIE YCIOBHS, DU BBITIOJTHEHIN
KOTOPBIX aCUMIITOTHYECKNE TIPEeACTaBICHUS s TF0O0T0 TAKOTO PEIeHNs U er0
ITPOMU3BOHLIX JI0 TOPSIIKA 1 — 1 BKJIIOYUTEIHHO 3AIMMCHIBAIOTCS B IBHOM BHJIE.

Teopema 2. ITycmv 6oNOAHAIOMCA YCA06UA MEOPEMBL 1 U, KpoMme M0o20, PyrK-
yus L;_1 ydosaemsopsem ycaosuro Sg.

Tozda Oasn xasicdoeo P, (YO, e Yo 1, ";Sl)-peweHUﬂ dugpdepenyuans-

nozo ypasuenus (1) (6 caywae ux cywecmeosanus) umerom mecmo npu t T w
napady ¢ acumnmomuueckumu npedcmasaenuamu (17), (18) caedyrowee npeo-
cmasaenue

i

, 1 L %
y @) = v il | T0)| B (vl a7 ) LoD (39)

(2

Hoxka3zaresascrBo. Ilycrs y @ [to,w[— Ay,— P, (Yo, LY, ”;:1)—
pererne nuddepeniuansaoro ypasuenus (1). Torma coracHo HEOOXOIUMO-
cru TeopeMbl 1 BuinosHsoTCes yeaosust (12)—(16), (25) u jyist JaHHOTO pernenust
umerorT MecTo 1pu ¢t T w acumnrorudeckue npezcrasienust (17)—(19). B cuiy

ycioBust (25)

In |y V(t)| = [1 + 0(1)] In ’Jzz(t)’% mpu ¢ T w.
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[Tosromy, yaursiBast, 910 byHKIMs L;_1 YAOBIETBOPSIET YCJIOBHIO Sg, MOy IUM
Lisa(y" (1) = Lia (Vifle[H_O(l)} lnl‘]“(t)|> =

Ny
=Ly (yi_luu-(t)y 3 ) 1+0(1)] mpn t1w.
[TpunuMasi BO BHUMaHUE 3TO IpejicraBienue, 3amuieM (19) B Buje

Vi

@) =[Gl

v
—Jii(t
Vi )

Lis (yi_luﬁ(t)ﬁ) [1+0(1)] mpr ttw,

orkyza ciegayer (39). Teopema jokazaHa.

Teopewmbl 1 u 2 He oXBaTBIBAIOT ciy4ail, Korja ¢ = n—1. B arom ciaydae npu
HEKOTOPOM JOMOJTHUTEILHOM OIPDAHUYEHUH aHAJOTHYIHO JAHHBIM JIBYM TeOpe-
MaM MOTYT JIOKa3aHbI CJIEYIOIINE JIBE TEOPEMBL.

Teopema 3. ITycmv n > 2, gynryusa f ydossemeopsem ycaosuro (RN )g, 6vi-
nOANAEMCA HEPABEHCME0 YYn—1 7% 0 u dynryuu Lj npu ecex j € {0,...,n —
1}\ {n — 2} ydosaemsoparom ycaosuro Sy. Tozda dasn cywecmsosanua y dugh-
pepernyuarvrozo ypasnenus (1) P, (Yo, ..., Yn—1,0)- pewenutd, dra xomopuix

. (n)
cywecmsyem KoneuHud uau pasHul £0o npedea lim %1)(13()”, HE00L00UMO
tTw

u docmamoumo, 4mobvl, cob.a100a./UCH HEPAGEHCTNEA
vivi—i(n —j — 1)m,(t) >0 npu scex j € {1,...,n— 2},

Vn-1Vn—2YY¥n—1Jn—1n-1(t) > 0, v 100Vn-1Jn-1(t) >0

6 HEKOMOPOli AeB0T OKPECTIHOCTU W, G MAKIHCE YCAOBUL.
Vi1 ltle ()" =Y npusecer je{l,...,n}\{n—1},
w

In—1

VUn—2 ltlTIJJl ’Jnflnfl(t”T = I'n—2,
Hw Jn_1 (t) e ttw Jn—1n—-1 (t) '

Boaee mozo, daa kaoscdoeo maxozo pewernus umerom mecmo nput T w acumn-
momuyeckue npedcmasieHus

[ ()]

W0 = Ty PO )] (= 1en=2), (40

i = e e o) (41)
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Tn—1

v 1+ o),

Ln—(y"=2)(t))
npuvemM Maxur pewenutl 6 cayyae w = 00 cyulecmsyem n- napamempu-
yeckoe cemeticmeo NPu 6bINOAHEHUU HEPABEHCMEA Vp_1Vn_2y < 0 un — 1-
NAPAMEMPUYECKOE CEMETCTNEO NPU BHINOAHEHUL HEPABEHCMEA Vip—_1Vp—27Y > 0,
a 6 cayvae w < +00 - cyuecmasyem 00HONAPAMEMPUYECKOE CEMETCTNGO MAKUL
PEUWEHUT NPU BBINONHEHUU HEPABEHCMEA Vy_1Vp—_27Y < 0.

LJn—ln—l (t)

n—1

= "Yn—lcn—1|

Teopema 4. [Iycmv 6bINOAMAIOMCA YCAOGUA MeEopemb, 3 U, KpPOME Mo-
20, pynrxyus Ln_o ydossemeopaem ycaosuro Sy. Toeda daa xasicdozo
P, (Yo,...,Yn_1,0)- pewenus dugpdepenyuanvrozo ypasnenus (1) (6 cayuae
UT CYWECMBOBAHUA) UMEIOM MeCTnO Npu t T w Hapady ¢ ACUMNMOMUYECKUMU
npedcmasaerusmu (40), (41) caedyrowee npedcmasaenue

(n=2) 4y — C .
Yy (t) = Vn72|7n71 n71|7 X

In—1

1

! Ly (vaalducina (O] ) [1+0(1)]

Tn—1

X

Jnflnf 1 (t)

3. ITPUMEP OJHOI'O KJIACCA ANPPEPEHIINAJIBHBIX YPABHEHUN

B kadecTBe npumepa, WILIIOCTPUPYIOIIETO MOJIYYEHHBIE PE3YJIbTAThI, PAC-
cmoTpuM auddepeHnuaibHOe YPaBHEHHE

M~

n—1 .
() HO orj ()

n 1 j=

y" = Jn_l , (42)
aepr(t) TT wrs (y19))

1 =0

b
Il

NE

k

—

B KotopoMm oy, € {—1,1}, px : [a,w[—]0,400] (w < +00) - HEnpepbiBHAsI
bynkums, ¢; @ Ay, —]0,+00[ - HenpepbiBHAs U TPABUILHO MEHSIOMAICS
upu 1y} — Y; dbyuknus nopsiika oy, Y; pasHo 6o mysio, mbo +00, Ay,

HEKOTOpasl OJIHOCTOPOHHAA OKpectHocTh Yj, k=1,...,m,j=0,1,...,n— 1.
Honycrum, aro npu i € {1,...,n — 1} ms vHekoropbix s € {1,...,l} n
re{l+1,...,m} semonusiorcs npu k € {1,...,1} \ {s} nepasencrsa
-1
. In py(t) — Inps(?) S L
lim sup <p (0sj —okj)(i—7—1) (43)
P N P DL

j#i—1

uupu k € {{+1,...,m} \ {r} nepasencrsa

In pg(t) — Inp,(t) =

; r § o)t —5—1 44

hntliup Bln |7 (0)] <p 4 (Ur] Ulcg)(l J )s (44)
T ;—0
GAi—1
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rJe
3= 1, ecm w =400,
-1, ecomm w < 4o0.

HOKa)KeM, YTO IIPU BBIIIOJIHEHUU ITUX yC.HOBI/HU/I IIpaBasd 9aCTb ypaBHEHUA
(42) ynosaerBopsteT ycioBui0 RN n—i—1.

ycts z; : [to,w[— Ay, (j =0,1,...,n—1) — IPOU3BOIbHbIE HETTPEPBIBHO
b depenipyemble GyHKIUM, yI0BIeTBOpsitolue yeaosusaM (8). B cuiy sTux
YCJIOBUA

Injz;(t)| =i —j—1+01)]In|m,(t)] (j=0n—-1) mpn t7Tw.

YuurbiBas 3TU aCUMIITOTHYECKHIE COOTHOIIIECHU A, & TaK>Ke IIpeJCTaBJICHUA

ori (V) = Y97 Ly (yD) (k=T j = 0,n = 1),

rae Ly; (y9)) Ay, —]0, +00[- HenpepbiBHAs MeJIJIEHHO MEeHsToIasicst (pyHK-
must ipnr y) — Y, u cpoiictBo My Mesytenno mensiontuxcst bynkimii (13
BBesiennst), oyaem upu k € {1,...,1} \ {s} umers

n—1

pe(t) TT wri(zi(t))
In i:? = Inpg(t) — Inps(t) +
ps(t) IT #s5(2i(1))
7=0
+ > (Inpg;(zi(1) — Inps;(25(t)) = Inpg(t) — Inps(t) +
j:
n—1
+ Z ((okj — 0s5) In|2j(8)] + In Ly (25(1)) — Lsj(25(1))) = Inpe(t) —
j=0

n—1 ‘ , .
~Inpy(t) + 3 In|z(0) <%. o I La((0) oL m)) )
=0

In'|z;(t)] I |z;(#)]
n—1
=Inpg(t) — Inps(t) + In |m,(¢)] Z(O’kj —o0s)(i—j—1)4+0(1) | =
=0
B In pr(t) — Inps(¢) i, N
= a0} | PR 5 3 0k )i == 1) o)
j#i—1

upu t 1 w. Orcro/ia B cuily BbIOJIHEHUs ycaoBust (43) ciejyer, 4To BbIpasKeHue,
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CTOdIIEe CJIEBA, CTPEMUTCH K —00 TP ¢ T W U MO3TOMY

(0 TT ons(25(0)
ltlTruI;I j;l =0 mpuscex ke {l,...,[}\ {s}
ps(t) l;[o psj(2;(t))

Amnajornuno, ¢ ucnosnb3oBanneM yciosnst (44) ycraHaBimBaeM, ITO

o) T1 5 (25 (0)
lim =0
tTw n—1
pr(t) T1 @rjl(25(t))
J

=0 mpuscex ke {l+1,...,m}\{r}.

B cuty 3Tux mpemaesbHbIX COOTHOITEHMIM

kil agpr(t) nl:[; Phkj (zj (t)) asps(t) n_; Spsj(zj (1))
- o= - — 1+o(1)] npn t1w,
> owpk(t) T1 ek (2(1)  cwpr(t) [T orj(25(2))

kT4 1 j=0 =0

T.€. UMeeT MEeCTO aCHUMIITOTHYIECKOE€ COOTHOIIIECHNE (9), B KOTOPOM

oo _ oty = ez @) _—
g = OsQy, p(t) 90]( ](t)) (Prj(zj(t) (J 0,1,..., 1)7

IpHYEM 3JIeCh (j — HENPEPBIBHAS HPABUILHO MEHSIONIAsCs IpH 2; — Y
bYHKIMS HOPSIIKA 0 = Ogj — Opj U €€ MeJJIEHHO MEHSIOIIASICS COCTaBIISIO-
mas L; paBHA OTHOIIEHUIO MEJIJICHHO MEHSIOIIIXCS COCTABIISIONUX Lgj U Ly ;
bynKIit Ogj W Ppj.

CiieioBaresibHO, MpaBasi 9acTh ypaBHeHus: (42) yIOBJIETBODSIET YCJIOBHIO
(RN)n-i-1. Ilostomy B cirydae, korga npu HekoTopbix s € {1,...,1}, r €

n—

{l+1, ..., m} Bemonnsorcs yeaosust (43), (44) K ypaBHenuio (42) npuMeHnMbI
TeopeMbl 14 ¢ 3aMeHOM B YCJIOBUSIX U yTBEPXKIEHUSIX STUX TEOPEM [IOCTOSTHHBIX
ag, 05 (j = 0,1,...,n — 1) u byskuuit p, ¢;, L; (j = 0,1,...,n — 1) na
yKa3aHHbIe BbIIIIE IOCTOSIHHBIE U (DYHKIIH.

4. 3AKJIIOYEHUE

B HaCTOHH.[efI CTaTbe BII€EpBbI€ YCTaHOBJIEHBI YCJIOBHsA CYIIECTBOBaHUA U

aCUMIITOTUYECKUE IIpejcrasiaeHus P, (Yo, e, Yo o1, ”;ﬂ;1>—pemeHI/Iﬁ hiitci

muddepenipanbaoro ypasaennst suja (1) npu i = 1,n — 1. D1u pesyabrars
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CYIIECTBEHHO JIOIOJIHSIOT Pe3y/IbTaThl, IIOJIyUeHHble paHee B paborax [3| n
[4]. B uacrnocru, pesyiabrarel u3 3| u [4] He OXBATLIBAIOT ypaBHEHUS BU-
na (42), KOTOpble PACCMOTPEHBI 3/IeCh B KadeCTBe IIPUMepA, JOILYCKAIOIIEro
IIpuMeHeHue TeopeM 1-4.
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Jlpootcorcuna A. B.
ACUMIOTOTUKA AESKUX TUIMIB OJJHOTO KJIACY PO3B’SI3KIB HEJTHIMHUX JUOEPEHIIAJIb-
HUX PIBHSIHb BUIIMX MOPSIJIKIB

Pesrome

s gudepentianproro pisusaas y™ = f(t,y,...,y"Y), me f : [a,w[xAy, x Ay, x

- X Ay, _, — R — menepepsua dyukiisa, —oo < a < w < 400, Y; gopisuioe abo Hy-
J10, abo +oo, Ay, — nedxuit onHocTOpOoHHIN oKin Y, ¢ = 0,1,...,n — 1, mocaimKyoTscsa
pu JAesAKnX OOMEXXeHHsIX Ha (PYHKIHIO f IHUTaHHS PO ICHYBaHHS, aCUMITOTHKY 1 KiJIbKIiCTh

P, (Yo,...,Yn_1, ";:1)- po3B’sa3KiB auia Beix ¢ € {1,...,n — 1}. Taki po3s’asku BigHOCH-
Thea 10 ocobmmBux Bunaakis kimaca Py, (Yo, ..., Y,_1,Ao)- po3s’askis, me —oco < Ao < +00,
AKUI OyB yBejgeHuit B poborax B. M. EBryxoBa, 110 npucssiyeHi judepeHIiajibHuM PiBHSIH-
uaMm tunty Emyena-®Paynepa n-ro nopsaky. Jani ocobsmsi Bunaku morpebyoTh OKpeMoro ix
po3IUIsAay y 3B’s3Ky 31 crenudivHIME AlTpiOPHUMEU aCUMITOTUIHAMA BJIACTHBOCTSIMU TAKUX
po3B’sa3kiB. JlocmizKeHHst OCTaBIeHUX MUTaHb 3iHCHIOETHCS TIPU IIPHUITYIIEH], 110 audepeH-
niaJibHe PIBHSIHHS € Y JIeIKOMY CEHCI aCUMIITOTHYIHO OJIM3bKUM JI0 JBOYJIEHOIO JudepeHii-
AJILHOTO PIBHAHHS 3 MPABUJILHO 3MIHHUMU HEJIIHIHOCTSIMU.

Karouo6i caosa: neainiting oudeperyianvmi pieHAHRA, NPASUAOHO 3BMiHHT PYHKYIL, acUMNMO-

muka po3e’askie, P,(Yo,...,Yn_1,o)-po3s’asxu.

Drozhzhina A. V.
ASYMPTOTIC OF SOME TYPES OF ONE CLASS OF SOLUTIONS OF NONLINEAR DIFFERENTIAL
EQUATIONS OF HIGHER ORDERS

Summary

For the differential equation y(™ = flty,.. .,y("fl)), where f : [a,w[XAy, X Ay, X -+ X
Ay, , — R is a continuous function, —oco < a < w < 400, Y; equals to zero or to

+00, Ay;- is some one-sided neighborhood of Y;, ¢ = 0,1,...,n — 1, questions about the

n—i—1
n—i

existence, asymptotics and about quantity of P, (Yo7 o, Yo, ) — solutions for all

i € {1,...,n—1} are investigated under certain restrictions on the functionf . Such solutions
refer to special cases of class of P, (Yo, ..., Yn—1, Ao)-solutions where —oco < Ag < 400, that
was introduced in works of V. M. Evtukhov devoted to the differential equations of Emden-
Fowler type of the n-th order. Such special cases require their separate consideration because
of their specific a priori asymptotic properties. The study of the formulated problems is car-
ried out under the assumption that the differential equation is in some sense asymptotically
close to the two-term differential equation with regularly varying nonlinearities.

Key words: non-linear differential equationa, reqularly varying functions, asymptotic of so-
lutions, P, (Yo,...,Yn-1,Xo)-solutions.
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Kwuiscbkuit namionamsuumit yuisepcuter imeni Tapaca Illesuenka

CTIMKICTH PIBHOMIPHOI'O ATPAKTOPA J1JI<
EBOJIIOIIIMHOT'O PIBHAHHA JPYTOI'O ITIOPAIKY 3
PO3PUBHUMMN TPAEKTOPIAMMN

IIy6aikaris MicTuTh pe3yJabTaTh JOCIIKEHb, 10 MPOBOAATHCA B MEXKAX

)
YKpalHO-HIMEIBKOro HayKoBO-mocaiaHoro npoekty PP/ ra DFG “Criiikicrs Ta
pobacTHICTH MO0 30yPEeHb ATPAKTOPIB HEMIHIHHIX HECKIHIEHHOBUMIPDHUX CUCTEM’

Pobora npucssiaena gocizKeHHIO sIKiCHOT TOBEIIHKN PO3B’I3KiB XBUJILOBOTO PIBHSAHHS, TPa-
€KTODIl SIKOr0 3a3HAIOTH IMIIYJILCHOrO 30ypeHHs IpH JOoCATHEeHHI dikcoBaHol (IMILyIbCHOI)
MiAMHOXKUHYE B (pazoBomy mpoctopi. Kopucryodunch 3arajbHOI0 CXEMOIO MOOYIOBU HECKiH-
YEeHHOBUMIPHOI IMITYJILCHOI JIMHAMIYHOI CUCTEMH Ta BUKOPUCTOBYIOYH ITOHATTS PIBHOMIPHOIO
aTpakTopa — MiHIMaJbHOI KOMIIAKTHOI PIBHOMIPHO NPUTATYIOYOl MHOXKMHH, OTPUMAHO pe-
3yJbTAT IOJIO iICHYBaHHS Ta FBHOTO BUIVIALY PIBHOMIPHOTO aTpPaKTOpPa JJIsd IMITYJIbCHOI -
HaMI9HOI CHCTEMH, TIOPO/IZKEHOT XBUJILOBUM DiBHAHHAM. TpaekTopil TaKOl CHCTEMH MOXKYTh
MaTH HECKIHYEeHHY KiJIbKICTh IMILYJIbCHUX TOYOK ITPU 3YCTPidi 3 IMIIyJIbCHOIO I IMHOXKWHOIO
dazoBoro mpocropy. Takum YnHOM, pIBHOMIPHMIT ATPAKTOP MOYKE MATH HETIOPOXKHI mepeTuH
3 IMIyJIBCHOIO MHOXKHMHOIO, 1, sIK PEe3yJIbTaT, He MATH BJIACTUBOCTI cTifikocti. [Ipore, 3aBasku
JOJIATKOBUM yMOBaM II[0JI0 IMITyJIbCHUX ITapaMeTpiB 3a/1a4i, y JaHiit poboTi Bajgocs JoBeCTH
BJIACTUBICTb CTIMKOCTI JjIg HE IMITyJIbCHOI YaCTUHHU PiBHOMIPHOTO aTpaKTOpA.

MSC: 34D45, 35R12.
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MIPHUT aMPAKMOP, TOUALOGE DIGHAHHA.
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1. BcTyn

Onucyroun moBeIiHKY 0araTbox €BOJIIOIINHUX IIPOIECIB 3 MUTTEBUMHE 3Mi-
HaMM, JOCUTH IMONIUPEHUM € MaTeMaTUIHUH MiIXi, MO I'PYHTYEThCA Ha Te-
opil gudepenifianbHuX piBHAHD 3 iMIrynbcHUM 30ypentsiv [1|-[4]. Baxkiusum
MiJIKJIACOM CHCTEM 3 PO3PUBHUMH TPAEKTOPISMU € IMITy/JIbCHI (pO3PUBHI) -
Hamivuai cucremu [5]-[8]. Bokpema cucTemu, TpaekTOpil SIKMX 3a3HAIOTH M-
MyJIbCHUX 30ypeHb y MOMEHT 3YyCTPidi 3 MeBHOIO (PIKCOBAHOIO IiIMHOKHUHOIO
dazoBoro mpocTopy. ¥ BUNAJKY HECKIHUYEHHOBUMIPHOTO (haz0oBOTO MPOCTOPY
OTHUM 3 Halie(DeKTUBHIMNX IHCTPYMEHTIB /I BUBYEHHSI sIKICHOI ITOBEIIHKU
PO3B#3KIB TAKUX CHCTEM € Teopisi riiobasbuux arpakropis (9], [10]. IIpore npu
3aCTOCYBAaHHI OCHOBHUX TOHSATH Ta PE3Y/AbTATIB ITIE€l T€OPil J0 IMIYIbCHUX JTH-
HaMIYHUX CUCTEM BUHUKAE Pl YCKIATHEHD, IIEPIIT 38 BCE MTOBA3aHUX 3 BTPATOIO
B TaKHX CHUCTEMAaX BJIACTHBOCTI HEIEPEPBHOI 3aJI€?KHOCTI PO3BA3KIB BiJl moda-
TKOBUX JIAHUX, IO B CBOIO Uepry BUMAara€ 3acTOCYBaHHs HOBHUX KOHIIENIN sIK
i JJ1s1 MOHATTS TI00AJIBHOIO aTPAKTOPA, TaK 1 Jijig HOT0 OCHOBHUX BJIACTUBO-

Haditiwna 02.10.2019 © Kanycrau O. B. Ta in., 2019
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creit (imBapiaHTHOCTI, crifikocTi Ta pobacTHOCTI). [UI06ATBHY ACHMOTOTHYHY
ITOBE/IIHKY CUCTEMU B IIbOMY BUIIQJIKy MOXKHA OIUCATHU 38 JIOMOMOTOIO TIOHATTS
PiBHOMIpPHOI'O aTPaKTOPY - KOMIIAKTHOI, MiHIMAaJILHOI, PIBHOMIPHO ITPUTATYIOYO1
muoxkuun [10], [11]. BusiBusocs, mo y BuUmaKy, KOIH TPAEKTOPIl IMITYIbCHOT
JUHAMIYHOI CUCTEMH MalOTh HECKIHYEHHY KiJbKICTh iMITyJIbCHUX 30ypeHb, Ie-
peTHH piBHOMIpHOTO arpakTopa O 3 iMITyJIbCHOI MHOXKUHOIO M MOxKe OyTH He
IIOPOXKHIf, 1, IK HACJIIOK, PIBHOMIDHUI aTpaKTOP MOXKe He MaTU BJIACTUBOCTI
imBapianTHOCTI Ta criifikocti [16]. TIpore BKe HaifpocTinn nMpuKIaIM MOKa3y-
fOTh, IO IUMH BJACTHUBOCTSIMHU MOXKE BOJIOJITH HE IMITYJIbCHA YaCTUHA PiBHO-
miproro arpakropa © \ M. OcHoBHI abCTpaKkTHI pe3yabTaTi MO0 iHBapiaH-
tHOCTI © \ M 117151 pisHUX KJIACIB IMITYJIbCHEX cHCTeM OyJin ojiepzkani B poborax
[13], [14], [15]. CriiikicTe © \ M mast mapaboivHuX IMITyIbCHO-30ypeHnX pPiB-
HsHBb Ta cucTeM BUBYasiach B (16|, [17]. dust XBuaboBux iMIryIbCHO-30ypeHNX
cucTeM iCHyBaHHSI PIBHOMIDHOIO arpakTopy 0y/o josejere B [18]. YV naniii po-
6oTi , BUKOpHCTOBYOUHM pe3yibraTh |18], mocsiKyerbest BiacTusicTs crifikocri
He IMITYJIbCHOT YaCTHHU PiBHOMIPHOI'O aTpaKTopa JJIsd IMITYJIbCHOI JUHAMIYHOL
CHUCTEMHU, TTOPOJIZKEHO] €BOJIIOIINHUM PIBHIHHSAM 2-I'0 HOPSJIKY.

2. OCHOBHI PE3VJIbTATU

1. ArpakTopu iMOyJbCHUX HAITiBIIOTOKIB.

Ivmynbena (abo pospusza [1]) auHaMivHA cucTeMa, IO 3a/laHA HA HOPMO-
BaHoMy 1poctopi F, ckiajiaerbes 3 HeriepepsHOl HamiBrpymu V @ Ry X E — E|
imrysrbcHOl MHOKUHEU M C E Ta immysibscHoro Bimobpaxkenus [ : M — E. Pyx
B IMIy/JIbCHIN guHaMiUHIN cucTeMi BiAOyBaeThes 1Mo TpaekTopisam V' 10 MoMeH-
Ty "acy T, Koau a3oBa Touka cucremu x(t) mocsirae Muoxkuuu M. Y MoMeHT
TaKol 3ycTpidi BOHA 3a3HAa€ IMITYJILCHOI'O BIUIUBY BeJIUYUHU I Ta MUTTEBO OIU-
HSIETHCsI B HOBOMY moJioxKenHi [ (7).

JList KOPEKTHOCTI TOOYI0BU TAKOl IMITYy/IbCHOT IMHAMIYHOI CUCTEMU HeoOXi-
JIHe BUKOHAHHS HACTYIIHHX YMOB [5]:

M — 3zamknena, M NIM = &,
Vee M 3r=1(x) >0 Vte (0,7) V(t,z) ¢ M, (1)
KOXKHA IMIyJIbCHA TDPa€eKTOpisi BusHaueHa Ha [0, +00).

Bpenemo mosHadeHHs:

VoeMIz=at, VeeE M*(x)=|JV(t2)| N
t>0
dxmo M™T(z) # @, To 3 HenepepsHocti V i ymor (1) BUBOAMMO, 1O icHYye

MOMeHT Jacy s > ( Takwii, mo

Vite (0,s) V(t,x) & M, V(s,z) € M.
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Toni iMmynbcHUi HAMBIOTIK G OMUCYETHCST HACTYITHUM YHHOM |5]:
sKIo st © € B jyist Beix ¢ > 0 V (t,z) € M, To
G(t,z) =V(t,x).
Inakme
(2)

Glt.x) = V(t—tn,xt), t € [tn,tni1),
’ Tyt =tht,

_ _ n + _ + _
aeto = 0, tyy1 = Y p_oSks Ty = IV(sp, ), 2] = x, 5, — MOMeHTH

iIMITyJTLCHOTO 36ypeHHs, 110 XapaKTepu3yloThess yMoBoto V (s, x,b) € M.

Dopmyia (2) Busnavae (He 060B’s13KOBO HemepepBHy ) HamBrpymy G : Ry X
E — FE [8], siky Oy/ieMO Ha3uBaTHU IMIIYJIbCHUM HAIIIBIOTOKOM.
Hamani 6yaeMo BUKOPUCTOBYBATH HACTYIIHI TO3HAYEHHSI:

b(E) — cykyuHnictb BCix 0OMeKeHHX IiJIMHOXKUH F;

dist(A, B) = sup inf ||z — y||g;
zcAYEB

Os5(A) ={z € E | dist(z,A) < 6}.

Osznavenns 1. [12] Komnaxmmua muoorcuna © C E nasusacmoca pieromip-
HUM AMPAKMOPOM TMNYAbcHo20 Hanienomory G, AxuLo
1) © — pPiBHOMIPHO NPUMALYIOHG MHONHCUNA, MOGMO

VB € b(E) dist(G(t,B),0) — 0, t — oc;
2) © — MINIMAALHA 3AMKHENG MHONCUNA, UL 340060AVHAE YMOGY 1).
Hacrymna teopema nae kputepiit icHyBaHHsI PiIBHOMIPHOTO aTpaTopa.

Teopema 1. [13]| Hexali dan imnyavcrozo nanisnomoky G- 8UKOHYEMbCA YMO-
6a ducunamuserocmi, mobmo

3By € b(E) VBebE) IT=T(B) Vt>T Gt B)CBy.  (3)

Todi G mae pisromipruti ampaxmop © modi i misvku modi, xoau G — acum-
nmomuyuto Komnaxmmutd, mobmo

V{ta /' 00} Vza} € b(E)
nocaidosricmo {G(tn, xn)} npedkomnaxmma 6 E. (4)

Ipu yvomy cnpasedsusor € pisHicmb

© =w(By) == ) |J G(t, Bo). (5)

T>0t>T1
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OpiHuM 3 03HAYEHB CTIHKOCTI iHBapiaHTHO! MHOXKUHU BiJIHOCHO HAIIIBIIOTOKY
(eKBIBAJICHTHUX y BUIIAJIKy HEIlEPEPBHUX HAIIBIIOTOKIB) € HACTYIIHE.

Osznavenns 2. [19] Mnoowcuna A C E nasusaemvca cmitikoro 6i0HOCHO Ha-
nienomoxy G, Axwo

A=D"A) = | {y |y =1mG(tn, ), Tn — x, tn > 0}. (6)
T€EA

Baysaxkenns Ockinbku A C D1(A) 3a nobymosoio, To Bracrusicrs (6)
ekBiBasienTHa BKJIagenHio DT (A) C A.

Bigomo, 1o jiisi HemepepBHUX HAINBIOTOKIB, IO 3a/I0BOJIBHSIOTH YMOBH
Teopemu 1, piBHOMipHUIT aTpakTop € iHBapiaHTHuUM i crifikum B cenci (6). B
JlaHiit poboTi MU JOBEJAEMO, IO JJIs IMIIYJIbCHOTO HAINBIOTOKY, MOPOIXKEHOTO
IMITyJTbCHO-30y PEHUM XBUJIBOBUM PIBHSIHHSIM, PIBHOMIpHHUi aTpakTop © 3aj0-
BOJIbHSIE BKJIAJICHHS

DF(O\M)C O\ M. (7)

2. ImnoynbcHO-30ypeHe XBUJIbOBE PiBHSIHHS

Posrisinemo rpumier rinebeprosux mpocropis V. C H C V* 3 KoMImakTHUM
Ta MIBbHAM BKJIajeHHsAM, 1e || - || Ta (,-) BiamoBimHO HOpMa Ta CKaJIApHUI
gobyrok B H. A : V. — V* — niniiinuil, HerlepepBHUIA, CAMOCIIPSIXKEHU, KO-
eprutuBHuii oneparop. Oynkiis (Au,u)? Busnadae Hopmy B V, Ky Oynemo
nosuagaru |luly.

Y namiit poboTi GyZeMo pO3IJIsSIaTH TaKy eBOIOIHY 3amady (5 > 0):

2
G4+ 2% + Ay =0,

Yli=o =10 €V, (8)
Yelt=o =1 € H,

sgka B (azoBomy mpoctopi F = V x H mopojkye HelepepBHY HAIIBIPYILY
V:Ry xE—FE, ne

Mﬂ%z(?)éBVﬁmﬁm@z(ﬁ%).

Hopma B E 3amaeTbest piBHICTIO:

Y
wn 2= (Y ) B lele =yl + ul.

Buepime noseitka TpaeKkTOpiil €BOIIONINHOTO PIBHIHHSA JIPYTOTO MOPSIKY
3 PO3PUBHUMHU TPAEKTOPisiMu OyJia jociijzkerHa y podori [20], me B sikocti iM-
MyJIbCHOI MHOYKUHU PO3TJIsSIaIach MHOXKUHA PiBHsA moBHOI eHeprii. [Ipote, sk
HoKa3aHo B pobori [18], 3aia4a (8) 3 iMmybcHIME ITapaMeTpamMu

M:{z e E|lze :a}, Iz = (14 p)z
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3aJIMINAIYUCH JUCUIATHBHOIO, HE Ma€ PIBHOMIPHOT'O aTOpakTopa B (a30BOMY
npoctopi E. ToMy B IKOCTi iMITYJIbCHOT MHOXKWHU ITPUPOIHO PO3IVISIIATH JIIHIIO
piBHA JIesKOI HaIliBHOPMH [, Taxoi, o

Vze E ly(z) = ||z||lg, p — oc.

Hagyaui 6yemo BukopucroByBaru {A;}, {1} — po3s’a3ku criekTpasbHOT 3318~
qi:
Vi>1 Ad)z‘:)\ﬂ/}i, 0<)\1§)\2§..., )\i—>OO, 17— 0.

adg p > 1 subepemo [, : E — R HacTyIIHUM YHHOM:
Host p p P y

N

P
wnz= (1 ) €E () = (00 + w00)
IIpu dikcoBanux Vp > 1, a > 0, p > 0 mokiaemMo
M :{z € B l,(2) = a}, 9)

M ={z € Bl ,(z) = a1+ )},

. . !
[Mlomo immysnbeHoro Bigobpaxkenns I : M — M, To 6yaemo BBazKaTH, 1110 BOHO
3MIHIOE JIMIIE MePI p KoopauHaT (pa30BOro BEKTOpa, TOOTO

rZLJIHZ:Z(;i')wiEM

i=1

(10)

i=1
Hanpukmasn, Bimobpaxkenust I moxe 30inbiyBaTu B 1 4 g pasiB mepii p Koop-
auHaT (Ha30BOTO BEKTOPA

oo P 00
(G )m) =00 (G )ur X (5 )w

=1 =1 i=p+1

3. IcuyBauHs Ta crilikicTh piBHOMipHOro arpakropa 3azadi (8)—
(10).

Pesynbrar mo/10 icHyBaHHs pIBHOMIPHOIO aTPaKTOPY It IMITYJIbCHOT'O Ha-
HiBIOTOKY, TT0pojizKeHoro 3a1a4ero (8)—(10), 6yso nosemnero B [18]. Mu naBoju-
MO fioro B Tomy o6cs3i, ssKuil HeoOXiaHUI 11 TOBEJEHHSA OCHOBHOIO PE3yJlb-
TaTy PO CTIMKICTB.
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Teopema 2. [18] /Jlaa dosiavhozo imnyavcrozo eidobpasicenms I 2 M — M/,
wo 3adosoavrse (10), imnyasvena 3adava (8), (9) nopodorcye ducunamuerud
imnyavcrutd wanienomix G : Ry X E — E, wo mae pisnomiphud ampaxmop
O, npuuomy

oc{> (4 )l Yoy ewaarwU()).
i=1 i=1
JloBeneHHHd.

BignocHo po3s’s3kiB eposnoniiinol 3ama4i (8) z(t) = V (¢, 29) = < 5(2) )
t

MAa€EMO, IO HACTYIHI PyHKITT

Vi> 1 ui(t) = (y(t),¢5), vilt) = ui(t) = (w(t), 1)

3aJI0BOJILHAIOTH 3ajady Kori:

{ u; (t) + 28u; + Ajui (1) = 0, (12)
ui(0) = (Yo, ¥1), u;(0) = (y1, 1)
Kpim Toro, cipaBenimBoIO € TaKa PiBHICTH
¢
Yt >0 Aul(t) +2(t) = Nu?(0) +v2(0) — 48 / v2(s)ds. (13)
0
Bepyun no ysaru (12) Ta (13) orpumyemo, 1mo byHKIist
t— 12z Z{)\ u; v2(t)}, me ly(20) # 0 (14)

€ crporo cnajuowo Ha [0, +00). 30KkpemMa BUKOHYeThCsi ymoBa (1). Bisbir Toro,
3 hopmysu (12) orpumyemo, mo Je¢ >0 In >0 Vi>1 Vi >0

N2 (1) + v2(t) < A(\u2(0) + v2(0))e 2", (15)

Hexaii zgp € IM. Bpaxosytoun (13) ta (15) 3¢ > 0 Taxe, mo z(t) € M.
Takum guHOM,

242 2_ Epvgs s
0 = (1 + p) 45/0;Z<>d (16)

i B cuuty (13) cupaBeyinBOIO € Taka HEPIBHICTB:

Vi >0 Zv a?(1+ p)2. (17)
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Omxe, BpaxoByioun (16) Ta (17) orpumyemo, 1o

1

_ 1
P20 T

(18)
3 (18) BumuBae, mo 3amada (8)—(10) mopomkye immyabcHuit HamiBooTiK G 3a
dbopmyiomo (2).

IIpu mocsrmenni immysbeHol MHOXKHHI M da30BUM BEKTOPOM Z IMITYJIb-
cHOrO 30ypeHIsl 3a3HAIOTh JIUIIE [IEPII P KOOPJUHAT JAaHOro BekTopa. Tomy B
cuity (13) Ta (15) MOXKEMO OTPHMATH TaKy OIHKY:

Vzg € B V>0 [|G(t20)[H = > (Aul(t) +v}(2) <
=1

< A|lzolme ™" + a®(1+ p)?, (19)

sIKa, TapaHTY€ BJIACTHUBICTH AucunaTuBHOCTI (3).
Hami noBeneMo BUKOHAHHSI YMOBH aCHMITOTHYHOI KOMIAKTHOCTI. Posrs-
HEMO TaKy TOC/iIOBHICTH

&n = G(tnazg)v Ae ||Z7(')LHE <r ln /‘ 0.

SIkmo s meckimuenno Gararnox n > 1 V(-,2%) me maiors mepermmy 3

rn
IMITYJIbCHOIO MHOXKHUHOIO M, TO
0
&n = V(tn, 2,)-

Tak sk B cuiy [9] Je > 0,n > 0 raxi, mo Vzo € F mua z(t) = V(¢ 20)
cIIpaBe I/InBa, OIliHKa,

vt >0 J2(t)]le < cllzollze™, (20)

TO
& — 0B E.

ZAKmo X iCHyIOTb TOYKH IepeTHHY 3 IMIIYJBCHOIO MHOXKHHOIO M, 30KpeMa
7, > 0 € MomenToM mieprroro norparisaas V (-, 20) ma muoxuny M, To 3 (20)
OTPUMYEMO TaKy OIIHKY

a’ < HV(Tn,zg)HQE < 2plem 2,

Takum guHOM
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TOOTO (hpas3oBa TOUKa JOocATaE MHOXKUHY M 3a HEeBix eMHUT Yac, IKHAil 3aJI€2KUTH
siatie Bij Beumdunu 7. Tomy 6e3 0OMeXKeHHs 3araJibHOCTI MOXKEMO BBAaXKATH,
110

DeIM, |p<r

n ) nllE =1

Houst Vi > p+ 1 B cuny (15)
A (1)%) + (0 (80))? < AN (0)? + 02 (0))e 2. (22)

3 inmoro 60Ky, BpaxoBytoun dopmysty (13)

Tomi MmoxkeMo BBaXkaTH, IO IO MiIITOC/Ti JOBHOCTI

(n)

Vi € m, u, (tn) — Ci, Uz(n)(tn) - dl

3Bijcw,

p
wn =30 )
i=1 !

P
len—€l1% < ST W™ (t) — )+ (0™ (tn) — di) 2} +c2e 2102 — 0, 1 — o0,
=1

(24)

Takum guHOM 3 (24) 0JIEPKYEMO HPEIKOMIAKTHICTD &y, & OTIKE, IMILYJIb-

cumit HamiBmoTik G Mae piBHOMipHUIT aTpakTop O, mpuaomy B cuiy (20), (24)
mae micre Briagennst (11). Teopema jnosejena.

SayBaxkenHst 1. Kooicha imnysvcha mpaekmopis, wo cmapmye 3 1M, mae
HECKIHYENY KIABKICTND IMIYABCHUL 30YPEHb, YACO8T MPOMINCKY MINC AKUMU
sadosoavraroms (18). Ile, soxpema, oznauae, wo © N M # ().

SayBaxkeHHst 2. Kooicha iMNYsbCcHa mpaekmopia, wo cmapmye 3 M, 6 cuay
(14) ne mae imnyavcrux 36ypens i 6 cusy ouinku (20) npamye 0o wyas npu
t — oco. Ile, 3oxpema, osnauae, wo 0 € ©.

Hacrymnna Teopema € OCHOBHUM pe3yJIbTaATOM POOOTH.

Teopema 3. Hezati imnyavcre eidobpasicenna I : M — M’ e nenepepsrum.
Todi pisromiprut ampaxmop © IMNYAbCHO20 HANIBNOMOKY, NOPOJAHCEHO20 3a-
dauero (8)-(10), € cmitikum 6 momy cenci, wo

DF(O\M)C O\ M. (25)
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oBenenHs.
Hexait £ € © \ M. dxmo £ =0, ro G(¢,0) =0 € © V¢t > 0. Inaxe B cuiy

(11) . ,
£=> ( 7 >¢ ne Y i +di} € (a, aP(1+ p)?). (26)
=1

" i=1

Bpaxosytoun (14), maemo

VE>0 D(V(LE)) € (a® a®(1+ p)?). (27)

. . UuQ
Kpim Toro, ockinbku mjs & = Ma€MO
Vo

(uo, i) = (vo,¥i) =0 Vizp+1,
u(t)
to B cuity (12) ps V(¢,€) = < ; ) MaeMo

(u(t), ;) = (v(t),v;)) =0 Vt>0Vi>p+ 1.
Ile oznauag, 110
Vt>0 G(t,0\M)CcO\M (28)

JloBeieMo piBHICTD

O=0\M (29)

B cuny 3amkaenocti © maemo Briagentst © \ M C ©. Tenep uexait { € ONM.

B cuiy (11)
p P
=2 ( P ) i, ne Y e +df} =a? (30)
=1

¢ i=1

Posrismaroun mocsimoBHICTD
P p
ci+1/n
=2 < di + 1§n ) i, me ) {hie] +df} =d?, (31)
=1 i=1

Maemo, 1o &, € 01 ||§, — &||lg — 0. BBigen £ € O\ M i mykana piBHiCTH
JIOBEJIeHA.
Tenep myist Toro, mob gosectu (25), TOCTATHBO JOBECTH BKJIAICHHST

Dt©\ M) Co. (32)

Bynemo mipkysaru Bij cynporussoro. Hexait jyist nesikux &, — £ € © \ M 1a
Tn, 2> 0 BUKOHY€ETbCH

zn = G(Tn,&n) = 2 ¢ O. (33)
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Axmo 7, — 00, To B cuity (5) 1 aCHMITOTHYIHOI KOMIIAKTHOCT] HAIIIBIIOTOKY

TOYKN HasekaTb ©, To6To MaeMo nporupivtus 3 (33).

Toai MokeMo BBaxXkaTu, Mo 7, — 7 > 0.

Ockinbku & € O\ M, 10 [,,(§) > a, [,(£,) > a. Toxi B cuity yMOBH MOHOTOH-
Hocti (14) BuBOAMMO, IO iCHYIOTH 50") Ta Sp - MOMEHTH IIEPIIOrO MOAIAHHSI
rpaekTopiit V (-, &,) ta V (-, §) na muoxuny M i upu npomy sg > 0. Kpim Toro,

(n)

B cuity orinku (21) MokeMo BBazKaTH, IO IO IiIIOC/IITOBHOCTI 55~ — S.

Axmo 7 < sg, TO T < sén), oTke, B cuty (28)

zn =V(th, &) = V(1,8) = G(1,§) € ©\ M = muporupiuus 3 (33).
HAxmo 7 = 50 1 7, < 5, TO
zn = V(&) = V(1,8) =V (s0,&) € M.
Ockisibku it 7, \( 0 7 — 1, < S, TO 3 OJHOTO OOKY

V(T - 1771475) — V(Ta 6)7

a 3 1HIIorO,
V(T =10, &) = G(T — 1, &) €O\ M.
BBincu, z =V(1,§) € ©\ M C © = mnporupiuus 3 (33).
KO T = $o i Ty > S, 70 Ty = $§ + n, @y — 0+ . Hexait 2{"" =

1 V(s((]n), &n). B cuity yMOB HerepepBHOCTI IMITY IbCHOTO Biztobpaskents I MaeMo
z%n)Jr — IV (s0,&) = 2.
Orxe,

Zn = V(an,z§n)+) — 21 =G(s0,£) € ®©\ M = nporupiuusa 3 (33).

Hexait 7 > so. Tomi 7, > s(()n). Ockinbkn zgnH,zf € IM, To lp(zln)+) =

ly(2]) = a(1 + p) > a. OTxe, icnyiors sgn) Ta $§] - MOMEHTH IIEPIIIOTO IIOTIa A~

(n)+

nng Tpaexropiit V (-, 2, ") Ta V(+, 2") na muoxuiy M, nputomy 1o mijmnocti-
nosrocTi 870 — 51 > 0. Kopucryiouncs dhopmyoo (2), MOKEMO IOBTOPUTH
ToIepeJIHI MipKyBaHHS JJId Sg < T < So-+ 81 1 T.JI. 1 KOXKHOT'O pa3dy OJIepKyBaTu

nporupidas 3 (33). Orxe,

DHO\M)cO=8\

i Teopema J0BejeHA.
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3.

BucHoBKu

Y poboTi TOCTiKYEThCA sIKiCHA TIOBEIiHKA IMITYJILCHOIO HAIIBIIOTOKY, IO~

POIPKEHOT0 XBUJILOBAM PIBHSIHHAM, PO3B’I3KH sIKOI 3a3HAIOTDH IMITYJILCHOTO 30y~
PEHHS NIPU AOCATHEHHI (PiKCOBAHOI IMITYJILCHOI T IMHOXKUHU B (ha30BOMY IIPO-
cropi. it mupoKux KJaciB IMIY/ILCHUX Big0OparkeHb JIOBEeIeHO iCHYBAHHS Ta
BCTAHOBJICHO SIBHUII BUIJIsiJ[ PIBHOMIDHOIO aTpakTOpy. 3a J0JaTKOBOI yMOBH
HEeIepepBHOCTI IMITyJIbCHOTO BimoOparkeHHsI JOBEIeHO TeOpeMy PO CTIifiKicThb

HEIMITYJIbCHOI YaCTUHU PIBHOMIPHOI'O aTpakKTopa.
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Kanyceman A. B., Kanycman E.A., Ilepezyda O. B., Pomawox U. B.
YCTONYUBOCTh PABHOMEPHOT'O ATTPAKTOPA JIJISI SBOJIFOLIMUOHHOTO YPABHEHUSI BTO-
POT'O TIOPSIZIKA C PABPBIBHBIMU TPAEKTOPUSIMU

Pesrome

Pabora nocssimena uccie10BaHIIO KAYeCTBEHHOI'O IOBEIEHUS PEIIEHU BOJHOBOIO ypaBHe-
HUsl, TPAEKTOPUU KOTOPOI'O UCIBITHIBAIOT MMIIYJIbCHOE BO3MYIIEHUE IIPU JIOCTHKEHUN (PUK-
CHPOBAHHOIO (MMILYJILCHOIO) IIOAMHOXKECTBa B (pa3oBOM IpocTpaHcTBe. 1losb3ysich obieit
CXEMO¥ IOCTPOeHUsT HECKOHETHOMEPHON UMITYJILCHOM JUHAMUYIECKON CUCTEMBI U HCIIOJIb3Ys
IIOHATHE PABHOMEPHOI'0 aTTPAaKTOPa — MUHHUMAJIBHOIO KOMIIAKTHOI'O PABHOMEPHO IPUTAIH-
BAIONIEr0 MHOXKECTBA, IIOJIyYeH Pe3y/bTaT O CyIIeCTBOBAHMM U SIBHOM BH/IC PaBHOMEPHOI'O
aTTPaKTOpa JJjId NMILYJIbCHOW NTUHAMWYECKON CHCTEMBI, IOPOXKJICHHONH BOJTHOBBIM yPDaBHEHMU-
eM. TpaekTopun Takoil CHCTEMBI MOT'yT UMETh OECKOHEUHOE KOJIMYECTBO MMITYIbCHBIX TOUEK
[IpU BCTPede ¢ UMITYJIbCHBIM [TOJIMHOXKECTBOM (pa3oBoro rnpocrpaHcrsa. Takum obpa3om pas-
HOMEPHBIA aTTPaKTOP MOXKET MMETh HEIyCTOEe IIepecedeHne C MMITYJIbCHBIM MHOXKECTBOM M
Kak pe3ysIbTaT He 00s1a1aTh CBOHCTBOM ycroiuusoctu. OqHaKO 6/1aro/1aps {OMOJHUTEIHHBIM
YCJIOBHUSIM Ha UMILYJIbCHBIE ITapAMETPhI 3312491 B JAHHOU paboTe yIaJIoCh J0Ka3aTh CBOMCTBO
YCTOMHYMBOCTH JJIA HE UMITYJILCHOM 9aCTH PAaBHOMEPHOI'O aTTPAKTODPA.

Kmouesvie c108a: uMnyabCHas OUHGMUYECKAA CUCTNEME, YCOTUYUBOCTND, UMNYALCHOE 803~
MYWEHUE, PASHOMEPHDIT AMMPAKMOP, 60AHOG0E YPASHEHUE.

Kapustyan O. V., Kapustian O. A., Perequda O. V., Romaniuk I. V.
STABILITY OF A UNIFORM ATTRACTOR FOR A SECOND-ORDER EVOLUTION EQUATION WITH
DISCONTINUOUS TRAJECTORIES

Summary

The work is devoted to the study of the qualitative behavior of solutions of the wave equa-
tion, whose trajectories have impulsive perturbations in moments when they reach a fixed
(impulsive) subset of the phase space. Using the general constructing scheme of the infinite-
dimensional impulsive dynamical system and using the concept of a uniform attractor — a
minimal compact uniformly attracting set, we obtained the result about the existence and the
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explicit form of a uniform attractor for the corresponding impulsive dynamical system. Tra-
jectories of such system can have an infinite number of impulsive points when they encounter
an impulsive subset of the phase space. Thus, a uniform attractor may have a non-empty
intersection with the impulsive set and, as a result, may not have the stability property.
However, due to the additional conditions on the impulsive parameters of the problem, we
managed to prove the stability property for the non-impulsive part of the uniform attractor.
Key words: impulsive dynamical system, stability, impulsive perturbation, uniform attractor,
wave equation.
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T. A. Komnena!, 1. B. Momuaniok', H. B. Ckpunnauk?,

A. B. Ilnoraukos!
LOnecckast TocyIapCTBEHHAS] AKAIeMUsI CTPOUTENIHCTBA U APXUTEKTYPHI
2Qecckuil HAIMOHAJIBHDII yuuBepcuter umenu 1. Y. Meunukosa

OJHA JINHENHASI MHOTO3HAUYHA Y 3AJTAYA YIIPABJIEHUSI

B mocseiHee BpeMst MHOTHE aBTOPBI PACCMATPUBAJIN BOIIPOCHI CYIIIECTBOBAHMUSI, € IMHCTBEHHO-
CTH U CBOHCTBA PEIIEHUT MHOTO3HAYHBIX AU(DDEPEHITHATBHBIX U HHTErPO-auddepeHinaib-
HBIX YDaBHEHUl, ypaBHEHHUI BBICIINX ITOPSIIKOB, UCCJIEIO0BAIN UMIYJILCHBIE U yIPABJIsIeMbIe
CHCTEMBI B pAMKaX TEOPUU MHOTO3HAYHBIX ypaBHeHut. OUeBUIHO, YTO MOIYUIEHNE BCEX ITUX
Pe3yIbTATOB OBLIO OBl HEBO3MOXKHO 0€3 PA3BUTHA TEOPUN MHOTO3HAYHOTO aHAIN3a. B mocte -
HUe€ TIOSIBUJINCH HOBBIE OIIPeesIeHUsI IIPOU3BOIHOM [JIsi MHOTO3HAYHBIX OTOOPayKeHU!, KOTO-
pble B OTJIMYME OT UCIIOIH30BABIIEHCST paHee MPOU3BOIHON XyKyXaphl, Jajl BO3MOXKHOCTH
g HepeHImpoBaTh MHOTO3HAYHBIE OTOOPArKEHMsI, JUAMETD KOTOPBIX HE TOJIBKO HE YOBI-
Baromas GYHKIUA. B pe3ysnbprare ObLIM PACCMOTPEHBI MHOI'O3HA4YHBIE JuddepeHIInaIbHbIE
YPaBHEHUsI, PENIeHNs KOTOPBIX SBJISIFOTCS MHOTO3HAYHBIE OTOOPAXKEHUsI, THUAMETP KOTOPBIX
He sABJISIeTCI MOHOTOHHOHN dyHKImeil. B mannoit crarhbe paccMaTpUBaeTCs HOBAsi TOCTAHOB-
Ka 331891 ONITUMAJILHOTO yIIpaBieHus (3aada ObICTPOJEHCTBHS), KOTOPasi CTaJa BO3MOXKHA
6arosapst TUM HOBBIM MPOU3BOMHBIM U D dEPEHITNATBHBIM YPABHEHUSIM, & TaK YKe MpU-
BeJeH METO/I PEeIeHUs TaHHON 3aJat4n.
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1. BBEIEHUE

B mocriennee BpeMsi B paMKax TEOpUM MHOTO3HAYHBIX ypPaBHEHWIT ObI-
JII PACCMOTPEHBI CBOMCTBa PpeNIeHU{l MHOIO3HAYHBIX M depeHInaIbHbIX
ypaBHEHUl, MHOTO3HAYHBIX UMD HEPEHITUATBHBIX BKIIOYEHUN, MHOIO3HATHBIX
MHTErpo-1udPEepeHIUAIbHbIX YPABHEHNII W MHOIO3HAYHBIX HHTErPaJIbHBIX
ypPaBHEHUil, a TakK»Ke MCCIEJOBAIUCH JIUCKPETHBIE MHOTI'O3HAYHBIE CHCTEMBI,
HUMITYJIbCHBIE MHOTO3HAYMHBIE CUCTEMbBI U YIIPABJISIEMbIE MHOTO3HAMHDBIC CUCTEMBI
(em. [1-7] u cepuikn B Hux). OUeBHIHO, YTO TIOJIYUYEHNE BCEX ITUX PE3YJILTATOB
6bLI0 HEBO3MOXKHO 0€3 Pa3BUTHsI TEOPHM MHOTO3HAYHOrO aHauusa (cM. [1-4;
7] u cCBUIKM B HUX).

B nocsieiaue necaruiierust B paborax A.B. [lioraukosa u H.B. Cxpurank
[8-11], M.T. Malinowski [12; 13|, H. Vu, L.S. Dong [14], H. Vu, N. Van Hoa
[15] m §.E. Amrahov, A. Khastan, N. Gasilov, A.G. Fatullayev [16| mosiBu-
JIUChH OIIPEJIeJIEHUS] IIPOU3BO/IHON OT MHOTO3HAYHOI'O OTOOPaKEHUs, KOTOPbIE B
OTJIMYHE OT y¥Ke CTaBIeill Kaaccuueckoii mpousBoanoit Xykyxaper [17], maan
BO3MOXKHOCTE TP QEPEHITNPOBATHE MHOTO3HATHBIE OTOOPAXKEHNS, TUaMeTP KO-

Honywena 27.09.2019 © Komzesa T. O. Ta in., 2019
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TOPBIX SBJISETCS HE MOHOTOHHOM (DyHKIMEH. DTO A0 BO3MOXKHOCTD HE TOJHKO
paccMaTpUBaThL HOBBIE TUIIBI MHOT'O3HAYHBIX UM dEPEHITNATbLHBIX YPABHEHUH,
HO W HOBBIE 33J1a9N ONTHUMAJIBLHOTO YIIPABIEHUST MHOTOZHATHBIMI OTOOPaYKEHN!-
SIMU.

B nammoii crathe paccMoTpeHa 3ajada OBICTPOJIEHCTBUST MHOTO3HAYHBIM
00BEKTOM, TTOBEIEHIE KOTOPOTO OMICHIBAETCS JTUHEHHBIM MHOTO3HAYHBIM (-
depeHnuraIbHBIM yPaBHEHUEM U TIPEJIJIOYKEH METOJ] €€ pa3pelleHusl.

1. Heobxoaumbie onpejiesienus n obo3Havenud. [lycrts R" - n-mepHoe
IPOCTPAHCTBO C €BKJINIOBOH MeTpukoii d(-,-) u conv(R™) - MeTpudeckoe 1Ipo-
CTPAHCTBO BCEX HEMYCTHIX BBIMYKJIBIX KOMIAKTHBIX TTOJIMHOYKECTB TTPOCTPAH-
crBa R" ¢ meTpukoit Xaycaopda

h(A, B) = max {max min d(a,b), maxmind(a, b)} ,
acA beB beB acA

rue A, B € conv(R™).

Kak uzBectHo, npocrpanctso conv(R™) He siBsieTCsl JIMHERHBIM IIPOCTPAH-
CTBOM OTHOCHTEJILHO OIIE€PAIyil CJI0XKEHU U YMHOXKEHUs Ha CKaJIapP, TaK KaK B
0011IeM cilydae HeJlb3sl BBECTH MOHSITHE TIPOTUBOIOJIOXKHOIO jijist A € conv(R™)
9JIEMEHTA, TO eCTh B obrieM ciaydae A+(—1)A # {0}, xors, eciim A = {a} € R",
TO JIJIst HEr'O MPOTUBOIOJIOXKHBIN 3JIEMEHT CYIIECTBYET.

OTcyTcTBHE TPOTHBOIIOIOKHOTO 9JIEMEHTa B mpocTpancTse conv(R™) npu-
BOJIUT K HEOJTHOZHATHOMY BBEJICHUIO MTOHSATUS PA3HOCTH MHOYKECTB U yYCJIOBHUSIM
ee cyrmiecrBoBanus. Haunbosiee pacpocTpaneHHON U UCIIOIB3YyEMOI B HAYIHBIX
nyOJIMKAIUAX SIBJISIETCST PA3HOCTh XyKyxapbl [17].

Omnpenenenne 1 ([17]). Hycme XY € conv(R"™), a mnoocecmeo Z €
conv(R™) maxoso, wmo X =Y + Z. Tozda mnooicecmeo Z moi 6ydem nasoi-
samv pasnocmuvio no Xykyzrape mnooscecme X u'Y u nucamv Z = XY

OcHoBHBIME CBOIicTBaMu pasHocTu XyKyXapbl [2| siBistoTcst ciie/ryomue:

1) ecim pasHocTh XyKyXapbl JBYX MHOMKECTB ALp CyIIECTBYET, TO OHA
€IMHCTBCHHA;

2) AE A = {0} nna moboro A € conv(R™);
3) (A+B)EB = A jna mobuix A, B € conv(R").

M. Hukuhara seest nousitue H-nuddepennupyemocru [17] ayist MEOrO3HAY-
HBIX 0TOOparkeHuil, UCIOIb3YsI PA3HOCTD XYKYXaphl.

Onpepesenne 2 ([17]). Bydem zosopumv, wmo X () : [0,T] — conv(R")
umeem npoudsoduyro no Xykyxape (H-npoussodnyro) DpX(t) € conv(R"™) 6



O0ha Aunetinas MHO2ZO3HAWHAA 300640 YNPABAEHUSA 47

mouke t € (0,T), ecau daa ecex maavix A > 0 coomeememeyroujue pazHocmu
Xykyxapo. cyuecmsyrom u binosHAEMCSA YCA0BUE:
. 1 H . 1 H
lim AT(X(t+A)—X(t) = lim A™(X(t)—X(t — A)) = Dy X(t).
A—0 A—0
CgoiicTBa npon3BoiHOii XyKyXapbl paccMaTpUBaINCh B paborax [1-4; 17].
[TpusesieM HEKOTOPBIE U3 HUX.

Teopema 1 ([17]). Ecau mmozosnaunoe omobpasicerue X : [0, 1] — conv(R")
asasemesa Jugddepenyupyemom no Xykyxape na [0,T], mozda

X(t) = X(0)+ /DHX(s)ds,
0

ede unmezpas nonumaemcs 6 cmuicae Xykyxapos [17].

Bameuanue 1. Ecau mmozosnauroe omobpascenue X (-) duddepenyupyemo
no Xykyzape na npomesrcymre [0,T], mo dyrnxyus diam(X(-)) asasemca
neybusarowet gynkyued na [0, T].

Bameuanue 2 ([18]). Obpammoe ymeeporcderue ne 6ydem eepnvim. Hanpu-
mep, nyemv X(2) : [0,1] — conv(R?) maxoe, wmo X(t) = A(t)C(t), 20e
Ct) ={z € R?||z;| <t,i=1,2} — xeadpam, A(t) :< Z?;Eg ci?ég) > -
mampuna nosopoma. Ouesudno, wmo diam(X (t)) = v/2t. Odnaxko, mrozosnam-
noe omobpasicerue X (+) ne asasemesn duddepernyupyemovim no Xykyxrape ma
[0,1] (max ®ax omcymemeyem pasrnocmov Xyxyzapor X (ta) =X (t1) s ecex
mouex 0 < t1 <ty < 1.

Bameuanne 3. Ecau gynryus diam(X (+)) asasemes ybusarowel gyrrkyued
wa [0, T, mo mrozosnawnoe omobpasicenue X (-) ne asasemes dudgheperyupy-
emoti no Xyxyxape na [0,T].

OueBuIHO, 9TO MOCJEHEE 3aMeYaHne KATeCTBEHHO yXVIIIaeT BO3MOXKHO-
CTU IPUMEHEHHsI TPOU3BOAHON XyKyXaphl A AuddepeHInpOBAHNS MHOTO-
3HAYHBIX OTOOPAYKEHU U UCITOJIb30BAHNUSI €€ IIPU PACCMOTPEHNE MHOTO3HATHBIX
nmuddepeHnnaaIbHbIX YPaBHEHMIA.

B nocseayrormem ObLIU TPEIIIPUHSATHL PA3JIMIHBIE TOJXOIbI JIJIs UCIIPAB-
Jienust 3Toro Hegodera. OIHUM M3 IEPBLIX ObLI Hpeioxken B paborax H.T.
Banks, M.Q. Jacobs [19] u }FO.H.Twopun [20]. B srux paborax merpuueckoe
upocrpancrsa (conv(R™), h(-,-)) upu nomomu Teopembr Radstrom [1-4| skiia-
JBIBAETCI B JIMHEHHOE IMPOCTPAHCTBO HAJ IIOJIEM JeHCTBUTEIbLHBIX dncea B u
BBOJIMTCSI TIOHSITHE T-TIpon3BogHOM. HekoTophle cBoiicTBa 3TOM MPOM3BOIHOLM
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paccmarpuBasuch B paborax [1-4; 19; 21; 22|. Tam ke 6bUIO JOKA3aHO, YTO
ecan MHOrosHaduoe orobpaxkenune X (-) nuddepeniupyemo mo Xykyxape Ha
[0,T], To ono m—muddepenrmpyemo ua [0,7]. Oanako, T-IPOU3BOIHAS OT
MHOTO3HAYHOIrO 0ToOpazkeHus: X (+) MOXKeT ObITh JIEMEHTOM IIPOCTpaHCTBa 13,
KOTOpOE He MMeeT aHajora B mpoctpaHcTse conv(R™) u ee mpumenenne mpu
paccMOTpeHre MHOTO3HAYHBIX T DepeHITuabHBIX YPABHEHUN OUeHb 3aTPY/I-
HuTesibHO (emorpu [1-3; 21; 22]).

Hanee B pabore [23| Gbuia BBesena T-npousBomHasi, KoTopas 06001aeT
MIPOU3BOJIHY 0 XYKyXaphbl U aHAJIOITIHA T-1TPpOou3BoHOM. OHAKO, JaHHAST TTPO-
M3BOJIHAS TAK YKe 3aTPYIHIET 3aIUCh U PACCMOTPEHNE COOTBETCTBYIOIIETO MHO-
rosHaqHoro puddepenimaibHoro ypasaenus [2; 3; 23].

Buocnencreum, A.B. Ilnoraukos u H.B. Ckpumiauk, ucnoJib3ysi OCHOBHBIE
nyen T-npousBoHoii [3; 23|, BBesn HOBOE OlIPeIeIeHIe IPOU3BOIHOMN JIJIS MHO-
TO3HAYHBIX OTOOPaYKEHMUIA.

Onpepenenne 3 ([8]). Bydem zosopumv, wmo X(-) : [0,T] — conv(R")
umeem obobwernyro npouzeoduyro (PS-npoussodnyr) Dy X (t) € conv(R™)
6 mouke t € (0,T), ecau das ecex maavir A > 0 coomeememeyrouue pasHo-
cmu XyKyzapol cyuecmsytom U 6uinoAHAECMCs TOMA 0bl 00HO U3 CACOYIOUUT
ycaosul:

(i) iiglOA_l(X(t—kA) X(t)
(ii)gigloA_l(X(t) X(t+A)
(iii) iiLnOAfl(X(t
(iv) lim ATHX(t)

)= lim A~ XXt~ A)) = Dys X (1);
)= lmA NX(t = A) X (1) =Dps X (t);
+A)LX (1)) _ilinoA HX (= A)X (1) = Dps X (1);
Hxt+ A)):iigloA_l(X(t)ﬁX(t — A))=Dps X (1).

Bameuanmue 4. Fcau mHo203HauHoe omobpascerue dugdepenyupyemo no Xy-
kyxape, mo ono PS-dugpepenyupyemo u Dps X (t) = Dy X(t) (obpammoe we
6€PHO).

IIponnmiocTpupyem 3TO Ha CIEAYIONMIEM IPUMEDE:

ITpumep 1. Mmnozosnaunoe omobpasicenue X (t) = Byy(0) umeem PS-
npoussodnuyro na R u DpsX(t) = Bi(0) dan ecex t € R. Odnaxo npous-
sodnas Xykyrapo, 6ydem cywecmeosamov moavko na urnmepsane (0, +00) u
Dy X(t) = B1(0). Ha unmepsane (—o0,0) mHozosnaunoe omobpasicenue X (-)
ne 6ydem Juddepenyupyemo no Xyxyrape max Kok €20 QUAMEMP ABAAECTNCH
yovsarowet pynryuet.

Teopema 2 ([8]). Ecau mmnozosnaunoe omobpascenue X : [0, T] — conv(R")

dupeperyupyemo 6 obobwenrom cmoicae na ompeske [0,T], mozda dan ecex
te[0,7T)
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(i) ecau pynxyua diam (X (t)) — neybwsarowan gyrryus wa [0,T], mo

Bosee moapobuo croiictBa PS-tiponssosiHoil n3ydensl B paborax [8-11].

B nanbreitmem B paborax M.T. Malinowski [12; 13|, H. Vu, L.S. Dong
[14], H. Vu, N. Van Hoa [15] u $.E. Amrahov, A. Khastan, N. Gasilov, A.G.
Fatullayev [16] 6bl1a 0606mmena mpossognast Bede-Gal (24| mis maTepBain-
HOBHAYHBIX OTOOparKeHU Ha MHOTO3HAUHBIE OTOOPAYKEHUSI.

Onpegnenenne 4 ([14; 16]). Bydem zosopumsb, wmo X (-) : [0,T] — conv(R™)
umeem Bede-Gal npouseodnyro (BG-npouseodnyro) Dy, X (t) € conv(R") et €
(0,7, ecau dan ecex manvix A > 0 coomeememeyrougue pazrocmu Xykyrapol
CYWECMBYIOM, U BHBINONHAEMCA TOMSA Obl 00HO U3 CAEOYIOUUT YCA0BUTL:

(i) iigoAfl(X(t + AL X (1) = iigOA*I(X(t)ﬂX(t —A)) = Dy X (t)

(ii) Jim (—A)(X(OLX( + A)) = Jim (~A) (X (¢ — A)LX(1) =
Dng(t)

(iii) iigoA_l(X(t + A X)) = iiglo(—A)_l(X(t - ANEX(®#) =
Dy, X (1)

(iv) iiino(—A)_l(X(t)ﬂX(t + A) = ii_)mOA_l(X(t)iX(t - A) =
Dng(t).
Bameuanmne 5. B pabomax [12; 13] M.T. Malinowski paccmampusaem omo6-

Pastcenus, Komopwie YyoosAemeEopA0 Ycrosuro (ii) u Ha3ueaem npouseoonyo
6mMopoti npoudsodnoti Xykyrapot.

ameuanmue 6. Ecau mrozo3naunoe omobpasicenue dupdepenyupyemo no Xy-
kyxape [17], mo ono Jugppepenyupyemo 6 cmovicae Bede-Gal npoussodnot u
DygX(t) = DrX(t) (obpammoe ne sepro, cmompu npumep 1).

Teopema 3 (|16]). Ecau mmozosnaunoe omobpasicenue X : [0,T] — conv(R")
BG-dugpepernyupyemo na [0,T], mozda das scex t € [0,T]
(1) ecau pynryua diam (X (t)) ecmo neybwsarowan dgyrryus wa [0,T], mo

X(t) = X(0) + / Dy, X (s)ds:
0
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(i1) ecau pynxyua diam (X (t)) ecmo yowsarowan dyrryua wa [0,T], mo
t
H
X(t)=X(0)—(-1) /Dng(s)ds.
0

Bameuanme 7. U3 samevanutdi 4 u 6 caedyem, WMo ecau MHO203HAUHOE
omobpasicenue X () duppeperyupyemo no Xyxyxape na [0,T], mo ono BG-
dugppeperyupyemo na [0,T] u PS-dudpeperyupyemo na [0,T], a max orce
DX (t) = Dps X (t) = Dy X (t).

Bameuanue 8. 13 npumepa 1, mvi 6uduM, 4MO MHO203HAMHOE OMOOPAICENUE
X (t) = Bpy(0) BG-dugdeperyupyemo na R u PS-dugdeperyupyemo na R, a
max orce Dyg X (t) = Dps X (t) = B1(0) das scex t € R.

Bameuanue 9. Tux oice ommemum, Mo CYULLCMEYIOM MHOLO3HAUNBLE 0MOD-
paoicenua X (-) makue, wmo DypgX (t) # Dps X ().

IIponnmiocTpupyem 3TO Ha CHeAYIONNX IPUMepax:

IMpumep 2. Iycms mmozosnaunoe omobpasicenue X : [—1,1] — conv(R?)
maxoe, 4mo

{x € R?|23 + 23 < |t|, 22 > 0}, te€[-1,0]

X(t) = { (2 € B2 |22 422 <t,mp <O}, te(0,1] (cmompu Puc. 1).

05+

-0.5

-05 o

0.5 . 2 x1

Puc. 1: X(t),t € [-1,1]

Mnozosnaunoe omobpasicenue X () BG-dupgepenuyupyemo na (—1,1) u ezo
BG-npoussodnan Dy, X (t) = {x € R?|2} + 23 < 1, o < 0}. Odnaro, mro-
203naunoe omobpascerue X (-) PS-dugdeperyupyemo na (—1,0) u eeo PS-
npouseodnas DpsX(t) = {x € R*|z% + 23 < 1,25 > 0} # Dy, X(t). Tax
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orce, mnozoznavnoe omobpascerue X (-) PS- &ugﬁéepeﬂuupyeww na (0,1) u ezo
PS-npouseodnan Dps X (t) = {x € R? |23 +23 < 1, z9 > 0} = Dy, X (t). Caedo-
samenvro, PS-npouseodnan Dps X (t) 6 mouxe t = 0 ne cywecmeyem (cmompu
Puc. 2 u Puc. 3).

o""'mm'.'.'.'.w‘v
I,,‘Wo‘t’o’o’t’o’n

J

i
f 444“1““
'4""""../!'::3‘;.‘ }gm il

Puc. 2: Dy X(t), t € [-1,1] Puc. 3: Dps X (t), t € [-1,1]

IMpumep 3. ITycmv mnozosznaunoe omobpasicenue X : [0,2] — conv(R?) ma-
Koe, 4mo

X(t):{ {re R e} +a} <ty >0},  te[01],

(2 e R2|a? +a2 <21t oy >0}, te(l,2 (CMompuluc 4).

0.8 -|
0.6
0.4 |
0.2
ettt e e
0~ e
1

0.2 - 0

0 05 ’

Puc. 4: X (t), t € [0, 2]

Mmnozosnaunoe omobpasicenue X () PS-dugpepenyupyemo na (0,2) u
e2o PS-npouseoonas DpsX(t) = {x € R*|2? + 23 < 1,29 > 0}. Odnaxo,
MHozo3nawnoe omobpascenue X (-) BG-dugdpeperyupyemo na (0,1) u ezo
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BG-npouseodnas Dy X (t) = Dp.X(t). Tax oce, omobpasicernue X(-) BG-
dugppepernyupyemo na (1,2) u eeo BG-npouszeodnas Dy X (t) = (—1)Dps X (2).
Ouesudno, BG-npoussodnas Dyg X (t) 6 mouxe t = 1 ne cywecmsyem (cmompu
Puc. 5 u Puc. 6).

05///]
i

Puc. 5: Dps X (t), t € [0,2]

ameuanne 10. Jaree mor 6ydem ucnoavdosams moavko PS-npouseodniyio.

2. 3apgaya ObicTponeiicTBud. [lycTh moBesenne 06bEKTa OMUCHIBACTCS
CJIeIYIOIIEeN CUCTEeMOMN

Dps X = X 4+u, X(0,u) = Xo, (1)

rie X € conv(R™) — dazoBoe mHoxkecTBO, u € U C R™ — BeKTOp ynpasJe-
uusi, U € conv(R™) — HEKOTOpOE 33 ]aHHOE MHOXKECTBO JIOIYCTUMBIX 3HAYECHUI
ynpasienusi Takoe, aro 0 € intU, Xy € conv(R™) — Ha"ua/IbHOE MHOYKECTBO,
0 € intXy.

Oupenesienne 5. Bexmop-gynkyus u(-) Hasveaemcs donycmumvim ynpas-
aeruem oz cucmemn, (1) na ompesxe [0, T], ecau ona ydosaemsopaem caedy-
OULUM YCAOCUAM.:

1) cymmupyema na [0,T];

2) u(t) € U dan scex t € [0,T).

Onpegnenenune 6. Mrnozosnauroe omobpasicenue X (-, u) 6ydem nasvieamo pe-
wenuem cucmemuvi (1) na ompesxe [0,T], coomeemcmeyrowum donycmumomy
ynpasaenuro u(-), ecau oo YdoeAemBEopAEm CAEOYIOULUM YCAOBUAM:

1) X(-,u) — nenpepvisno na [0, T];

2) X(-,u) — PS-dugppepenyupyemo nowmu ecrody na [0, T7;

3) X(0,u) = Xo;

4) Dps X (t,u) = X (t,u) + u(t) dasa nowmu ecex t € [0,T).
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Bameuanue 11. Jlaa a06020 donycmumozo ynpasaenus u(-) aoboe pewerue
X (-, u) cucmemwvi (1) obaadaem caedyrowum ceoticmeom: dasn ecex t € [0,T]
6cezda natdymesa makoe wucao a(t) > 0 u sexmop b(t) € R™, wmo X (t,u) =
a(t)Xo + b(t), mo ecmv ceuenue 106020 pewenus cucmemv, (1) corpansem
PopMY HAUAADHO20 MHONHCECMEA.

Oupenenienne 7. Mnozosnaunoe omobpasicenue Xi(-,u) 6ydem naszvieamo
nepevim  6a306viMm pewenuem cucmemv, (1) wa ompesxe [0,T], coomeem-
cmeyrowee donycmumomy ynpasaenuro u(-), ecau Pynruus ezo duamempa
diam(X1(-,u)) Asasemea monomonno Heybwearowelt Gynkyuet na ompeske
[0,T7.

Bameuanme 12. [lepsoe 6aszosoe pewerue cucmemv, (1) na ompesxe [0, T],
bydem pewenuem caeoyouLe20 UHME2PaILHO20 YPAGHEHUA

t

X(t,u) = Xo+ /[X(s, u) + u(s)|ds.
0

Oupenesienne 8. Mnozosnaunoe omobpasicenue Xo(-,u) 6ydem nazwveamov
emopuim  6a3osvim  pewenuem cucmemovs (1) wa ompeske [0,T], coomsem-
cmeyrowee donycmumomy ynpasaenuto u(-), ecau dynruus ezo duamempa
diam(Xa(-,u)) asasemes monomonno yobwvisaroweld Gynryueld Ha ompeske
[0, 7.

Bameuyanne 13. Bmopoe 6azosoe pewenue cucmemvs (1) na ompesre [0,T],
bydem pewenuem caeoyouLezo uNmMe2pasvbHo20 YpasHEHUA

t

X(tu) = Xo - /[X(s,u) + u(s)]ds.
0

Ounpegnenienne 9. Mnozosnaunoe omobpasicerue Xps(-,u) Oydem nasvi-
6aMb  CMEWAHHLLM pewenuem cucmemvs (1) na ompesxke [0,T], coomsem-
cmeyowee donycmumomy ynpasaenuro u(-), ecau Gynkyua e2o Juamempa
diam(X;,s(-,u)) ne asaaemea MoHoOmMoOHHO YOLIEAIOULET UAU MOHOTIOHHO 603~
pacmarowets gynryuet na ompeske [0,T].

Bameuanue 14. Ecau mrozoznaunoe omobpasicerue Xpms(-, ) asaiemes cme-
wanrom peweruem cucmemuv, (1) na ompesxe [0,T], mo cywecmeyem nexo-
mopoe pasbuerue me nepecekarouurca unmepsaros (ti tiv1), i = 0,1,..,k
makoe, wmo [to,t1) U [t1,t2) U ... U [tg, tey1] = [0,T] u na xaorcdom us un-
mepeaaos mHozoznaunoe omobpasicenue Xs(-,u) ydoeaemeopaem o0momy u3
UHMEPANLHOLT YPABHEHUT

Xons(t,u) = Xpns(ti, u) + /[Xms(s,u) + u(s)]ds

ti
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usU

X (ts10) = X (b1, 1) 12 / (X (5, 10) + u(s)|ds,

2det € [ti,ti+1], 1=0,1,..., k.

Bameuanme 15. [las a06020 donycmumozo ynpasaenus u(-) cucmema (1)
na arobom ompeske [0,T] umeem dea 6a306wx pewenus U OGECKOHEUHO MHO20
CMEWAHHDIT peuterud.

[IpontocTpupyeM 3TO Ha CIEAYIOMEM IPUMEPE.
ITpumep 4. ITycmv nosedenue obsexma onucweaemcs cucmemol (1), 2de

X € conv(R?), Xg = B1(0), T = 1 uu(t) =0 das t € [0,1], mo ecmn
ML PACCMOTNPUM CAEOYIOULYIO CUCTNEMY

DX (1) = X(8), X(0) = By(0), t € [0, 1]. 2)

Jlezxo noaywums, wmo nepsvim 06a306vLM pewenuem 6ydem MHo203Ha Y-
noe omobpasicerue X1(t) = Byt(0), a muozoznaunoe omobpascenue Xo(t) =
B,-+(0) 6ydem eémopwvim 6asosvim pewenuem (cmompu Puc. 7 u Puc. 8).

Puc. 7: X;(t), t € [0,1] Puc. 8: Xa(t), t € [0, 1]

Hcnoavsys smu dea 6a306vie PEWEHUSA AL2KO NOCTPOUMD CMEULAGHDLE PEULE-
Hus. Hanpumep, cmewarnvimu pewernuimy 6ydym caedyrouue MHo203HAHDLE
omobpastcerus

. Bet(O), tc [0,0.5] B Beft( , S .
Xims (?) —{ Ba0), teos Kms() —{ Bt (0), te[05 1]

(emompu Puc. 9 w Puc. 10).
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Puc. 9: X} (¢), t €[0,1] Puc. 10: X2,(t), t € [0,1]

Teneps 3amaanm #HekoTOpoe MHOXKeCTBO X € conv(R™). Ilpeamomoxum,
YTO MHOXKECTBO X ¢ mMeeT Takyko ke ¢opmy Kak u MHOX)ecTBO X (Xo u X
romoreruyHble hurypsl ¢ Koabdurmentom k > 0), TOo eCTh CYIIECTBYIOT YHUCIIO
a > 0 u Bektop b € R"™ Takue, uro X = aXy + b.

Pacemorpum cremytomyio 3a1aqy ObICTpOEHCTBHT: TpebyeTCsT TIepeBecTn
obbekT X (t,u) coracHo cucrembl (1) u3 HaAYATBHOTO MHOXKECTBA X B KOHEU-
HOEe MHOXKeCTBO X i 38 MEUHUMaJsIbHOE BpeMs 1 > 0 tak, arober X (T, u) = X

[Ipeamnonoxum, uro Xo = B1(0). Crenoparenbro, X = B, (b).

Permum mannyto 3amady. PaccMoTpuM ciieiyroliue 1Be KJIacCHIecKue 3a/a-
91 OBICTPOIEHCTBHS:

ITepBas 3amaua: Tpebyercs mepeBectn 00BEKT Z(t, 4) COIVIACHO CHCTEMBI
& = x4 u n3 HavaJbHOI TOUYKHU () B KOHEYHYIO TOUKY b 32 MUHUMAJIBLHOE BPEMSsI
T >0;

Bropasi 3agaga: tpebyercs nepesectu 00beKT (t, %) COIJIACHO CUCTEMBI
& = —x — u W3 HAYAJbHOW TOYKW () B KOHEUHYIO TOUKY b 3a MUHUMAJIHLHOE
Bpemsa 1" > 0.

Pemum namnble Kaaccudeckue 3a/ia9u ONTUMAJIBHOTO YIIPABIEHUsT U HAli-

JeM 114 IIepBO 3aJa41 ONTUMAaJIbHOE yIIPABJICHUE ui (+) 1 MUHEMAJIBHOE BPEMsI

T} < 0o u 1711 BTOPOIi 331441 ONTHMATLHOE yIpPaB/IeHue U2 (-) 1 MHEHAMAIBHOE
Bpema T2 < oo.
Tax ke JIerKo MOKHO 3aIIMCaTh COOTBETCTBYIOININE ONTHMAJIbHbBIE TPAEKTO-

pun

t
2ty ul) = / el (s)ds,
0

¢
2 (t,u?) = —/eStui(s)dS.
0
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Sameuanme 16. Kax ussecmuo, emopas 3a0a4a MONCEM OAL HEKOMOPHIL
b € R"™ ne umems pewenue. Imo caedyem us moz0, 4mo obaacms docmu-
otcumocmu X2,(t) das emopoti sadawu umeem 6ud

X2() = (1— e .

Caedosamenvrio, ecau b & (1 — e YU das ecex t > 0, mo emopas 3adaua ne
UMEETN, PEULEHUE.

Bameuanue 17. Tax xax X1,(t) = (¢! — 1)U u X2,(t) = (1 — e U, mo
X2, C X}, onn ecext > 0.
Bameuanue 18. Ecau oba onmumarviols pewenua cywecmeytom, mo T <

T2 u cywecmeyem donycmumoe ynpasaenue u(-) daa nepeoti sadawu, wmo
T2 0 — 2(72 ,2) —
x (Tf u) = 2°(T7,us) = b, m.e.

T2 T?
/eTfsu(s)ds = /eSTfuz(s)ds.
0 0

B nauaJsie npeaIiosio>knum, 94To 00a ONITUMAJIBHBIX PEIIEHU: CyIie-
CTBYIOT.

[oscrasum yrpasaerue ul(-) B cucremy (1) i ToTyHnM cire tytoriee JTinHedi-
HOe MHOTO3HavHOe JuddepeHnuaibioe ypaBHeHue ¢ PS-mrpousBogHoit

Dyps X (t,ux) = X (t,us) +uy(t),  X(0,u;) = Bi(0) (3)

7 HaiimeM mepBoe 6a30BOE pEIeHne STOrO yPABHEHUS:

Xi(tul) = B (0) + / =2yl (s)ds. ()
0

Iamee moacrapum yrpasiaenue u2(-) B cucremy (1) u moTydnM ciieyiomee

JMHeiiHoe MHOro3HauHoe JuddepeHnuaibHoe ypapHenue ¢ PS-1pousBoiHoil
Dst(tau*) = X(tv u*) +U§(t)7 X(07uz) = Bl(o) (5)

1 HaiizieM BTopoe 6a30B0€ PElIeHHe STOr0 ypPABHEHHUSL:
¢
X (t,u?) = B.-+(0) +/e‘9tu§(s)ds. (6)
0

YunrbiBasg 3amedanue 18 u cBoHcTBA 6A30BBIX PEINIEHUII MMeEeM, |TO
X2(T2 u?) ¢ XNT}, ul). Crenosarennno, BOSMOXKHBI ClIe/IyIONIHE TPH CJIy-

qad:
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1) Xk C XQ(T2 u?) CXI(T*I, ul);

2) Xﬁ%( * )CXl(T*l’ )CXKa

1. PaCCMOTpnM nepBblii cnyqal‘/’l.

a) Ecm X = X2(T2,u?), To ynpasienne Uop(+) = u?(-) u Bpems T,, =
T? = — In(b) (0 < b < 1) ABAAOTCS ONTUMAJTBHBIMH.

6) Ecm X ¢ C X2(T2,u?), 1o, cenosarennbho, "obbenm"
pemteHns B MOMeHT BpeMenu 12 npesbimaer "o6beM'" KOHEUHOro MHOMKECTBA

Xk, me. T? < —In(a) (0 < a < 1). [TosTOMY TOCTPONM CJIeTyIONTee YIIPaBITe-
HI€, KOTOpPOE Oy/IeT OITUMAJIbHBIM

BTOPOTO 6a30BOT0O

(o, € [0, —In(a) - T7),
)= { W + 721, 1 (o)

u T,, = —In(a). Ecim nna npumepa B3dTh 0 =
11,12.

b =

, To cmorpu Puc.

[ =
N[ =

1.5 X2t Ui) 1.5

/

) mo " ' H" ’M"M\\m

i i
J

Im"lll

lw ,‘5 |

A

il

N X2 (1, 0) X2t ud)
0

M"A“

il i
(0 "umv
00 o n'

) u‘oﬁgg

i ,u,,

15 —wl/z lsfﬁ%ﬁz
0 0.2 0.4 06 a0 0 0.5 1 15 10
t x1 t x1
Puc. 11. Puc. 12.

Sameuanue 19. Ouesudno, 4mo 6 daHHOM CAYHAE MOAHCHO NOCMPOUMD U OPY-

2ue donycmumole YnpasaeHus, Komopvie 6yoym onmumasvroimu. larmnoe do-
nycmumoe ynpasierue JdoadNcHo YO0BAEMBOPANL YCAOBUIO

2. Tenepnb paCCMOTpI/IM BTOPOI1 ciry4aii.

a) B Xg = XHTL, ul), ro ynpasienue uopy(-) = ul(-) n spems T, = T}
SIBJISIIOTCST OLTUMAJIbHBIMU.

6) Ecoiu XH(TY ul) ¢ Xy, 1o, cienoBarensio, "o6bem" mepBoro 6a3080ro
ES E 3 E3 K’ b b
pemtenns B MoMeHT BpeMenu 1! menbie "o6bema" Koneunoro muoxkectsa X,
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Te. T} < 1In(a) (a > 1). [TosToMy TmocTponM cieyiomee yIpaBieHne, KOTopoe
OyJIeT ONTUMAJIbLHBIM

|0, t €[0,In(a) — T2),
ton(t) = { ul(t — In(a) + T2), t€ [ln(a) — 72, In(a)],

u T,, = In(a). Ecau ars npumepa B3saTh @ = 2, b = %, To cmorpu Puc. 13,14.
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Bameuanue 20. OuesudHo, 4mMo 6 JaHHOM CAYIAE MOHCHO NOCTMPOUMD U OPY-
2ue donycmumsie YnpasieHua, Komopoe 6ydym onmumasvrvmu. Janmnoe do-
nycmumoe YynpasaeHue doaNCHO YIoBAEMBOPAML YCAOBUIO

In(a)
/ @)=yl (s)ds = b.

0

3. Tenepnr paccmorpum TpeTuii ciaydait. B sToMm ciydae perennem
JAHHON 3a/1aYM TOJ2KHO OBITH CMEITaHHOE pPEeIlleHne.

1) IlepBbIM Oy/ieM UCKATH TAKOE CMENIAHHOE DEIIeHUe, MaMeTpP KOTOPOro
¢ Hauasa yObIBaeT, a MOTOM Bo3pacTaerT. J[jis 9Toro BoCoJIb3yeMes ONTUMAIIb-
HBIMH yIPAB/ICHAAMI HEPBOil 1 BTOPOil 3a1a4, To ecTh ul(+) u u2(-) u Haiizem
BpeMsI TIEPEKJIIOUCHUS T ¥ BPpeMsl OKOHUYaHuUs mporecca 1.

Penmaem cucremy @ = —x — u2(t), z(0) = 0. Ouennsno, 4T0

2(t) = —et /t eu2(s)ds.
0

.
Torya npu t = 7 nmeem z(1) = —e " [ e*u?(s)ds. CuepoBaresbHo, 910 Ha-
0

qaJIbHAS TOYKA I cucTeMbl & = x + ul(t). Torma

T t

z(t) = —etz"/esuz(s)ds + et/esui(s)ds,

0 T
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T-21

T
Ouesupino, npu t = T umeem x(T) = —e eSuZ(s)ds + el [ e *ul(s)ds.
T

C—=

Tak xax B Hadaze quamerp yonisaet, To diam(X(t)) = 2et. Jloxomum
qo toukn t = 7 u diam(X (7)) = 2e 7. Ilocie sroro nmamerp BO3pac-
taer u diam(X(t)) = eldiam(X(7)). llpu t = T Gyjem uMeTb JuaMETp
diam (X (T)) = eT'diam(X (7)). Homyaaem cucremy

6—2T+T —

a?
T T (7)
el [e=sul(s)ds — eI =% [esu2(s)ds = b.
T 0
Ecmm, mampuvep, ul(t) = 1 u u2(t) = —1, To mOIyYINM cHCTeMy
—27 + T = In(a),

T T
el [e7*ds — eT=2" [e%ds = b.
T 0

Torna
7 =In (HLH) -
— bta+1
T=2m (4ot

Hanpuwmep, Bosbmem a = 1/2, b = 9/10. CrenoBaresnbro, mepBoe 6a30-
BOE pellieHre COOTBEeTCTBYIONee ONTHMATLHOMY yipasienuto ul(t) = 1 Gymer
uMeThb BHJ coryacHo Puc. 15 n B xomewnsiit Moment 7' = In(19/10) 6ymer
BeImosHATLCs yenosue Xx C X1(T,ul), a Bropoe 6azoBoe pemrenme cooTser-
CTBYIOIEEe ONMTUMATBHOMY YIIpaBjiennio u2(t) = —1 GyjeT nMeTh BHJT COTJIACHO

Puc. 16 u B xoneunstii moment 7' = —1In(1/10) Gyer BBIIOJIHATHCS yCIOBUE

X2(T,u?) € Xg. Onnako, ecm B34Th 71 = In (1—52) nT; =2ln <%) U 10-

CTPOUM COOTBETCTBYIOITIEE CMENTAaHHOe pellenue, To cMoTpu Puc. 15, 16 u 17.

2) Tenepsb BrOpOii cityuail. Byjiem nckarb Takoe cMellaHHOe pellieHune, Jaua-
MeTP KOTOPOT'o C HadaJia BO3PACTAET, & I0TOM ybbIBaeT. Jjis 9Toro BoCosib3y-
eMca ONTHMAILHBIME yIPABICHIAME IIepBOil 1 BTOPOH 3aj1ad, TO ecThb ul(-) u
u?(-) m HaiijieM BpeMs TIepeKJIIOUeHns T I BpeMs OKOHJaHus Tporiecca T’ aHa-

JIOTUIHO, KaK 9TO OBLIIO cJeJlaHO B II€EPpBOM CJjiy4dae, TO €CTb IIOJIyIUM CHUCTEMY

27 — T = In(a),
T T (9)
e T [eu2(s)ds +e T2 [ e ul(s)ds = b.
T 0
Ecmm, nanpumep, ul(t) = 1 u u2(t) = —1, To nosydnm cucremy
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Anagornuno BosbMeM, a = 1/2, b = 9/10. Torna 7 = In(2), T =

x2

'y ‘""] “m
'{'I'I '“'u

2 ln(5—‘3/§) U IIOCTPOMM COOTBETCTBYIOIEe CMeIIaHHOe pelleHne, TO CMOTpHu Puc.
i w
m‘

15, 16 u 18.
f’i“t‘tﬁ;ﬁ*\\\
.! mnmo‘o‘a’}}
0ol1? e ma AR
x1

0 0.2 0.4 0.6 -1
t

Puc. 15.

Puc. 17. Puc. 18.

Jlerko nposeputh, uTo 11 < T5. IlosTomy B repBoM cirydae OBLIO IOJIYI€HO
ONITUMAJILHOE PEITIeHHE.

Tenepb paccMoTpuM cJiiy4aii, KOrjia pa3pelnmMa TOJIBKO IepBasi
3a/la4a ONTUMAJILHOTO yINpaBJieHusi, TO ecTb b & (1 — e 1)U must Bcex
t>0.

PGH_H/IM IIEePpBYIO 3a/la1y OIITUMaJIbHOI'O YIIDABJICHUA U Haﬁ,[[eM OIITUMaAJIBHOE
yrpasienne ul(-) n munnManbaoe Bpemsa T < oo.

[oscrasum yrpasiaenue ul(-) B cucremy (1) u mory9uM ciejtytoniee JTnHed-
HOe MHOro3HavHoe Juddepennuaibioe ypasuenue ¢ PS-mrpousBogaoit

Dps X (t,u) = X (t,us) +ul(t), X(0,ul) = Bi(0) (10)

7 HaiizeM mepBoe 6a30BOE PEIeHNe STOIO yPABHEHUSA:

X (t,ul) = Bet(0) + /etsui(s)ds. (11)
0
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Boamoxkubr Tpu ciayuas:
1y . 1l 1 . Lol o1

1) X(T;) = Xk;  2) X, (Toyuy) C Xi; 3) Xx € X, (Ty,uy).

B nepsom ciayuae — yupasienue ul(-) u Bpemsa T} gBjisiorcs onTHMATLHEL-
MU JJId UCXOJHOU 3a1atn.

BO BTOPOM CJiy4dae — IHOCTPOUM OIITHUMaJIbHOE YIIpaBJICHHE TaK, KaK 3TO
6bLTO CIesIaHo paHee B caydae 20), Korja obe 3aJadi Pa3periMi.

Teneps paccMoTpum Hocae Uil Tperuii ciaydaii. O4eBUIHO, B 9TOM CJIydae
pelleHneM JTaHHOW 3a/laun JOJKHO OBITH CMEIIaHHOe pelenue. ByjieMm nckarb
TaKoe CMeIaHHOe pellleHre, JUaMeTp KOTOPOro ¢ Hadaja yObIBaeT, a IMOTOM
BozpacraeT. Iy 9TOro BOCIOIB3yeMCsi ONTUMAJbHBIM YIIPABJIEHUEM IIE€PBOi
sagad ul(+), maitaem u2(+) us yenosua min ||z — u2(t)|| = min max||z —ul| u

reX i reX i uelU
HaiijieM BpeMsi IEPEKJIIOUEHUs T] U BPeMsl OKOHYAHUS 1Iporecca 1] u3 CUCTEeMbI
(7).

[IponwtiocTtpupyeM JaHHBIE METOJ, Ha CJleAylolieM mnpumepe: Xpg =
Bs(3), U = B1(0). Tormaul(t) = 1 uui(t) = —1. Cnenosarensho, 71 = In(1.5)
u Ty = 2In(32). (Cuorpu Puc. 19, 20.)

X!t ub)

'4“6"”
i " I
29 2 (t, u?
e f,IgIe l&l‘i‘t‘&"»

it

X2

X

,2~ﬁ\'\'¥\'_/
246

0 0.5 50
t1 L5 -2 x1

Puc. 19. Puc. 20.

3ameuanue 21. B pesysvmame 6vie npusederHozo aHAAU3aG, OAf 3a0ah-
H020 KOHEUH020 MHOMHCECNEa X MOHCHO HATMU JONYCMUMOE ONMUMAALHOE
Ynpasaerue Uopy () u onmumansvroe epemsa Ty, npu Komopur Hexomopoe peue-
HUe cucmembl

Dst == X + uop; X(07 'LL) = X07 (12)

6ydem ydosaemeopamsb ycaosuro X (Typ, uop) = Xi. To ecmov ywumwvsas 3a-
mevwanue 15, cucmema (12) umeem 6eckonewHo MH020 peweHut, HO umeem
pewenue, das komopoeo evinosnsemcsa ycrosue X (Top, uop) = Xk, a max orce
UMeEM PeUenUs 0L KOMOPLLT IMOo ycaosue ne svinoanaemca. Oonaro 6 cay-
wae, ecau T < Tpp,, mo daa ecex donycmumoix ynpasaerud u(-) u 0rs ecex
coomsememeyrowur pewenuts yeaosue X (T, u) = Xg evnoanamoca ne 6y-
dem.
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2. 3AKJIIOUEHUE

B zakmrouenne cieraeM HECKOJIBKO 3aMeTaHMIT:

Bameuanne 22. B cayuae, ecau X e asasemen wapom (ho Xo u X 2omo-
memuunbie guaypul ¢ Kospgduyuermom k > 0), mo onuwem 6okpye mrostcecms
Xo u Xg wapvt u peuwum 360ayy mak, Kax 3mo 0va0 cOeaaHo OAL ULAPOS.

3ameuanue 23. B cayuae, ecau mmoocecmsa Xg u Xg uMeom pasnyio
Popmy (necomomemuunwvie Ppueypv. ¢ xoapduyuenmom k > 0), mo ycaosue
X(T,u) = Xk mne bydem unosnamuves Huko2da, mo ecmv He CYUecmsy-
em T > 0 u donycmumozo ynpassernua u(-) 4mobv. IMo YCA08UE GHINONHA-
A0cv. B amom cayuae neobrodumo ucnoavzosamv yeaosue X (T,u) C Xk uau
X(T,u) D Xg. Hanee, 6 nepsom cayuae, HEOOTOOUMO SNUCAMD 6 MHONACECTNEO
XK MAKCUMANDHO BOZMOHCHOE MHONACECTNEO, KOMOPOe Mo Popme cosnadaem ¢
Mmuootcecmeom X, a 60 6mopom - onucamy. asree pewams 3a0auy, Kax 2mo
6v.00 Mpedrosiceno 68 NPedvldyuLem 3aMEYAHUL.

3ameuanue 24. B cayuae, xoeda emecmo PS-npoussodnoti ucnoavayemcs
BG-npoussodnas u navarvroe mrosicecmao Xy yoo8Aemaopaem Ycao8u0, 4mo
pazrocms Xo (—1)Xo cywecmeyem, mo 3adaua Gydem pewamvca anaiozu-
no. B cayuae, ecau pasnocms Xof(—1)Xy me cywecmeyem, mo coomeem-
cmeyruwee dupdeperyuarvroe ypasrerue 6ydem uMemMb MoALKO nepeoe 0a-
3060€e pewenue (6mopoe b6azoeoe pewenue cucmema (1) umemv ne 6ydem) u
beckoneuno muo2o cmewanvix peuwenudi. Caedosamesvho, paccmampueaemas
3adaya 6bIempPodeticmeus ModHcem He UMEMb HU 00H020 PEWEHUA (Hanpumep,
ecau X eomomemuuno Xg ¢ koapuyuenmom k € (0,1)).
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Komaesa T. O., Mosawarmox I. B., Cxpunwux H. B., Ilaomnikos A. B.
OJIHA JITHITHA BATATO3HAYHA 3ATAYA KEPYBAHHS

Pesrome

OcranniM yacoMm GaraTo aBTOPIB PO3IVISIAJIA [IUTAHHS ICHYBaHHS, €IMHOCTI Ta BJIACTHBOCTI
PpO3B’si3KiB GaraTo3HAYHUX JAUGEPEHINaJIbHUX Ta IHTErpo-audepeHIialbHuX PiBHSHb, PiB-
HSHb BUIUX TOPSIKIB, JOCJIIKYBAJIM IMIYIbCHI 1 KEpOBaHI crCTeMHU B paMKax Teopil Oa-
raro3HadYHUX piBHsHL. O4YEBHIHO, [0 OTPUMAHHS BCiX IUX pe3yiabTariB 6ysio 6 HEMOXKJIMBO
6e3 po3BUTKY Teopil 6araTo3HAYHOrO aHasi3y. B ocTaHHI poKM 3’IBUINCS HOBI BU3HAYUEHHSI
MOXiTHOT 17151 6araTo3HAYHUX BioOpaskeHb, siKi Ha BiAMiHy Big moxigHol XyKyxapu, Jaad MO-
KJIUBICTB JndepeHItiioBaTn baraTo3HadHi BijjoOpaskeHHsI, JiaMeTp sKUX He TiJIbKU He CIa Ha
dyukiisi. B pe3ynbrari 6yu po3risHyTi 6araTo3HavHi qudepeHIiaibHi PIBHSHHS, PO3B’I3KH
AKUX € H6araTo3HavuHi BiOOparkeHHs, JiaMeTp SKUX He € MOHOTOHHOIO (DYHKITE. Y maHiit
CTaTTi PO3IVIAJAECTHLCS HOBA [TOCTAHOBKA 33124l ONTUMAJIBLHOIO KepyBaHHs (3aJada MIBUIKO-
ziil), siKa CTajia MOXKJIMBA 3aBJSAKH UM HOBUM IMOXITHUM Ta MUMEPEHIIATHHAM PIBHIHHSM,
a TAKOXK HABEJIEHO METOJ, PO3B’si3aHHs JIaHOl 3aJ1adi.

Karom08i crosa: 6a2amo3Haumi piHAHHA, KEPYSAHHA, 300040 weudkodii, noriona Xyxyrapu.

Komleva T. A., Molchanyuk I. V., Skripnik N. V., Plotnikov A. V.
ONE LINEAR SET-VALUED CONTROL PROBLEM

Summary

Recently, many authors have considered questions of the existence, uniqueness, and proper-
ties of solutions of set-valued differential and integro-differential equations, higher order equa-
tions, and have investigated impulse and control systems in the framework of the theory of
set-valued equations. Obviously, obtaining all these results would be impossible without the
development of the theory of set-valued analysis. In the latter, new definitions of the deriva-
tive have appeared for set-valued mappings, which, unlike the previously used Hukuhara
derivative, made it possible to differentiate set-valued mappings whose diameter is not only
a non decreasing function. As a result, set-valued differential equations were considered
whose solutions are set-valued mappings whose diameter is not a monotonic function. This
article discusses the new formulation of the optimal control problem (the time-optimality
problem) that became possible due to these new derivatives and differential equations, as
well as a method for solving this problem.

Key words: set-valued equations, control, time-optimality problem, Hukuhara derivative.
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Oprechkuit Harionabamii yaiBepeuret iM. 1. I. Meunikosa

INPE/INKATHI JIOTTYHI MATPUIII

V kiacuuniit jiHifHIA anrebpi MHUPOKO BUKOPUCTAETHCS amapaT MaTpullb. AJjie KjiacudHa
nginiftHa asrebpa Mae cupaBy i3 6e3mepepBHuUME 00’c¢kTamu. Jloriuma asirebpa, mobymoBana
3a AHAJIOTIEI0 3 KJACUYHOI JIHINHOI ajrebporo, 6yaye Ti K cami MOesi 3a JOMOMOTOI0
JUCKPETHUX 00’€KTIB, IO MAKOTh JIOTIYHY CTPYKTYPY 1 MiIKOPSIIOTHCST BIAIOBIIHUM 3aKOHAM.
Ile npusBOUTE 710 CYyTTEBUX BijMiHHOCTEH y (DYHKIIOHYBaHHI 1MO0y10BaHuX Mojeseit. Jana
CTaTTsI MPUCBIYEHA MATPUISM, B SIKOCTI €JIEMEHTIB JjIsl SKUX B3sSTO eJIeMEHTapHi JIOrivHi
€JIEMEHTH, & caMe CKIHYeHHI IMpeIuKaTH JIOBLIbHOI apHOCTi. B poboTi mociiizKeHi BIacTUBOCTI
TAKUX MaTPHUIlb Ta O0COOJHMBOCTI 1X 3acTocyBaHHs. TaKOoK PO3IJIAHYTI OCHOBHI orepartii Ha
TakuMu MarpuigMu. KpiM 3BUYaifHUX orepariiif, 1o MaloTh Miclle B KJIACUYHIHM JHHIAHIK
arebpi, JOTiYHI CTPYKTYPHU HO3BOJISIIOTH BUKOHYBATH II€ JIEKITbKA OTEepPaItiii.

MSC: 03G05, 03G25, 03F52, 06E25, 15B34.

Karouosi caosa: ckinuennuti npedukam, 6yaesa mMampuys, npedukamua Mampuus, ousd oHK-
UiA, KOH MOHKUIA, 3anepederts, OPMo2oOHAAbHA MAMPUUA, CKAAAD, 00EPMAHHA MATNPUUS.

DOI: 10.18524/2519-206x.2019.2(34).190052.

1. BcTyn

VeTosiHi yABJIEHHST PO MaTEMATHUUHY JIOTIKY $K PO HAYKY, IO BUBYAE
3aKOHU MUCJIEHHS i3 3aCTOCYBaHHAM allapaTa MaTeMaTUKW, TOJJOBHUM YMHOM,
JIst TTIOTpeb camMol MaTeMaTHKH, y CyJacHUX YMOBaX CTa€ 3aHATO By3bKUM [1].
3 po3MMpPEeHHSIM TaIy3eil 3aCTOCYBaHHs 1 MOJAJIBINTNM PO3BUTKOM MaTEeMaTH-
YHOI JIODNIKY 3MIHIOEThCA # moryist Ha Hel. O6’eKTaMu MaTeMaTUYHOl JIOTIKU €
OyIb-s1Ki JUCKPETHI CKiHYeHHi cucTteMu, a i1 roJIoBHA 3a/1a9a CTPYKTYPHE MOJIe-
JIIOBAHHSI TAKUX CUCTeM. JIojchKa MOBa, K SIBUIIE JTUCKPETHE, IIPUPOIHO, 110~
BUHHA OIMCYBATUCS 3ac00aMU TUCKPeTHOI MaTeMaTuku. JIjist omucy mpupoHol
JIFOJICHKOI MOBH HaliKpallle IiIiifIos Ou amapar piBHsIHD, IHOIIOHUI 10 alrapaTa,
BUKOPHUCTOBYBAHOTO B MaTeMaTHIHOMY aHaJII31, ajle BIIMIHHOTO BiJl OCTAHHBO-
o THM, IO BiH HIpU3HAYEeHWH st bopMmastizalil He H6e311epepBHUX, a JUCKpPe-
THUX nporeciB. Taky MOBY IaiOTh JIOTiUHI BUPpaXyBaHHS, & caMe: BUPAXyBaHHs
BHUCJIOBJIEHD 1 BupaxyBaHHs npejukariB. OjHak 1mo6 MaTu MOXKJ/IUBICTH ede-
KTUBHO BUPIIITyBaTH 3a3HateH] PIBHIHH, HEOOXiTHO JIOBECTHU IIi BUPAXyBaHHs
0 piBHSI anreOpaivTHOl CHCTEMM.

2. TIONMEPEAHI PE3VJIBTATU

OpHi€ero 3 BaXKJIMBIIMX ajaredpaidHux Mojeliell € arnapar MaTpuilb. Jlorivni
MAaTPHUIll MaIOTh JBa Pi3HOBUIM: OyJIeBi Ta MpeIUKaTHI.

Haditiwna 01.10.2019 © fkimosa H. A. 2019
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OzuavenHst 1. Jloziuna mMampuys nHa3u8aemvea 6Yaesoro, AKWO i esemen-
mamu € aoziuii ckanapu 13 noas K = {0,1} [2].

Tobro esemenramu Gysesol Marpuri € Hyiai ta omununi [1]. Hampukiar,
OyJ1eBOIO Oy/Ie MATPHUIIS

1
A=11
0

o = O

1
0
1

OszsuadeHHs 2. B c6010 uepey, A0214Ha MAMPUUA HAZUBAEMBCA NPEIUKATNHON,

mie JoGiAbHOL apHOCTN.

Osnavenns 3. CkinueHHuMm n-micHum npeduxamom (npedukamom aprocmi
n) nad aspasimom A nasusaemuvces 6yov-saxa gynkyiat = f(x1,xa,...,Ty) 6id
n OYKBEHUT AP2YMEHMIB X1, L9, . . . , Ly, 3A0GHUT HG MHONCUHT A, wWo npuimae
NO2TYHT 3HAYEHNHA L.

IHoai ckinueHHuit npeaukar f HA3MBAIOTDH k-TIHUM, IHJIKPEC/IIO0YH, 110 Ho-
ro andasir A ckiaanaerses 3 k Oyks [4].

Akmo marpurg € 6ysieBoro, yci icHyrodl omnepariii 3 Hero, o omucani B 2],
HE BUKJIMKAIOTH TPY/IHOIIIB Ta HEIMOPO3yMiHb. AJie SIKIIO MATPHUIlS € [PeJIn-
KaTHOIO, TO OIepallil 3 He0 He 3aBXKJU OYEBHUIHI 1 MOTPeOYIOTh I0IaTKOBUX
JTOCJILJI?KEHbD.

3. OCHOBHI PE3VJIbTATU

I'padiuno ereMenTH IPEINKATHUX CKAJSIPHUX TOJIB, B 3aJI€2KHOCTI BiJl ap-
HOCTI IIpeiuKaTa, MOXKHA TOJIATH HACTYITHUM YHHOM:

0 1 L1 raag
[
P(0) P{1) R(0,1,1) E 2
R(1.0.1)
ROAY) |
0(0,0) QLI RO00) REOOD) &
a) oaHoMicHEE §)aomicHEE B) TpEMicHER
npegarat P{x) npeankat O, §) npeguraTR(xX, ¥, 1)

Maur. 1.: I'padiune nmomaHHs MpeINKATHUX JIOTTIHIX CKAJISIPiB

Takum 9MHOM, KOXKEH €JIeMEHT IIPeJIUKATHOI JIOTTYHOI MaTpuIili Moxe Oy-
TH mojlaHuii y BUIIsl rinepkyba posmipaocti n[3]. Hanpukiasn, va mam. 1B)
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POBIVISTHYTO BUIAJI0K TPUMICHOTO mpeankara R(x,y, z), sakuil 3a1anuii HaJ| aJi-
dasitom K = {0,1} i3 k = 2 cumsouis. [Ipu ripomy KoxKHiii BepuuHi rinepkyba
BIJITOBi/Tae 3HAYEHHS ITPeJINKaTa PN MEBHUX 3HAYEHHAX apryMeHTIiB &,¥y 1 Z,
sIKi CTBOPUJIN JTaHy BepIIUHY. PO/Ib OJMHUYHOTO €/IeMEeHTI TOJIs CKAJIAPIB BiTi-
rpae mpenKaT, IO JIOPIBHIOE OJWHUIN ITPU BCIX 3HAYEHHAX WOr0 apryMeHTIB.
Binnosinmzo, poJib HyJILOBOTO €JIEMEHTA Bilirpae mpenKaT, 1Mo IPU BCiX 3HAYTe-
HHS HOr0 apryMeHTIB JOPiBHIOE HY/IO. ['padivHo OMUHUYHAN eJIeMeHT IOJIae-
ThCs TIIEepPKyOOM, yCiM BepIIMHAM SIKOTO BiIIIOBIIAIOTH OJIMHUIL, & HYJIbOBUN —
rinepkybomM, yciM BepITHAM STKOTO BifITOBIAAOTH Hysl. 3TiTHO BH3HAUEHHSIM
npeuKaTHUX onepariiit [4; 5|, Bel il HaJL TAKUME eJIeMEeHTaMU M0JIst JIOTTIHIX
CKaJIIPIB BUKOHYIOTHCS TTIOPO3PSTHO.

Oszuavennst 4. I1id po3padom po3ymiemves 3HAMERHA PO32AARYMO20 NPEIU-
KamMa npu 00HOMY 3 MOHCAUBUL HAOOPIE GP2YMEHMIE.

Takum unHOM, GiHapHi onepariil (1u3’OHKIsS i KOH IOHKIIiS) IPUILYCKAIOTh,
110 TXHIM pe3y/IbTaToM Oy/1e eJIeMEHT, KOYKHOMY PO3PsIIy SIKOT'O BiIITOBiga€ 3HaA~
YeHHs BUKOHAHOI OiHApHOI omepaliil Ha/l OJHOMMEHHUMH PO3PSIAMU IIPEIUKa-
TiB, 10 OEPyTh y4acTh B OMeparrii.

Osnauvenns 5. [1id odnotimennumu po3padami posymMInomsves 3HAYEHHA UUT
npeduramis 6id 00naKxo8uT HabOPIE AP2YMEHMIE.

Ormepariist 3amepeveHHsT TAKOXK ITPOBOAUTHCs TOpo3psiaHo. 11i omepariii Oy-
JIYTh OOYMC/IIOBATUCS 38 HACTYIHUMHU [TPABUJIAMHE:

(B V Pj)(x1,...,2n) = Pi(z1,...,20) V Pj(21,...,2p), (1)
(P A Pj)(x1,...,2n) = Pi(z1,...,20) A Pj(21,...,2p), (2)
Pi(ar.....z0) = Bi(ar K. 1), 3)

I'padiunro mi omeparii HaI eleMeHTaAMA MPEIUKATHAX MATPHUIb MOIaHI Ha
MaJj. 2.

Hamnpukiam, sk moJie JOriaHuX CKaJIAPiB Bi3bMEMO MHOXKHUHY OTHOMICHUX
npeukaris Pi(z),i =0,...,3, ne x € {0,1} s Mmaoxuna 3amana tabmrero 1.

Hamni onmomicui npeaukarn nopaiorsbest psakamu P = (P(0), P(1)). Toxi
Py =(0,0),P, =(0,1), P, = (1,0), P; = (1,1). I[To3Hauumo 1e ckaJisipHe 10J1e
gepe3 P. Toni pesymbraTu onepariiit J06yTKYy Ha CKaJstp, /13’ IOHKIIT, KOH IOH-
KI[I Ta 3amepedyeHHs: HaJ IPEJIUKATHUMU MaTPUIEIMU, 3aJaHIMU, HAIIPUKIIA/T,
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¥ 1 0 ¥ 1 0 ¥ 1 ]
1 0 1 1 1 1
B b HE - E
ll H l;' ll_'__‘r-
______ - o e 2N o
0 1x 1 1x 1 Ix
a) AH3"WHRIA
"T 1 0 }.T 1 0
1 {} 1 1
- A Ed
1l"4z ﬂi—/
P e=HERR B || T .|
0 Ix 1 1x
§)ron"wHKDIR
¥ 3 : 0 ¥
1 0 1]
l ’# )
" x
LSRR .
0 1x 1

E) 3allepedeHHA

Mau. 2.: I'padiune nmomanus omepariii HaJ CKIHIeHHIMHI IPeIuKATAMN
OJTHAKOBOI apHOCTI

HaJT TI0JIEM OJHOMICHUX MPEINKATIB, OyIyTh HACTYITHUMIM:

P P P (0,1) (1,0) (0,1)
PR P3 P |=(0,1)1(0,0) (1,1) (0,1) =
P2 PO P3 (170 (an) (17 )

) 1

) 1

) 1
(071) (0,0) (071) Pl PO Pl
= (05 0) (07 1) (05 1) = PO PO Pl )

(0,0) (0,0) (0,1)

PP P P P, P
PQ P3 P1 V P1 PO P2 =
P, P, P P, P P



IIpedurxammi no2ivuni mMampuys 71

Py | Py | B | Ps
0 0 0 1 1
1 0 1 0 1

=

Tabsmg 1: MuokuHa OTHOMICHUX MPEAUKATIB, 3aMaHnX Ha ajadaBiTi

K ={0,1}

(171) (170) (071) (Ll) (1>O> (Oal) PS P2 Pl
N (071) (O’O) (170)) (071) (171) (171) =P P Ps|;
(170) (071) (170) (170) (071) (Ll) P2 Pl P3
P PP Py Py P (0,1) (1,0) (0,1)
(PQ Ps P1) A (Pl Py B = (0,0) (1,1) (0,1) AN
P, Ry P P, P P (1,0) (0,0) (1,1)
(1,1) (1,0) (0,1) (0,1) (1,0) (0,1) P P, P
A (071) (070) (170)) = (070) (070) (070) =k R R|;
(170) (071) (170) (LO) (070) (LO) P2 PO P2
P P P (0,1) (1,0) (0,1)
A=|h P P ((0,0) 1,1) (0,1)] =
P P P (1,0) (0,0) (1,1)
(170) (0>1) (LO) P2 Pl P2
= (171) (070) (170) = P3 PO P
(Oal) (1>1) (an) P P B

Omnepariist 7OOYTKY NpPeIMKATHUX MATPHUIb BUKOHYETHCS 38 IPABUJIOM, CIILIb-
HUM JIJI YCiX JIOTIYHUX MaTpUIlhb. Bignosi Hi HeoOXiTHi 10 BUKOHAHHS OTllepariil
HaJ| IX eJleMeHTaMu 009ncIoThes 3a dopmyaamu (1) 1 (2). Ase momo ome-
paril obepTaHHsI, TO y BHUIAJKY IPEIUKATHUX MATPHUIL 11 BU3HAYEHHS JIEINO
CKJIQJHIINe, HiXK JJId OyJIeBUX JIOTIYHUX MAaTPHUIlb. KINO po3rismaru OyJiesi
MATPHIIl sIK OKPEMHl BUIAJOK MPEJINKATHUX MATPUIb (BOHU 3aJ@aHi HaJ I110-
JIeM HyJIb-MICHUX IIPEJMKATIB), TO MOXKHA CTBED/ZKYBATH, IO 32 Ii€l yMOBH
HACTYIIHI BU3HAYEHHS 1 TBEPKEHHsI PO3IMOBCIOZKYIOTHCA Ha OyJeBl MaTpuil
TaKOXK. AJte JIJIsl HUX BCe Ile MOXKHA 00uuc/IoBaTu mpocriime [2].

Osznauenns 6. Keadpamua sozivuna mampuys A HA3UBGEMBCA OPMOLOHAND-
1010, AKULO QU3 WOHKULA BCIT EAEMEHMIG KO2HCHO020 11 padka T Jud toHKyia 6CIT
eNeMEHMIB KOXHCHO020 11 cmosnus dopIeHI0I0Mb MOMONHCHIT 00UHUYT, a4 KOH TOH-
Kuia 6Y0o-AKux 080T eaemenmis y xostchomy it padky G ko tonxyis 6ydo-axur
dsox enemermis y KoHcHomy i cmosnyi JopisHIOMS MOMONCHOMY HYAIO.
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Hanpukiaz, joriuna marpuns A Hag mojieM P OIHOMICHHX MPEIUKATIB

Pl PU P2 (071) (070) (170)
AlP P P | =[(10) (0,0) (0,1)
P P B (0,0) (1,1) (0,0)
€ OPTOrOHAJIbBHOIO, a MaTPpUIIsA
Pl P3 P2 (O) 1) (171) (170)
A P P P = (07 0) (07 1) (07 0) -
P2 PO Pl (170) (070) (07 1)

—_

1) A(1,0) £0

Teopema 1. Il[o6 das xeadpamnuzr so2ivhur mampuuyb A u B wad mosem
nozivnur ckaaspie G = {0,1} abo nosem ckinuennuxr npedurxamis d08iAbHOT
aprocmi euxonysanacs pienicmo AB = E, neobxiono i docums, wob A u B
OYAU OPMOLOHAALHUMY MAMPUUAMY T nidkopasuca ymosi B = AT.

Hi, TOMY 1110, HAIIPUKJIaM, a1z A a3 = Py A Py = (

HoBeaenns. [IpuBiacHnMO KOXKHOMY PO3PsiJy €JIEMEHTIB CKaJIsiPHOTO TI0-
Jist, HaJ| skuM 3aanl marpuii A 1 B, geskuit ingexc v = 1,..., (k1 X ... X ky),
Je N-apHICTh IPeInKATIB, IO € eJIeMEeHTAMU IIOJIsT CKaIsapis, a k;, 1 = 1,...,n, -
KUIBKICTb CUMBOJIIB B ajihaBiTi, HAJI IKUM 33/ IaHUI APTYMEHT T; [IUX [IPEeINKa-
tiB. Takum unnoMm, Marpuni A it B posnagatorsbest Ha (k1 X ... X ky) Marpuipb
HaJt 6yseBoro Muoxkunoio G = {0, 1}

v v U U
aly ais 11 .-+ V15
v o o v o
A=1... ... ... aB'=1[|... ... ...],
v v U U
al, ... al o .. b

CKJIAQJIEHUX 3 U-TUX PO3PsIiB ejieMeHTIB Marpulls A it B. OTiKe, SIKIIO TBEP-
JIZKEHHsI CIIPABEJJINBO JJIs MATPUIlh HaJl OysiesuM mosiem ckanspis G = {0, 1},
TO BOHO BIipHO i JIjIsI MATPUIlh, €IEMEHTAMU SIKUX € IPEIUKATH JTOBLILHOI ap-
HOCTi. ¥ CHJIy IIbOI'O JOCHTDL JIOBECTH TBED/XKEHHS JJIsi BUIIAJKY CKaJIsIPHOI'O
nosst G = {0,1} [2]|. Hexait posmipnicts marpunps AY it BY — s X s. Bubepemo
goBuibHO miste t, 1 < t < s. dkmo t-tuit psagok marpuni AY HyJgboBHii, TO i
t-ruii psitok marpuii (AB)Y 6yze HynboBuM. ToMy B KOXKHOMY PsiJIKY MAaTpPUIL
AV e xo4a 6 ojHa OJUHUIA, 1 Il OJUHUII BIJIIOBiaE NesdKa OJUHUI B Ma-
rpuni BY (Hexaii ne 6yje ejiemMeHT afj = 1, gkoMy BiJIIOBI1a€ b“ ). Hpu f #t
(1 < f < s) maemo ay; = 0, Tomy mo inaxme (AB)}, = af]b]t = 1, TobTO
(AB)Y # E. Anajoriuno, y marpuii BY Bci ejleMeHTH PsijiKa j, 38 BUHITKOM
b;’t, JIOPiBHIOIOTH HY/II0. TaKUM 9HHOM, y KOKHOMY Pstaky MaTpuii AV € xoua 0
OJTHA, OJIMHUILSA, TPUIOMY BCI ITi OJIMHUII PO3TAIIOBaHI B Pi3HUX CTOBIMIAX. ToMy
marpuiist AV - oproronajbHa. AHAJIOrIYHO, opToroHaj bHa it MaTpuist BY. Pis-
nicts (B)Y = (AY)T tenep ouesmmma (KoxKHOMY ejleMeHTY ay; = 1 Bianosinae
bl = 1). Teopemy noBeseHo.
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4. BucHOBKU

TakuMm TuHOM, IPEINKATHA MOJIE/Ib JIOTIYHUX MATPUILh Y3araJbHIOE PO3TJIs-
uyry B [1; 2| 6yseBy Mmonenn. Koxkua onepaliisi Ha i peIMKaATHUME MATPULISAME
CKJIAJA€ThCs 13 2™ omepariiit Hajl OyJIeBUMEU MATPHUISAMU IO KiJTBKOCTI PO3Ps-
JIiB y BIJIIIOBIIHUX eJIEMEHTaX IIPEJUMKATHOTO CKAJSIPHOTO 1OoJIsA. TakuM 9uHOM,
[IpeIUKATHI JIOTIYHI MaTPUILl MOXKHA PO3IVISIATA AK TPUBUMIPHI OyseBi ma-
TPUIL, Je TpeTiit BuMip Oyze BiAIOBiIaTH PO3psiiaM BUKOPUCTAHUX ITPEIUKA-
TiB. BifoBifHO, KiJIbKICTh BIOPSIKOBAHUX <IAPIB» 10 TPETHOMY BUMIpY Oy/lie
ckimagatu 2". B cBoio uepry, OysieBi MaTpuili MOXKHA PO3TJIAIATH K OKPEMUI
BUMAJIOK MPEIUKATHUX MATPUIlh, ITPU SKOMY apHICTb 3aCTOCOBAHUX IPEIUKA-
TiB jopiBHIOE Hy/mo. 3a miei ymosu 27 = 2! = 1, To6Gro Tpetiit BuMip Gye
CKJIAJIATUCS JINIIIE 3 OJHOTO mapy. TakuM YmHOM, JI0 MPeJUKATHUX MaTPUIlh
TaKOXK MOYKHA 3aCTOCOBYBAaTH TOH alapat, 10 BBAXKAETHCH IIPUTAMAHHUM 0y-
JIEBUM MAaTPUIISIM, 30KpeMa arnapar GiHapHUX npejukaris [6].

CrucoK JITEPATYPU

1. Curopckuii B. II. Maremarnueckuit annapat umxkenepa / B. II. Curopcknit — Kues:
Texuuka, 1975. — 768c.

2. TI'sozpunckas H. A. O jormuecknx marpunax / H. A. I'sospuuckas, 3. B. dymaps, C.
A. Tlocnasckuii, FO. I1. Ta6anos-Kymuapenko // IIpo6aemsr 6uonnku. Boim.48, 1998.
—C. 12 —22.

3. TI'Bospunckas H. A. Bysnesbl u npeaukarnble jgorndeckue npocrpancrsa / H. A. I'so-
sauHcKas // IIpoGsemst 6uonnku. Bem.51. 1999. — C. 106 — 115.

4. IITa6anos-Kymrnapeuko FO. II. Teopus unresuiekra. MaremaTnieckue cpeacTsa. /
1O. II. ITabanos-Kynmrapenko — Xapeskos: Buma mikosa, 1984. — 143c.

Kuaunnn C. Maremarnueckas joruka. / C. Kauuu — M.: Mup, 1973. — 480c.

6. I'Bozmumckuii A. H. [IpencraBienune Oy/e€BbIX JOrMIeCKUX MATPHUIL B BUIe OMHAPHBIX
npeaukaros / A. H. I'sospuuckuit , H. A. fdxkumosa, B. A. I'y6un // Paguosnekrponnka
u nadopmaruka. Beim.2. 2007. — C. 108 — 110.



74 Sximosa H. A.

Hxumosa H. A.
TIPEAUKATHBIE JJOTUYECKUE MATPUILIGI

Pesrome

B kmaccudeckoit uHeitHOM anrebpe MIMPOKO UCIOAb3yeTcs ammapar marpuil. Ho kiaccu-
JecKasd JINHEWHas ajirebpa MMeeT JIeJI0 C HENPEPBIBHBIMU oObekTaMmu. Jlormyeckas asrebpa,
IIOCTPOEHHAS TI0 aHAJIOTHU C KJIACCHIECKON JIMHEIHHOM! aJirebpoil, CTPOUT Te »Ke CaMble MOJIEJIN
C TOMOIIBIO JUCKPETHBIX OOBEKTOB, UMEIOIINX JIOTHIECKYIO CTPYKTYPY U MOMIUHSIIONHUXCS
COOTBETCTBYIOIIMM 3aKOHAM. DTO IPUBOJUT K CyIIECTBEHHBIM OTIMYUAM B (DYHKIMOHUPOBA-
HUU IIOCTPOEHHBIX Mojeseil. JlanHast cTaTbsl MOCBSIIECHA MAaTPUIIAM, B KAUeCTBE IJIEMEHTOB
JI71s1 KOTOPBIX 6Py TCsT dJIeMEHTAPHbBIE JIOTUIECKHE JIEMEHTHI, & UMEHHO KOHEYHBIE ITPeINKa-
THI IPOU3BOJIbHOI apHOCTU. B pabdoTe ncciie1oBaHbl CBONCTBA TAKUX MAaTPHI] U OCOOEHHOCTH
UX IpUMeHeHHs. Tak»Ke pacCMOTPEHBI OCHOBHBIE OIE€pAIlUM HaJl TAKUMH Marpuramu. Kpo-
Me OOBIYHBIX OIE€paIldii, UMEIOIIUX MECTO B KJIACCHYECKOHN JIMHEWHON ajiredpe, JIOrUYecKue
CTPYKTYPBbI O3BOJISIOT BBIIOJIHATD €llle¢ HECKOJIBbKO OIepaluii.

Kaoveswie crosa: kKonewnwvill npeduxam, 6yse6a Mampuya, npedukemHaas Mampuya, ouss-
TOHKYUA, KOHBIOHKUUA, OMPUUAHUE, OPMOOHAALHAA MAMPUYGL, CKAAAD, 00pAULEHUE MAMPU-

YoL.

Yakimova N. A.
PREDICATIVE LOGICAL MATRICES

Summary

In classical linear algebra the machine of matrices is widely used. But the classic linear
algebra deals with continuous objects. Logical algebra, built by analogy with the classical
linear algebra, builds the same models using discrete objects that have logical structure
and obey the relevant laws. This leads to a significant difference in the functioning of the
constructed models. This article is devoted to matrices, as elements for which the elementary
logical elements are taken, namely the finite predicates of any quality of variables. In the
work investigated the properties of such matrices and features of their application. Basic
operations on such matrices are also considered. Besides the usual operations that take place
in classical linear algebra, logical structures allow to perform this several operations.

Key words: finite predicate, Boolean matriz, predicative matriz, disjunction, conjunction,
inversion, orthographic matrix, scalar, rotation of matrix.
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AN EXACT SOLUTION OF THE DYNAMICAL PROBLEM
FOR THE INFINITE ELASTIC LAYER WITH A
CYLINDRICAL CAVITY

The wave field of an infinite elastic layer weakened by a cylindrical cavity is constructed in
this paper. The ideal contact conditions are given on the upper and bottom faces of the layer.
The normal dynamic tensile load is applied to a cylindrical cavity’s surface at the initial mo-
ment of time. The Laplace and finite sin— and cos— Fourier integral transforms are applied
successively directly to axisymmetric equations of motion and to the boundary conditions,
on the contrary to the traditional approaches, when integral transforms are applied to solu-
tions’ representation through harmonic and biharmonic functions. This operation leads to
a one-dimensional vector homogeneous boundary value problem with respect to unknown
transformations of displacements. The problem is solved using matrix differential calculus.
The field of initial displacements is derived after application of inverse integral transforms.
The case of the steady-state oscillations was investigated. The normal stress on the faces of
the elastic layer are constructed and investigated depending on the mechanical and dynamic
parameters.
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1. INTRODUCTION

The presence of defects in elastic bodies causes a stress concentration and
significantly affects at the stress state of constructions. A typical and suffi-
ciently investigated problem of this class is the axisymmetric elasticity problem
on the stress state of a layer, weakened by a cylindrical defect, when differ-
ent boundary conditions are set on layer’s faces and defect’s surface. Existing
research can be divided into three approaches: 1) a construction of an ana-
lytic solution of the problem in an explicit form [10], [2]; 2) a construction
of an analytical-numerical solution, when the problem is reduced either to an
integral equation or to an infinite system of algebraic equations [3], [4]; 3) a
numerical solving of the problem [5], [6].

For realization of the first approach, it is essential to satisfy the conditions
of ideal contact on a cylindrical surface, when the normal displacements and
tangential stress are equal to zero. The exact solution of the formulated prob-
lem for the case, when the layer is replaced by a half-space and the stresses
are given on the faces, is derived in [5]. An approximate analytical - numerical
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solutions for other boundary conditions on the defect’s surface were obtained
at the papers [6], [8].

Dynamic statement of the mentioned problem was considered at the papers
[9], [10]. The theory of harmonic oscillations and wave propagation in elastic
bodies was widely investigated in the monograph [11]. The papers [12], [13]
are devoted to the propagation of elastic waves in plates weakened by the
cavities or holes. Based on complex function theory, an analytical solution
for the dynamic stress concentration due to an arbitrary cylindrical cavity in
an infinite inhomogeneous medium was investigated in [14]. The existence of
trapped elastic waves above a circular cylindrical cavity in a half-space was
demonstrated in [15].

It should be noted that dynamical problems weakened by the defects have
found wide application in the practical problems [16], [17]. An experimental
method was proposed to explore dynamic failure process of pre-stressed rock
specimen with a circular hole to investigate deep underground rock failure at
the [18]. The paper [19] proposes a set of exact solutions for three-dimensional
dynamic responses of a cylindrical lined tunnel in saturated soil due to internal
blast loading are derived by using Fourier transform and Laplace transform.
The surrounding soil was modeled as a saturated medium on the basis of Biot’s
theory and the lining structure modeled as an elastic medium. By utilizing
a reliable and efficient numerical method of inverse Laplace transform and
Fourier transform, the numerical solutions for the dynamic response of the
lining and surrounding soil were obtained.

Nevertheless, the study of an elastic layer hasn’t been completed yet and
opens up many problems. The main difficulty during the solving of the dynamic
problems by the method of integral transforms remains the inversion problem
of the Laplace transform. Therefore, it is often necessary to proceed to a more
narrow class of the problems about steady state oscillations. Research contri-
butions over the past 50 years on the theory and analysis of elastodynamics
are reviewed in the paper [20]. Major topics reviewed are: general theories,
steady-state waves in waveguides, transient waves in layered media, diffraction
and scattering, and one and two-dimensional theories of elastic bodies. A brief
discussion on the direct and inverse problems of elastic waves completes this
review.

The problem of elasticity for an infinite layer with a cylindrical cavity in
a static statement was considered by G. Ya. Popov [10], where an exact solu-
tion was obtained. In this paper this method was extended on the analogical
problem in the dynamic statement.
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Fig. 1. Geometry of the problem

2. MAIN REsSULTS

1. Statement of the problem. An elastic layer of thickness b (G is a
shear modulus, p is a Poisson’s ratio, p is density), describing in the cylindrical
coordinate system by the correspondences: a <r < oo, 71 < p <7, 0<2z<h
is weakened by a cylindrical cavity 0 <r <a,0< o <7, 0< 2z <b (Fig. 1).
The layer’s upper and bottom faces are in the conditions of ideal contact with
a rigid base (the layer is supported by a smooth foundation without a friction)

up(r,0,t) =0, 75-(r,0,t) =0, uy(r,b,t) =0, 72 (r,b,t) =0 (1)

The cylindrical cavity’s surface r = a is under the influence of the normal
dynamic tensile force P = p(z,t), applied at the initial moment ¢ = 0, the
tangential loading is absent

or(a,z,t) = P(z,t), mrs(a,2z,t) =0 (2)

Thus, the problem was reduced to solving axisymmetric equations of mo-
tion with respect to the functions w,(r, z,t) = u(r, z,t), u,(r,2z,t) = w(r, z,t)
in a cylindrical coordinate system [21]

_ _ 2
" 1‘:?7“ [T’ar (T’Z’t)] -r QU(T z t) + 2& gﬂu(r z t) + %Ha?azw(razat) =
—1 p O%u(r,z,t)
TC o2
—-10 0 1 62 0 0
r 15 [rﬁw(r,z,t)] ila—w(r z,t) + pr 17” 1@ [r@u(r,z,t)] = )
o 8 (T7Z7t)

L
G ot
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where K = 3 — 4p and subjected to the mixed boundary conditions ( ), (2).

Here ¢} = :ﬂ f - squared velocity of longitudinal wave propagation, ¢ %
squared velocity of shear wave propagation. So, ¢ = “f} .

The following change of the variables was done

p=atr, E=b"lz, 7 =cat, u(ap,bé,ca ) =Ul(p,&,7),
w(ap, b&, ca™t1) = W(p, &, 7)

Consequently, the movement equations (3) can be written in the form

(4)

pilé?p [pap (pvfa )}_ 72 (P fa ) n+1a 3£2U(p 57 )

2 _ r=13%U(p&i1)
+n+10‘6p8£ Wi(p.&7) = ATl or

pilaap ['Oﬁp (,0,5, )} :ﬂ 23852 Wi(p, &, 7)+ (5)
— 0“W(p,¢&,
‘|’,0 152 (‘)p |::06€ (pvgvT)j| = %
l<p<oo, 0<E<, a:%.
Boundary conditions (1), taking into account the replacement (4), are trans-
formed into form

ggmp,o,ﬂ _o, ;U@, L) =0, W(p,0.7) =0, W(p,1,) =0 (6)

as the boundary conditions (2) take the form

%U(17§77)+m U(17§77)+a67€W(17§77) =aG k41

P&, 7) (7)

@ 8

2. Solving a vector one-dimensional boundary problem. In order
to reduce the problem to the one-dimensional one, the finite sin— and cos—
Fourier integral transforms with regard of the variable ¢ and Laplace integral
transformation with regard of the variable 7 are applied successively to the
differential equations (5) and boundary conditions (6)-(8)

1
Ux(p,7)| _ Ul(p,&,T) cos A& n=012,.. o
[WA(’)’ T)] B 0/ [W(P,é,T) sin/\ng] a, - 1,2,... Ap =7n = A

) - [l
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As a result, equations (5) can be written

g [P%pr(p)} i{+1/\*8pW/\p(p) = p 2 Un(p) = 3N Un ()~
_n+1p U/\p(p) = 07 1< p <0

pfla@p [pa@pW)\p(p)] — ,071%)\*% [pU)\p(p)] - L—H)‘ZWAP( ) (9)
—P*Wip(p) =0, A = Ao

During this operation the boundary conditions (6) are automatically satisfied,
and conditions (7), (8) have the form

3—kK k=1
Usp(D) + T [0 (1) + AWy (1)] = 0GPy
00 1
Wi,(1) = AUxp(1) = 0, Py, :/ /P(f,T) cos \p&dé | e PTdr (10)
0 0

For solving a one-dimensional boundary value problem (9), (10) a second-
order matrix differential operator and the unknown vector of displacements’
transformations are set

-10 k=1 2 2 2 o)
P 5 [pap} = =i () AT Mg
= 18% o) P o] - AR - p?

v = (i00))

Let’s set up the boundary functional corresponding to the boundary conditions
(10)

Ly =

Uly(M] = A-y()+1-y'(1), A= <—R igA)’I: ((1) (1)>

In these notations the boundary value problem (9), (10) is written down in a
next form [12]

Lay(p) = f(p), 1 <p<oo, Uly(1)] =7 (11)

0 aG lEZ1lp
f(p) = <0>, N = ( :5+1 AP)

In order to get a general decreasing solution when p — oo of the vector
homogeneous equation in (11), the solution of the matrix differential equation

LY (p)=0,1<p< oo (12)
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should be constructed previously.
With the help of the auxiliary matrix

_(H"(ee) 0
H(p’f)‘< 0 o

where H,(,})(z) is the Hankel first order function, m = 0,1, an important rela-
tionship has been proven [10]

L2H(p7£) = _H(pv‘f) ) M(f),

& + H+1 (>\2 +9°) A (13)

The inverse matrix M(&) for has the form

M_l(g) — 1 52 + %AE +p2 53—15)\
M | o vl ()

det M = [¢ = iy/N2+ p2] [ +iy/N2+ 2] [ — iy /22 + 2dp?

Further, with the help of the equality (13), one can be convinced that the
solution of the matrix equation (12) is

Y(p) = - / H(p,£) M~} (€)de,

21
C

where C' is the closed loop covering the origin and two poles of the first mul-

tiplicity £ = i\/A2 +p2, & = i\/A\2+ N_Hp2 lying in the upper half-plane.
Applying the methods of contour integration, the matrix is derived

P52 g Gpsy) A H(ipby)
s BRI J20S )(zpél) —i5y - H{' )(zpél)

1 <_i' 15 H1(1)(ZP5) —)\*'H1( )(%052)>
T2

. . 2 .
B Hél)(zpég) zg‘—; : Hél)(zpég)
-1
b= VPR =[N (14)

which was constracted using the residue theorem.

Y(p) = 5,2

where
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Taking into account the results in [12] and the range of the parameter
1 < p < 00, a decreasing solution of the matrix equation is constructed

v (CEE O o)
—i- SN Ko(pd1)  —+/ A2+ p? - Ko(pd1)
L (Z : %52 1(pd2) i\: Kl(ﬂ52)>
’ Ko(pda) 5= - Ko(pda)
where K,,(z) is the Macdonald function, m =0, 1

The solution of the one-dimensional problem (11) is written in the form
[12]

The reality of the solution’s values (15) is guaranteed by the special choice of

constants Cy, C, which can be found from the boundary conditions (10). It
leads to the linear system of equations

a11Co + a12C1 =0
a21Co + aC = aG~HEqp* - Py,

1 A(2X2 4 p?

a1z = (2A2 + pH) K1 (81) — 202K ()

1., 1, 3—k [A2
= _— —_ —_—
a1 1 { 2)\*K2((51> + 252K2(52) [51 Kl

(61) — 52K1(52)} +
5 5—3k k—1
7}\2}'{ A )\2 — 2> Ko(d }
+2( T 0(01) = <2(/~€—|— D 2+ )P 0(%2)
a99 = —%)\*(51K2(51) — %)\*52[(2(52) i PR

i A [ K (61) + K1(62)] -

3k . - N
7%)‘*61K0(51) - ( 5(/4-?1))‘2 (,.;+11)P2> 3= Ko(02)

where the known derivatives’ formulas of special functions [23| were used

a7p[('0(ap) = —CLKl((L,O), gKl(ap)

% = —%a [Ko(ap) + Ka(ap)]

The coefficients were found in the form

_ a —1Kk— a —1k—1_2 .
Co = —get n—i—lp - Pyp - a1, Cr = 4G 1P - Py - ant,

det = ai1a22 — a12a21
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The solution of the one-dimensional value problem (11) in transformation
domain was constructed with their help

Usnl0) = &Py 2 (=2 (N2 + 57) Ku(p81) K (52) + (22 + ) K (062 Kt 61)]

A
— %PAPZ (26162 K0 (pd1) K1 (62) — (27 + p*) Ko(pd2) K1 (61)]  (16)
A =58 (A2 4+ 1p2) 62K, (61) Ko (02) — B4 A20162 K1 (82) Ko (61)—
Snp?0, K1 (61) K1 (62) + (A2 + 5p%) (5 2=3e )2 —p >K1(51)K0(52) (17)
5 3”)\25152K1(52)K0(51)

3. The final formulas construction. In order to get the solution of
initial problem (1-3), the inverse integral transformations should be applied

Uy(p,€) = Uop(p +QZU,\p ) cos A€, W(p,€) —QZWAP ) sin Ap€.

The function Up,(p) can be found from the following one-dimensional value

problem (as A\g = 0, Wyop(p) = Wo(p) = 0)

0 0 0 3—k k-1
o | s Uont6)] = Uonl) =0, 5 Ui(1) 4 2500, (1) = a6 5
It has the form )
a
Unnlo) = sez0 | (b (18)
0

The field of the initial displacements of the infinite elastic layer with the
cylindrical cavity is derived

M‘H
— 1

Ulp.&:7) = G

Uop(p) + 2 Z Fi(p PAp A €08 Angl e dp

Yy+ioco
a 1 > Ax . -
Wi(p,§,7) = Comi / [22F2(P)P/\pA sin )\nﬁl ePdp (19)

=00 n=1

The normal stress can be constructed with their help by the formula [21]

_13—/ﬁ[8 _ 1+x 0

-1 %U(p,fﬂ‘)-i-p 1U(p>€7 )_'_7 %W(p7£’7-):|

o¢ = Ga
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4. The subcase of steady-state oscillations. The case of steady-
state oscillations is considered below. With this aim the substitution p = iw,
p? = —w? was made (p - Laplace transform parameter, w - circular frequency
of steady-state oscillations). Taking into account formula (18) and putting in
consideration load of constant intensity P(£) = 1 in formula (10), one can get

the following expression instead of (19)

2a L cos A€ - sin A, Ag

. EO5 Ans "5 An ( )
20 = sin A€ - sin Ap Ay
ST AnS TSR A Ak * F(2)
Wip. i) = g 3 S5 S R )
where
Ay = /A2 —w? Ag=4/X2— —I—i 2
Az =L (A2 — Jw?) AZK (A1) K2 (As) — EEENZA1 A0 K1 (Ag) Ko (A1) +

371 2A2K1(A1)K1(A2) (/\2 — %wQ) (w)\2 + w2> Kl(Al)Ko(A2)+
+2=38 AN Ag K1 (Ag) Ko(Ay)
FM(pw) = =2 (X2 = w?) K1(pA1) K1(A2) + (247 — w) Ki(pAg) K1 (A1)
F7(12) (p;w) == 2A1A2K0(pA1)K1(A2) — (2)\3 - (JJ2) Ko(pAQ)Kl(Al)
The normal stress of the layer is derived on the base of displacements (20)

3— o o8 A€ - sin ), 1

Fa(p,w) = =2 (A2 - w2) Azp YK (pA1) K1 (A2)+
+ (2)\3 —w ) Agp 1K1(pA2)K1( 1) ()\2 —w ) AlAQKQ(pAl)Kl(AQ)—
— ()\z — %wQ) AQKO(IOAQ Kl Al (5+"€)\2 ) AlAgKo(pA )Kl(Ag)

— (A2 = Ju?) (3502 - 5ta?) Ko(pha) Ki (A1)
/\*:)\n'azwn-a,a—%,m:3—4u

5. Discussion and numerical results. The normal stress on the lower
face of the layer £ =0, 1 < p < oo, was investigated, depending on different
mechanical characteristics: Poisson’s ratio p = 1/3 or u = 1/4, ratio of cavity
radius to layer thickness o = a/h, different variants of natural oscillation
frequencies w = 0.1,0.3,0.5,1, 3. The possibility of the appearance of tensile
stress on the lower face of the layer was considered. The dynamic load of
constant intensity was set on the cylindrical surface of the cavity.
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Fig. 2. The normal stress on the lower layer’s face

3. CONCLUSION

The dynamical problem’s solution of the elasticity for the infinite layer
with a cylindrical cavity was derived, when on the faces of the layer the ideal
contact conditions are given and the cavity’s surface is under the influence
of the normal dynamic tensile force, applied at the initial moment of time.
Applying the integral transform method directly to the movement equations
reduces the initial problem to the one-dimensional vector problem. The last
one was solved exactly using the matrix differential calculus.

It should be noted that similar vector boundary problem can be obtained
for the elastic layer weakened by a cylindrical inclusion 0 < p < a, when
different kinds of the boundary conditions at a defect’s surface and the layer’s
faces are set.

At the subcase of the ideal contact conditions on a defect’s surface or on
the edges, the proposed approach makes it possible to obtain an exact solution
of the problem.

When some of the layer’s face is rigidly fixed, it leads the initial prob-
lem to an integral singular equation with respect to an unknown displacement
derivative, so the approximate solution will be constructed. If a vector dif-
ferential equation is inhomogeneous one, the matrix Green’s function and the
fundamental matrix should be found.
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It is worth noting that the difficulties connecting with the integral Laplace
transform inversing exist, so it is often possible to investigate just a case of
steady-state oscillations.

Decenxo I. O.
To4YHMUI1 PO3B’SI30K JUHAMIUHOI 3AJIAYI JIJII HECKIHYEHHOTI'O LIAPY 3 LUJIIHAPUYHUM
OTBOPOM

Pesrome

IlobymoBaHO XBHUJIBOBE II0JI€ HECKIHYEHHOT'O IPYKHOTO IIAPY, ITOCIA0IEHOTO IUJIiHIPUIHIM
OTBOPOM. YMOBH i/1€aJIbHOTO KOHTAKTy 3aJaHO Ha BEPXHIN Ta HUXKHIi#l rpaHax mapy. Hop-
MaJIbHE JIMHAMIYHE PO3TATryBaJibHE HABAHTAXKEHHS i€ Ha IOBEPXHI IUJIIHIPUYHOTO OTBOPY
B IIOYATKOBHUII MOMEHT dacy. IHTerpasibHi meperBopenHs Jlamnaca Ta ckiHdueHHI Sin— Ta
cos— Dyp’e 3aCTOCOBAHO MOCTIIOBHO JO OCECUMETPUYHUX PIBHSIHBb PYyXy Ta 0 FPAHUYHUX
YMOB, Ha BiIMiHYy TPaJMIIHHUM IIi/IXO1aM, KOJIM IHTErpaJibHI II€PETBOPEHHSI 3aCTOCOBYIO-
ThCsI JIO TIOJIAHHS PO3B’A3KiB Uepe3 rapMoHivHi Ta 6irapmonivni dyukmil. Ile npuBoguTs 10
OJHOBUMIPHOI BEKTOPHOI OJHOPIMHOI KpaioBol 3a/a4i BiJHOCHO HEBIIOMUX TpPaHCHOPMAHT
nepemirnienb. 3aJ1ady po3B’A3aHO 3a JOIMOMOIOI0 MATPUIHOIO Au(EPEHIIaIbHOrO TUCICHHS.
Iloste Buximuux nepeMinieHb 3HAIEHO MIC/IA 3aCTOCYBaHHS OOEPHEHUX iHTErpajbHHUX IIepe-
TBOpeHb. [lobymoBaHO HOpMAaJIbHE HANPYKEHHS Ha TPAHSX MPYKHOTO MIapy.

Karouo6i crosa: mounuti po3e’asor, JuHaMivHe HABAHMANCEHHA, UUATHOPUNHUT OMEID, TH-
MEe2PAALHE NEPEMBOPEHHA.

Decenko A. A.
TOYHOE PEIIEHUE AUHAMMYECKO 3AJAYN OJIs1 BECKOHEYHOI'O CJIOS C LIMJIMHOPH-
YECKHUM OTBEPCTUEM

Pesrome

IlocTpoeHo BOJIHOBOE 1OJIE GECKOHEYHOI'O YIIPYIOTO CJIOsl, OCJIAOJIEHHOIO IMJINHIPUYIECKUM
OTBEPCTHEM. YCJIOBHUS UIEAJTHPHOTO KOHTAKTa 33JaHbl HA rpaHax ciod. Hopmanbras nuaraMun-
YecKas pacTAruBalonias Harpys3Ka JIefiCTByeT Ha ITOBEPXHOCTU ITUJIMHIPUYIECKOIO OTBEPCTHUS
B Ha4YaJIbHBIN MOMEHT BpeMeHH. VIHTerpaspHble peobpa3oBanusd Jlamnaca u KOHEYHbIE SIN—
u cos— Pypbe IPUMEHEHBI ITOCJIEIOBATEIHHO K OCECUMMETPUIHBIM YPABHEHUAM JIBUXKEHUA U
K 'PAHUYHBIM YCJIOBUAM, B OTJINYHE OT TPAIUIIMOHHBIX ITOJXOA0B, KOTJa NHTEeTrPajbHbIE IIpe-
06pa30BaHUsT IPUMEHSIFOTCSI K IPEJICTABJIEHUSIM PEIIEeHUN Yepe3 rapMOHUYHBbIE U OUrapMo-
HUYeCcKre (PYHKIUU. DTO MPUBOJUT K OJHOMEPHON BEKTOPHOM OTHOPOMHON KpaeBoil 3ajade
OTHOCUTEJIbHO HEU3BECTHBIX TPAHC(OPMAHT IepeMeIeHnii. 3a/1a4a PeIleHa ¢ TIOMOIIbIO MaT-
puuHoro muddepeHpaabHOro ucaucyieHus. [lose MCXOMHBIX HepeMeleHnii HaiiZleHo ociie
MpUMEHEHNsT OOPaTHBIX WHTErPAJIbHBIX MpeobpazoBanuii. [locTpoeHo HOpMaIbHOE HAIPSIIKE-
HHUe Ha IPaHAX yHIPYTroro CJod.

Karoueswie caosa: mournoe pewerue, OUHAMUMECKAA HAZDY3KG, UYUAUHIDUMECKASR TLOAOCTIID,
UHMEZPAALHBIE NPEOOPA3OBAHUA.
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The problem of the stress state of a rectangular elastic domain is investigated and solved
exactly. With the help of Fourier transformation the one-dimensional vector boundry prob-
lem in the transformation‘s domain is obtained. The components of the unknows vector are
the displacement transformations. The problem is solved exactly with the methods of the
matrix differential calculations, the fundamental solution matrix is constructed in the form
of the contour integral, which is found using the residue theorem. The constructed vector is
inversed by the corresponding formulas of inverse Fourier series. The numerical investigation
of the stress in dependence of the external loading value and domain‘s size is presented.
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1. INTRODUCTION

The problem of a rectangular domain stress estimation is not a new one,
nevertheless a lot of unsolved issues remain. This problem was considered and
solved in the different statements important to the engeneering applications as
with the help of analytical methods so and with numerical ones. To the last di-
rection one can reference the papers, where the boundary element-free method
(BEFM) was applied to two dimensional problems of elasticity. This method
is a direct numerical method which combines the boundary integral equation
method and an improved moving least-square approximation. This method, as
it was stated at [1], gives the higher computational accuracy. Another popular
solving methods are well known finite element methods. For example, at [2]
the discussion of the condition‘s type necessary for the penalty methods to pro-
vide a basis for the stable and convergent finite element schemes is proposed.
In paper [3] was considered the mixed finite element (for short MFE) approx-
imation of a stress-displacement system derived from the Hellinger-Reissner
variational principle for the linear elasticity problem. Many benefits of the
numerical methods can be attributed by their existence at many numerical
software applications, easy for using by the engineers.

But if one need to provide the calculation of the stress at the rectangular
domain in the neighborhood of the angular points, the numerical methods

Received 21.09.2019 © Pozhylenkov O. V. 2019
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lose their efficiency as it is known. These points of the boundary condition
changing cause the stress with a special order of a singularity. To take these
singularities in the considaration, to propose the method which solve a problem
for a rectangular domain with regard of such singularities existence, one must
use the analytical approaches [4].

The world known papers of Konrat‘ev and Maz‘ya [5; 6] are connected with
the investigation of singularities at the angular points of an elastic domain.
Also the well known paper |7] was one of the pioneer papers in this direction.
The solution of the plane thermoelasticity problem for a rectangular domain
was constructed with the help of new solving method. This method permits
the construction of an analytical solution, corresponding to Saint-Venan prin-
ciple in the form of trigonometric series expansion using orthogonal set of the
eigenfunctions and associated functions. These investigations were successfully
continued by [8].

In paper [9] a simple method to solve a static, plane boundary value
problem of elasticity for an isotropic rectangular region was introduced. The
method is based on finite Fourier transform transfering the biharmonic equa-
tion to a nonhomogeneous ordinary differential equation of the fourth order.
Another analytical method of the plane two dimensional problem solving for
a rectangular domain was proposed at the papers Prof G. Popov [10; 11]. At
the paper [12] the method of solving the plane mixed boundary value problem
of elasticity on a rectangular domain was proposed. The problem of current
paper is solved exactly with the method of the matrix differential calculations,
this method was succesfully applied in the paper [13|. The constructed vec-
tor in transform‘s domain is inversed by the corresponding formulas of inverse
Fourier transform, so the displacements exspressions are found in the form of
Fourier series. The numerical investigation of the stress in dependence on the
external loading value and domain‘s size is presented.

The novelty of the presented paper is in the application of the new approach
[14] to the solving of the elasticity problem for a rectangular domain. The stress
state of a domain was investigated depending on a load properties and domain
size.

1. Statement of the problem.

The elastic rectangular domain 0 < x < a, 0 < y < b (G is a shear modulus,
u is a Poison‘s coefficient, F is a Young’s modulus) meets a load at the upper
face of the domain

O-y(va) = —p(a:), Ta:y(xab) =0 (1)

The lower base conditions are fulfilled at the bottom edge:

Uy(2,0) =0, Tpy(x,0) =0 (2)
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p(x)
TRy

d
Fiz.1 Geometry of the problem

The left and the right side are conditions of ideal contact

Uz(a7 y) =0, T:Ey(a7 y) =0 (3)

It is required to estimate the stress state of the rectangular domain 0 < x <
a, 0 < y < b satisfying the boudnary conditions (1)-(3) and the equilibrium
equations [15]
U (2, y) + U™ (2, y)+p0(U" (,y) + V' *(2,9)) =0

"

V' (@) + V** (2, y) o (V7 () + U™ (2,y)) = 0 (4)

Here the denotes are taken U(x,y) uz(z,y), Viz,y) = uy(z,y),

! of (z, * of (z,
/ (x,y) = fézy)a / (x’y) = fézy)a Ho = 1_12N-
2. The problem solving
The Fourier‘s transforms are applied to the equations (4) with the scheme

Un(y)\ _ [ (U(z,y) *sin(a,z) ™
(Vn(y) —Jo \V(z,y) * cos(anz) de, o = a (5)
It leads to the homogeneous system of the ordinary differential equations
in the transform‘s domain

"

Uy, (y) + (—a2 — p1002)Un(y) — poan Vi, (y) = 0
Vo (9) (1 + po) — a2Vi(y) + pocnUs (y) = 0
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Boundary conditions (1), (2) are reformulated in the terms of the displace-
ments

U,(0) =0, V,(0)=0
an Vo (0) = U, () =0, (2G4 AV, (b) + AanUy(b) =0 (7)
where \ = %, = [y p(x) cos(anz)dz.

To formulate the vector boundary state problem the vectors and matrices

are introduced
1 0 0 —Qy o
A — B =
<0 1+ Mo) ’ (Moan 0 ) ’

C_ <(—a§i —Ouoai) _22> 2oy = G%z;) ’

n

1 0 0 —Qy,
Dl:(o (2G+)\))’ El:(an)\ 0 >

S )]

flz(_(;n) f2=<8>

With the help of the introduced matrices, the differential operator of the second
order is constructed

Ly(Za(y)) = AZ,(y) + BZ,(y) + CZu(y) (8)

The vector boundary problem in the transform‘s domain is formulated with
the help of the introduced operator (8)

La(Zn(y)) =0
Here Ui(Zu(y)) = DiZ,,(y) + EiZn(y), b1 =0, by=b
To solve this vector boundary problem the fundamental solution matrix
Y (y) is constructed. To found it firstly the matrix e¥] (where I the unit matrix

) must be substituted into the equation (9). From the equality Lo(efVI) =
M (€)efY one can derive the M (&) matrix

52 - O‘?L - NOQ% _ganﬂo
M(©) ( Spoan &+ E2p0 — 062> (10)

The fundamental solution is found with help of formula Y (y) 27” b SYM~L(&)d¢

[16]. The calculation of the integral requires to know all poles of the under
integral function. To do it the determinant of the matrix M (§) was found

detM(€) = (1 + p10) (€ — o) (€ + an)?
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After contour integration procedure the two linear independent solutions of
the matrix equation were derived

N
o
Y(y) = Wﬂj‘ﬂo) ; Res[etYM71(€)], (N — number of poles)
1

Y(y) =1 T o (Yo(y) + Y1(y))
Yoly) = e (yampo + 2+ po Yyamlio

0 dan, — YO o —yanpo + 2+ po

e Y (yay, — 2 — g —YQun o )

Yi(y) = & 11

1) dawy, < YQun fio —YQnio — 2 — [0 (11)

The solution of homogeneous vector equation was constructed

Zut) =¥ (G1) + 72 (&) 12

Applying the boundary conditions U;(Z,(y)) = fi, ¢ = 1,2 one obtains the
linear algebraic system from which the constants Cj, i = 1,4 can be found

Clea”b(Zboz,%uo + 2010 + 2a,) + C’geo‘”b(Zba,%uo — 20,)+
+03€7a"b(—2b05721,u,0 + 200, + 2a100) + C4e*a"b(2baiu0 +2a,) =0

C1e“(—2Gba? 11y — 2Gan 1o + 2 ) 4+ Coe® P (—2Gba2 g + (2G + N)2a,)+
+C3e™ b (—2Gba2 1 + 2Gan g — 2 ) + C1e®P(2Gba2 o + (2G + N)2ay,) =
= _pn4an(1 + NO)

C1 (20 + 2ant1p) + Ca(—2a) + C3 (20, + 20 p0) + Ca(20,) =0
Co(2 4 po) + Ca(—=2 — pp) =0

The application of the inverse Furier's formula finalizes the stated problem‘s
solution

25 , Voly) | 2
U = - U, nt, V(w, = - Vi n 13
(z,y) angl (y) sin (z,9) " + angl (y) cosanx (13)
The last step is to find the term Vj(y) as a special case, which can be

derived from the boundary problem:

1"

Vo(y)=0, 0<y<b
Vo(b) = —po/(2G +X), Vo(0) =0 (14)
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After it (15) solving the formulas (14) are rewritten at the form:

o
— % nE:l Un(y)sinapz, V(x,y)= (2G1—)£3;\ + — Z Vo (y) cos apz
(15)

2. Numerical results.

There are presented some numerical results for different loads and domain
size.

Displasments U(x,y) and V (z,y) are shown at the Fig. 1-4 correspondigly
for the external load p(x) = (x — 2.5)%2. At the Fig. 1, Fig. 3 and Fig. 2,
Fig. 4 the displacements are presented for the 0 < x < 5, 0 <y < 6 and
0<z<10, 0<y <15 correspondigly.

Fig. 1. U(z,y) Fig. 2. U(z,y)

It can be seen that with the increasing of the domain size the value of the
displacements increasing too. Distribution pattern of the displacements are
changed, which can be seen on Fig. 1 and Fig. 2. for the displacement U(x,y)
and on Fig. 3, Fig. 4 for the displacement V' (z,y).

0.0000
-0.0000
~0.0000:

25,0000
a8
£0.0000

—0.0000!
—0.00001
—0.0000

o
21
01zY3456543X

Fig. 3. V(z,y) Fig. 4. V(x,y)
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Fig. 7. oy(x,y) Fig. 8. oy(x,y)

Stresses 0;(x,y) and oy(x,y) are shown at the Fig. 5-8 correspondigly
for the external load p(z) = (z — 2.5)%2. At the Fig. 5, Fig. 7 and Fig.
6, Fig. 8 the stresses are presented for the 0 < z < 5, 0 < y < 6 and
0 <z <10, 0<y <15 correspondigly.

One can see that the changes are similar to the displacement‘s changes.

Investigation was also made for the another external load function, but

in this paper they are not presented because of the similar pattern of the
dependencies.

2. CONCLUSION

The proposed method was applied to solve the boundary stress state prob-
lem of the elastic rectangular domain. The exact solution of the stated problem
was derived. The displacments and stersses were investigateted for the different
domain sizes and external load functions.

The future development is to solve the stress state problem for the rectan-
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gular domain with the boundary conditions of the first main elasticity problem.

IHoowcunenxos O. B.
HAINIPYX>KEHUN CTAH IPSIMOKYTHOI ITPYXKHOI OBJIACTI

Pesrome

YV 3ampononoBaHiit poboTi mOcCTiKeHa 1 pO3B‘sA3aHa 3aJa4a PO HAMPYKEHUN CTaH TPSMO-
KyTHOI Ipy»KHOI objiacti. 3a J0noMororo inrerpajbHoro nepersopenus @yp’e B mpocropi
TpaHCHOPMAHT OTPHUMaHA OJHOBHMipHA BEKTOpDHA KpaiioBa 3aga4da. KoMIOHeHTH IIyKaHO-
ro BeKTOpa € TpaHcdopMaHTH mepeMimneHb. OTpmMaHa KpaiioBa 3ajada pO3B‘si3aHa TO-
9HO 3a JIOIIOMOIOI0 METOJ/Yy MATPUIHOTO JAU(EPEHIaIbHON0 YUCIeHHS, (PYyHIAMEHTAIbLHAN
PO3B’AI30K IIPEJICTABJIEHNN SK iHTerpaJs II0 3aMKHYTOMY KOHTYDY, SKHil, B CBOIO 4epry, OyB
3HalIeHnit 3 BUKOPUCTAHHSIM Teopemu mpo Jmmkn. OTpumana ajarebpaldHa CHCTeMa Biji-
HOCHO HeBiJIoMuX KoedilieHTiB O6y/ia po3B’s3aHa IIJISIXOM BUKOPHUCTAHHs MeToy Kpamepa.
OcraTo4Hni po3paxyHKOBI OPMY/IN JJIs IOJIsI TIEPEMIIIEHb 1 HAIIPY?KeHb 1100y I0BaHI IIJISIXOM
3acTocyBaHHsT 06epHEHOTO meperBopeHHss Pyp’e. JlocmimKeHO oISt epeMileHb Ta HAIIPY-
2KEHb I PI3HUX BHUJIIB HABAHTAXKEHHs 1 PO3MIpPiB IPAMOKYTHOI 00J1acTi.

Karowosi caosa: miwana 3adava npyschocmi, mownull po3e‘a3ok, NPAMOKYMHG 00AaCMb,
eexmopra Kpatiosa 3adaua, Gyrdamenmaivha MampPuya.

IHoowcunenxos A. B.
HANPSI>)KEHHOE COCTOSIHUE MPSIMOYI'OJILHOM YIIPYIOM OBJIACTU

Pesrome

B npemyioxkennoii pabore ucciieIoBaHA U PEIIeHa 3a7a9a O HAIPSI?KEHHOM COCTOSHUU IIPsi-
MOYTOJIbHON yupyroit obsactu. C moMoInbio nHTEerpatbHoro npeobpasosanus Oypbe B po-
CTpaHCTBe TPAaHCHOPMAHT IIOJIyIeHa OJTHOMEPHAsI BEKTOPHAs KpaeBas 3aaada. KOMIOHEeHTbI
BEKTOPa MPEICTABISIOT coboit TpancdopmaHnThl cMmerenuii. [losmydennass kpaeBast 3amada
pellleHa TOYHO C IOMOIIBIO METOa MAaTPUIHOrO AuddepeHraIbHOr0 NCInucenus, GpyHia-
MEHTAJIbHOE DEIIeHre MPECTaBIEeHO B BHJI€ MHTErPaJia IO 3aMKHYTOMY KOHTYDY, KOTODBIi
B CBOIO OYepe/ib ObLI HalJIeH UCIIOJIb3ysl TeopeMy O Bblderax. llosydennas ajrebpandeckas
CHUCTEMa OTHOCHTEJIbHO HEN3BECTHBIX KO3 PUIINEHTOB, OblIa PellleHa IIyTeM UCIOIb30BAHUS
merona Kpamepa. OkoHuaresbHBIE pacueTHBIE (POPMYJIBI JJIsI TIOJIsT CMEIEHN U HATIPST>KEHU I
IIOCTPOEHBI ITyTEeM IIpUMeHeHus: obpaTHoro npeobpasosanus Pypoe. [IpescraBiaens: ancien-
HbIE MCCJIeJIOBAHUS [T0JIsI CMEIIEHNsI U HAIIPSIZKEHWH JIJIs1 PA3HBIX BUJIOB HAIPY3KH U PA3MEpPOB
NIPSIMOYTOJIBHOM 00JIaCTH.

Karoueswie caoga: cmewannas 3a0aua ynpyzocmu, mMowHoe PeweHue, npamoy2oioHasd 00-
AGCTMDb, BEKMOPHAA KPAELBAA 3a0a4a, HYHOGMEHMAALHAA MAMPUYA.
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1. INTRODUCTION

Meldrum J. |2] briefly considered one form of commutators of the wreath
product A B. In order to obtain a more detailed description of this form,
we take into account the commutator width (cw(G)) as presented in work of
Muranov A. [1].

As well known the first example of a group G with cw(G) > 1 was given
by Fite [4]. The smallest finite examples of such groups are groups of order
96, there’s two of them, nonisomorphic to each other, were given by Guralnick
[23].

We deduce an estimation for commutator width of wreath product of groups
Cp ! B taking in consideration a cw(B) of passive group B. A form of com-
mutators of wreath product A B that was shortly considered in [2]. The
form of commutator presentation [2| is proposed by us as wreath recursion [9)
and commutator width of it was studied. We impose more weak condition

Received 17.09.2019 © Skuratovskii R. V. 2019



98 Skuratovskii R. V.

on the presentation of wreath product commutator then it was imposed by J.
Meldrum.

In this paper we continue a researches which was stared in [16; 17]. We
find a minimal generating set and the structure for commutator subgroup of
SyleQk.

A research of commutator-group serve to decision of inclusion problem [5]
for elements of Syla Ak in its derived subgroup (SylaAgr)’. It was known that,
the commutator width of iterated wreath products of nonabelian finite simple
groups is bounded by an absolute constant [3; 4]. But it was not proven that

k

commutator subgroup of ¢ C,, consists of commutators. We generalize the
i=1

passive group of this wreath product to any group B instead of only wreath

product of cyclic groups and obtain an exact commutator width.

Also we are going to prove that the commutator width of Sylows p-
subgroups of symmetric and alternating groups p > 2 is 1.

The (permutational) wreath product HG is the semidirect product HX X
G, where G acts on the direct power H¥ by the respective permutations of the
direct factors. The group C, or (Cp, X) is equipped with a natural action by
the left shift on X = {1,...,p}, p € N. As well known that a wreath product
of permutation groups is associative construction.

The multiplication rule of automorphisms g, A which presented in form of
the wreath recursion [6] g = (g(1), 9¢2) - - - > 9(a))og> b= (h(1ys P2y - -+ hay)on,
is given by the formula:

9-h=(90)0,1)), 92 Moy 2)) - - - 9(@) Moy (@) )TgTh-

We define o as (1,2,...,p) where p is defined by context.

The set X* is naturally a vertex set of a regular rooted tree, i.e. a connected
graph without cycles and a designated vertex vy called the root, in which two
words are connected by an edge if and only if they are of form v and vz, where
veE X" xe X. The set X™ C X* is called the n-th level of the tree X™* and
X9 = {vp}. We denote by vj; the vertex of X7, which has the number i. Note
that the unique vertex vy ; corresponds to the unique word v in alphabet X.
For every automorphism g € AutX™* and every word v € X* define the section
(state) g(v) € AutX™ of g at v by the rule: g(,)(z) =y for z,y € X* if and only
if g(vz) = g(v)y. The subtree of X* induced by the set of vertices U¥_j X7 is
denoted by X*I. The restriction of the action of an automorphism g € AutX*
to the subtree X is denoted by 9wyl xm- A restriction g(vij)\ xy is called the
vertex permutation (v.p.) of ¢ in a vertex v;; and denoted by g;;. We call the
endomorphism «f, restriction of ¢g in a vertex v [6]. For example, if | X| = 2
then we just have to distinguish active vertices, i.e., the vertices for which «/,
is non-trivial.
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Let us label every vertex of X!, 0 <1 < k by sign 0 or 1 in relation to
state of v.p. in it. Obtained by such way a vertex-labeled regular tree is an
element of AutX™. All undeclared terms are from [7; 8|.

Let us make some notations. For brevity, in form of wreath recursion we
write a commutator as [a,b] = aba~'b~! that is inverse to a~'b~'ab. That
does not reduce the generality of our reasoning. Since for convenience the
commutator of two group elements a and b is denoted by [a,b] = aba=1b~ 1,
conjugation by an element b as

al = bab~ 1,
We define G, and By recursively i.e.

B1 =09, By = Bj_1105 for k > 1,
G1 = <6>, Gk = {(gl,gg)ﬁ S Bk ‘ gi192 € kal} for k > 1.

Note that By, = 2 Cs.

The commutator length of an element ¢ of the derived subgroup of a
group G, denoted clG(g), is the minimal n such that there exist elements
XlyeeoyTnyYly .-, Yn in G such that g = [x1,y1] ... [2n, yn]. The commutator
length of the identity element is 0. The commutator width of a group G, de-
noted cw(G), is the maximum of the commutator lengths of the elements of its
derived subgroup [G, G]. We denote by d(G) the minimal number of generators
of the group G.

2. MAIN REsSULTS

Commutator width of Sylow 2-subgroups of A,x and Sye.

The following Lemma imposes the Corollary 4.9 of 2| and it will be deduced
from the corollary 4.9 with using in presentation elements in the form of wreath
recursion.

Lemma 1. An element of form (r1,...,1p—1,1p) € W = (B1C,) iff product
of all v; (in any order) belongs to B', where p € N, p > 2.

Proof. More details of our argument may be given as follows.
w=(r1,r2,...,"p—1,7p),

where r; € B. If we multiply elements from a tuple (r1,...,r,-1,7,), where
= higa(i)h;bl(i)gc;t,l(i), h, g € B and a,b € C),, then we get a product

p
L :H T = thga (%) ab(z aba 1(3) € B/ <1)
1=1
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where x is a product of corespondent commutators. Therefore, we can write

'rp =T, ..tz We can rewrite element x € B’ as the product x =
H [f])g]]a m < C’LU(B)
j=1

Note that we impose more weak condition on the product of all r; to belongs
to B’ then in Definition 4.5. of form P(L) in [2], where the product of all r;
belongs to a subgroup L of B such that L > B’.

In more detail deducing of our representation constructing can be re-
ported in following way. If we multiply elements having form of a tuple
(ri,...,rp—1,7p), where r; = hlga(l)h b9 aba 1y h,g € B and a,b € C,,
then in case cw(B) = 0 we obtain a product

P
H T = H higa ’)hab(z ;b}:rl(i) € B (2)
Note that if we rearrange elements in (1) as

hihy 919y " hahy Y grgs e hphy b gy

then by the reason of such permutations we obtain a product of corespondent
commutators. Therefore, following equality holds true

thga (%) aba 1 thglh g; tzg = Hh hilgigitr e B, (3)
i=1 =1

where xq, z are a products of corespondent commutators. Therefore,
(r1y..oyrp_1,mp) EW'iffrpy-...or -1y =2 € B. (4)

Thus, one element from states of wreath recursion (r1,...,7p—1,7p) depends on

p
rest of r;. This dependence contribute that the product [] r; for an arbitrary
j=1
sequence {r; }§:1 belongs to B’. Thus, r), can be expressed as:

~1 -1

Ty =T Tp 1

Denote a j-th tuple, which consists of a wreath recursion elements,
by (7j,7jy,...,7j,).  Closedness by multiplication of the set of forms
(ri,...,rp—1,7p) € W = (B1C)) follows from

k k p

H(le .. -ij—lij) = H Hrji =RiRy...Ry € B/, (5)

j=1 j=1li=1
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p
where 7j; is i-th element from the tuple number j, R; = [[ rj;, 1 <j < k.
i=1

—1
As it was shown above R; = pH rj; € B'. Therefore, the product (5) of Rj,
i=1
j €{1,...,k} which is similar to the product mentioned in [2|, has the property
RiRsy...R;, € B’ too, because of B’ is subgroup. Thus, we get a product of
form (1) and the similar reasoning as above are applicable.
Let us prove the sufficiency condition. If the set K of elements satisfying
the condition of this theorem, that all products of all r;, where every i occurs
in this forms once, belong to B’, then using the elements of form

(ri,e,...,e, 7“1_1), (e e, ...,e,ri,e,ri_l), e
(e, e, ...,e,rp_l,r;_ll), (e,€,.c€,T1T2 oo~ Tp_1)

we can express any element of form (rq,...,rp—1,7p) € W = (B1C,)". We
need to prove that in such way we can express all element from W and only
elements of W. The fact that all elements can be generated by elements of K
follows from randomness of choice every r;, i < p and the fact that equality
(1) holds so construction of 7, is determined.

Lemma 2. For any group B and integer p > 2 if w € (B1C))’ then w can be
represented as the following wreath recursion

k
W= (11,79, Tp_1,77 " ..7';_11 H[fj,gj]),

j=1
where r1,...,7p—1, fj,9; € B and k < cw(B).
Proof. According to Lemma 1 we have the following wreath recursion

W= (r1,72, ..., "p—1,7p),

, .
where r; € B and rp_17p—2...7r2717, = * € B'. Therefore we can write r, =

ry L. .r;_llx. We also can rewrite element € B’ as product of commutators

k
x = [[1[fj,9;] where k < cw(B).
j=1

Lemma 3. For any group B and integer p > 2 if w € (B1C)) is defined by
the following wreath recursion

W= (r,re, ... Tp1,7] ..ngl[f,g]),

where r1,...,1p-1, f,9 € B then we can represent w as the following commu-
tator

w = [(CL171, . ,aLp)a, <a271, . ,a27p)],
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where
ar;=e, for1<i<p-—1,

—1 7‘71...7’71
azy = (f77)" e,

ag; =ri—1a2;-1, for 2 <1i <p,
a1p =9

Proof. Let us to consider the following commutator

k= (ai1,...,a1p)0 - (az1,...,a2)) - (ai;,aii, . ,ai;_l)afl . (az_&, e 7%—;)
= (a3,17 cee )a3,P)7
where

azi = a1,i02,14 (i mod p)al_,zla;,il'
At first we compute the following
as; = alyiag’iﬂai%a;’% = a27i+1a2_,i1 = riagvia;} =r;, for1<i<p-—1.
Then we make some transformation of a3 :

_ ~1 1
asp = alypa’zlal,palp
—1 -1 _—1
= (az1a41)a1,paz1a7 505,
—1 —1
= a2,1[a2,1= “Lp]az,p

_ -1 -1 -1
= a271a2,pa’21p[a2,17 al,p]az,p

= (azpaz1) '[(az )7, a7>]
—1
= (agpasy)M(agy)** 21, 0757,

Now we can see that the form of the commutator & is similar to the form of w.
Let us make the following notation

T =Tp_1...71.
We note that from the definition of as; for 2 < i < p it follows that
r; = a2’i+1a2_}, for 1 <i<p-—1.
Therefore

r= (a2,pa2_,;13—1)(a2,p—1a2_,]1;—2) e (a273a2_7%)(a272a2_&)

—1
= Q2,pQg 1-
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And then
—1\— -1
(a2,pa2,1) b= = Ty Tpoge
And now we compute the following
(ag )2 = ((f 1) 7
azp

a1, = (ga;’;’)a“ =g.

Finally we conclude that

azp = Tl_l"'rp_—ll[fag]'

Thus, the commutator x is presented exactly in the similar form as w has.
For future using we formulate previous Lemma for the case p = 2.

Corollary 1. For any group B if w € (B 1 C2)" is defined by the following
wreath recursion

w = (r1,r [, 9)),
where 1, f,g € B then we can represent w as commutator
w = [(e,a1,2)0, (az,1, a22)],
where

as) = (ffl)“ﬂ,
a22 = r1021,
a12 = gaié-
Lemma 4. For any group B and integer p > 2 inequality
w(B1Cp) < max(1, cw(B))
holds.

Proof. We can represent any w € (B1C})" by Lemma 1 with the following
wreath recursion

k
W= (11,72, oy Tp1, 7] e T 1Hf],g]
k
-1
:(7’1,7"2,...,7"1)_1,7'1 MR p 1f1791 H 6 fj ( '7e’gj)]7
J=2

where 71,...,7p—1, fj,9; € B and k < cw(B). Now by the Lemma 3 we can
see that w can be represented as a product of max(1, cw(B)) commutators.
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Corollary 2. If W = Cp, ... 0 Cp, then cw(W) =1 for k > 2.

Proof. If B = (), 1 C), , then taking into consideration that cw(B) >
0 (because Cp, 1 Cp, , is not commutative group). Since Lemma 4 implies
that cw(Cp, 1 Cp, ;) = 1 then according to the inequality cw(Cp, ! Cp, 2
Cpy._,) <max(1l, cw(B)) from Lemma 4 we obtain cw(Cp, 1 Cp, , 1Cp, ,) = 1.
Analogously if W = €, 1...1C), and supposition of induction for Cp, 1...1C),
holds, then using an associativity of a permutational wreath product we obtain
from the inequality of Lemma 4 and the equality cw(Cp, ...20Cp,) = 1 that
cw(W) = 1.

We define our partial ordered set M as the set of all finite wreath products

of cyclic groups. We make of use directed set N.
k
Hp = 1 Cp, (6)

=1

)

Moreover, it has already been proved in Corollary 3 that each group of

k k
the form ¢ Cp, has a commutator width equal to 1, i.e cw( ! Cp,) = 1. A

i=1 i=1
partial order relation will be a subgroup relationship. Define the injective
k k+1
homomorphism f, 41 from the .Zlcpi into ‘21 Cp; by mapping a generator of
= i=

active group Cp, of Hj in a generator of active group C,, of Hpiq. In more
details the injective homomorphism fy, ;11 is defined as g — g(e, ..., e), where

k k+1
a generator g € 1 Cp,, g(e,...,e) € 1 Cp,.
=1 =1
k
Therefore this is an injective homomorphism of Hj, onto subgroup @ C,,

=1

of Hk+1.

k k
Corollary 3. The direct limit hﬂ ! Cp, of direct system <fk,j, ! C 2> has
i=1 i=1

commutator width 1.

Proof. We make the transition to the direct limit in the direct sys-
k k
tem <fk7j, l sz.> of injective mappings from chain e — ... — 1 Cp, —
i=1 i=1
k+1 k-+2
U Cp = L Cp, =
i=1 i=1

Since all mappings in chains are injective homomorphisms, it has a triv-
ial kernel. Therefore the transition to a direct limit boundary preserves the
property cw(H) = 1, because each group Hj from the chain endowed by
cw(Hy) = 1.
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k
The direct limit of the direct system is denoted by hgrl ! Cp, and is defined
i=1

as disjoint union of the Hy’s modulo a certain equivalence relation:

[~

LI @ Cp
k

k
lim { G, = 1
ling 2 Cp, /

k
Since every element g of lim ¥ Cp,; coincides with a correspondent element
i=1
from some Hj, of direct system, then by the injectivity of the mappings for ¢
k

k
the property cw( ! Cp,) = 1 also holds. Thus, it holds for the whole lim 1 C,,.
i=1 i=1

Corollary 4. For prime p and k > 2 commutator width cw(Syl,(Syr)) = 1

and for prime p > 2 and k > 2 commutator width cw(Syl,(A,x)) = 1.
k
Proof.  Since Syl,(Spx) ~ ¢ Cp see [10; 11], then cw(Syl,(S,r)) = 1.
i=1
As well known in case p > 2 we have Syl, S, >~ Syl,A,r see [16; 19], then
cw(Sylp(Ayk)) = 1.
Proposition 1. The following inclusion B, < Gy, holds.

Proof. Induction on k. For k = 1 we have B}, = Gj, = {e}. Let us fix
some g = (g1,92) € By,. Then g1g2 € B;_; by Lemma 1. As B}, | < Gy_1 by
induction hypothesis therefore g1g2 € Gi_1 and by definition of G}, it follows
that g € Gj.

Corollary 5. The set Gy is a subgroup in the group Bj.

Proof. According to recursively definition of Gy and By, where G =
{(91,92)7 € By | g192 € Gx—1} k > 1, G}, is subset of By, with condition g;gs €
G_1. It is easy to check the closedness by multiplication elements of G, with
condition g1gs, hihe € Gp_1 because Gi_q is subgroup so gigohihs € Gp_1
too. A condition of existing inverse be verified trivial.

Lemma 5. For any k > 1 we have |G| = |Bg|/2.

Proof. Induction on k. For k = 1 we have |G1| = 1 = |B;1/2|. Every
element g € G can be uniquely write as the following wreath recursion

9= (91,92)m = (91,97 'a)m

where g1 € Br_1, x € Gi_1 and m € Cy. Elements g1, x and 7 are independent
therefore |Gk’ = 2’Bk,1| . ’Gk,ﬂ = Q‘Bk,ﬂ . ‘Bk,1’/2 = ‘Bk|/2

Corollary 6. The group Gy, is a normal subgroup in the group By i.e. G <IBy.
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Proof. There exists normal embedding (normal injective monomorphism)
¢ : G — By [20] such that Gy < Bg. Indeed, according to Lemma index
|Br : G| = 2so it is normal subgroup that is quotient subgroup 2% /¢, ~ G}..

Theorem 1. For any k > 1 we have Gy, ~ Syly Aok

Proof. Group C3 acts on the set X = {1,2}. Therefore we can recursively
define sets X* on which group B, acts X! = X, X*¥ = X*~1 x X for k>1. At
first we define Sor = Sym(X¥) and Ay, = Alt(XF) for all integer k > 1. Then
G < By, < Sor and Agr < Sy

We already know [16] that By ~ Syla(Syx). Since |Agk| = [Syx|/2 therefore
|SyloAgk| = |SylaSor|/2 = |Bg|/2. By Lemma 2 it follows that |SyloAqgk| =
|Gg|. Therefore it is left to show that G < Alt(XF).

Let us fix some g = (g1, g2)0" where g1,92 € Bx_1, i € {0,1} and g1g2 €
Gj—1. Then we can represent g as follows

g= (919276) ' (92_1792) . (6767 )Ui'

In order to prove this theorem it is enough to show that

(91927 6), (92_1792)7 (67 €, )U € Alt(Xk)

Element (e, e, )o just switch letters z; and xo for all 2 € X*. Therefore
(e,e,)o is product of |X*~1| = 2¥=! transpositions and therefore (e,e,)o €
Alt(XF).

Elements g, Land g5 have the same cycle type. Therefore elements (95 L e)
and (e, g2) also have the same cycle type. Let us fix the following cycle decom-
positions

(92_1,6)20'1‘...'0'n,

(e,gg):7r1~...~7rn.

Note that element (g5 ! e) acts only on letters like 1 and element (e, g3) acts
only on letters like x9. Therefore we have the following cycle decomposition

(951792):01'---‘0'n'7T1'...'7Tn.

So, element (g, ! g2) has even number of odd permutations and then
(92", 92) € Alt(X").

Note that g1gs € Gr_1 and Gp_; = Alt(X*~1) by induction hypothesis.
Therefore g1go € Alt(X*1). As elements g1go and (g1go,e) have the same
cycle type then (g1go,e) € Alt(XF).
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As it was proven by the author in [16] Sylow 2-subgroup has structure
By—1 X Wg_1, where definition of Bj_; is the same that was given in [16].

Recall that it was denoted by Wjy_; the subgroup of AutX* such that has
active states only on X*~1 and number of such states is even, i.e. Wi_1 <
Sta, (k—1) [6]. It was proven that the size of Wj,_; is equal to 92" 1 ks
and its structure is (02)21671*1. The following structural theorem characterizing
the group Gy was proved by us [16].

Theorem 2. A mazimal 2-subgroup of Aut X that acts by even permutations
on X* has the structure of the semidirect product Gy, ~ Bjy_1 X Wi_1 and
isomorphic to Syla Agr.

Note that Wj,_; is subgroup of stabilizer of X*~1ie. Wj_; < St gk (K—
1) < AutX (k] and is normal too Wj_1 < AutX ¥ because conjugation keeps a
cyclic structure of permutation so even permutation maps in even. Therefore
such conjugation induce an automorphism of Wi_1 and G >~ Br_1 X Wi_1.

Remark 1. As a consequence, the structure founded by us in [16] fully con-
sistent with the recursive group representation (which used in this paper) based
on the concept of wreath recursion [9].

Theorem 3. Elements of Bj, have the following form B;, = {[f,l] | f € By,l €
G} =A{ll, f]1 f € Bk, 1 € G}

Proof. It is enough to show either B, = {[f,{] | f € By,l € Gy} or
B; =A{[l, f] | f € By,l € Gy} because if f = [g, h] then f~1 = [h, g].

We prove the proposition by induction on k. For the case k = 1 we have
B = (e).

Consider case k > 1. According to Lemma 2 and Corollary 1 every element
w € By, can be represented as

w = (Tlvrl_l[fag])

for some r1, f € Br_1 and g € Gi_1 (by induction hypothesis). By the Corol-
lary 1 we can represent w as commutator of

(e,a172)0 c Bk and (a2’1,a272) c Bk,
where
o1
az1 = (f l)rl )
Qg2 = 11021,
-1
arp = g*22.

If g € Gi—1 then by the definition of G and Corollary 6 we obtain (e, a;2)o €
Gy.
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Remark 2. Let us to note that Theorem 3 improve Corollary 4 for the case
SylgSQk.

Proposition 2. If g is an element of the group By, then ¢g° € By.

Proof. Induction on k. We note that By = Bp_1 ! Cs. Therefore we fix
some element

g =(g1,92)0" € B_11Cs,

where g1,g2 € Bj_1 and i € {0,1}. Let us to consider g then two cases are
possible:

9* = (91, 93) or g° = (9192, 9291)

In second case we consider a product of coordinates g1 gs - g2g91 = gigax. Since
according to the induction hypothesis g? € B}, i < 2 then gi1g2 - g291 € B,
also according to Lemma 1 = € Bj. Therefore a following inclusion holds
(9192, 92g1) = g* € Bj,. In first case the proof is even simpler because g%, g5 €
B’ by the induction hypothesis.

Lemma 6. If an element g = (g1,92) € G}, then gi,92 € Gi—1 and gi1g2 €
B ..
k—1

Proof. As B) < G, therefore it is enough to show that g1 € Gj_1 and
9192 € Bj,_,. Let us fix some g = (g1, 92) € G}, < Bj,. Then Lemma 1 implies
that gi1g9 € B,lgil.

In order to show that g1 € Gy_1 we firstly consider just one commutator
of arbitrary elements from Gy

f = (f17f2)0-7 h = (hlth)ﬂ- S Gk‘?
where f1, fo,h1,hy € Bp_1, o,m € Cy. The definition of Gy implies that
fife,hihe € Gj_1.
If g=(g1,92) = [f, h] then
g1 = flhz‘fj_lh;;l
for some 14, j, k € {1,2}. Then
g1 = flhifj(ffl)th(higly = (flfj)(hihk)x(fflh;;l)2,

where x is product of commutators of f;, h; and f;, hg, hence x € Bj_,.

It is enough to consider first product fif;. If j = 1 then f? € Bj._, by
Proposition 2 if j = 2 then f; fo € Gx_1 according to definition of G, the same
is true for h;hg. Thus, for any 7, j, k it holds fif;, hihi € Gi—1. Besides that
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a square (j‘"jflh,;l)2 € B, according to Proposition 2. Therefore g € Gj_1
because of Proposition 2 and Proposition 1, the same is true for gs.
Now it lefts to consider the product of some f = (fi, f2),h = (h1,h2),

where fi,h1 € Gr_1, fih1 € Gix—1 and f1f2, hihe € B},

fh = (f1h17f2h2)'

Since fi fa, hihe € Bj,_; by imposed condition in this item and taking into
account that fihy faho = fifohihowx for some x € B, then fihy f2he € B)_,
by Lemma 1. Other words closedness by multiplication holds and so according
Lemmal we have element of commutator G}.

In the following theorem we prove 2 facts at once.

Theorem 4. The following statements are true.
1. An element g = (g1,92) € G}, iff 91,92 € Gr—1 and g192 € B,_;.

2. Commutator subgroup G, coincides with set of all commutators for k > 1
G =A{lf1, fol | i € Gy, fo € Gy}

Proof. For the case k = 1 we have G = (e). So, further we consider the
case k > 2.

Sufficiency of the first statement of this theorem follows from the Lemma 6.
So, in order to prove necessity of the both statements it is enough to show that
element

1

w = (ry,r] ),

where m € Gjp_; and = € Bj_,, can be represented as a commutator of
elements from Gj. By Proposition 3 we have x = [f, g] for some f € By_1 and
g € Gi_1. Therefore

w = (Tl)rl_l[fv g])
By the Corollary 1 we can represent w as a commutator of

(€,a1,2)0' c Bk and (a271,a2’2) S Bk,

— —1
where ag 1 = (f~Hn 1,a272 = riasi,a12 = g*22. It only lefts to show that
(e, CLLQ)J, (ag,l, a272) (S Gk Note the fOHOWing

-1
a2 = g22 € Gy_1 by Corollary 6.

(21022 = G217102,1 = Tl[rl,all]agl € Gj_1 by Proposition 1 and
Proposition 2.
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So we have (e,a12)0 € Gy, and (ag,1,a22) € Gy by the definition of Gj.
Proposition 3. For arbitrary g € G}, the inclusion g* € G, holds.

Proof. Induction on k: elements of G2 have form (0)? = e, where
o = (1,2), so the statement holds. In general case, when k > 1, the elements
of G have the form g = (g1, 92)0%, 91,92 € Bx_1, i € {0,1}. Then we have
two possibilities: g% = (g7, 95) or ¢* = (9192, 9291)-

Firstly we show that g7 € Gy_1,93 € Gg_1. According to Proposition 2,
we have g2, g5 € Bj._, and according to Proposition 1, we have B;_; < Gj_1
then using Theorem 4 ¢* = (g3, g5) € Gy.

Consider the second case g? = (g192,g291). Since g € G}, then, according
to the definition of G we have that gigo € Gi_1. By Proposition 1, and
definition of GG, we obtain

9201 = 919295 97 L9201 = q192l95 L, 97 Y] € G a,
9192 - 9291 = 919591 = 9319395 2. 97 '] € By_y.

Note that ¢?,¢92 € Bj_, according to Proposition 2, then g?¢3[gy2, g7 '] €
Bj,_,. Since gi1g2 - g2g1 € Bj_, and g192,9201 € Gj_1, then, according to
Lemma 6, we obtain ¢* = (g192, g291) € GY.

Statement 1. The commutator subgroup is a subgroup of Gi ie. Gy < Gz.

Proof. Indeed, an arbitrary commutator presented as product of squares.
Let a, b € G and set that + = a, y = a”'ba, z = a~'b~'. Then 2%y?2? =

a2(a_1ba)2(a_1b_1)2 = aba~'b~!, in more detail: a2(a_1ba)2(a_1b_1)2 =
aa”tbaa tba a b ta 07t =
= abbb~la='b™! = [a,b]. In such way we obtain all commutators and their

products. Thus, we generate by squares the whole G’}..

Corollary 7. For the Syllow subgroup (SylaAqk) the following equalities
Syl Aok = (SylaAgk)?, ®(SylaAgr) = Sylh Aok, that are characteristic proper-
ties of special p-groups [22], are true.

Proof.  As well known, for an arbitrary group (also by Statement 1)
the following embedding G’ < G2 holds. In view of the above Proposition
3, a reverse embedding for Gy is true. Thus, the group SyloAsx has some
properties of special p-groups that is P’ = ®(P) [22] because G2 = G}, and so
(I)(SylgAzk) = Syl’Q(AQk)

Corollary 8. Commutator width of the group SylaAqr equals to 1 for k > 2.

It immediately follows from item 2 of Theorem 4.
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3. MINIMAL GENERATING SET

For the construction of minimal generating set we used the representation
of elements of group G by portraits of automorphisms at restricted binary
tree AutX¥*. For convenience we will identify elements of Gj, with its faithful
representation by portraits of automorphisms from AutX (K],

We denote by A|; a set of all functions a;, such, that [e,...,&,a;,¢,...] €
[A];. Recall that, according to [21], I-coordinate subgroup U < G is the fol-
lowing subgroup.

Definition 1. For an arbitrarry k € N we call a k—coordinate subgroup U < G
a subgroup, which is determined by k-coordinate sets [U];, I € N, if this subgroup
consists of all Kalougnine’s tableauz a € I for which [a]; € [U];.

We denote by Gi(1) a level subgroup of Gy, which consists of the tuples of
v.p. from X!, I < k—1 of any a € Gj. We denote as Gj(k — 1) such subgroup
of G}, that is generated by v.p., which are located on X*~1 and isomorphic to
Wi_1. Note that Gi(l) is in bijective correspondence (and isomorphism) with
l-coordinate subgroup [U]; [21].

For any v.p. ¢;; in vy; of X I we set in correspondence with gi; the permu-
tation ¢ (gi;) € Sz by the following rule:

oen —{ (1,2), it gu #e, (7)

e, if g;=ce.

Define a homomorphic map from Gg(l) onto Se with the kernel consisting
of all products of even number of transpositions that belongs to Gi(l). For
instance, the element (12)(34) of G (2) belongs to kery. Hence, ¢ (g;;) € Sa.

Definition 2. We define the subgroup of I-th level as a subgroup generated by
all possible vertex permutation of this level.

Statement 2. In G}/, the following k equalities are true:

2l
H@(glj)ze, 0<I<k—1. (8)
I=1

For the case i = k — 1, the following condition holds:

ok—2 gk—1
H p(9k-15) = H P(gr—15) = e. 9)
Jj=1 j=2k-241

Thus, G’y has k new conditions on a combination of level subgroup ele-
ments, except for the condition of last level parity from the original group.
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Proof. Note that the condition (8) is compatible with that were founded
by R. Guralnik in [23], because as it was proved by author [16] G_1 ~ Bj_2 X
Wy._1, where Bj_o ~ kZQC’él).

i=1

According to Property 1, G';, < G2, so it is enough to prove the statement
for the elements of Gi. Such elements, as it was described above, can be
presented in the form s = (s, ..., 5;91)0, where 0 € G,_; and s;; are states
of s € Gy in vy, i < 2. For convenience we will make the transition from
the tuple (s, ..., S;91) to the tuple (g1, ...,g;9t). Note that there is the trivial
vertex permutation g?j = e in the product of the states s;; - s;.

Since in G’) v.p. on X© are trivial, so ¢ can be decomposed as ¢ =
(011, 021), where 91, 092 are root permutations in v1; and vjo.

Consider the square of s. So we calculate squares ((s;1, 512, ..., Sjp1-1) 0)°.
The condition (8) is equivalent to the condition that s? has even in-
dex on each level. Two cases are feasible: if permutation ¢ = e, then
((811,812,...78121—1)0)2 = (3%1,8?2,...,3122l,1)e, so after the transition from
(5121, 3122, ey 5%21—1) to (9121’ 9122, ...,91221_1), we get a tuple of trivial permutations
(e, ...,e) on X!, because g?j = e. In general case, if ¢ # e, after such

transition we obtain <gllgla(2), ey QZQL—lglU(Qlfl)) o2

of form

Consider the product

2l
11 ¢(9i9000): (10)
j=1

where o and g;;9;,(;) are from (gllglo.(g), ey 912l—1gla(2171)) o2
Note that each element g;; occurs twice in (10) regardless of the per-
mutation o, therefore considering commutativity of homomorphic images

2! 2!

o(g), 1 < j < 2! we conclude that ‘H1 gp(gljgla(j)) = Hl(p(gfj) =e, be-
y j= j=

cause of gfj = e. We rewrite [] (p(gfj) = e as characteristic condition:
=1

2l—1 2l !

(g5)="II ¢lgy)=e.
j=1 j=21-141

According to Property 1, any commutator from G’; can be presented as a

product of some squares s2, s € Gy, s = ((8i1, ..., 91)7 ).
ol
A product of elements of G (k — 1) satisfies the equation [] ¢(gi;) = e,
j=1
because any permutation of elements from X*, which belongs to G}, is even.

Consider the element s = (sg_1,1, -, S_1 9k—1)0, Where (Sx_1,1, ..., Sp_1 26-1) €
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Gp(k—1), 0 € Gx—1. If go1 = (1,2), where go; is root permutation of o, then

s? = (Sk’fl,lsk’—la(l)v'“a sk_17(2k71)8k_170(2k71)), where U(]) > 2kl forj <
2k71

2k=1 and if j < 2871 then o(j) > 2871, Because of [] ¢(gk—1,,) = e in Gy, and
=1
! 2k—2

the property o(j) < 2¥~! for j > 2¥=1 then the product [] O(Gk—1,j9k—1,0(5))

j=1

of images of v.p. from (gk—1,19k—1,0(1)s > Jk—1,(25-1)Jk—1,0(25-1)) 15 equal to

2k71 2k71 Qkfl

II #(g9k-1,) =e. Indeedin [] ¢(gr—1,;) and asin [] cp(gk_ldgk_lp(j)) are

j=1 j=1 Jj=1

the same v.p. from X*~1 regardless of such o as described above.
The same is true for right half of X*~1. Therefore the equality (9) holds.

2k71
Note that such product [] ¢(gx-1,j) is homomorphic image of (91,191,6(1); ---»
j=1
91,2910 (21))> Where [ =k — 1, as an element of G (1) after mapping (7).
If go1 = e, where gg1 is root permutation of ¢ then ¢ can be decomposed as
o = (011, 012), where 011, 012 are root permutations in v1; and v12. As a result
82 has a form ((8[1810(1), cesy 810(2171))0%, (Sl2l*1+18la(2l*1+1)7 ceey sl(Qz)le(Qz))(f%),
where [ = £ —1. As a result of action of o1 all states of [-th level with number
1 < j < 282 permutes in coordinate from 1 to 25=2 the other are fixed. The
action of 011 is analogous.
It corresponds to the next form of element from G} (I):

(9119101 (1)s -+ Goy (2-1))s (G2 14110 (201 41)» -+ G1(2) Jiora (21))-

Therefore the product of form

2]6—2 2k—1
H So(gk—l,jgza(j)) = H 80(91%—1,3') =6,
j=1 j=2k—241

because of g%_L ; = €. Thus, characteristic equation (9) of k — 1 level holds.

The conditions (8), (9) for every s2, s € Gy hold so it holds for their product
that is equivalent to conditions hold for every commutator.

Definition 3. We define a subdirect product of group Gy_1 with itself by equip-
ping it with condition (8) and (9) of index parity on all of k — 1 levels.

Corollary 9. The subdirect product Gi_1 X Gg_1 is defined by k — 2 outer
relations on level subgroups. The order of Gp_1 W Gp_1 is 92" —k=2

Proof. We specify a subdirect product for the group Gy_1 X G;_1 by
using (k — 2) conditions for the subgroup levels. Each Gj_1 has even index
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on k — 2-th level, it implies that its relation for [ = k£ — 1 holds automatically.
This occurs because of the conditions of parity for the index of the last level is
characteristic of each of the multipliers Gi_1. Therefore It is not an essential
condition for determining a subdirect product.

Thus, to specify a subdirect product in the group Gir_1 X Gi_1, there
are obvious only k — 2 outer conditions on subgroups of levels. Any of such
conditions reduces the order of Gi_1 X Gg_1 in 2 times. Hence, taking into
account that the order of Gj_q is 221%1_2, the order of Gy_1 W Gi_1 as a

2
subgroup of Gi_1 X Gi_1 the following: |Gr_1 R G_1| = (22k_1_2) k=2 —

92" =4 . ok=2 _ 92¢ k-2 Thus, we use k — 2 additional conditions on level

subgroup to define the subdirect product Gj_1 X G}_1, which contain G’y as a
proper subgroup of Gi. Because according to the conditions, which are realized
in the commutator of G'y, (9) and (8) indexes of levels are even.

Corollary 10. A commutator G'y, is embedded as a normal subgroup in Gy_1X
Gi—1.

Proof. A proof of injective embedding G’} into G_1 X G}_1 immedi-
ately follows from last item of proof of Corollary 9. The minimality of G'j
as a normal subgroup of G} and injective embedding G’} into Gp_1 X Gj_4
immediately entails that G’ < Gx_1 X Gp_1.

Theorem 5. A commutator of Gy, has form G'y, = Gx_1XGj_1, where the sub-
direct product is defined by relations (8) and (9). The order of G'y. is 92" k=2,

Proof. Since according to Statement 2 (g1, g2) as elements of G’y also
satisfy relations (8) and (9), which define the subdirect product Gy—; K Gj_;.
Also condition g1g2 € B’y_q gives parity of permutation which defined by
(91, 92) because B'j_1 contains only element with even index of level [16]. The
group G'j has 2 disjoint domains of transitivity so G’; has the structure of a
subdirect product of Gj_; which acts on this domains transitively. Thus, all
elements of G, satisfy the conditions (8), (9) which define subdirect product
Gr_1XG_1. Hence G’ < Gp_1XG_1 but G’y can be equipped by some other
relations, therefore, the presence of isomorphism has not yet been proved. For
proving revers inclusion we have to show that every element from Gy_1 XGg_1
can be expressed as word a~'b~tab, where a,b € G},. Therefore, it suffices to
show the reverse inclusion. For this goal we use that G'), < Gx_1 X Gp_1. As
it was shown in [16] that the order of Gy, is 22" 2.

As it was shown above, G’} has k new conditions relatively to Gj. Each
condition is stated on some level-subgroup. Each of these conditions reduces
an order of the corresponding level subgroup in 2 times, so the order of G}, is
in 2F times lesser. On every X!, | < k — 1, there is even number of active v.p.
by this reason, there is trivial permutation on X°.
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According to the Corollary 9, in the subdirect product Gy_1 X Gy_1 there
are exactly k — 2 conditions relatively to Gr_1 X Gi_1, which are for the
subgroups of levels. It has been shown that the relations (8), (9) are fulfilled
in G/k.

Let agpy, 0 <1 < k—-1,0<m < 2!=1 he an automorphism from Gy
having only one active v.p. in vy, and let oy, have trivial permutations in
rest of the vertices. Recall that partial case of notation of form «y,, is the
generator o := oy of Gy which was defined by us in [16] and denoted by
us as «a;. Note that the order of oy, 0 < I < k —1is 2. Thus, aj =
aj_il. We choose a generating set consisting of the following 2k — 3 elements:
(1,1:2), 02,1, ooy Ak—1,1,023, .., Q. gk—241, Where (01,1;2) is an automorphism
having exactly 2 active v.p. in v11 and v12. Product of the form (ajlallajl)oql
are denoted by P,,. In more details, P, = ajiamajitm, where o € Gi(j).
Using a conjugation by generator o, 0 < j <[ we can express any v.p. on -
level, because (ajoqoj) = ayoi—j-1,1. Consider the product P = (ajoqo)oy.

1. We need to show that every element of Gj_1 X G_1 can be constructed
as g~ 'h~lgh, g, h € Gj. This proves the absence of other relations in
G'j; except those that in the subdirect product Gj_1 X Gi_1. Thereby
we prove the embeddedness of G’} in G,_1 XGj_1. We have to construct

an element of form Py,_1P;_o - ...- PPy as a product of elements of form
21

[g, ], where P, = [] Py, satisfying relations (8), (9).
i=1

2. We have to construct an arbitrary tuple of 2 active v.p. on X! as
a product of several P;. We use the generator «; and conjugating
it by aj, j < [. It corresponds to the tuple of v.p. of the form
(gi1,€, -, €, 415, €, ...,€), where g1, g;; are non-trivial. Note that this tu-
ple (gi1,€,...,€, 415, €, ...,e) is an element of direct product if we consider
as an element of Sy in vertices of X!. To obtain a tuple of v.p. of form
(€-es €, Glms € oy €, Gl €, .., €) We multiply Py; and Fpyy,.

m
3. To obtain a tuple of v.p. with 2m active v.p. we construct [] P, m <
i=1
2! for varying i,j < 282,

On the (k — 1)-th level we choose the generator 7 which was defined in

[16] as 7 = T, _1,17;_1, ox—1. Recall that it was shown in [16] how to express

any 7j;j using T, T; ok-2, T;ok—2, Where 7,7 < 2k=2 " as a product of commuta-
_ -1 -1

tors Tij = T; ok—2Tjor—2 = (q 7'172]6_2042-%72,@.,2). Here 7; 9x—2 was expressed as

the commutator 7, gx—2 = ai_lTl_;k,QaiTl k2" Thus, we express all tuples of

elements satisfying to relations (8) and (9) by using only commutators of Gy.
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Thus, we get all tuples of each level subgroup elements satisfying the relations
(8) and (9). It means we express every element of each level subgroup by a
commutators. In particular to obtain a tuple of v.p. with 2m active v.p. on
X2 of 13 X511 we will construct the product for 7i; for varying i, j < 2k=2,

Thus, all vertex labelings of automorphisms, which appear in the represen-
tation of Gj_1 M Gj_1 by portraits as the subgroup of Aut X! are also in the
representation of G'}.

Since there are faithful representations of Gj_1 XGj_1 and G’} by portraits
of automorphisms from Aut X ¥ which coincide with each other, then subgroup
G’y of Gx_1 X Gp_1 ~ G’} is equal to whole Gx_1 K Gj_1 (ie. Gr_1XGp_1 =
G'y).

The archived results are confirmed by algebraic system GAP calculations.
For instance, |SyloAg| = 26 = 22°~2 and |(SylAg)| = 2232 = 8. The
order of G9 is 4, the number of additional relations in subdirect product is
k—2 =3-2=1. Then we have the same result (4 -4) : 2! = 8, which
confirms Theorem 5.

Example 1. Set k = 4 then |(SylAis)'| = |(G4)'| = 1024, |G3| = 64, since
k —2 =2, so according to our theorem above order of SylaAi1g X SyloAig is
defined by 28=2 = 22 relations, and by this reason is equal to (64-64) : 4 = 1024,
Thus, orders are coincides.

Example 2. The true order of (SylaAszs)' is 33554432 = 22° k = 5. A number
of additional relations which define the subdirect product is k — 2 = 3. Thus,

according to Theorem 5, | (SyloA1g X Syla A1) |= 214214 : 2572 = 228 . 25-2 —
225,

According to calculations in GAP we have: Sylo A7y ~ SyloAg >~ Dy4. There-
fore its derived subgroup (SylaA7) ~ (SylaAg) ~ (D) = Ca.

The following structural law for Syllows 2-subgroups is typical. The struc-
ture of SylsA,, SyloAy is the same. If for all n and k£ that have the same
multiple of 2 as multiplier in decomposition on n! and k! Thus, SyloAgx ~
Syla Aogy1.

Example 3. SylsA7; ~ SyloAg ~ Dy, SyloAig ~ SyloA1r ~ SylsSs ~
(D4 x Dy)xCq. SylagAia =~ SylaSsXSylaSy, by the same reasons that from the
proof of Corollary 9 its commutator subgroup is decomposed as (SylaAi2)’ ~
(SyZQSS)/ X (SyZQS4)’.

Lemma 7. In G the following equalities are true:
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ol—2 ol—1 2l71+2l72

[Tewn)= TI e@)= TI el =

j=1 j=2l-241 j=21—141

J J + J + (11)
2l

= 11 olg;), 2<l<k
j:21—1+2l—2+1

In case | = k — 1, the following conditions hold:

2172 2171 2l71+2l72 2l
[Tewn)= TI e@)=e JI ew)= I el)=¢
j=1 j:2i—1+1 j=2l_1 j:21—1+2l—2

(12)

In other terms, the subgroup G has an even index of any level of v X F—2)
and of v19 X =21,

Proof. As a result of derivation of G}, elements of GJ/(1) are trivial. Due
the fact that G’y ~ Gy_1 X Gj_1, we can derivate G’y by commponents. The
commutator of Gi_1 is already investigated in Theorem 5. As Gi_l =G
by Corollary 7, it is more convenient to present a characteristic equalities in
the second commutator G, ~ G',._1 X G';,_; as equations in Gi_l X G%_l.
As shown above, for 2 <1 <k —1, in G3_, the following equalities are true:

2l—1 2l—1 2l—1
I etaigwi) = 11 o) ] #(900)) =
7j=1 7j=1 7j=1
2l71 2l71 2l—1 (13)
= [ eto) [ elon) = [ (o) =€
j=1 J=1 7=1
2l—2 2l—1 2l—1+2l—2 2l
[Tew) =TI o) = JI o) = I ela) (14
j:l j:2172+1 j:2l71+1 j:2171+2l—2+1

The equality (14) is true because of it is the initial group G’y ~ Gj_1 K Gj_;.
The equalities

2l—1+2l—2 2l
I o) = II el
j:2171+1 j:2171+2172+1

are right for elements of second group G’y_1, since elements of the original
group are endowed with this conditions.
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Upon a squaring of G’y any element of G'x(l), satisfies the equality (14)
in addition to satisfying the previous conditions (11) because of (Gj_1(1))* =
G';_1(1). The similar conditions appears in (G's_1(k — 2))? after squaring of
G'k.. Thus, taking into account the characteristic equations of G'j_1(1), the
subgroup (G’j_1(k — 2))? satisfies the equality:

ok—3 ok—2 2k—2+2k—3 ok—1
[Iew)= TI el)=e I e = 11 o(gij) = e.
7j=1 j:2k73+1 j:2k—2+1 j:2k—1+2k72+1

(15)

Taking into account the structure G’;, ~ Gjp_1 X Gix_; we obtain after
derivation G"'y ~ (Gx_o X Gk_2) X (G2 K Gk_o). With respect to conditions
8, 9 in the subdirect product we have that the order of Gy, is 22" —+~2 ; 22k=3 —
92°=3k+1 hecause on every level 2 <[ < k order of level subgroup G”(1) is in
4 times lesser then order of G’k(l). On the 1-st level one new condition arises
that reduce order of G'(1) in 2 times. Totally we have 2(k —2)+1 =2k —3
new conditions in comparing with G’f.

Example 4. Size of (GY]) is 32, a size of direct product (G%)?* is 64, but, due
to relation on second level of G, the direct product (G4)? transforms into the
subdirect product G X G that has 2 times less feasible combination on X2.
The number of additional relations in the subdirect product is k—3 =4—3 = 1.
Thus the order of product is reduced in 2' times.

Example 5. The commutator subgroup of Syl,(Ag) consists of elements:

(e, (13)(24)(57)(68), (12)(34), (14)(23)(57)(68), (56)(78),
(13)(24)(58)(67), (12)(34)(56)(78), (14)(23)(58)(67)}.

The commutator Syly(As) =~ C3 that is an elementary abelian 2-group of order
8. This fact confirms our formula d(Gy) = 2k — 3, because k = 3 and d(Gy) =
2k — 3 = 3. A minimal generating set of Syliy(Ag) consists of 3 generators:
(1,3)(2,4)(5,7)(6,8), (1,2)(3,4), (1,3)(2,4)(5,8)(6,7).

Example 6. The minimal generating set of Sylh(Aie) consists of 5 (that is
2.4 —3) generators:

(1,4,2,3)(5,6)(9,12)(10, 11), (1,4)(2,3)(5,8)(6,7), (1, 2)(5, 6),
(1,7,3,5)(2,8,4,6)(9,14,12,16)(10, 13, 11, 15),
(1,7)(2,8)(3,6)(4,5)(9,16,10,15)(11, 14,12, 13).



Minimal generating set of the commutator subgroup of sylow 2-subgroups . .. 119

Example 7. Minimal generating set of Syl (Asz) consists of 7 (that is 2-5—3)
generators:

(23,24)(31,32), (1,7)(2,8)(3, 5,4, 6)(11,12)(25, 32)(26, 31)(27, 29)(28, 30),
(3,4)(5,8)(6,7)(13,14)(23,24)(27, 28)(29, 32)(30, 31),
(7,8)(15,16)(23, 24)(31, 32),
(1,9,7,15)(2,10,8,16)(3,11,5,13)(4, 12, 6, 14)(17, 29, 22, 27, 18, 30, 21, 28)
(19,32,23,26,20,31,24,25), (1,5,2,6)(3,7,4,8)(9, 15)(10, 16)(11, 13) x
(12,14)(19,20)(21, 24, 22, 23)(29, 31)(30, 32), (3, 4) (5, 8) (6, 7)(9, 11, 10, 12) x
(13,14)(15,16)(17, 23,20, 22, 18, 24, 19, 21)(25, 29, 27, 32, 26, 30, 28, 31).

This confirms our formula of minimal generating set size 2 - k — 3.

4. CONCLUSION

The size of minimal generating set for commutator of Sylow 2-subgroup of
alternating group A,r was proven is equal to 2k — 3.

A new approach to presentation of Sylow 2-subgroups of alternating group
Aqr was applied. As a result the short proof of a fact that commutator width of
Sylow 2-subgroups of alternating group Ayx, permutation group S,r and Sylow
p-subgroups of Syla Ay (Syl2Syk) are equal to 1 was obtained. Commutator
width of permutational wreath product B C,, were investigated.
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Cxypamoscokui P. B.
MIHIMAJIbHA CUCTEMA TBIPHUX KOMYTAHTA CHJIOBCHBKHUX 2-MIATPYI 3HAKO3MIHHOT
TPYIIU 1 IX CTPYKTYPA

Pesrome

SHaiizieHo MiHIMaJIbHY CHCTEMY TBIDHUX JIJIsI KOMYTAHTa CHJIOBCHKUX 2-IIIrPy T 3HAKO3MIHHOT
rpynu. JoCaiKeHO CTPYKTYPY KOMYTAaHTa CUJIOBCHKUX 2-HIArPYI 3HAKO3MIHHOI Ipynu Aok .

Hokazano, mo (SylaAqk)? = Syl Agk, k > 2.

JloBeneHo, 10 JTOBXKMHA 110 KOMYTaTOPa JOBIJIBHOI'O €JIEMEHTa iTePipOBAHOIO BiHIIEBOTO
nooyTKy mukmiyaux rpyn Cp,, pi € N nopisaioe 1. 3HaiifeHa MUPHHY IO KOMMYTAHTY
MPsIMOI TPAHUIIL BIHIIEBOTO JOOYTKY IUKJIYHAX I'PyH. Y JaHiit cTaTTi 3HAMIEH] BEPXHI OIiHKK
mmpuan o komyTanty (cw(G)) [1] BiHmesoro o6y TKy rpyi.

PosrisiHyTo pekypcuBHe npejcrasieHHst cuiaoBekux 2-Iliarpymnm Syla(Ask) 3 Asr. B
pe3ysIbTaTi OTPUMAHO KOPOTKE JIOBEJIEHHS TOrO, IO IIHPUHA IO KOMYTAHTY CHJIOBCHKUX 2-
nigrpyn rpyn A,k i S,r piBaa 1.

JlocmimKeHo KOMYTATOpHA IMUPUHA [EPECTAHOBOYHOTO ciutereHHss B C,. 3HaiineHa
BEpXHs OIIHKA IMUPUHU 110 KOMMYTaHTa CILIETEHHs Py JilouuX nepecranoBkamu — B C,,
JJ1s TOBlIBHOI rpynu B.

Karouosi caosa: einyesuti dobymox, MIHIMAALHG CUCTEME MEIPHUL KOMYMAHIMG CUNOG-
CORUT 2-ni02pyn 3HAKOIMINHOL 2PYNU, WUPUHG NO KOMYMAHMY CUAOBCHOKUL P-Nid2pyn, Ko-
MYMAHM, CUNOECORUT 2-Ni02pYyn 3HAKOZMIHHOT 2DYnu.

Crypamoscrxut P. B.
MWHUMAJIBHAST CUCTEMA OBPA3VIOIIUX KOMMYTAHTA CHUJIOBCKUX 2-TTOJITPVIII 3HA-
KOIEPEMEHHOU I'PVIIIBI U UX CTPYKTYPA

Pesrome

Haiineno MuanMaIbHasT cuCTEMa 00PA3yIOMINX [JIsT KOMMYTAHTA CUJIOBCKUX 2-TIOATPYIII 3Ha-
KOIIEPEMEHHOM rpymnbl. Vcce0BaHa CTPYKTYPa KOMMYTATOPHOM IIOAIPYIIIBbI CUJIOBCKUX 2-
MOJIPYIIII 3HAKONEPEMEHHON rpynnbl Aok .

[okazano, uro (SylaAsk)? = SylyAsk, k > 2.

JlokazaHo, 9TO JJIMHA [0 KOMMYTATOPA MIPOU3BOJIBLHOIO JIEMEHTA UTEPUPOBAHOTO CILIE-
rTenud nukandeckux rpyna Cp,, p; € N pasna 1. Haliena mupusa 10 KOMMYTaHTY IPSIMOTIO
npejiesia CIUIETEHNs TUKJINIECKUX TPYTIl. B JaHHON cTaThe MpecTaBIeHbl BEPXHUE ONEHKN
mmpusbl KoMmmyTtaTopa (cw(G)) [1] cierenns rpym.

PaccMoTpeno peKypCUBHOE IPEJCTABJICHAE CUIOBCKUX 2-1oarpymi Syla(Agk) n3 Agk. B
PE3YJIbTATE TOJIy9eHO KPATKOE JIOKA3aTEIECTBO TOTO, UTO MIMPUHA KOMMYTATOP& CUIOBCKUX
2-TIOArPYII TPYIILI Agk, TPYIIIBI TIEPECTAHOBOK Sok .

UccnenoBana KOMMyTaTOpHAs IIMPUHA IIepecTaHoBOYHOrO ciierenusi B C,,. Haiinena
BEPXHsIS OTEHKA MHUPUHBI ITI0 KOMMYTAHTY CIJIETEHUs TPYII JAeHCTBYIONUX I€PECTAHOBKAMMA
— B C,, 111 IpOU3BOJIBHOM Ipynibl B.

Kmouesvie cao6a: cnaemenue epynn, MuHUMAAbHAA CUCTEMA 00PaA3YIOWUT KOMMYMAHMA
CUNOBCKUT 2-1002PYNN 3HAKONEPEMEHHOT 2PYNNbL, WUPUHE NO KOMMYMAHMY CUNOECKUT P-
n002pyYnn, KOMMYMAHM CUAOECKUT 2-N00epynn 3HAKONEPEMEHHOT 2DYNNbL.
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NEW APPROACH OF ANALYTICAL INVERSION OF LAPLACE
TRANSFORM FOR SOME CASES

Laplace transform is a useful tool for solving of dynamic elasticity problems. However,
the problem of analytical inversion of Laplace transform has not yet completely solved.
Therefore, it is relevant to consider the new methods that allow to derive the analytical form
of the original function by the known transform.

In this paper, the new method of analytical inversion of Laplace transform for the trans-
forms of the certain form containing exponents in the denominator that linearly depend on
Laplace transform parameter is proposed. The cases of correlation between the exponential
indices are considered. The theorem is proved according to which the transform is expanded
into the Taylor series, and the original function is derived by term-by-term application of the
inverse Laplace transform. The correctness of the term-by-term application of the inverse
Laplace transform is proved. The results derived by the use of the new method are verified
by comparing them with the previously known formulas. The originals of Laplace transforms
that were not found in the literature are derived.
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1. INTRODUCTION

Dynamic problems for elastic bodies can be solved with the help of Laplace
transform. But the analytical inversion of Laplace transform in many cases is
a complex problem. So, instead of Laplace transform, steady-state oscillations
are sometimes considered. But, of course, they cannot describe an arbitrary
dependence of the time variable.

Some asymptotic schemes are usually used to determine the function’s be-
havior at the points ¢ = 0 and ¢t — oo [1], [2]. Numerical methods for inverting
Laplace transform are usually applied, but their correctness should be con-
firmed by at least some asymptotic methods, because the Laplace transform
inversion problem is not correct [3]. Some numerical inversion methods of
Laplace transform dealing with Laguerre polynomials are used in [4]. These
methods are inverted numerically. The Laplace transform inversion problem for
some functions can be reduced to the problem of solving the Volterra integral
equation of the first or second kind [6], which are usually solved numerically.
The relations dispensing contour integration were derived by the change of
variables in [5].
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In some cases, the original function can be found as the series of residuals
of the transform function [1], [6]. But in many cases the analytical finding of
all poles of the transform function is impossible.

The approach by which the transform function is expanded into series was
proposed in |7]. According to it, the transform function can be expanded not
only into power series, but also into series of exponential functions and even
into series of arbitrary functions if they satisfy the conditions indicated there.
But there were no examples of dealing with generalized functions.

Thus, the problem of analytical inversion of Laplace transform has not yet
been completely solved, but its application is extremely important in solving
dynamic problems.

2. MAIN RESULTS
The following Laplace transform is considered
1

N
co+ Y ciem s
=1

(1)

Here A; > 0,7 = 1,N, ¢;,i = 1, N, cy # 0 are real constants or functions,
which do not depend on parameter of Laplace transform s, N > 1 is natural
digit.

Let’s consider the case when A; = n;A,,n; € N,i = 1, N for some fixed
number 1 <m < N. Then the transform (1) can be rewritten in the following

form
1

_ )
co+ > ciemsniAm
i=1

Denote the single-valued function of the complex variable s e 4™ as z.

Since Rs > 0, then |e™*4m| = |z| < 1. The expression (2) can be rewritten as

f) = — (3)

co+ Y cpzm*
k=1

It is obvious that the function (3) has max nj = 7 singular points z; =

o 1<k<N "
;1 = 1,m. So, the points s; = —tlnai,i = 1,n are singular points for
the function (2). Since < in the formula of the inverse Laplace transform

Yy+ioco
= | f(s)es'dt is the abscissa in the semi-plane of the Laplace integral’s
y—100
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absolute convergence [7], so Rs > v > 0, where v = max {—ﬁ In ai}. Thus,

1<i<v
when Rs > v > 0 it is fulfilled that [e=*4m| = |z| < ¥ < 1, where ¥ =
—vAp,, min n;
e 1<isN - So, the function (3) in the domain |z| < ¢ < 1 does not have

any singular points.
First the following lemma should be proved.

Lemma. The function (3) satisfies Cauchy-Riemann conditions in the domain
|z| <9 <1 where it has no singular points.

Proof. Cauchy-Riemann conditions for the function f(z) = wu(z,y) +
iv(z,y) have the following form [8]:

ou_ovon__on "
oxr 0y 0y  Ox

First let’s present the function (3) in the form f(z) = u(x,y) + iv(z,y):

f(Z) _ 1 _ 1 _ 1 _
- N - N - N ng -
cot+ Yo cpz"k co+ Y. er(z+iy)™k cot+ > e >, Cﬁlkx”k’l(iy)l
k=1 k=1 L k=1 (=0

- N /2 SR -

cot S er > CRamkA(=Dly4i 3o X Cptlame 2Tl (—1)ly2t

k=1 =0 E=1 =0
1 Re—ilm

= Retilm — Re2+Im?

Here
N [w/2]
Re(z,y) =co+ » cp »_ Cala™=2(—1)ly
k=1 =0
N [(nk—1)/2]
Im(x, y) — Z Cr Cgi—i—lxnk—%—l(_l)ly%—i-l,
k=1 1=0

[nk/2], [(n — 1)/2] are integer parts of division.
Then f(z) = wu(z,y) + w(x,y) where u(z,y) = ﬁ,v(w,y) =

__Im
Re2+Im? -

: : : Ju Ov Odu IJv

Calculate the partial derivatives 52, Sy’ Oy’ O

du __ —Rel,Re®+Rel, Im?—2Im/ Relm
oxr — (Re2+1Im?)2 ’
v —Imj Re*+Im;, Im*4+2Re; Relm
872’, == (R62+Im2)2 9
ou _ —Rel Re’+Re) Im?—2I'm/ Relm
aiy - (R62+1m2)2 9
ov _ —Iml Re2+Im/ Im?+2Re! ReIm

ox — (Re2+1Im?)?
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Note that Cauchy-Riemann conditions (4) for the function (3) are fulfilled

when
Re;, = I'my, Rej, = —I'm;, (5)

Calculate Rel,, Imy, Rey, Im/,.

,ore X [mZbAl —2l—1 1,21
Rem = = Z Ck Z an(nk - 2l)$nk (_1) Y3

ox
k=1 =0
P N [ng/2]
Rely= 2 = ¢ 3 C2am2 (1)l 2Dy
k=1 =0

N [(nx—1)/2]
Im!. = 9m _ Sea > Cﬁffl(nk — 20 — 1)z 22 ()l 2L,
k=1 1=0
a1 N [ =1)/2]
Im! = 2m _ Z Ck Z C,%fjlm”k_m_l(—l)l(21+1)y21.
k=1 =0

To check (5) the following differences are calculated:

N [(n=1)/2]
Re; — Im; =Y ¢ > Cr%i (ng — 2l)xnk_2l_1(—1)ly21—
k=1 =0
(22l - l "
T & O a2 (=D 2L+ Dy™ | =
=0
. = —20-1 1,21 ny!
- kzl o z;) o (=1 (WIZ—QZ)'(”’“ —2l)-

ng!
~ @Dy, 2 (2 + 1))) =0;

N [ /2]
Rey+ Imly = 32 e (3 Calam = (1) 20y~
=1 =0
[(n—1)/2]
+ Z C’?le(nk —9] — 1>$nk72172(_1>ly2l+1 _
1=0
3 /2] ny! ng—21 1,20—1
= 2ok | 2 iy (DT (DT

[nk/2]
- (21—1)!(21!—2l+1)! (g — 20 + 1)$"k_21(—1)ly21_1> =0.

It is derived that conditions (5) and, correspondingly, Cauchy-Riemann
conditions (4) for the function f(z) of the form (3) are fulfilled for all |z| <
¥ < 1.

N
cot Y ciemnidm

tion f(z) has the form Z((:S’l)

Theorem 1. L' | ———1—— | = % %6(1& — kA,,), where the func-
k=0
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Proof.

By the proved lemma the function (3) satisfies Cauchy-Riemann conditions
and, therefore, it is holomorphic and regular [8] for all |z| < ¥ < 1.

According to the theorems [8] the regular function in the circle K : |z —

al < R can be presented by Taylor series f(z) = > %(2’ — a)", which is

convergent everywhere in the circle K.
The circle for the function (3) has the form K : |z| < ¢. Inside this circle
the function is regular. So, the following equality holds

oo
k=0

Power series inside the circle of convergence can be term-by-term integrated
and differentiated any number of times, moreover the radius of convergence of
the derived series is equal to the radius of convergence of the original series [9].

Thus, the series (6) has the radius of convergence R = ¢, within which this
series can be term-by-term integrated. That is the following is true:

(6)

1l 1 | -1 [f(z)] = L1 [§ fU:,(O)zk] _
N
co+ Z ciefsniAm =0 !
1=1
VHio0 o : 00 Y+i00
=om J X %e‘s’“‘%“dt Lo YO sk st gy —
~y—ioco k=0 ’ =0 oo
=S (o ¢]
zzwL—l [e=skAn] = zf JS(t— kA,
k=0 5=0
Let’s prove that the derived series
> V(6 — KAL) (7)
k=0 '

converges in the sense that all series

(kzzofk!(m = kA, ) Zf ) -

k=0

absolutely converge for all functions ¢(t) € S UK?, where S is the main space
containing all infinitely differentiable functions which when |z| — oo tends to
zero with all their derivatives of any order faster than any power of 1/|x| [10],
K" is the main space containing all continuous functions that are zero outside
some bounded domain [10]. Obviously, if the absolute convergence of series
(8) is proved for all functions from the main spaces S and K, then it will also
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take place for the functions from the main spaces K™, m > 0 and K, since
KcKm™CKYKcS|[10].
To prove the convergence of the series

Z ‘f (kA ©)

which is real-valued, let’s use the following theorem, accordingly to which if, at
least starting from some place (say, for n > N), the following inequality holds
o0

bl < b’l;J, then the convergence of the series Y b, with positive terms

n=1
o
implies the convergence of the series »_ a, with positive terms [11].
n=1

The comparison will be made with the series
S 1l 0

o0
By Abel’s theorem [9] if the power series > ¢,2" converges at the point

n=0
zs # 0, then it absolutely converges in the circle Ky : |z| < |z, and in any
smaller circle K : |z| < Ry < |z4| this series converges uniformly. In this case
the point 0 < |z9] < ¥ — €9 < 9 is chosen for some small fixed €9 > 0. Then,
by Abel’s theorem, using the convergence of the series (6), it is derived that
the series (10) converges (converges absolutely).
Let’s prove that

F+1)(0) |FEDO)] | gt1
| "D " ((k+1)An)| _ (D) ‘Zo ‘ an
!f O] - RO
lo(kAp)| el £

for the functions ¢(t) € S (it is fair for them that |p(kAy,)| # 0 for all k).

Obviously, the inequality (11) will take place if the inequality W <

|z0| holds or, equivalently, the following inequality holds

lp((k +1)An)|
|20

< lp(kAm)] (12)
By definition of the main space S [10] ‘ 1|im zlp(x) =0forallg=0,1,2, ...
xT|—00

For definiteness, the value ¢ = 1 is chosen. According to the definition of the
limit of the sequence [12] the following holds: for each € > 0, no matter how
small it may be, there exists a number N such that for all n > N: |np(n)| < e.
Accordingly, the following is true for k > N — 1 (A4,, > 0)

[(k+ 1D Ame((k+1)An)| <e (13)
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When 0 < |z9] < ¥ — ¢ < ¥, obviously, there will be such number Ny that
for all k > Ny — 1 the following inequality holds

|z10| < (k+1)A (14)

Let’s choose such a small digit e, > 0 for which
lp(kAR)| > & (15)

Obviously, for the function |p(kA;,)| that does not turn to 0, such a digit
e+ > 0 can always be chosen. Let’s fix it. For this €, > 0 there is some number
N, that for all K > N, —1 (13) will be true. Let’s choose k > max {N,, No} —1
and combine the inequalities (13)-(15):

[k + 1) Am)|

™ <[(F+ DAnp((k +1)An)| < ex <[p(kAn)],

that is the inequality (12) and therefore (11) takes places. Then, by the theo-
rem, the series (9) is convergent for all functions ¢(t) € S.

Note that for the functions ¢(t) € K, since they are equal to zero outside
some bounded domain, there exists a number N such that |p(kA,,)| = 0
for k > N. In this case, the convergence of the series (9) can be proved
by another theorem, according to which if, at least starting from some place
(say, for n > N), the inequality a,, < b, holds, then the convergence of the

oo

o0
series Y b, with positive terms implies the convergence of the series > a,
n=1 n=1
with positive terms [11]. Then for £ > N the following correspondence takes
place 0 = %W(Iﬁlmﬂ < w&éﬂ. Hence the series (9) is convergent
for all functions op(t) € K% Thus, it is proved that the series (8) converges
absolutely for all functions ¢(t) € S U K°, and the series (7) converges in the
sense indicated earlier.

The proved convergence of the series (7) implies the correctness of the
term-by-term application of the series (7) to any function from the main spaces
K" m>0,K,S.

Now let’s prove that the resulting series (7) is the original for the Laplace
transform (2). For this, the Laplace transform is applied to the series (7)

o S < 4(k) o
iy f k!(O)(;(t — kA=Y f k!(O)L 50— kA =3 FO0) i,
k=0 =0

Let’s prove that the series

i f(k)'(o) e—skAm (16)

k
k=0
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converges to the known transform (2).

The series (16), taking into account the change of variables z = e~$4m can

be written as (6), that is, it is an expansion of the function f(z) (3) in Taylor
series. According to the theorems [8] and the proved regularity of the function
f(2), it is derived that the series (16) converges to the function f(z) (3) with
the radius of convergence R = ¢}, which corresponds to the entire range of the
variable |z| < 9.

The statement of the theorem is proved.

The approbation of the proposed method is done on the known transform.
The result of applying of the proposed method to the known transform gave
the same result to the previously known result [13]. The detailed verification
is given in Appendix A.

Let’s consider some examples of application of the proved theorem. Con-
sider the following functions m and W when A > 0, a is a

natural digit.

The Taylor series can be easily constructed for the functions f(z) = ﬁ

and g(z) = (1—&—13)0‘:

f(Z) — 1 4 kzl O((Ot-‘rl)..k.:ga"rk—l) Zk

g(z):l—l—z( 1) (+i!) (atk=1) k

According to theorem 1

1 [(1} =[c=e] = L7 [f(2)]

1 7675A)a
_ - 1+ia(a+l)...k('a+k—1) k:] _
k=1 '
:5(t>+§:a(a+1)..}€('oz+k—l)5(t_kl4)
k=1 '
L [(1 +61_SA>J = [z =] = L7 [g(2)]
P i (—DFa(a+1)..(a+k - 1)2,1 _
k!
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Finally the following formulas are derived

1 [7_ 1 a} = §(t) + Y athAathl) 5y g4
(1—e ) = ! (17)

_ X (=1 Ea(a+1)...(a+k—1
L7 [ty = 0(0) + & (Hleleuletiols — )

Let’s consider the transform that corresponds to the general function of
the form (1)

L
L f7(s)
=—— 18
() co+ KE(s) (18)
The expression (18) can be rewritten in the following form
cox’(s) + a"(s) K" (s) = f(s) (19)

By the convolution theorem of originals the Volterra integral equation of
the second kind [6] is derived from (19)

con(t) + / 2K (- 7)dr = f(2) (20)
0

N
For the function of the form (1) f(¢) = §(¢), K(t) = > ¢;0(t — A;). Since
i=1
these functions are equal to zero when t < 0, the equation (20) can be written
using convolution as follows [10]

N
[cod(t) +) bt — Ay | xa(t) = 5(t) (21)
=1

That is, finding the original z(t) is reduced to the solving of the convolution
equation (21). The solution of the convolution equation of the form a(z) %
y(z) = b(x) is uniquely determined by the formula y(z) = a=!(x) * b(z) in the
case when the inverse generalized function a~!(z) exists [10]. By the definition,
if the generalized function f(z) has its inverse function f~!(x), then [10]

FH @) * fl2) = f(a)* [} (@) = 8(x) (22)

From the above the following consequence can be formulated

Consequence. {coé(t) + > ot —niAdn)| =, fT()é(t —kA,,), where
i=1 k=0

the function f(z) has the fo?*m (3).
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The verification of the formulas (17) by the fulfilment of the equality (22)
for them is done in Appendix B.
The more general cases when A; = n;Aqg + m;Ag,n;,m; € Nyi =1, N for

some fixed numbers 1 < d,q < N,d # q or even when A4; = > niquj,nij S
j=1
N,i = 1,N,j = 1,m for some fixed numbers 1 < ¢; < N,j = 1,m,q; #

qr,J # k,j,k = 1,m can be also considered. For these cases the transform

(1) can be rewritten in the forms < L or 1

m
co+ Z ciefs(niAdﬁ»miAq) N 75]‘;1 niquj
i=1 CO+Z cie

1=

respectively. So, the following theorems take place.

-1 1 o o= 1 9FHf(0,0)
Theorem 2. L T . =Y Z TTCZ(S(t — kA, —
co+ ) ciems(niAatmiAq) k=01=0
i=1
1Ay), where f(2,¢) = N% Here the single-valued functions of the
co+ Z cpz"k(Mk
k=1

sA

complex variable s e %44 and e=*44 are denoted as z and ¢ respectively.

Theorem 3. L~} L =
N s X ongjAg;
cot+ Y cie 471

=1

[o¢]
A { (P)
) 5(t—k1Aq _"'_kmAqm),
k17“'72k7n:0 kil k! 8z]f1...8z,’3{" 1
where 1
f(21, ceey Zm> =

N m e ’
co + Z Ck H Z;
k=1  j=1

Here the single-valued functions of the complex variable s e 49 are denoted
as zj,j = 1,m.

The proof of these theorems is beyond the scope of this article.
Appendix A. Method validation on known originals

Consider the functions I%SA and {—=x when A > 0. From [13] it is
known that

L [1_6 SA] Z(s (t—nA), [W] = i(—l)”d(t—n/&) (A1)

n=0

Let’s show that the results derived from theorem 1 are consistent with the
known results (A.1).
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According to theorem 1
-1 [1761_&4} =[z=e4] =L [
_ ! ijoﬂk,j@zk} —rt [f zk] = S 8(t - kA),
i |

— L [f f““,j,@)zk} — [i (-1)’%}+ = % (-1)fo(— kA)

1 —
1+e—s4 |

k=0
So, the known results (A.1) are equal to the results derived from theorem
1 (A.2).
Appendix B. Verification of derived formulas using convolution
The fulfillment of the formula (22) for the functions (17) can be verified for
any fixed a. Let’s prove this for a = 2.
According to (17)

L [(1763&4)2] =0(t) + ki_oj (k+1)6(t — kA),

0 (B.1)
L [ﬁ] =3()+ (- 1)*(k + 1)8(t — kA)

Consider the following convolution

<[5(t) —26(t— A) +(t —24)] * [ (t) + Z (k+1)6(t — kA)} ,<p(t)> =
—ff §) —20(¢ - A)+5(£—2A)]

X [5( &)+ kgl(k: +1)o(x — €& — k:A)] o(z)drdé =
J18(6) 2306 - )+ 6(€ ~24) [m + S+ Dple+ km} dé =

= 9(0) ~ 20(4) + p(24) + 3 (k + ()~
-2 k§1(k +1De((k+1)A) + kgl(k + 1De((k+2)A) =
= 9(0) = 26(4) + £(24) + 3 (k + 1)p(d)~
-2 kz::2 kp(kA) + k§3(k —1p(kA) =

= 0(0) + p(24) + 3 (1 — K)p(kA) + 3 (k — Dp(kA) = 5(0) = (5(1), p(1))

k=2 k=3
So, it is proved that

[0(t) —25(t — A) + 6(t — 2A)] = +§:k+1 )o(t — kA)| = 6(¢).
k=1
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The inequality [5(75) + ;jl(k‘ +1)6(t — kA)] *[0(t) —20(t — A) +(t —24)] =

d(t) is proved similarly. So, the correctness of the first formula in (B.1) is
shown.
Consider the following convolution

([5(75) +25(t—A)+6(t —24)] x [ (t) + Z (—1)F(k 4+ 1)d(t — kA)} ,go(t)) =
= []16(9) + 2006 - A+ 8(6 — 24)] x
<[oe -9+ ki(— (k-4 D3(o - € - b4) | p(a)aoa =
= 60) + 20(4) + ¢(24) + X (D4 Dp(bA)+
+2 kzzjl(—n’f(k +1Do((k+1)A)+

+ 3 (1R + D) ((k +2)A)
k=1

= 0(0) + 20(A) + p(24) + 3 (—1)F(k + 1) (kA) -

k=1
—2 k;(—l)’“k@(kfl) + kgg(—l)'“(k — D)p(kA) = ¢(0) = (6(£), (1))
So, it is proved that
[0(t) +25(t — A) 4+ 6(t — 2A)] * —i—i k—i—l )o(t — kA)| = d(t).
k=1

The inequality

+f: Bk +1)5(t — kA) | * [5(2) + 20(t — A) +6(t — 24)] = 8(¢)

=1

is proved similarly. So, the correctness of the second formula in (B.1) is shown.

3. CONCLUSION

1. The new method for the analytical inversion of the Laplace transform
for the functions of the certain structure is proposed. The proof of this method
is carried out.

2. The results derived by the new method of analytical inversion of Laplace
transform are compared with the formulas for the original functions known in
literature.
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3. Due to the use of the proposed method, the originals of new transforms
that are important for use in mechanics are derived.

2Kypasavosa 3. IO.
HoBuit miaXIiji 10 AHAJIITUIHOTO OBEPHEHHS MEPETBOPEHHST JIATIJIACA OJISI AESAKUX
BUTIAJIKIB

Pesrome

IleperBopenns Jlamnacy € KOpUCHUM IHCTPYMEHTOB JIJIsT PO3B’ST3aHHs IUHAMITHUX 33189 Te-
opil nmpyzkuocTi. TuMm He MeHII, TpobIEMa AHAIITHIHOrO 0OOEpHEHHSI TepeTBOpeHHs Jlammacy
JIO CHX TIip IOBHICTIO HE PO3B’si3aHa. ToOMy aKTyaJIbHUM € PO3IJISA HOBUX METOJIIB, 38 JOIIOMO-
rOI0 SIKMX MOYKHA OTPUMATH aHAJITHIHE MOIaHHsI OPUTIHALY 3a BiJOMOI0 TpaHC(HOPMAHTOIO.
Y naniit poboTi 3aIIPOIIOHOBAHO HOBUI METOJ AHAJITUIHOIO OOEPHEHHSI II€PEeTBOPEHHS
Jlamtacy njs TpancdOpMaHT IEBHOTO BUIJISILY, IO MICTATH Y 3HAMEHHHUKY €KCIIOHEHTH, sIKi
JIIHIAHO 3aJ/1eKaTh BiJ mapameTpa mepeTBopenHs Jlammacy. Po3risHyTo Bunmajaku criBBigHO-
IIeHb MiXK MMOKa3HUKAMM eKCIoHeHTH. JloBeneHO Teopemy, 3rilHO 3 KO0 TPAHCHOPMAHTA
po3BUBaEThCs y psijt Teitsiopa, i opurinag OTPUMYETHCS MIJIIXOM MTOYJIEHHOTO 3aCTOCYBAHHS
obeprenoro meperBopenss Jlammacy. KopekTHICTh TOUIEHHOTO 3aCTOCYBaHHS OOEPHEHOTO
neperBopenus Jlamracy mosenena. llpoBenena mepeBipka pe3ysbTarTiB, IO OTpUMAaHi 3 BU-
KODHCTaHHSIM HOBOI'O MeETOAy, 3 Bigommmu panime dopmynamu. OTpumani opuriHaau Bif
Tpanchopmant Jlamacy, ki paHiie He 3yCTPiYaINCh y JITEPATYPi.
Karowosi caosa: nepemeopenns Jlanaacy, anasimusne obeprenms, po3eunenmns 6 padu Ted-
A0Pa, Y3a2anvHeHi GyHKyil, 320pmKa.

2Kypasaésa 3. IO.
HoBBIIT NOAXO/l K AHAJIMTUYECKOMY OBPAUIEHUIO ITPEOBPA3OBAHUSA JIATIJIACA 1115
HEKOTOPBIX CJIVUAEB

Pesrome

IIpeobpaszoBanue Jlamnaca siBJIsteTCs OJIE3HBIM HHCTPYMEHTOM JIJIsT PEIIEHUsT TMHAMUIECKUX
3a/Jad TeOpUM yIpyroctu. Tem HU MeHee, MPOOIEMa AHAJIUTUIECKOTO OOpAIIeHus Tpeodpa-
3oBanus Jlamaca JI0 CHX IOpP ITOJIHOCTBIO He perreHa. [109ToMy akTyabHBIM sIBJISIETCS PAC-
CMOTPEHME HOBBIX METOJIOB, C MMOMOIIBI0 KOTOPBIX MOXKHO MOJIYUYUTh AHAJUTHYIECKOE IPE]I-
CTaBJICHHE OPUTUHAJIA [0 U3BECTHON TpaHchOpMaHTe.

B nmannoit pabore mpeioxKeH HOBBIH METOJ AaHAJTUTHIECKOTO OOpAaIlleHusl IIpeodbpa3oBa-
Hud Jlannaca st TpaHcOpPMaHT OIPEIeIEHHOIO BIA, COJAEPXKAIUX B 3HAMEHATEJIE KCIIO-
HEHTBI, JIMHEWHO 3aBUCAIINE OT apaMeTpa mpeobpazoBanus Jlammaca. Paccmorpensr cayaan
COOTHOIIIEHUI MEXKJy IOKa3arTessiMA KCIHOHEHTHI. Jloka3aHa Teopema, COIVIACHO KOTOPOIt
TpaHC(HOPMAHTa PACKIaIbIBaeTCsl B psif Teitopa, 1 OpUrHHAJ MOYyYaeTCsl MyTEM TIOYUJIEH-
HOTO MpUMeHeHust 00paTHOTO npeobpazoBanus Jlammaca. KoppekTHocTs moduseHHOrO IpuMe-
HeHus obparTHOro npeobpasoBanus Jlamnaca mokasana. [IpoBeseHa npoBepka pe3yJsibTaTosB,
MOJTy YEHHBIX C MCIOJIb30BaAaHNEM HOBOI'O METO/A, C U3BECTHBIMU paHee dpopmyaamu. [lorydae-
HBI OPUTHHAJLI OT TpaHcdopmanT Jlamiaca, paree He BCTPEYABIINECT B JIATEPATYDE.
Karoueswie caosa: npeobpazosanue Jlanaaca, anarumuseckoe obpawerue, pasrodicerue 6 pi-
dw Tetinopa, 0606wéHHbIE GYHKUUY, CEBEPMEKQ.
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