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VIIK 517.5

C. P. BoponkoBa
Oslecbkuii HarioHaybHUI yHiBepcuTeT imeni [. 1. Meunukosa

ITPO 3MIHY 3HAKIB JOAJAHKIB Y3ATAJIBHEHOI'O
TFAPMOHIYHOTI'O PAIY

Astop BucsoBmioe mupy nosiky Kopenosebkomy A. O. 3a mocTaHOBKY 3a/adi Ta
[IHHI TOpaay i yac poboTH.

Jlana poboTa mMOB’s13aHa 3 aHAJIIZ30M 301KHOCTI Psi/liB, MOJIYJI JOJAHKIB SIKUX € JOJaHKAMU
y3araJbHEHOTO TapMOHIYHOrO psiy. Po3rarnyBanHs 3HAKIB JOJAHKIB Y TAKUX Psi/IaX BIH3HAYA-
€ThCsl TIOCJTIOBHICTIO, TIOMI2K CyCiIHIMU HOMEpaMH sIKO1 JIOJIAHKK 30epiraloTh 3HaK. Y MexKax
i€l pobOTH TOCTIKYIOTHCS PAJU 3 IOCJIIOBHICTIO 3MiHM 3HAKIB J0J/IaHKIB, BU3HAYEHOIO
JIOBITBHUM PAaIliOHAJIBHAM YHUCJIOM. ['OJIOBHUM PE3yIbTaTOM € TeopeMa, siKa A€ BUYEPITHY
BIAMOBIB 1110710 301XKHOCTI TaKUX PSJIiB.

MSC: 40A05.

Karowosi caosa:  36iocHicmsb, Y3a2a0bHEHUT 2aPMOHINHUL PAD, HOMEPU NEPEMUKAHHA 3HAKY

DOI: 10.18524/2519-206x.2019.1(33).175541.

BcTvyil. Posrasnaerses psit
oo
En
> e (1)
n=1

nee, = +1, 0 < a < 1. Iloknagemo ng = 1, a ajist k > 1 BUBHaAYMMO ITOCJIIOBHICTD Ny,
HOMepiB MepeMuKaHHs 3HaKY HoJanKiB pay (11), To6To BBaXKaemo, mo &, = (—1)¥~!
upu ng_1 < n < ng. dua susnadenns 36izxxuocri paxy (11) B [3] Gyina orpumana

Teopema 1. Ilpu o = 1 s6isrcnicmo pady (11) pisnocuavha 36isrcrocmi psdy

i(—l)’f-l In %, (2)

N —
=1 k—1

anpu 0 <a<lpad (11) s6icacmocsa abo podbizacmoves 00HONACHO 3 PAOOM

o0

(=D (™ = m29) - (3)
k=1

V [3] naBemeno kinbka npukaaais 3acrocyBanus Teopemu 1. HaiiGinbim mikasum
BUSBUBCS BHIIAJIOK CTEIICHEBOIO POCTY HOMEpIB MepeMUKaHHs 3HaKiB (To6To ng, = k),
mo O0YMOBJIIOE TIEpPeXil 0 MUINX YACTHH y BUNAJKY, KOJU MOKA3HUK CTENeHs He
€ marypambunM. Ilpu josinerux B meobxiano moxkmacru ny, = [k°], ne cumsosom -]
[OBHAYEHO IiJTy YacTUHY Yucya (TO6TO OKPYTIJIEHHS J0 HAMOJIMKIOr0 ILI0r0 B MEHIITY
CTOPOHY ). 3a Takux ny JHoBeaeHo, mo psan (11) posbiraerbes npu 0 < o < 1 — % Ta

: 1 1 1
3biraetbest pn 5 < @ <112 < fB < 1.

Haditiwna 16.04.2019 © Boponxkosa C. P., 2019



8 Bopomnxosa C. P.

ITpu ng, =7 -k (r € N) psag (11) 36iraerbes npu Beix 0 < a < 1 3a y3arajabHEHOIO
oznakomw JleiGaurs [2, c. 302]. Takox 3a o3Hakow JIelGHUI, 09€BUIHO, 36Iral0ThCs it
panu (2) Ta (3). dxmo x ng = -k s r € R, r > 2, 1o paau (2) ta (3) 3a/MIIa0ThCs
36lkHUMU. AJie, Y bOMY BUIIQJKY YGUCIA 7, B3arajl KayKydu, He € HATYDAJbHUMHU.
OcHOBHMIT Pe3yJILTAT JAaHOI pOOOTH CKIAJa€ HACTYIIHA TEOPeMa, KA MICTHTh yMOBY
36ikHOCTI psagy (11) npu ng = [r - k] y Bunagky g0BUILHOIO PanioHAIBHOIO T

Teopema 2. Hexainyg = [r-k|, der =m+p/q (m,p,q €N, p/q - npasuarvrud
neckopouysanuli 0pi6). Todi dasn 0 < a < 1 pad (11):

1. posbieaemvcs npu NAPHOMY q;

2. 36i2a€mbCA NPU HENAPHOMY (.

OCHOBHI PE3VJIBTATU. Hapememo cogaTky mesiki JOTOMIXKHI BiOMOCTI.

JIema 1. I3 sOisicrocmi pady (3) npu desxomy a < 1 sunausae 36ivicHicmy
pady (2).
JoBenennsi. Twep/KeHHs JIeMU BUILIMBAE 3 TeopeMu 1 3aCTOCYBAHHSIM JIO Psi-

ny (11) ozmaxu Hipixae [2, ¢. 307].

JIema 2. Hexali p/q — npasuavrud neckopouysanut dpib. Todi wucao
tp
q
HE € HAMYPAALHUM TPU O0Yydv-axomy namypasvromy 0 < t < q ma cnpasediusa
PIBHICMD
(2] = [ze-1] = [—2e-1] = [=2] = x¢s (5)

de x¢ € {0,1}.

Hosenennsi. Ilpunycrumo, mo z; € N. 3Bigcu BuminBae, 1mo tp JUIATHCS HA
g. 3a mpaBusaMu HOALIBHOCTI (BpaxoBylouH, 10 p/q - HECKOPOUYyBaHuil Api6) ¢ Mae
gimarucsa Ha q. IIpore, me HemoxK/mBO, ockibku 1 < t < ¢. OTxke, npuiinm 10
[POTUPIYYs 3 NPUITYIIEeHHAM, Mo z; € N.

Hosenenmo pisuicrs (5). Ockinbku uncia 2z € Z 10 < 2 — 241 = g < 1, To
MOZKJIMBHI JIUIIE OJIUH 3 JBOX HACTYITHUX BHIIQIKIB:

a) [2t] < zi—1 < z¢ < [ze] + 1. Y mpomy Bunagxy —[z:] — 1 < —z; < —2zp-1 < —[z4];

[ze) = [2t—1] = [2t] = [2] = 0,  [—2e-1] = [-2) = —[ze] =1 = (=[] = 1) = 0.
b) [z:] = 1 < zp—1 < [2¢] < 2t < [ze] + 1. Maemo —[z¢] — 1 < —z¢ < —[2¢] < —2¢—1;
(2] = [zt-1] = (2] = ([ae] = 1) =1, [~za] = [~z = —[=] = (=[] = 1) = L.

3rifHo 3 1M oTpEMyeMO piBHICTD (5) 1 HA IBOMY 3aBEPIIYETHCS TOBEJICHHS JIEMHU.
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HoBenenus: reopemu 2. 3rigno 3 jemoro 1 i3 36ixkHoCTi pany (3) BumiuBae 36i-
»kHicThb psiy (2). Tomy muis 10BeIeHHST TBEP/KEHHST 1 TeopeMu 2 T0CTATHBO JOBECTH,
1110 po36iraersbest psg (2), a Juist JOBEJIeHHsI TBEPIZKEHHsT 2, 1m0 30iraeThes psi (3) npu
oyab-skomy 0 < « < 1. [loBesenns 3acHOBaHe Ha I'PYIyBaHHI JOJAHKIB Ta 3aCTOCY-
Banni Teopemu Jlarpamxa [1, ¢. 226].

1. Hexaii ¢ = 2I, ne | € N. Byuemo BBaxaru, mo uijcymoByBanHsa B psaii (2)
nounHaeThes 3 Homepa 20+ 1. Tnst momepis ng, = [(m+p/(21))k] posrastaemo qacTkoBi
cymu Soyn+1) (N € N) psaay (2), o6’eanyioun noganku B rpynu gosxunn 2/. Maemo

S2l(N+1):
S5 8 o ([ 2)e]) ([ D))

s dikcoBanoro s B (6) po3ryigHeMo BHYTPINIHIO CYyMy

2ls+21

LD DN (ln({("” 21)1“}) _ln([(m+ 21) (k_DD)'

k=2ls+1

_ n<(2lm+p)s+m(j_1)7L [MD) -

Tloknasmm k = 2ls 4 j, maemo

21

s = (-1 (ln ((2lm +p)s+mj+ | 2

=1

SN

21

:;(— (<ln<(2lm+p)s+mt+[2p]) -
) -

_ <ln <(2lm+p)s+(2l—t+1)m+p+ [—(t;ll)pD -

<(2lm +p)s+(t—1)m+ [

—In ((2lm+p)s+(21t)m+p+ - ;’;D)) (7)

3 ypaxyBaHHsIM no3HaveHHs (4) nepenummenmo (7) B HACTYIHOMY BUIJIsIL
oy =D (=)' (n (2m 4 p)s +mt + [=])
(@t p)s + (= Dm o+ [ra))) -

—(In(@m+p)s+ Q@ —t+1)m+p+[—2-1]) —
— In(2m+p)s+ (2 —t)m+p+[-2z]). (8)
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Bacrocyemo Teopemy Jlarpamxka o GyHKIT Inz Ha Bigpizkax

[(2lm +p)s + (t — Dm + [z1], (2lm + p)s + mt + [zt]}
Ta
[(le +p)s+ (2 —t)ym+p+ [z, 2m+p)s + (21—t + L)ym + p+ [—z_1] }
3rifHO 3 €0 TEOPEMOIO 3HAWIYTHCH TaKi
€s € ((2lm +p)s + (t — )m+ [z-1], (2lm + p)s + mt + [z] )
Ta

Ne,s € ((2lm +p)s+ 2L —t)m+p+[—z], 2lm+p)s+ (2l —t +1)m+p+ [—2—1] ),

o
In((2lm+p)s+mt+[z]) —In((2m +p)s+ (t — )m + [z:-1]) =
_m+ (2] — [2t-1]
&ty

In((2m+p)s+ 2L —t+1)ym+p+ [—z-1]) —

+ — _ _ | —
—In(2m+p)s+ 2l —t)ym+p+[—2z]) = m+ | Z; =l Zt].
t,s
BiamiTrmo, 1o
O S nt,s - gt,s S 2lm +p (9)
It 1 < ¢ <1 posriisiHeMo OKpeMo [z¢] — [z¢—1] Ta [—2¢—1] — [—2¢].

dAxkmo t =1, To

il = o) = [ 2] = [0] =0 -0 =0

[—20) = [-a) = [0] = [-& ] =0- (-1 =1,

21
i Tomy
In((2Im +p)s+m+ [z1]) — In ((2lm + p)s + [20]) = :n
s
Ta,
In ((2lm 4+ p)s + 2lm + p + [—z0]) —
m—+1

—In(2lm+p)s+ Q2 —1)m+p+[—2]) = A

IIpu t > 2, 3a jemoro 2 BUKOHY€ETHCH (5), TOMY

In ((2lm+p)s+mt+ [;’;D I ((2lm+p)s+(t—l)m+ [(t;zl)pD _

Mt Xt
Et,s
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Ta
t—1
n ((2lm—|—p)s+ 2l —t+1)m+p+ [—(21)]’]) -
tp m+ Xt
((2lm+p)s+(2l—t)m+p+ [ 21}) e
Otxe, (8) HabyBae BUIVIALY
1
m m+1 1 1
Os = - + m + X < — ) =
51575 nt,s t:Z2 t) gtAs nt7s
1 1 1
= ) m + ( - ) ——, (10
Z[ Xt) gt,s nt,s :| 771,5 ( )

ze x1 = 0.
Bacrocyemo teopemy Jlarpanxka 1o dbyskuil 1/ Ha Bigpiskax [fm, M,s ] B pe-
3ysIbTaTi 3HANIEMO Take (r s € (ft,s, Ni,s ), i (o}

_(1 _ 1>: (nts gts)
é-t,s Nt,s Ct,s ,

Ta, BiIIOBiIHO,

i[ m+Xt)(nts<t7fts>}_ 1 A 1.

m,s M,s

3 ypaxysanHusM (9)
; ft,s S 21m2+ p7
Ct7s Ct,s

0 O3HatAa€ 3012KHICTH Py 3 ,ILO,J:L&HK&MI/I A,. Tlpore, psia 3 mojaHKaMu i po36i-

raeThes, ajuKe BOHN oOMexkeni su3y <. Tomy, ocrarouno, 4acTKoBi CyMI/I 521( N+1)
psIy (2) He MalOThb TDAHMUII.

2. Hexait tenep ¢ = 21 + 1, ne I € N. Ina swomepis ni = [(m + p/(20 + 1))k]
po3rIAHeMO YacTKOBi cymu S(gi11y(n+2) (N € N) pamy (3). Byzemo sBaxkaTn, mo
nizcyMoByBaHHs B psiji (3) nounHaerhest 3 HoMepa 20 + 2. O6’¢HyI0YM JIOJAHKA B
rpymu joBxkuan 2(20 + 1), Maemo

(et

1)s+1

Sei+1)(N+2) =

s=1 k=(21

(2041

~—

+
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L dikcoBanoro s B (11) posriisgHeMo BHYTDIIIHIO CyMy
(20+41)s+41+2 P l—a P l—a
s = —1)k-t — |k — —— (k-1 .
e I (B [ [
k=(20+1)s+1

Toknasmu k = (20 + 1)s + j, 6aunmo, 110

4142 , 1—a
o5 = Z(q)ifl ((((21+1)m+p)3+mj+ [21@1]) _
(i (S22) ) -
20+1 tp

=X (((2l+1)m+p)s+ 42+ Dmtp+ [2l+1D .

H
Il

_ <((21+1)m+p)s+mt+ [;L])l_aJr

+ (((2z+1)m+p)s+ (t+20)m+p+ | T
(t - 1)p} e
— — T E—— . (12
(((2l+1)m+p)s+m(t 1)+[ ST (12)
Hna dyuaxmii £1~%, srigno 3 Teopenmoro Jlarpamxka, icHyIoTb Taxi

s € (1@ Dm g i+ [ 5727 .

(2L +1Dm+p)s+ (t+ 20+ )m+p+ [21%1})

Vis € (((21 +1)ym+p)s+ (t—1)m+ [ (t21—+1ip }’

(20 + L)m+p)s + (¢ +20m +p+ | (’;l‘:)lp])?

110

(((2l+1)m+p)8+(t+2l+1)m+p+ {%til})l—"_

tp 204+ )ym +p

~ (((2l+1)m+p)s+tm+ {2l+1}>1_a_(1a)(@9’
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(((2l+1)m+p)s+(t+2l)m+p+ [(t_l)p})la_

20+ 1
(t—1p7\'® (20 + )m +p
— 1 -1 A 4 =(l-—a)— 2%
(((2z+ Jm+p)s+ (6= Dm+ | =" ] (1-a) =20
Bimnvitrmo, o
0<pys—1rs <2(l+1)m+p+2. (13)

Haui 1o dbysknii -, 3actocyemo TeopeMmy Jlarpanka Ha Bifpiskax [vq s, ft,s |-
3rifHo 3 Ii€I0 TEOPEMOIO, HANILYTHCS TaKi Ut s € (Vy,s, fit,s), IO

— (2 =) = alpes — vis)v ot

1
0u=al =) Yo (=)' ((2L+ hm +p) st

t=1 t,s

Ockinbku cupasemusa nepisaicrs (13), To

)

His = Vis _ 204+ 1)m+p+2

14+« — 14+«
Ut7s Ut,s
N
A Tomy S’(ng)( N42) = > 0, 36iraerbest. OCKUIBKY 9aCTKOBI CyMM IHIIUX NOPSIKIB

s=1
BiAPI3HAIOTBCH Bill S(gi41)(N+2) HE Gimbmn mix ma 2(2] 4 1) — 1 nojamkis, koxen 3

AKUX IIPSIMYE JI0 Hyuisi, TO psaj (3) 30iraerbest.

BucHOBKU. Hawm nesigomi ymosu 36ikHocTi psiny (11) y Bunajgky nyg = [r - k]
MIpY ipPAIiOHATBHOMY 7.
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Boponxkosa C. P.
OB UBMEHEHMHU 3HAKOB CJIATAEMBIX OBOBIIEHHOI'O TAPMOHUYECKOTO PSIJA

Pesrome

Hannast paboTa CBsI3aHa C AHAJU30M CXOJUMOCTH PSIJIOB, MOJIYJIA CJIAra€MbIX KOTOPBIX CO-
OTBETCTBYIOT CJIAra€MbIM ODODIIEHHOTO TAPMOHUYIECKOTO psifia. PacrosiozkeHrne 3HAKOB CJia-
raeMbIX B TAKUX PsJIaX ONPEJIEAeTCs MOC/IEI0BATEebHOCTBIO, MEXKJIY COCETHUMHU HOMEPAMU
KOTOPOW CJIaraeMble COXPaHSIIOT 3HAK. B paMKax 9T0i paboThl KCCJIEYIOTCS PSIIBI C TIOCTIE0-
BATEJIbHOCTHIO N3MEHEHUS 3HAKOB CJIAraeMbIX, OIIPEIEJIEHHON ITPOU3BOIBHBIM PAIMOHATIBHBIM
qKrCJIOM. [JIaBHBIM PE3yJIbTATOM SIBJISIETCS TEOPEMa, KOTOpasl JaeT UCUYEPILIBAIONIUI OTBET O
CXOMMOCTH TaKHUX PSIIOB.
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Karoueswie crosa:  cxodumocmop, 0606uertbill 2apMOHUNECKUT PAD, HOMEPE NEPEKAIOUEHUS
3HAKA .

Voronkova S. R.
ABOUT CHANGING THE SIGNS OF SUMMANDS OF GENERALIZED HARMONIC SERIES

Summary

This work is connected with the analysis of the convergence of the series, the terms of which
do not have a fixed sign, and the absolute values of this terms correspond to the terms of the
generalized harmonic series. The arrangement of the signs of the summands is determined
by the sequence of numbers, between adjacent numbers of which the summands have already
same sign. In the framework of this work, we study series with a sequence of changes in the
signs of the terms defined by an arbitrary rational number. The main result is a theorem
that gives an exhaustive answer about the convergence of such series.

Key words: convergence, generalized harmonic series, numbers of sign switching.
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O. B. 3exaencskuii, B. M. lapmociok, M. B. KacsHiok
Kawm’sinens-Ilominbebkuii HamionaibHU yHIBepcuTer iMmeni IBana Orienka
MukosaiBebkuit HamionaspHui yHIBepcuTeT imeni B. O. CyxominHCchKOTO,
VuiBepcureT eKOHOMIKH, pasa Ta indopmariitaux Texunosoriin "KPOK"m. Kuis

MIHIMAJIBHA MATPNIIA ITOKA3HUKIB

Y poboTi HOCHIIKYIOThCS MiHIMAJIbHI MATPHUIN MMOKA3HUKIB Ta MiHIMaJbHI BaroBi GyHKIIT
JIOITYCTUMOI'O Caraiijiaka. JHalJIeHO OOMEXKEeHHsI JIJIsi CyMU €JIEMEHTIB MATPHUIll MOKA3HUKIB
3 OJMHUYIHUM caraifiJakoM Ta OOMEXKEHHSI JJIsi CyMH €JIeMEHTIB MiHIMaJIbHOI MaTPHUIl IIOKa-
3HUKIB 3 caraifiJakoM, sIKHil Ma€ MEeT/II0 B KOXKHii BepmwHi. [lokazaHo, 1m0 3MeHIIeHHsT Barn
MIPOCTOTO IUKJIy caraiijaka, MOKe MPUBECTU 0 3OLIBINEHHS CyMH €JIEMEHTIB MATPHUI IO-
Ka3HUKIB 3 sSIKOI OJIEPXKY€EThCs caraiiak. HaBeneHo npukiaj, Mo CIpOCTOBYE TillOTe3y PO
Te, IIO JJIs caraiijlaka 3 IETJIEI0 B KOXKHill BepIInHI BaroBa (OyHKIlis 3 Barol BCiX IIPOCTHUX
IIUKJIIB piBHOIO 2 € MiHiMaJibHOIO. J[OBeseHo, 0 >KOPCTKUil caraiijlak OepKy€eThCs 3 MiHi-
MaJIbHOI MATPUIIl TOKA3HUKIB.

MSC: 16G20, 16G30.

Karomo6i crosa: mampuusa nokasnukis, donycmumut ca2atioak Mampuyi noOKa3HUKIS, MiHi-

MAAOHG MAMPUUA NOKAZHUKIE .
DOI: 10.18524/2519-206x.2019.1(33).175542.

BcoTvil. Oaun i3 acnexkTiB Teopil Kijelb € BUBYEHHS BJIACTUBOCTEN Kijelb 3a
Joriomoroio Teopil rpadis. Koxxuuit uepennaHuii mOpsI0K MOBHICTIO BU3HAYMAETHCS
CBOEIO MATPHIEIO MOKA3HUKIB 1 AMCKpeTHO HOpMOBaHUM KisbieM [1]. Barato Bractu-
BOCTEH TaKuX Kijiellb ITOBHICTIO BU3HAYAIOTHCS IX MATPHUISIMU [TOKA3HUKIB, 30KpeMa,
caraiimaku takux kisenp [1]. [lopiBHsIHO HeABHO MATPHUI OKA3HUKIB CTAJIN OKPEMUM
00’exkroM BuBYeHHs. B [4] 10BOIUTHCS HEKOPCTKICTD JIOIYCTHUMOIO caraijjaka, sKuii
Mae xo4a 6 omHy nermio. B [5] posrasnarorsest Barosi GyHKIIT sIKi BUSHAYAIOTE JOITY-
CTUMI caraigaKku, 3 MOsIBOIO SKUX 3’ IBUJIOCS OIIbITe MOXKIUBOCTEN JJTsT JOCJIiT2KEHHST
JIOIyCTUMUX caraiijiaki. Ommc JesKuxX KJAciB XKOPCTKUX CaraijjlakiB 3alro4aTkoBa-
HO B [6]. B [7] 3HalijeHo BIACTHBOCTI OAMHUYIHUX IUKJIB Ta OJMHUYHUX caraiijaxis,
30KpeMa 3HafIeH0 OOMEeXKeHHs I €JIEMEHTIB MATPHIN MOKA3HUKIB OJUHUIHOTO Ca-
raiiaka. B [8] mociiizzKyoTbes UKIM JOIyCTUMUX Caraii/lakis.

Hexait £=(a;) € M, (Z)(M,(Z) — 1e Kinblle MATPHIB N X N 3 MiIAMI eJleMeH-
TAMH).

Osnauenns 1. [1] Mampuysa E=(a;;), 0aa AKOT BUKOHYIOMBECA HACTYNHT YMO-
6u:

1) aj + aji = g dar sciz i, j, k=1,...,n,

2) a;; =0 dan scizxi=1,...,n,

HABUBAEMDCHA MATNPULEI NOKAZHUKIG.

Mampuus noka3HuKi8, i AKOT BUKOHYEMBCA YMOBE

3) ajj+ s =1 dnssciz i, j € {1,...,n} (i #j)

HABUBAEMBCA 36€0EHON MAMPUUEN NOKASHUKIS.

Haditiwna 22.04.2019 © Benencokuii O. B., Japmociok B. M., Kacamiok M. B., 2019
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Hexait £ = (oyj) — 3BemeHa MaTpuUIls NMOKA3HWKIB. BBememo marpmii W =
(Bij) =E+E, € My(Z), ne E,, — onuHAYHA MaTPHUI, Ta EB@ = (i) € Mn(Z):
Yij = mkin{ﬁik + B}

Osznavenns 2. [1]/ Caeatidaxom seedenoi mampuyi nokasnukic Q@ = Q(E) na-

3UBAEMBCA Ca2aU0aK, MAMPUUA CYMIHCHOCME AK020 3adaemves dopmyacto [Q] =
@) _ )

Teopema 1. [3] HAxwo & - 36edena mampuus noxasnuxie, Q = Q(E) -cazaiidax
mampuyi noxasuukie, mo mampuua [Q] € (0,1) - mampuyero cymiscrocmi cuabHo
36°A31020 cazaiidaka.

Osnauenns 3. [1] 3sedeni mampuyi nokasnukie £ i E; HaA3uAOMb €K6I6aA-
AEHMHUMU, AKUO OOHY MONCHA 00epAHCAmMYU 3 THWOT 36 JOMOMO2010 EACMENMAPHUL
nepemeopers 080T MUNIG:

1. Bidnamu yise wucao t 6id esemenmis i-20 padka i dodamu G020 do eseMeHmie
1-20 CMOBNUA.

2. Hominamu micuamu 06a padku i 08a cmMOBNYL 3 MAKUMU HC HOMEDAMU.

Osnauenns 4. [1] Cazatidax Q Hazusaemvea Jonycmumum, AKUWO0 iCHYe 36e0eHa
mampuys nokasrukie £, mara wo Q(E) = Q.

Teopema 2. [3] Hexatli Q* - cuavno 36’s3null npocmudl cazatidax 3 nemaero 6
Kxootcnit eepwuni. Todi Q* - donycmumud cazatioark.

Osnauennsi 5. [5] Caeatidax Q = (VQ, AQ) nasusaomv 368a2ceHUM, AKULO
susnavena Pynryia w: AQ — R . Oynxuyio w nazusaoms 6a206010, a it 3HaMEHHA
HA CMPLAYL — 802010 CMPIAKU.

CymMa Bar BCiX CTPIIOK HIISAXY HA3UBAETHCH BAroIO IILJISXY.
ko € - 3Beena MaTpUIg MOKa3HUKIB, @ = Q(£)-caraiifak MaTpuIli MoKa3Hu-
kiB, To marpung [Q] € (0, 1) - Marpureo cyMizKHOCTI CUJIBHO 3B’43HOTO caraiiaka.

Teopema 3. [5] Cuavro 36’asnuti caeatidax Q = (VQ, AQ) donycmumui modi
4 miavku modi, Koau ichye eazosa Pyrruyiaw : AQ — NUQD | axa 3adososvhsc maki
YMOBU:

1. Baza cmpiaky 3 mouku i Y MoKy j MEHUWGA 30 6G2Y WLAALY 3 MOYKY i Y MOUKY
j dosorcunu [ > 2.

2. Baza nemai 6 mowuyi i merwa 3a 8a2y 0y0b-AK020 UYUKAY, U0 NPOTOOUMD “epes
mouky 1, dosotcuroro | > 2.

3. Baza 6ydv-axoz0 yukay biavwa abo dopienroe 1.

4. Baza nemuni dopisnioe 1.

5. Uepes xoorcny mowky 6e3 nemai npoxodums yukas dosacunoro | > 2, 6aza K020
dopisnioe 1.

BayBaxkeunsi. 32i0no 3 ymosamu (4) ma (5) uepes xoorcny moury donycmumozo
cazatidaxa nporodumv yuxa eazu 1.

Osnauennsi 6. [5] Bazosy dynxuyir, akxa 3a00804vHAE 6C YMO8U Mmeopemu 3,
HA3UBAMUMEMO JONYCTNUMON 66208010 HYHKUIEN.
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3a caraiimakoMm () i ZOIIyCTHMOIO BaroBoro (PYHKILEIO w MOXKHA HOOYILyBaTH Ma-
TpuIo NOKa3HUKIB £ = (ay;) € M,(Z) TakuMm 4umHOM: SIKIIO caraiizak () MicTuTsh
CTPIIKY 05, TO ;j = w(0;j), y IPOTUIIEKHOMY BHIIQJKY (v;; JOPIBHIOE Ba3i Hailer-
IIOr0 LIISAXY 13 BEPIINHA V; y BEPIIHHY ;.

Osuauenns 7. [6] Jonycmumuli cazatiidax @ HA3UBAIOMb IHCOPCTNKUM, FKULO
icHye 3 mounicmio 0o eKei8anenmmnocmi e0una 36e0ena MAMPUUA NOKA3HUKIE £ MaKa,

wo Q(€) = Q.

Teepaxkenns 1. [7] B monycrumomy caraitnaky Q = (VQ, AQ) mixk BeprmHaMu
OJIMHUYHOTO NMUKJIY He iCHy€ IHIMMUX CTPIJOK OKPIM CTPIJIOK IHOTO IHKJTY.

Teepmaxkeuns 2. [7] Honycrumuii caraiinak () He MOXKe MICTUTH JBOX CTPLIOK
Oiq T& Ojq, 1€ BEPIIUHH , ] HAJIEKATL OJHOMY OJUHIYHOMY IUKJIY.

Teepaxkeunsa 3. [7] Homycrumumii caraiimax Q = (VQ, AQ), He Moxke MicTHTH
CTPINKH g4, 0qj, € BEPIINHN ¢, j HAJICKATH JICAKOMY OJUHIYHOMY IIUKJIY.

OsuauenHst 8. Cuaeatidakx 36€0eH0i MAMPUYL NOKAZHUKIE HAZUBGEMBCA 00UHU-
YHUM, AKUL0 (020 YUKAU YMEOPIOIOMb CUAHO3E A3HUT ca2atioak.

Teopema 4. [8] Mampuuro nokasnukie Ey mootcha odeporcamu 3 mampuyi E 3a
d0NOMO02010 EAEMEHMAPHUT NEPEMBopers Mmodi i misvku modi, kosu cazatidax Q(E1)
i3omopdnuts cazatidaxy Q(E3) ma saza yuxais cazatidaxa Q(E1) dopisnioe 6asi 6iono-
sioHuUT Yukaie cazatidara Q(Es).

OCHOBHI PE3VJIBTATMU.

Ogznauenns 9. /Jlas donycmumozo cazatidaka (Q subepemo mampuyero noxka3Hu-
K16 £ 3 MIHIMAADHOW CYMOIO EAEMERMIB, W CYyMmYy Hadaai 6ydemo nosnavamu F(Q), a
MAKY MAMPUUI0 6Y0eMO HAZUBAMU MIHIMAADHOIO MAMPULEIO NOKAZHUKIE OAA Ca2aTl-
daxa Q. Honycmumy eazosy PGynkyito, axa 6uanauae mampuyto £, Ha3uamumemo
MIHIMAADHON 60206010 PYHKUIEI dAd cazatidara (.

Jlema 1. Cywma ecix nonaprux eidcmanets sepuwun 36°A31020 HEOPIEHMOBAHO20

n
npocmozo epaga Gy, n > 2 ne nepesuwgye C | = %, mobmo Y d(v;,v;)<C3 | =
ij=1
(n+1)n(n—1)
e

HoBemenHsi. 3aCTOCYEMO METOJ, MATEMaTUYIHOI 1HJLYKIIiL.

1. Ilpu n = 2 e TiAbKKM oauH 3B’gI3HUIT HeopieHTOBaHMii rpacda G 3 MATPHUIEIO

0 1
cymizuocri [G] = . B rpada € Tinbku ogna napa BepiIuH, TOMY
1 0
. . 1 < CS — 1 . .
cyMa, JIopiBHIOE omuH: 1 < HEpiBHICTH BUKOHYETHCA.
m
2. IlpumyctuMmo, Mo HepiBHICTD BUKOHYETLCS Opu 7 < m, Tobro  ».  d(v;,v;)
Wi =1,i<j

1)m —1
S(m+ )6(m ) (1)
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3. HoBememo, mo HEPiBHICTH BHKOHYETHCA Hpu 1 = m + 1, Tobro utst rpada
G 41 3Haiiiemo B rpadi BepmmHy vg, Mc/Is BUIAJCHHS sIKOT, BIH 3aJIUIITNATHCS
3B’s3HUM. ZKINO rpad MICTUTH IMUKJ/IM, TO MOXKHA B3sITH JIOBUIBHY BEPIINUHY
[UKJIA, SKIO rpad He MICTUTH IUKJIB, TO Ipad € JepeBOM, TOMY MOXKHA B3si-
i J0oBLIbHMIA JsincT gepeBa. Ockinbku rpad G 3B’d3HMIA, TO BiacopTyemo Bci
BEPIIUHA y HOPSIKY 3POCTAHHSA Bimcraneii 10 vg. Hexait Mu omepkumo mocitis-
JIOBHICTD BEPILUH V1, V2, . - .y Um, TOM d(vg, v;) < 4, 1i1st noBlabHOrO i € 1, ..., m.

n
Tomy > d(vo,v;)) < 1+2+...4m= W(Q) Cywma Bifcraneii mMix Bep-
i=1

m nm
munamu rpada G411 gopisuioe » . d(vo,v;) + Y. d(vi,v;) 3 mepisrocreit (1)
i=1 Q=1
nm

. 1 1 1
ta (2) Bummmsae, mo y d(vo,v;) + Y d(v;,v;) < (m+ )Z’(m* ) 4 (7”*2 m
i=1 ij=1

2 1 . .
W = C3 12 Orike, 3a IPUHIUIIOM MaTEMaTHYHODb iHIYKIi Hepis-

HICTb BUKOHYETHCH JIJIA BCIX HATypaJbHUX 1 > 2.

Jlemy moBeseno.

Teopema 5. Cyma esemenmis 36edeHol MaMpPuYi NOKAZHUKIE 3 0OUHUMHUM CO-

eatidaxom Q ne nepesuwye C3 | = %.

HoBenennsi. Ilo caraiiaky () mobymayemo neopiearoBanwmii rpad G, akuii ckia-
JIAETHCS 3 THX K€ BEPIIUH, 10 ii caraiiiak (), i B sKOMY JBi BEpPIIUHY 3’€HAHI peOpOM,
SIKITO B carafiaky () BOHU HAJIE?KATh OJHOMY OJUHIUIHOMY IUKJTy. OCKIIbKY caraiiak
Q) opunwmanuit, o rpad G 38’a3umit. g rpada G nix Bigcranmo d(v;, v;) MK gBOMA
BepIrHaMu OyIeM0 PO3yMITH KiIbKicTh pebep y HalikopoTimomy mapiipyTi. Harama-
€Mo, mo B Marpuri noka3Hukis £ = £(w, Q) = (ay;) @;; mopiBHIOE Basi Hailermoro
nuisxy i3 Bepmman "i"y Bepmuny "j sskuii MoXKe CKJIa1aTUCS 3 OAHIET cTpiliku. AHajo-
riuno oj; JopiBHIOE Ba3i Haillermoro nuiaxy i3 sepmunu "j"y Bepmmny "i". PiBnicTnb
d(i,j) = k, o3Hauae, mo B carafijaky () iCHye IUIsAX, SIKUH [OUNHAETHCS B BEPIIH-
ui "¢"upoxomuTs depe3 Bepmuny "j"i moBepraeTbes B BepmuHy "i KW IPOXOIUTH
[0 CTpiAKaM k OJUHYHMX IUKJIIB(MOXKJ/IMBO HE 110 BCIM CTPLIKAM), TOMY Bara IbOro
mIsAxy He nepesumye k. OTke, oy + «j; JOPIBHIOE Ba3i HAMJIErIIOro IUKILY, AKHI
poxoauTh yepe3 Beprmau "i "Ta "j He mepeBuIlye Baru OJHOIO 3 IUKJIIB, SIKUil HE

m
nepesumrye d(i, 7). Tomy oy + o < d(3, ), 3Bimcn Bumnusae, mo > (auj + i)
i,j=1,i<j

m
< Y d(i,j) < C2.,. Teopemy noBeseHo.
i,j=1,i<j

Jlema 2. C? < F(Q)

Hosenenns. Hexaii () - ponycrumuii caraiinak, @ = Q(&). dnst 3Bejenol ma-
Tpuni noka3HukiB £ = (a;j) € My (Z): ayj + aj; > 1 auist Beix 4 # j. Ockinpkn Takux
map eJeMeHTIB MaTPUIll OKA3HWKIB, K1 CUMETPUYHI BIJIHOCHO I'OJIOBHOI JliaroHaJIi €

. . _1
C2, to cyma enementis £ ne menme mizk C2 = w Otxe, C2 < F(Q). Jlemy
JIOBEJIEHO.

Teopema 6. /Las donycmumozo cazaiidaxa Q = Q(E), axuil e npocmum yuKAOM
(abo 6e3 nemeav, abo 3 nemaer 6 Kodchil sepwuni) cyma esemenmic £ dopisnioe
pC?2 | de p-6aza yuk.ay.
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Hosenenusi. Posrisinemo caraitzak @ = (123...n), 3 Barosomo dyHkIieo w(os) =

0 0 0 0 0
p 0 0 0 0
(025 = o = (o 1n)) = Oyw(omn) = pc = (o) = @, Q) = | £ 70 00
p p p ... 0 0
p p p .. p 0

T06TO B MaTpulli £ eJIeMeHTH HUKYe MOJIOBHOI JiaroHaJi piBai p, a iamii esemenTn pis-
Hi 0, cyma ejemenTiB £ TOPiBHIOE pCTQL . 3a Teopemoro 4, BCi MaTpuUIli MOKA3HUKIB 3
SIKUX OJIEPXKYETHCsI caraiijlak () 3 Barow IUKJIy p eKBiBaJeHTHI MixK c0DOI0, TOMY iX
cyMa ejieMenTiB Takox Jopisaioe pC2 . Teopemy J0BeIeHO.

Binomo, mo misi cubHO3B’SI3HOTO caraiijaka 3 Ierielo B KOXKHINl Beprmmai () €
JIOIyCTHMa BaroBa (PyHKINsS w™ , JJIs K0T Bara BCIX CTPLIOK JOPIBHIOE OAUHUI. 3Ha-
#/IeMO OIIHKY CYMU eJIEMEHTIB MaTPUIl TIOKA3HUKIB , sIKa BU3HAYMAETHCS BArOBOIO Dy H-
KIIi€ro w™.

Teopema 7. /laa do6iavHo20 donycmumozo caz2aliodaka 3 NEMAEIO 6 KOHCHIU 6ep-
wuri Q, ma 6a2080% GyYHKULT w*(aij) = 1, cyma eremenmis mMampuyi noKa3HuKLe
& = (aij) = E(w*, Q) ne nepesuwyye WT_D

Hosenenns. Hexait £ = (q;;) = £(w*, Q). Iosuatmmo wepes [(i, j) -HalimeHITy
KIJIBKICTB CTPILJIOK, IO IKUM MTOTPIOHO poiiTH, 106 B caraiigaky () 3 Bepmumau "i"morpanurn
y Bepmuny "j". Bel BepiumHM KpiM IepITol BIOPSIKYEMO Y TIOPSIIKY 3POCTAHHS THCIIA
1(1,v;), HEXall MU OJIEPKAJIY TOCIIOBHICTD BEPIIUH V1, U, . . . , Un—1 T (v, v;) < 4,

s gosimbmoro ¢ = 1,...,n — 1. (3) Hepisuicts (3) piBrnocunpra mepisrocTi o < j
, I mgoBimpHOTO j = 1,...,m — 1. ToMy cyma eeMeHTIB MepIIoro psiaKa MaTPHIL
€ = (o) me mepesummye 14+2+..+n—1= @, aHaJIOr 9HI HEPIBHOCTI MOXKHA J10-

BECTH JIIsT IHIMUX PSAIKIB MaTpuili £, TOMy CyMa eJIeMeHTIB MaTpuIli £ He MePEeBUIILy€e
n?(n—1)
—5.

Hacaimok. /Jlasa 006iabh020 cusbno36’a3m020 cazatidaka 3 MEMAELIO 6 KOAHCHIT
2
. -1
sepwuni Q, F(Q) < w

HoBenenns. s caraitnaka (), momycruma Barosa Gyskuist w*(o;;) = 1 BusHa-

Ja€ MaTPHUIIO IHOKAa3HUKIB & = (w;), CyMa eeMeHTIB, sIKOI 3a TeopeMoOio 5 He Iiepe-
n?(n—1)

BUIIYE —5—

. n?(n—1)
He IepeBHInye cyMu ejeMentis £, romy F(Q) < “—5—.

. Cyma estemeHTiB MiHIMaJIbHOT MaTpHIll MOKA3HUKIB jopiBHIoE F'(Q) i

Ilpukmaan. /Jlas n = 5. Pozeasnemo cazatidax Q, axuli € npocmutll UuKAoM 3

11000
01 100
nemaero 6 Koorenill sepwunt. [Ql=1 0 0 1 1 0 |, saeosa pymnxyia w*(o;;) =
000 11
100 01
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01 2 3 4
4 01 2 3
1 susnavae mampuuyro noxaznukic & = 3 4 0 1 2 CYMa enemermis AKoi
2 3 4 0 1
1 2 3 40

. 52x4
dopienoe 50 < 5= = 50.

IIpore, 3po3ymino , mo £ He € MiHIMAJIBHOIO MATPHUIIEIO TIOKA3HUKIB JJIs caraiigaka
Q. Tlobymyemo miniMasibay BaroBy (byHKIO Jist caranaka (. Caraiiiak (Q MicTUTh
muky (12345), BepluHE $IKOrO MAalOTh IIETJ, TOMY 3a TeOPeMOIO 1, Bara IUKIy He

0 0 0 0 O
2 0 0 0O
Mentre 2, a Tomy 3a Teopemoio 4 F(Q) =2C2 =20, E=| 2 2 0 0 0
2 2 2 00
2 2 2 20

Ouinka F'(Q) < w HE € TOYHOIO.

Bunukae nuranng suaiitu makcumyMm F'(Q). ToGTo nyist IKOro JoIycTHMOro ca-
raiijaka () 3 n Bepmunamu F'(Q)) mae Haiibliblie 3HAYEHHSI.

Teepmxkennst 4. Marpulls MOKa3HUKIB 3 SIKOI 0JIEPXKYETHCsI >KOPCTKUIA caraiigak
€ MiHIMAJIbHOT MATPUIICIO MOKA3HUKIB.

Hosenenns. Hexait Q = Q(€), Q- xopcrkuii. [lpuiryctumo nporusexue, 1mo
€ He € MIHIMAJIBHOIO MATPHUIEIO MOKA3HUKIB. 10/l icHye MaTpuIild mOKa3HuKiB &y,
raka, mo Q = Q(€) = Q(Emin), 1 cymMa enementiB MaTpuri &, MEHIIE HiXK CYy-
Ma ejeMmenTiB MaTpuri € . OCKUIBKEM CyMH €JIeMeHTiB MaTpUIlh Pi3Hi, TO MATPUIL He
€KBIBAJIEHT], TOMY OTPUMAJIU [IPOTUPIUUs, YKOPCTKUI caraifjjak He MOXKe OJIePXKYBa-
THUCs 3 JIBOX IIOIIAPHO HE eKBiBaJEHTHUX MAaTpuIlh MOKa3HuKiB. OTxke, £- MiHIMAJIbHA
MAaTPUIA TOKA3HUKIB.

3 reopemu 4, BUIIMBAE MO0 MATPHUII TTOKA3HUKIB €KBIBaJIEHTHI, TO/I 1 TIIBKY, KOJIA
caraiiaku i3oMopdHi, a Bara BiIMOBiTHUX NMUKJIIB piBHA. TOOTO, AKIO /I caraia-
Ka () MM 3HAEMO Bary IUKJIB, TO BCl MaTPHI[ MTOKA3HUKIB 3 sIKUX () OJIEPHKYETHCS
ekBiBasleHTHI MixK c00010. OCKIJIbKH €KBIBAJEHTHI MATpPHIl MAalOThb OJIHAKOBY CYMY
€JIEMEHTIB, TO 3HAIOYN Bary IIUKJIB MU OJHO3HAYHO 3HAEMO CYMY €JIEMEHTIB MaTPHUIlh
IMIOKA3HUKIB 3 AKUX BiH OJIEPXKYETHCH.

1 1 0
Hanpukman caraiiak @@ 3 marpuneno cymikuocri [Q] = 1 1 1 |, sxwmit
01 1
micrurs Tpu nukiu (1,2),(2,3), (1,2, 3). Hexaii Bara mukia (1,2) gopisuioe a, i Bara
0 a a+b
mukia (2,3) nopisaioe b. Q = Q(E), ne € = 0 0 b , CyMa eJIEMEHTIB

0 0 0
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marpuni € popisaioe 2(a + b), a iHml MaTpuUIll SAKUX OIEPKYeTbcd () eKBiBaJIeHTHI 110
£ Tomy TX cyMa ejieMeHTiB JopiBuIoe 2(a + b).

Bunukia rimoresa, 1o YuM MeHINe Bara MPOCTUX IUKJIB, THM MEHIIIE CyMa eJie-
MEHTIB MaTPWIl MMOKA3HUKIB, 3 KOl BiH OmepKyeThed. 'imoTe3a BUABUIACH HEIpa-
BHJIBHOIO.

TBepaxkents 5. 3MeHIIEHHs BAr'W [IPOCTOTO TUKJIY Caraiijlaka, MOYKe IIPUBECTH
JI0 3OLIBITIEHHST CyMHU €JIEMEHTIB MATPUIl MOKA3HUKIB 3 K01 caraiilak OJIepKy€eThCsl.

1 1 0
0 1 1
HoBenenns. Posrisnemo caraiinak ), 3 marpuiero cymikuocri [Q] = (1) ?) 1
01 0
0 0 0

akuil MictuTh 9oTupu npocrux mukia (1,2.3),(2,3,5),(2,6,5), (3,5,4), gaxi sBianosin-
HO MalOTh Bary. [Ipukias Barool yHKIMT HA PUCYHKY.

0 01 2 11

2 01 2 11

11 0 2 1 2
Matrpuils NOKa3HUKIB jjis 1ie€l Barooi QyHKIil &3 =

1 1.0 0 1 2

2 1 1 1 0 2

21 1100
, CyMa ejieMeHTiB kol 34. 3menmmmo Bary mukiy (2,3,5) mo msox. Tobro mobymry-
€MO JOIYCTUMY BaroBy (YHKIIIO, /I sIKOI Bara BCIX MPOCTUX IUKJIB JOPiBHIOE 2.
IIpukiax Takol pyHKINT HA PUCYHKY.

SO = = O O O

_ = O O o O

—_

o O =
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0 01 2 11
2 01 2 11
1 1.0 1 0 2
E = , cyMa ejiemenTiB sikol 42. Tosenemo, mo F(Q) =
2 2 1 0 1 3
31 2 1 0 2
31 2 1 0 O

34, Tobro, mo E3-MiHiMaIbHA MATPHUIlE MOKA3HUKIB. B 11boMy moBeneHi Oyzaemo BBa-
JKaTH, 10 Bara cTpiaku mMoxke 6ytu Bim'emHa. (OcKiibKE Bara Gy/b-siKOro IUKJIY He
MEHIIe OJHHUII TO eJIEMEHTAPHIME [IE€PETBOPEHHSIME 3aBXK I Bary Oy/ib-sIKOI CTPLIKA
MOKHA 3POOHTH JIOJATHOIO ab0 HYJIEM).

OueBWIHO, 10 AKIIO IS JOIIYCTUMOI BaroBol (byHKIIIT MOXKHA Bary CTPijIKd 3MeH-
[IUTH Ha, OAUHUINO, TaK 100 BaroBa (MYHKINS 3a/IMIIIIOCH JOITYCTUMOIO, TO Iisi BaroBa
GbYHKIS 1 MATPHUIlS TOKA3HUKIB, sIKy BOHA BU3HAYAE TOYHO HE € MIHIMAJIBHOIO. ZKIINO
B caraiizaky ) Bara nukiy (123) 6libiie abo JIOpPIBHIOE TPHOX, TO 3MEHIIYIOYN Bary
CTPUIKU 012 HA OJWHUITIO MU HPUNJIEMO IO MATPHIl MOKA3HUKIB 3 MEHIIOI CYMOIO.
Mu ozep:kasii BaKJIuBe IIPABUJIO, SKINO B IIPOCTOMY IHKJI 3 IETVIAME , X04a 6 o/Ha
CTPLJIKa HAJIEXKUTH TLIBKHU IIBOMY IIPOCTOMY IIUKJIY, TO JJIsi MiHIMaJIbHOI BaroBol ¢ yH-
KIil HOro Bara Mae JIOPIBHIOBATH JBa. AHAJOIYHO JiJisi MiHIMAJIBHOT BaroBol QyHKIHT
Bara 1ukJiB (265) i (354) rakox nopisuioe 2. g nukiy (2,3,5) 11e upaBuio He Ji€,
TOMY IO B HbOT'O KOXKHA CTPIIKA HAJIEZKUTH, ESIKOMY 1HITOMY HUKJIy. BapianTtu Koan
Bara nukJy (2,3,5) Z0piBHIOE JBa a00 TPU ME PO3IVISHYJIH . 3ayBayKIMO, IO Bara Iu-
kiy (1,2,6,5,4,1) = (2,3,5)+(265)+(354) — (2,3,5) = 6—(2, 3, 5). Tomy, sikio Bara
(2,3,5) Ginbmie abo qopiBHIOE 90TUPBOX, TO Bara (1,2,6,5,4, 1) menme abo mopiBHIOE
JBOX 1 He Oy/le BUKOHYBATHUCS HEPIBHICTH Bara MuIsXy Oiabime HiXK Bara crpiakm. Or-
ke, F(Q) = 34. Ocranniili npuksaj CpocTyBaB rilloTe3y Ipo Te, IO JJid caraiijaka
3 MeTJIeI0 B KOXKHil BepInHi BaroBa yHKINisS 3 Baroio BCiX TPOCTUX IMUKJIIB PIBHOIO 2
€ MiHIMaJIBHOIO.

BucHOBKU. B poboti 3HaliIEHO OIIHKHA JJIsi CYMU €JIEMEHTIB MiHIMAJbHOI Ma-
Tpulli mokasHuKiB. JloBemeHO, M0 2KOPCTKI caraiffaku OfepKyI0ThCs TIIbKA 3 MiHi-
MaJIbHUX MATPHUIlh MOKA3HUKIB. ABTOpAMU BCTAHOBJIEHO, IO 3MEHINEHHS Bard IIPO-
CTOrO IMKJIy caraiiflaka, MOyKe IPHUBECTU JO 301/IbIIEHHS CYMU €JIEMEHTIB MaTPHIL
MTOKA3HUKIB, 3 KOl OJIEPYKYEThCS Caraiak.
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Beaencovruti A. B., Japmocrox B. H., Kacawox M.DB.
MUHHUMAJIbHAST MATPULIA TTOKABATEJIEN

Pesrome

B pabore ucciemyrmorcs MUHHMAJIbLHBIE MaTPHUIlbl IOKa3aTejiel M MUHUMAJIbHbIE BECOBbBIE
GYHKIUU JOMyCTUMOro KordaHa. HaiileHo orpaHuveHus JIjisi CyMMBI 3JIEMEHTOB MATPHUIIBI
nokasaTeseid ¢ eJUHAYHBIM KOJTYaHOM U OUPAHAYCHUSA NJIS CyMMBI 9JIEMEHTOB MUHUMAJILHONA
MaTPHUIBI TTOKa3aTe el ¢ KOJYaHOM, KOTOPBI MMeeT MeTII0 B KaxK1oil Bepriuue. [lokasza-
HO, YTO YMEHBIIEHHEe BeCa IIPOCTOro IUKJA KOJJ9aHa, MOXKET IIPUBECTH K yBEJIUYEHUIO CyM-
MBI 9JIEMEHTOB MAaTPHIIbI TOKA3aTEIEH U3 KOTOPOi mosyuaercs KoadaH. [IpuBenen npumep,
OIIPOBEPralonuil TUIIOTe3y O TOM, UTO [Jisd KOJIUaHa C MeTjeil B KaxK/I0if BepIInHe BecOoBasd
(bYHKIUST C BECOM BCEX MPOCTHIX IUKJIOB PABHBIM 2 SIBJIsIETCST MUHUMaJIbHOI. JlokaszaHo, 9TO
2KECTKUHI KOJIYaH II0JIy4JaeTCd U3 MUHUMAJbHONM MaTPHUIBI OKA3aTeJCH.

Karouesvie crosa: mampuya noxasameneti, Jonycmumsll KoAuaH Mampuyd noxadamenet,
MUHUMADHAA MAMPUYE noKazamened .

Zelenskiy O.V., Darmosiuk V.M., Kasyaniuk M.V.
MINIMAL EXPONENT MATRIX

Summary

This paper investigates the minimal exponent matrix and minimal weight functions of the
admissible quiver. Found limitations for the sum of the elements of exponent matrix with
a single quiver and a limitation for the sum of the elements the minimal exponent matrix
with quiver which has a loop in each the top. It is shown that reducing the weight of a
simple quiver cycle, can lead to an increase in the sum of elements of the exponent matrix
from which you get a quiver. An example is given that refutes the hypothesis that that for
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a quiver with a loop in each vertex, the weight function with the weight of all simple cycles
equal to 2 is minimal. It is proved that a rigid quiver is obtained from a minimal exponent
matrix.

Key words: exponent matriz, admissible quiver, minimal exponent matrix.
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YIK 517.9
3. M. JIbiceHKO

Optecckuit HanuoHa bHBI yHuBepcuTer uMmenu 1. . MeunukoBa

AJITEBPBI, IIOPOKJIEHHBIE TEIIJIMIIEBBIMIM OITEPATOPAMMNA
CO CIIEIIMAJIBHBIMUI CUMBOJIAMN

Asrop 6iaromapen H. JI. BacuieBckoMy 3a IOCTAHOBKY 33/1a91 M [TOJIE3HOE
006Cy2KJIeHIe Pe3yIbTaTOB.

Paccmarpusaercs: Becosoe mpoctpanctso Beprmana A3 (Dyn) (A > —1) B obmacru 3urens
D,,, cocrosmiee 3 anagutuaeckunx dbyHKIm npoctpanctsa Lo (Dy, duy ), Tae

c A Fn+A+1)
dwn = G (mzn = [2) av(e), e = IR,

dv(z) — crangapraas mepa Jle6era B C™. Ommcana crpyxrypa A3 (D). VMenno, mpocrpan-
crBo A2 (D,,) MOXKHO paccaMaTpHBaTh (C TOYHOCTLIO IO M30METPUUECKOro m3oMopdusma R)
B BHU/Iie IIpAMOI'O uHTErpaJia

@D
/Fgg (c* 1) a¢
Ry

npocrpancrsa Poka Fi, (C" '), cocrosmero us aHatuTHYeCKHX (YHKIMI IPOCTPAHCTBA
— n—1 _ /12 —
Ly (C" ' dva) (a0 = 2€), toe dva (2') = (2)" e o[ g ("), @ € Ry, 2/ € C" L. Uec-
noJib3yst orepaTop R, JOKa3aHO, 9TO KaxKIBIi TEIUUIEBBIH onepatop T, €O CIenUuaIbHBIM
2 .. .
OTpaHWYIEHHBIM CUMBOJIOM a(2) = a (Im 2n — 2] ), nejicreyromuii B mpoctparcTse A3 (Dy,),

YHATAPHO 9KBUBAJIEHTEH IPSMOMY MHTErPAJLy OT OllepaTopa yMHOXKeHusd Yq (€)1, neficreyro-
meMy B mpocTpancTBe Poka F225 ((C"fl), & € Ry. Oynkuus vq(€) onpenensiercst popmystoit

A+1
Ya(§) = 7§?§)+ ) /a(v)e_%”vA dv.

Ry
Orcrona BoiTekaet, uro C*-anrebpa, MOPOXKIEHHAsS TaKUM OIIEPaTOpPOM, KOMMyTaTuBHa. [1o-
KazaHo, uro C™*-anrebpa, MOpOXKACHHAS TEIINIEBLIMU onepaTopamu 1, u Ty, rae

a=a(lmz, — |¢|") € Lo (R+), b=b(2) € La (C" "),

KOMMYTaTHUBHA TOTJa U TOJIBKO TOrJa, Korja s Kaxkoro & € Ry asrebpa, HOpoXK/IeHHAS
TEIINIEBBIMU OIIEPATOPAMU Tb2 5, JEHACTBYIOIIUMH B IPOCTPAHCTBE FQQ‘{ ((C"_l), KOMMYTaTHB-
Ha.

MSC: 47B35, 47L80, 47G10, 32A36.

Karoueswie caosa: npocmpancmeo Bepemana, obaacmo Buzeasn, yrumaphuiil onepamop, co-
NPANHCEHHIT ONEPAMOD.

DOI: 10.18524/2519-206x.2019.1(33).175543.

BBEAEHUE. Ilycts D — mexkoropoe mmuoroobpasme. IIpocrpamcrso Beprmama
A? (D) cocrout n3 amanmuTHdeckux dbyHKIuit mpoctpanctsa Lo(D). Yepes Bp obo-
3HAYUM OPTOTOHAJBHBIH IpoekTop (1poekTop Beprmana) Lo(D) Ha 3aMKHYyTOe 110
npocrpanctso A2?(D). Torma oneparop Termma T, ¢ cumbsosoMm a € Lo (D), neii-
creytomuit 8 A?(D), onpeiensieTcs: CIeIyIomuM 06pa3oM:

T.: ¢ € A*(D) — Bylayp) € A*(D).

Honywena 11.06.2019 © JIsicenko 3. M., 2019
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AsrebphI, MOPOXKIEHHBIE TEILTUIEBBIMU OTIEPATOPAMU, U3YYAJINCh MHOTUMU aBTO-
pamu (cM. mororpadmio [1], a Takxke 6ubamorpaduio k weit). Tax, B [1] momyuena mos-
Has XapaKTepUCTUKa KOMMYTaTUBHBIX C*-aiaredp TEIINIEBBIX OEPATOPOB B BECOBBIX
pocTpanTcBax Beprmana Jjist cirydasi e IMHAYTHOrO KPyTa U BePXHEH [MOJIyIIJIOCKOCTH.
Nwmenno, nokazano, uro C*-anrebpa, MOpOXKAeHHAS OrepaTopamMu Tennma B yKa3aH-
HBIX TIPOCTPAHCTBAX, KOMMYTATHBHA TOTJIA U TOJBKO TOTJA, KOTJa COOTBETCTBYIOIIHE
CHMBOJIBI TTOCTOSTHHBI HA [HKJIAX HEKOTOPBIX IIYYKOB I'UIEPOOTUIECKUX Te0jIe3nde-
CKUX JINHAH. DTOT Pe3ysIbTaT MMOKA3bIBAET KaK MeoMeTpHUsi 0A3UCHOTO MHOr000pa3ust
BJIMSIET Ha CBOiCTBa orneparopoB Temmmna Ha 3TOM MHOroobpasmm. Bo Bcex ciryda-
sIX M3ydeHHe ayredp TeIUINIEBBIX OlEPATOPOB, KAK IPABUJIO, CTPOUTCS yHUTAPHBIN
OTIepaToOp, KOTOPBI Mpeobpasyer coOoTBeTCTBYIOMmuil omeparop Temmmina B KOHKpeT-
HBI MYJIBTUIINKATABHBIN OMEpaTop, 3aBUCSIINNA OT CHMBOJIA. DTO BJEYET HE TOJBKO
KOMMYTATHUBHOCTb COOTBETCTBYIOEH ajareOphl, HO U JIaeT BO3MOXKHOCTD B OY/LyIIEM HC-
CJIeJIOBATH ONPAHUYIEHHOCTH, KOMIIAKTHOCTD, CIIEKTPAJIbHbBIE CBONCTBA, NHBADHAHTHBIE
[IO/IIPOCTPAHCTBA N3ydaeMbIX oreparopos Terura.

B mamnoit pabore uccieryercs KOMMYyTaTUBHOCTDb C*-a/IreOphl TEIIAIIBIBBIX OIe-
PATOPOB B BECOBBIX MPOCTPAHCTBaxX beprmana HaJT 001aCThI0 3UTeIsl CO CIIEUATbHDI-
MU CHMBOJIAMU.

OCHOBHBIE PE3VJIbTATHI
1. CrpyKkTrypa nmpocTtpaucTtBa Beprmana B obsactu 3uress. [lycts R =
(—00; +00), Ry = (0; +00), C — MHOKeCTBO KOMILIEKCHBIX uuced, |z|2 = |z1]* + ... +
2 n
|zn|”, tie 2 = (21,...,2,) € C™.
O6o03naunM vepes D, obsacts 3uress B C™, onpejiessieMyro CaeLyomumM o00pa3omMm

Dn:{z:(z’,zn)e(cn_1 x C: Imzn—|z’\2>0}. (1)

IIycts
D=C"!'xRxR,.

Orobpazkenue
k: (2 u,v) €D — (z’,u+zv+z|z’|2) e D, (2)

apysieTcs auddeomopdusmom mexay D u D,,.

O6oznaunm uepes dv(z) = dz1dy; . . . dxndyn, THE Zm = Ty +1Ym, m = 1,n, cran-
naprryio mepy JleGera B C™. Bpemem cieiyromiee oJHONapaMeTPHICCKOe CeMeiiCTBO
BECOBBIX Mep (CM., Hanpumep, [2])

Cx 2\*
dux(z) = T (Imzn — || ) dv(z),
e ¢\ — HOPMaJIM30BaHHasA KOHCTAHTA BUJIA

T(n+A+1)

C\ =
O6oznaunm wepes A3 (D,,) Becosoe pocTpancTBo Beprmana, cocrosimee 3 aHaIuTH-
yeckux PyHKuii npocrpaucrsa Lo (Dy,, dpy) 1, TeM caMbIM, sIBJISIOIIEECs 3aMKHY ThIM
noaupocTpancTBoM Lo (D, duy). UsBectHo (cM., HanpuMmep, [3-5]), 4ro oproronass-

HBII IIPOEKTOP
Bp, i Lo (Dy,duy) — A3 (Dy)

ny
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MO2KHO IIpEeJCTaBUTHL B CJIEAYIOIIEM BHIE

(Do.ah )= | : S®) gy ).

Zn—Wn __ ZIE/)
21
DTL

Bepmemcs croBa kK obactu
D=C"'xRxR,.
Beenem npocrpanctso Ls (D, duy), rae mepa duy 3amaercs Gopmyiioit

c
dpx(w) =na(v) = Z’\v)‘dy(z), A> -1,

pU 9TOM W = U + %0, a KOHCTaHTa C) 3a1aercsd hopmyiioii (3).
PaccMoTpum yHUTAPHBIN OIlepaTop CIABUTA

Z/{O : L2 (Dn, d,u)\) — L2 ('D7d'l7)\),

JeficTBytomuit Mo dpopmyte
(Usf) (w) = flE(w)],

rue k 3agano (2).
Torma obpas
A, =Uy (A3 (D))

conajaer (cM. [2, dopmyaa (2.10)]) ¢ muOKecTBOM Beex dbyHKuuit us Lo (D, duy ),
YJIOBJIETBOPSIIONIAX yPABHEHUSIM:

(aaqulaav)gOOH (agkzaizk>cp0kl,nl.
Cuenys [2, pasmest 7] BBejeM yHUTAPHBIA OLEPATOD
Uy=I1FxI,
JeficTByIomuil B
Ly (D,dny) = Ly (C"') @ Ly (R) ® Ly (Ry, )
rue
(F1)E) = = / Flu)e " du
— upeobpaszosanue Pypoe B Lo(R). Torga o6pas
A1(D) = Uy (Ao(D))
cocrout u3z Gyukuuit npocrpanctsa Lo (D, dny), UMEONUX BUI:

¥ (zl, 5’ U) = XRy (5)‘1/ (zl, 6) e—lilv’
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e dyukmusa ¥V yaoBIeTBOPSET YPABHEHUIO

(86216 +€Zk>\11(z’,£):0, E=1,n—1. (4)

Beesiem Teneps Becopoe npocrpancTso Poka [6,7] (mim Curana — Boprmana [8,9]) B
npocrpanctse C" 1. g sagamaoro mapaMerpa o € R, pacemorpuM Lo ((C"’l, dva),

e

n—1 ,
dvg (') = (g) e ol |2d1/(z’), 7 eC
m

Torya mpoctpanctso Poxa F2 ((C”_l) — 9TO 3aMKHYTOE TIOJIIPOCTPAHCTBO IIPOCTPAH-
crBa Lo ((C"_l, dva), COCTOSIIIEE W3 AHAJTUTUIECKUX (DYHKIIHIA.
Ob6ozuaunm uepes P, OpTOroHabHBIN ITPOEKTOP:

Py: Ly (C* 1 dv,) — FZ(C*1).

g kaxzaoro £ € R BBenem omeparop

wen) )= (2) T ek,

KOTOpBIi 0TOOpazkaeT yHUTAPHO
Lo ((Cn_l) Ha Lo (Cn_l,dllzm) .

Samernm, aro V & € Ry

9 L0 -

Ipeacrasum npocrpanctso Lo (D, dny) B ciepyonem Buje:

D
Ly (D,dny) = La(R) @ Ly (Ry,m\) ® Lo (C"1) = Lo (Ry, ) ®/L2 (C"1) de.
R

Vcnonb3ys 910 1ipeicTaBIeHne, BBEAEM OIEPATOD

D

V:I®/V§d§,
R

0TOOpAXKAIOIINI YHUTAPHO

5]
@ e [ (e i
R

Ha

S5}
Ly (R+,m)®/L2 (C" 1 dvyyg) de.
R
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Torma obpas
Ay =V (A(D))

COCTOUT U3 BCEX (byHKLLI/Iﬁ BUIA
0 (7, 6,0) = xr, (©)c(€)e T (£, 7)), (6)

rue, coryiacuo (4) u (5), byuxuus ¥ npuHAIIIEKAT

53]

[rea

Ry

a ¢(§) — nopmasmzoBannas GyHKIUs, onpeaesseMas GopMyJIoit

_ 4(25))\+1 1/2
©=(5roen)

[PU 9TOM KOHCTAHTA C) BbIUUC/geTcs 110 opmyde (3).
JIlemma 1. Ywnumaprwwoti onepamop
U=Vl

omobpasicaem npocmparcmeo Bepemana A3 (Dy) na npocmpancmeo Ay, xomopoe
ABAACTNCA 3AMKHYMBLM NOONDOCTNPAHCTNGOM TPOCTPAHCMEA,

®
Ly (R+,m)®/L2 (C" 1, dvgig)) dg
R

u cocmoum u3 yrKuull euda

(2, €,v) = xr, (E)c(€)e™ U (€,2),

2de
@

(7)) e /FgE (cn1) de.

Ry

HoxkazaresnberBo. Cornacuo (6) mopmnpocrpadcrso Ay npocTpaHcTBa

(&)
Ly (R+,?7A)®/L2 (C" Y dvyyg) d€
R

COCTOUT U3 BCeX PYHKIUN

¥ (Z/a §, ’U) = XR4 (&)C(g)e—ﬁv\l, (5’ Z/) )
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rae
@
S /Fg5 (C* 1) de.
R4

Tokazxkem, uto ||| = || P]:

Cow CA
Il = [ Qe crory S de o =

5
(25))\+1 / 72§v A
/||\Iv & Meic oy 46 [ €0
Ry
Borunciisis uaTerpas ditzepa
1
/ —2&v )\d (/\+ ) (7)

(2§)>\+1 ’
R

IoJIydaeM yTBepzKJAeHue JIEeMMDbI.

Bremem mzomerputeckoe orobparkenue

S5} D
Ry : /Fgg ((Cnil) d¢ — Lo (R.;,_,T))\) ® /L2 (Cnil,dllgw) dé
R, R

II0 CJIEe/LyIOIIEMY IIPABUILY:

V() = xm, (E)e(©e W (€2,
re byrkmua U (€,2') =0VEER\ Ry, V2’ € C" 1. ConpsukeHHbIit onepaTop

D 53}
Ry : Lo (R+,m)®/L2 (C* 1 duyg)) dE — /Fgg (C"1) d¢
R Ry

nmMmeeT BUI:

(u,&,2") — / Y (Poef) (v,&,2") ZA’U/\ dv.
Tora MbI IMeeM

23} 53]
RiRo=1: [ (@) e » [F(e) ae
Ry Ry

RoR: = Py Ly (Ryimp) © / Ly (C* Ydugye)) dé — Av,
R

rae Py — OpTOroOHAJILHBIN ITPOEKTOP.
13 nemMbl 1 HEMTOCPEJCTBEHHO BBITEKACT CJICTYIONIAST
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Teopema 1. Onepamop R = RjU, 2de U = VU1Uy, omobpasicaem Ly (Dy,, djiy)
5]

na [ Fie (C"=1) d€ u cyorcenue
R

D
: A3 (D) — /Fg5 (C* 1) d¢

Ry

R

A3 (Dn)

ecmv udomempuyeckuts udomoppusm. Conpastcennvii onepamop

D
R*=U*Ry /F26 (€1 d¢ — A3(Dn) C Ly (Dy,dpy)

R

ECMB UBOMEMPUYECKUT UOMOPPUIM amux npocmparcms. Boaee mozo,

D D
RR =1: /Fg‘ng?g (c* 1) d¢ — /Fg5 (Cn1) de,
Ry Ry

R*R=DBp, r: Ly (Dy,duy) — A3(D,),

ede Bp, » — npoexmop Bepemana npocmpancmea Lo (D, dpy) wa npocmparcmeso

A2 (Dy).

2. Anredpsbl, IOPOXK/IEHHBIE TEILINIIEBBIMU ollepaTopamu. Paccmorpum 1ie-
[IOYKY OOPATHBIX OIIEPATOPOB :

Uyt Lo(D,dny) — La(Dy,, duy),
e (Ug ') (2) = ok~ (2)];
Uit =T®@F ' ®I:Ly(D,dny) — La(D,dny),

rae
-1 = —1 w)e®tduy,

obparHoe nipeobpazosanune Pypbe B La(R);

53] @
vl= I®/V§_1d§ : Lo(Ry,dny) ® /Lg(@nil,dl/mﬂ)dg —
R R

®
LQ(Rde??A)@/ Ly(C"1)de,
R

rie

v = () T e
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Teopema 2. ITycmv cumeon a = a(y, — |2'|?) € Loo(R). Tozda menauyeswidi
onepamop
T, = Bp,, ,al : A3(D,) — A3(Dy)

YHUMAPHO IKBUBAAEHMEN ONEPAOPY

53]

RT,R* = / (a(E)T) de,

Ry
@
deticmeyrouemy 6 NPoCcmMpaHcmee fF22£ (C"=1)deE. 3decw onepamop
R

YalE)I : Fzzg(cnfl) — Fgg(cnfl)
AGAACNCSA ONEPATNOPOM YMHOHCEHUA HA CRAAAPHYIO GYHKUUIO

(2§)>\+1

Ya(§) = O+ D) /G(U)‘ngvadv, §eRy.
Ry

JokazaTesnbcTBo. Ha ocHoBanmm Teopembr 1 nMeeM :

RT,R" = RBp, ,a(y. —|¢'|*)Bp, k" =
= R(R*R)a(yn — |2'|*)(R*R)R* =
= (RR")Ra(y, — |¢'|))R*(RR") = Ra(y, — |#'")R* =
= RyVU\Upa(yn — |2/ U UT VIR =
= R}VUa(v)U; 'V Ry = RiVa(v)V 'Ry = Rja(v)Ro.

Haurnee,

Rya(v) Row (€, 2') = By {a()xe, ()(c(€)2e v u(g, )} =
= [ €€)"2e Pog {aw)na (€)(cl€) 26 006, )} S =

Ry

- /C(ﬁ)e*%”a(v)%vxd” P(E,2') =

Ry

A+1
§?+U/ﬁwm2@Mm)w@¢q—%@m@¢m

Ry
rie & € Ry. Taknum obpazom, RT, R* = v,(&)I, toe £ € Ry

Orcrona
)

RT,R" = / ((€)]) dt.

Ry
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Teopema mokazana.

Yepez M obozuaunm C*-aarebpy, TOPOXKIEHHYIO BCEMH TEILIUIEBBIMUA OIEPATO-
pavu Ty, rae a = a(y, — |2'|?) € Loo(Ry), a gepes 7 — C*-anrebpy, MOPOKICHHYTO
CKaJISIPHBIME (DYHKIWUAME Y, (CM. Teopemy 2).

IMycrs Cp(Ry) — anrebpa Bcex HENPEPBIBHBIX OMPAHUYEHHBIX (DYHKIUIT HA I10JIY-
ocu R .

Caencrue 1. C*-anzebpa M rwommymamusra u usomomoppra C*-nodanzebpe
7 aneebpv, Cp(Ry). Yrazanmovili udomopdusm noporcoen caedyrousum omobparcenuem
obpasyrowux asrzebp M u T :

v:Ty = vq = 7(8).

HoxkazaTreabctBo. 1lo ycmosuio cymecrsyer K > 0 Takoe, 9To /st Bcex v € Ry
la(v)| < K. Orcrona, yaursisas (7), moaydaem

25 /\+1

) € 0T

K/ 20Ny = K, £ eRy,

u, TeM CaMbIM, CJIEJICTBUE JIOKa3aHO.

PaCCMOTpI/IM Terepb CUMBOJI
b=0(z") € Loo(C™1).

Tenuness! orrepaTopsl ¢ cUMBOJIOM b, feficTByiomue B ipocTpancTse Poka F. 225 (Ccn 1y,

2
OyaeMm obosHauaTh depes 1y . B 1o xe BpeMsI, TEILTUIEBBI OTIEPATOPHI C CUMBOJIOM b,
nelicTeyomue B npoctpanctse Beprmana A3 (D,,), GyeM mo-npexkneMy 0603HAYATH
qepe3 Tp.

Teopema 3. Tenauuyeswili onepamop Ty, deticrmeyrowuti 6 npocmpancmee Ai(Dn),

D
yHUMapHo sksueasenmen, delicmeyrowemy 6 npocmpancmse [ Fgg(C”_l)df, NPAMO-
Ry
2
MY UHMEPAAY OM MENAUUESE ONEPAMOPQ, be, a4 UMEHHO, UMEEM MECTO NPEICTNAE-

AECHUE!
D

RT,R* = / T2 d¢
Ry

HokasarenbcTBo. Oneparop 1), YHUTaAPHO 3KBUBAJEHTEH OIIEPATOPY

RT,R* = RBp, ,b(2)Bp, ,R* = R(R*R)b(?')(R*R)R* =
= (RR*)Rb(2)R*(RR*) = Rb(z')R* = RyVU,Upb(2\U; ‘U ' VIRy =
RiVD(Z YW 'Ry = Rib(2')Ro.
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Hanee,

Ryb(2")Row(€,2') = Ryb(2')xm. (€)(c(€))?e (€, 7)) =
= / (c(€))"/?e™" Py (b(z’m«+ <£><c<£)>1/2e*5”w(£,z’>) %dev =

Ry

(26))\-&-1

= IMR/ e—vav)\d'U - XR, (f)Pzg(bw)(§,z') _

= xr, (OPe)(&,7) = (L) (6,7),  ¢eRa.

Orcrona

@
RTyR* = / T2 de.
Ry

Teopema mokazana.

Teopema 4. Jlas ao06vix cume01o6 a = a(y, — |2'|?) € Loo(Ry) u
b=0b(2") € Loo(C" 1) umerom mecmo pasencmea: Ty = T, Ty = Ty T, u RT,,R* =

@ 2
f Ya (g)Tb dg.
R+

dokazaTesbCcTBO.

RT.wR* = RBp, ,abBp, ,R* = R(R*R)ab(R*R)R* = (RR*)(RabR*)(RR*) =
= RabR* = RyVU Upa(y, — |2'|)b(z" ) Uy UV Ry = Ria(v)b(2')Ro.

Orcrona

Ria(v)b(z")Rov (€, 2') = Rya(v)b(z')xz. () (c(€))"/* e (€, 2') =
= / (c(€))"/2e™" Pye [a(v)b(Z’)xR+ (©)(c(€)) e~ vy (g, o) %md@ =

R
2£)A 1
= p((i)ﬂ) / a(v)e X 0 dv | yi, (O)Pac()0(6,2) = w(OT,S,  EERy.
R
CrenoBaTe/ibHO,
RT,R* = /%(g)Tfﬁdg. (8)
Ry

C Jipyroii CTOPOHBI, COTJIACHO TeopeMe 1, a Takzke TeopemMaMm 2 U 3, ©UMeeM

RT,TyR* = RT,Bp, ,\TyR* = RT, (R*R) TyR* = (RT,R*) (RTyR*) = (va(£)I) T2,
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rae £ € Ry. Orciona
RT,T,R* = / Ya(€) T dE. (9)

Ry

U3 (8) u (9), TeM caMbIM, BBITEKAET PABEHCTBO:
Tap =T, Ty

Temepb KOMMYTATHBHOCTH TEILIUIEBBIX oneparopoB T, u Ty ciemyer U3 paBeHCTB:
Ty, = Tye = Ty = T,Ty. Teopema noxkazana.

Hamomamm, aro C* anrebpa M, mopoxKIeHHAsT BCEMU TEILIUIEBBIMU OIIEPATOPAMU
T, tae a = a(y, — |#'|?) € Loo(Ry), kommyTaTusHa (cM. ciaegcTsue 1).

I[Tyctsb Temepnb S — HEKOTOPOE TOAIPOCTPAHCTBO TpocTpancTBa Lo, (C? 1), O6o-
suauuM 4yepe3 M (S) yHuranbHyo aiarebpy, MOPOXKIEHHYIO BCEMU, JEHCTBYOMIUME B
upocrpanctse A3 (D,,), Termiesbivu onepatopamu Ty, rie b = b(z2') € S. B orimune
or anrebpsr M, anrebpa M (S), BooGiie roeopsi, He siBasiercs C*-amreGpoii. M (.S)
6yner C*-anrebpoii, eciu MOAIPOCTPAHCTBO S 3aMKHYTO OTHOCUTEBHO KOMJIEKCHOTO
COTPSTXKEHMUS.

Mycrs ® = (T,,Ty) — yauranbHas ajarebpa, IHOPOKJICHHAST BCEMH OIIEPATOPAMU
T, u Ty, tie a = a(y, — |2']?) € Loo(Ry) m b = b(2') € Loo(C™1). Takum o6pazom,
anrebpa ¢ mopoxkieHa aByMs yHUTAJIbHbIMU nogasredpamu: M u M(S).

W3 cnenctBust 1 u TeopeMbl 4 BBITEKAET

CaencrBue 2. Aseebpa ® kommymamusena moeda u mosvko mozada, x020a 0z
Kaotcdozo £ € Ry ynumasvHas anrzebpa, noporcoeHHAs MENAUYUELEVMU ONEPATMOPAMU
2€ _ / o 2 n—1
T,° ¢ cumeonamu b = b(2") € S u deticmeyrougumu 6 npocmpancmee Poxa Fi(C" ™),

bydem KoMMyMamueHod.

3. KommyTuBHOCTh C*-ajiredpbl TENJINIEBBIX OMEPATOPOB CO CHEIAAIb-
HBIMH CEMBOJIAaMH. PaccMOTpPHM BOIPOC KOMMY TATUBHOCTH ayirebput & = (M, M (S))
JIJIsT HEKOTOPBIX YACTHBIX CJIydaeB ajreOper S.

Bsemem omeparop

W Ly(C" 1) @ Ly(R) @ La(Ry, ma) = La(C" 1) ® Ly(R) ® Lo(Ry,ma),

JEUCTBYIOIUN 110 IPaBUILY:

W)z 6 0) = @A)~ F v (m,g, m)

HemocpencrBernnast mpoBepKa MOKa3bIBAET, 9T0 W — YHUTAPHBIN U €10 COMPSIXKEHHBII
W* mmeer BuU:

(W) (s 1v) = (W) (g, 1 v) = (1) "5 oy /21l o, 2]

Tak2ke pacCMOTPHUM OIIEPATOD

Qo : 2(Z ", Ly(Ry) — La(D,my) = Lo(C" 1) ® Lao(R) ® Lo(Ry,ma),
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JeiiCTBIE KOTOPOI'O IIPOUCXO/IAT CJIELYIOIIIM 00pa30M:

Qo {Ca@Yaczrt = x+(€) D Cal©)ea(2)lo(v),

n—1
€Ll

rie
2

ea(z) = (W”flal)%zo‘ef% € Ly(C™hy,

1/2
lo(v) = (W‘m) e % € Ly(Ry,n).

Yro ke kacaerca byuxmuit Cy(§), upunaexamux obpa3y omneparopa (Jp, TO OHH
ABJISIIOTCS TIPOJIOJIZKEHNEM Ha, Bce R coOTBeTCTBYIOMUX (DYHKIMIA U3 0OJaCTH OIpe/e-
nenust, uMeHHO, Cy (§) =0, eciim £ € R\ R,..

Torma comnpsizKeHHBINH OTIepaToOp

Qf i La(D,my) — L(Z777 1, Ly(Ry))

JeficTByeT IO IPaBUILY :

Q- oz, 6,0) = 4 xa (©) / (2. £, v)ea(Dlo@)na(v)dv(z)dv

C"_IXR+ n—1
€Ll

TTosoxxum

Q = QSWUlUO : LQ(Dn7d’u)\) — ZQ(Ziil,LQ(R+)),
UssecrHo [10], uro
Qlaz(p,) A(Dy) = L(Z, Ly(Ry))

SABJISIETCS] T3OMETPUIECKUM N30MOPGMU3IMOM COOTBETCTBYIONIIX TPOCTPAHCTB, IIPU 3TOM
AMEIOT MECTO PaBEeHCTBa:

QQ* =1: (2} Lo(Ry)) = o(Z17 1, La(Ry)),
Q*Q = Bp,, : La(Dn,dps) — A3 (Dn).
JIemma 2. ITycmo dyrruus d(w) € Loo(Dy,) umeem caedyrowuts eud
d=d(z',yn — '),

2de z € C" 1, y, = Imw,. Tozda das menasuyesozo onepamopa Ty, deticmeyrouiezo 6
npocmpancmee A3 (Dy,), umeem Mecmo coommowenue:

70" = Qid | —2—, -2 ) Qo.
QTQ" = @ (m 2|£|>Qo
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HdokazaTesabcTBo. HemocpecTBeHHO HAXOAMM:

QT.Q* = QBp, ,dBp, ,Q" = Q(Q*Q)d(Q*Q)Q* = (QQ*)(QdQ*)(QQ*) =
=Qd(?,y, — |2/1)Q" = QsWUUpd(2',yn — |2/ ) Uy ' UT' W Qo =

= QWU( W)U W Qo = QWd(', )W ™' Qo = Qe (JZT&I 2715) “

Jlemma, nokaszaHa.

Joxkaxkem Tenepb anasor Teopembl 10.2 B [10] 1y1st KBa3UIapabOIMIECKOTO CHM-
Bosa d = d(r,y, — |2'|?) € Loo(Dy).

Teopema 5. ITycmv cumson
d= d(?“, Yn — |Z/‘2) € LZ(Dn)

Tozda menauyeswvidi onepamop Ty, deticmeyrowuti 6 npocmparncmee A3 (Dy,), ynumap-

HO JKEUGANEHMEN onepamopy ymmodicenus Yql, deticmeyrowemy 6 mpocmpancmee
n—1
lo(Z 7, La(Ry)), umenno,

QTdQ* = ’YdIa
2de vq = {'yd(a,g)}aezi_l, & € Ry, npu amom saemenmos vq(cr, &) umerom caedyro-
wull eud:
T1 g (v+r Tp—
Ya(a, §) = a'F >\+1 (1/ 25 25) Frte A drdy.

HdokazaTesabcTBo. Ha ocHOBaHUM JIeMMBI 2 JTOCTATOTHO MTOKA3ATh, ITO

. r v _
Qod <m7 2|§|> Qo = val.

I{GHOCpeﬂCTBeHHO HaXOJAM:

Qéd(xrﬁl 2|£|>Q°{ Os}peny =
= Q; d() X+(6 S Cs(©)es(2)lo(v) | =
VR o

—we [ @mmw | Y (F 2|£) 5(©)es(2)lo(v) | x

Crn-TxRy pezy™!

X m(v)du(z)dv} =

n—1
aEZJr
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_ X+(§) jrov a —(v+ri+Frp—1),,A
- Ca(f)/ |:O['F(A+1)d( 25’25)7" € ket v drdv
R™

4 n—1
Q€L

_ {'Yd(a7 f}ani_l {Ca (5)}04621_1 :

Teopema gokazaHa.
IIycrn
dy = di(yn — 12'P) € Lo (R2)

dy = da(r1, ..., mno1) € Loo(RT1).

Torma, cornmacuo Teopeme 5,

QT4 Q" =a,(&)1,

re
_ X"r(g) v —v_ A
7111(5) = Fi()\—f—l) /d1 <2€|>e v dv
Ry
u
QT4,Q" = va,(a, €)1,
rue

N T Tn (r ,
ma,s):“, ds (,/ Lo 251) bt g,

OTMeTuM Tak:Ke, ITO
Ya, (§) - Va, (0, &) =

X() n— ag—(vtr Th—1 _
- E!/ () = (3 V2> e =

= Yy dy (@, §).

Orcroa cregyer, 9TO MPOM3BEIEHNE TEIIUIEBLIX 0nepaTopoB 1y, u Ty, Oymer
CHOBA, TEILJINIEBBIM OIEPATOPOM:

Ta,Ta, = T4,d,-
V3 BBIIIIECKA3aHHOIO BBITEKAET CJIEAYIOIIAsT
Teopema 6. IIycmo
S={b=0b(r1,...,mn_1) € Ls(R}T1)}.

Tozda C*-aneebpa © = (M, M(S)) xommymamusna u AGAAEMCA N00aN2e6POT arze0-
DL, NOPOHCIEHHOT, MENAUYUESHMYU ONEPAMOPAMY € KEAZUNAPAOOAUNECKUMU CUMBOAA-
MU 6uda

d= d(Tl, ey Tn—1,Yn — ‘Z/|2).
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3AKJIFOYEHUE.
1. IIpocrpancrso Beprmana A3 (D,,) B obiactu 3urens D, MOXKHO paccMaTpH-

BaTb (C TOYHOCTBIO /IO U3OMETPHUYIECKOI'O I/ISOMOp(bI/ISIVIa) B BHU/IE IIPpAMOI'O MHTEI'paJia

(&)
/ F2 (Cn1) de
Ry

npocrpancrsa Poka F, (C*71) (C Ly (C"F, dv)) -

2. C*-anrebpa, MOPOK/IEHHAS TEILIUIIEBBIME OIIEPATOPAMU

T, = Bp,al: A3 (Dn) — A3 (Dy)

2
C CHMBOJIAMY @ = a (yn — || ) € Lo (R4), KOMMyTaTHBHA.

3. KommyTaruBHOCTD aareOphl, MOPOXKIEHHON TEILINIEBBIME OriepaTopamu 1, u

Ty, tie a = a (yn - |z'\2> € Lo (Ry), b=0(2") € Loo (C™ '), paBrOCHIBHA KOMMY-

.. 2 ..
TATUBHOCTHU ATeOpBI, TOPOXKJICHHON TEIIUIEBBIME ONEPATOPAMEA Tbg7 JIefiCTBYI0IIN-
Mz B npocrpancTse Poka F225 (C"’l), £eR,.
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Jlucenxo 3. M.
AJITEBPH, 1110 MMOPO/IXKEHI TEIMJIMIIEBUMU OITEPATOPAMU I3 CHELIAJbHUMU CUMBOJIA-
MU

Pesrome

PosrsinaeThest Barosmit mpoctip Beprmana A3 (D) (A > —1) B obmacri 3irenst Dy, sixwit
CKITQJIAETHCS 3 aHAITHIHUX PYHKIIA nipoctopy Lo (Dn,duy), me

(n+A+1)

din = 5 (tmz = |) v, en= et

4
dv(z) — crammaprua mipa Jlebera B C". Omucama crpyxrypa A3 (D,). A came, mpocrip
A3 (D) moxna posrmsmaré (3 TOUHICTIO 0 ioMerpudmoro izomopdismy R) y B
MPSIMOTO iHTErpaJsy

D
/ F3e (C"71) de
Ry

npocropy Poxka F225 ((C"fl), SIKW CKaJIA€ThCS 3 aHAJITUIHUX PYHKIIIH ipocTopy Lo (C"fl, dl/a)
-1 _ 72 _
(0 = 2), me dva (') = (2)" e ol" gy (#), @ € R4, 2/ € C*"'. Bukopucrosymoun
omneparop R, moBeseHO, MO KOXKHUI TemtuieBuii omepatop 1, i3 cuermiagpbHuM 0OMEKEHIM
cumBosioM a(z) = a (Im z, — |z’\2), saxuit mie y npocropi A3 (D), yHiTapHO eKBiBaIeHTHMIT
IpsIMOMY IHTErpaJLy BiJ omepaTropa MHOXKEHH: Yo (§)I, mo aie B npocropi Poka F22§ ((Cnfl),
& € Ry. Qyukuis 74 (£) o3HagaeThCs 32 HOPMYIIO0
()™M / —2¢v_ A
=———— [ a(v)e v” dv.
100 = foer /| o)
Ry

3Bijcu BumBag, mo C*-anrebpa, sika MOPOJZKEHA TAKUMU TEIJIUIEBUMHU OIIEPATOPAMH, KO-
myTtaruBHa. [lokazano, mo C*-anrebpa, sika mopozkeHa Terunesumu oneparopamu Tg i Tp,
ze

2 _

a:a(lmznf ’z'| ) €Loo(Ry), b=0(2) € L (C" 1),

KOMYTATUBHA, TO/Ii 1 JinIe TOIi, KOu Ayt KoxkHOTo £ € R4 anmrebpa, sika MOPOJzKEHa TEILIN-
2 . . i

nesuMu oneparopamu T, ¢ mo giloTh y mpocTopi F22§ ((C" 1), KOMYTATHUBHA.

Karouwosi caosa: npocmip Bepemana, obaacmo 3ieess, yHimaprul onepamop, cnpactcerul

onepamop .

Lysenko Z. M.
ALGEBRAS GENERATED BY TOEPLITZ OPERATORS WITH SPECIAL SYMBOLS

Summary

We concider the weighted Bergman space A3 (D,) (A > —1) in the Siegel domain D,,, which
consist of analytic functions of the space La (Dn,du), where

Fin+A+1)

A
din =G (tmzn = |7°) " dva), en= "5

4

dv(z) — is standard Lebesgue measure in C". We discribe the structure of A3 (D). A jast
nemely, we can consider the space A3 (D) (up to isometric isomorphism R) as a direct
integral

3]
/ F3e (C"71) d¢
Ry
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of the Fock space F22£ ((C"fl), which consist of analytic functions of the space Lo ((C"fl, dua)
_ 712

(o = 2¢), where dvg (2') = (2)" Le—el| dv(?), a € Ry, 2/ € C"'. Using the op-

erator R, we prove that each Toeplitz operator T, with special bounded symbol a(z) =

a (Im Zn — |z'\2), and acting on A3 (D»,), is unitary equivalent to the direct integral of the

multiplication operator v, (€)1, acting on Fock space F22§ (C"1), € € Ry. The function 74 ()

is given by formula
Ya(&) = w / a(v)e > v dv.
r(A+1)
Ry
This implies that the C*-algebra generated by such operators is commutative. We show that
the C*-algebra generated by Toeplitz operators T, and T}, where

a=a (Imzn — ’z'|2) €Lo(Ry), b=1D (z') € Lo ((Cn_l) ,

is commutative if and only if for each ¢ € R, algebra generated by Toeplitz operator Tb2 <
acting on the space F225 ((C"*l)7 is commutative.
Key words: Bergman spaces, Siegel domain, the unitary operator, the adjoint operator.
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A. A. ILiorHikoB
Osecbkuii HarioHaybHUI yHiBepcuTeT imeni [. 1. Meunukosa

Y3ATAJIBHEHHSA TEOPEMMU O. ®©. ®IJIITITIOBA

B crarri BBemeHo moHATTS JudEpPEeHIiaJbHOI0 BKJIIOYEHHs 31 3MIHHOIO PO3MIDHICTIO, sIKe
y3arajbHIOE 3BUYaiiHe qudepeniajgpbie BKIIOYeHHs Ta CUCTEMY 31 3MIHHOIO PO3MIPHICTIO Jin-
depeHIiaIbHIX BKIIIOYEHD Ta OOTPYHTOBAHO MOXKJIUBICTH 1X BUKOPHUCTAHHS TIPU JTOCITZKEHH]
cucTeM KepyBaHHs 31 3MiHHOIO po3mipaicTio. CucreMu KepyBaHHs 31 3MIHHOIO PO3MIPHICTIO 11e
CHCTEMH KepyBaHHs JIEKiJIbKOMa 00’€KTaMU 3 MOCJIIOBHUM Y 4aci pexkumoM ix poboru. ITo-
YaTKOBUU CTAH KOXKHOI'O HACTYIIHOTO O00’€KTa 3aJIe2KUThH BiJl KiHIIEBOI'O CTaHY IIOIIEPEIHBOIO
ob’ekTy, mo ob’emuye TX B equHy cucTemy 3MiHHOI po3mipnocri. Ilepenbadaerbest, mo Ko-
2K€H 00’€KT ONMUCYETHCS CUCTEMOIO 3BUYAHUX MuEpEeHITiabHAX PIBHIHD HA iHTEpBaJi HOro
mii. Ilpu nbomy moBkuHM inTepBasIiB 3amani abo meBimomi. CucremMu piBHSHB MOXKYTH MaTH
HEOJIHAKOBY PO3MIpPHICTH, MOXKYTb TaKOXK 3MIHIOBATHCSA PO3MIpHICTH Kepyrodol (byHKIII Ta
obMexkeHHd Ha 11 3Ha4YeHHdA. B pobOTi 1aHO O3HAYEHHS PO3B 3Ky TAKOTO IrdePEHIiaTIbHOTO
BKJIFOUEHHSI Ta HABEJIEHO TX OCHOBHI BJIACTUBOCTI: YMOBH iCHYBAaHHSI PO3B’SI3KY, KOMIIAKTHICTH
Ta OMYKJIICTh Tepepi3y MHOXKUHU PO3B’SI3KiB, & TAKOXK CHOPMYJTBOBAHO Ta JIOBEJIEHO aHAJIOT
teopemu O. ®@. Dininmosa.

MSC: 34A60, 49J21, 49K21.
Karouosi crosa: dugepenuitine 6KA0UeHHA, ICHYSAHHA, PIUEHHA, 3MIHHA POSMIPHICTIDL, Ke-

DYBAHHA .
DOI: 10.18524/2519-206x.2019.1(33).175544.

BcTyi. Ha nouarky 60-x pokis 3’ssusca nuki pobir T. Wazewski [1,2] i O.®.
Dininmnosa [3], B AKUX aBTOPU PO3IVISHYJIM HOBUI BUJ| y3arajbHEHHs JAudepeHiiaib-
HOTO PIBHSHHSA - JudepeHIfiajibHe BKIIOICHHST

z € F(t,z), z(0)=xo, (1)
Ta, BCTAHOBILIU 3B 30K AudepeHItialbHIX BKIOUYCHD 3 CUCTEMAME KepyBaHHS
= f(t,x,u), x(0)=x, (2)

nex € R", F: Rx R"™ — conv(R"™) — MHOXXUHHO-3HaUHE Biobpakenus, u € U €
conv(R¥) — BexTop xepysanns, f : R x R" x RF — R™. Ouesugno, axmo F(t,r) =
{f(t,z,u) : w € U}, 10 3amictb cucremu (2) moxxHa posrisggaru cucremy (1). Tak
caMo MOXKHA 3alucaT audepeHnIianbie BKiodenns (1) y Bursani qudepeHiiaabsHoro
piBHsHHSH, siKe MicTuTh KepyBaHHs (2). Ilpu npomy Bak/IuBY poJib Bigirpae TeopeMa
B.M. Makaposa [4]. To6ro mocifzKeHHsI KePOBOHOI CHCTEMH MOYKJIMBO IIPOBOJUTH,
sIK y BUIIsiai cuctemu (2) Tak iy sursial cucremn (1).

Ha remnepimmiit yac teopis mudepeHIiaJbHIX BKIOYEHb TOCUTH 100pe chopmy-
BaJIacs 1 MPOJIOBXKYE IHTEHCUBHO PO3BUBATHUCHA. 1aK 2Ke siK 1 B Teopil audepenmiaib-
HUX PiBHSHDL Oy OTPUMAHI pe3y/IbTATH, OB I3aHi 3 ICHYBaHHSIM, TPOTIOBXKEHHIM Ta,
0OMEKEHICTIO PO3B’ 13Ky, HeTlepePBHOI 3aJIE2KHOCTI BiJI TOYATKOBUX YMOB i TapaMeTpiB
Ta iH. B Toit xke wac y jaudepeHniajabHOro BKIIIOYEHHS 3 KOXKHOI IIOYATKOBOI TOUKA

Haditiwna 22.04.2019 © Ilnoruikos A. A., 2019
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BUXOJUTH BXKeE INijIe ciMeicTBO TpaekTopiit. 1l MHOKMHHO-3HAYHICTD MOPOIKYE CBOT
crienucpivni MMTAaHHSA, TakKi, K 3aMKHYTICTh, ONYKJICTh CiMeiicTBa PO3B’sI3KiB, icHY-
BaHHSI TPAHUYHUX PO3B’SI3KiB, BUJIJIEHHS PO3B’SI3KiB i3 3a/IaHUMHU BJIACTUBOCTSIMU Ta,
Gararo iHIMX IuTaHb [5-7].

Ha npakruii Hepigko BHHUKAKOTH 3ajadi KepyBaHHS JIEKiJbKOMa 00’eKTamu 3
MIOC/TIOBHUM Y dYaci pexxumoMm 1x poboru. [louaTkoBuil cTaH KOKHOTO HACTYITHOTO
00’eKTa 3aJIeXKUTh Bij| KIiHIIEBOIO CTaHy IOIEPEIHBOrO, M0 00’€IHy€E iX B €IUHY CHU-
cTeMy 3MIHHOI PO3MIpPHOCTI TOMY, IO KOXKEH O00’€KT OMUCYETHCA CHCTEMOIO 3BUUAii-
HuX audepeHItiaJbHIX PiBHIHD Ha iHTepBaJIi floro fil, ki MOXKYTb MaTH HEOTHAKOBY
posmipHicTb. [Ipu 1pOMy JTOBXKUHU iHTEpBaJIB MOXKYTh OyTH 3aJani abo HeBigoMi, a
TaKOXK MOYKe 3MIHIOBATUCS PO3MIpHICTH (DyHKIIT KepyBaHHs 1 0OMeXKeHHs Ha, 11 3Ha-
qeHHsI, TOOTO

1) axnio momenTu dacy 3minu dhazoBoro npocropy dikcoBani

(ﬁi = fi(t,xi,ui), t e [Ti,Ti+1), 7= 0, e, m, (3)

330(0) =y, 331'(7'1') = gzﬁ,»(xi_l(ri — O)), i1=1,...,m, (4)

2) AKIO MOMEHTH Yacy 3MiHu (ha30BOro IIPOCTOPY 3ajexkaThb Bij ¢aszoBoro Be-
KTOpY
@y = fi(t,xi,u), t € [m(wi1), Tiga(2i)), i=0,1,..., (5)

20(0) = Zg, xi(1i) = ¢i(zim1(r; —0)), i =1,2, ..., (6)

ne x;(t) € R™, u;(t) € U; € conv(R*") — xepysanmms, f; : [1;, Tis1) x R x RF — R™
qbi A Rm’ 7'0($_1) =0.

Taki cucreMu poO3rIAIAIOTHCA B MATEMAaTUYHIN TeOpil ONTUMAJIBLHOTO KEpyBaH-
Hg 1 MalOTh pi3HiI Ha3BHW: 3aaada onTuMizaril 31 3miHOoIO (hpaszosoro mpocropy - B.I.
Bonrsauckwuii [8], I.C. Makcnmosa, B.M. Poszosa [9], crynenesi cucremu - B.O. Me-
nsenes, B.M. Pososa [10], B.M. Pososa [11], I"K. 3axapos [12], II[.®. Mareppamos,
K.B. Masncimos [13], cucremn 3i 3minnHOI0 crpykryporo - M.C. Hikoabckuit [14, 15],
T.A. Tagymanze, HM. Apanimsini [16], [.JI. Xapatimsini [17], 3 nmoeranso 3Min-
Howo JuHaMikoio - B.P. Bapcersin [18], €.JI. €ppomin [19], ckiazgeni cucremn - B.B.
Besivyenko, JI.T. Amenxkos [20]|, cucremu 3minnoi posmipuocri - O.J1. Kiumapenko,
A.A. TInoruixkos [21,22]. ¥V poGorax B.I. I'pebennikosa [23], O.M. Kupunosa [24],
€.J1. €ppomina [19] po3rIsIHYTO 3aCTOCYBaHHS JAHUX CHCTEM B €KOHOMIII, €KOJIOTil,
poboToTexHiri, aBiaby/yBaHHI, €JIEKTPOEHEPreTHIll, TEXHIYHUX 1 XIMIYHUX CHCTeMax
To1mo. TakoXK JI0 TAKUX CUCTEM 3BOJSTHCS KEPOBaHI MPOIECH BUHUKHEHHS 1 PO3BUTKY
o0’ekTiB, mudepeniitoBannx 1mo momenty crsopenus O.B.Pomanenko, O.B. ®@emoce-
eB 25|, keposani ri6puani cucremu P.I. Barton, Ch.K. Lee [26], W.M. Haddad, V.S.
Chellaboina, S.G. Nersesov [27].

3posymiso, mo 3amicts posrisimy cucrem (3),(4) Ta (5),(6) MokHO posTyIsIATH
HACTYIIHI CUCTeMHU 31 3MIHHOIO PO3MIPHICTIO JudepeHIliaIbHUX BKIIOYEHb

T; € Fi(t,xi), te [7’,‘,7’1‘4_1), = O7 e, m, (7)

z0(0) = To, xi(1) = ¢i(xi—1 (1, = 0)), i=1,...,m, (8)

Ta
T; € Fi(t7.’L‘i>, te [Ti(.l‘i_l),Ti+1(xi)), 1 =0,1,..., (9)
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70(0) = Zo, 7i(7) = ¢i(wi—1(1i —0)), i =1,2,..., (10)

ne Fi(t,z;) = {fi(t,zs,u;) : u; € U;}. Cucremy (7),(8) 6ys0 posrisiHyTo B poborax
[28,29].

Hai 3pobuMo jiesiki IPUITYIIEHHsT Ta BBEJIEMO HEOOXiJIHI O3HAYEHHsl, IO JIaCTh
MOXKJIUBICTH PO3TJISTHYTH HOBWII THI Ju(EepeHIiaIbHAX BKJIOUYEHDb - JudepeHIiaib-
He BKJIIOYEHHs 31 3MIHHOIO PO3MIPHICTIO, SIK€ y3arajbHIOE 3BUYaiiHi audepeHIiaibai
BKJIIOYEHsI Ta CUCTeMY 31 3MIHHOIO PO3MIpHICTIO AudepeHniaabHuX BKIOUYeHb (7),(8).

OCHOBHI PE3VJIBTATHU. Hexaii 0 > 0 ¢ posiibHe gificue umcio. ITosmaunmo
uyepes3 Yy muoxkuny bysxiii n(-) : Ry — N, gkl BIANOBIIAIOTH HACTYIIHUM YMOBAM:

1) n(-) — KyckoBo-cTaJI i KyCKOBO-HEIIEPEPBHI ClIpaBa,;

2) axmo n(t —0) —n(t) # 0, To n(r) — n(t) = 0 jus Beix 7 € [¢, t 4 0].

Bisbmemo JoBinbHy dyHKIH0 n(-) € 3p.

OueBuiHA CIIPaBEJINBICTh HACTYITHOI JIEMU.

JIema 1. Jlas 6ydv axoi gynruii n(-) € g nissico Ry mooicna posbumu e
Giavuwe Hidie Ha 3aiueny Kiavkicmo mmoocun I; = [t tip1), ¢ = 0,1,... maxuz, wo
Ry =U, L ma I;(1; =0, avwo i # j, de n(t) —n(t;) =0 dan scix t € ;.

Bisbmemo nosinbay dbynkmio n(-) € Xy. loznauumo uepes @, MHOKUHY byHKIIIH
¢(t, x), si BignosinaoTs GyHKIG n(-) € Xy Ta TAKHUX, 10

x, n(t —0) = n(t),
Yr(x), n(t—0) #n(t),

d’(t? JL‘) =

ne i : RM(t=0) — R™®) _ genepepsra dbyHKITis.

Hanpukmnan, :(x) = M(n(t))x, ne M(n(t)) = (mij)?:(tl)y’jnz(ﬁfo) MaTPHIE PO3MIp-
Hocti n(t) X n(t — 0), gKka HaNMeXKUTH Jeakiin muoxkuHI M = {(mij)f;ll’jzl =1
Marpup poamipaocreit (k x 1), k=1,2,..., [ =1,2,....

BizbmeMmo joBisbay QyHKIO O, ) € Dy

Osuauenns 1. Qynxuiio x(-,n, p) 6ydemo nazusamu GyHKyielo 3i 3MirHo0 pPo3-
mipricmio, axwo x(t,n,¢) € R™D das sciz t > 0 ma x(t,n,¢) = ¢(t, z(t — 0,n,P)
oas eciz t > 0.

OsuauenHns 2. Qynxuis x(-,n,d) 31 BMIHHON POSMIPHICTIIO HAZUBAETNOCHA KYCKO-
60-nenepepenoto Ha inmepsani (t',t") C Ry, axwo 60ona nenepepsna 6 mouwkar t €
(t',t"), de n(t) — n(t —0) = 0 ma nenepepena cnpasa 6 mouwkaxr t € (t',t"), de

n(t) —n(t —0) #0.

3ayBakeHHs 1. AHa.10214H0 MONHCHA B6ECTNU 03HAYMEHHA BUMIPHOCTI, dudeper-
uitiosanocmi, inmeeposarocmi ma Ainwuyesocmi Gyrkyii x(-,n, @).

Osuauenns 3. Muoocunno-gnavne gidobpasicenns F (-, n) 6ydemo nasusamu 6io-
00PAHCEHHAM 31 BMIHHON0 POSMIDHICTNI, AKULO MAE MICUE HacTNYnHe sxatoverna F(t,n)
C R ons eciz t € R,
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Osuauennsi 4. Mnoowcunno-snaune eidobpastcerns F (-, m) 31 3minnoro posamip-
HICMI0 HA3UBAEMBCA KYCKOB8O-HENEPepsHuM Ha inmepsaai (t',t") C Ry, axwo 60Ho
nenepepere 6 moukar t € (t',t"), de n(t) — n(t — 0) = 0, ma nenepepsre cnpasa 6
moukaz t € (t',t"), de n(t) —n(t —0) # 0.

Tenep posriisiHeMO HacTyIHe judepeHIfiaibHe BKIFOYEHHs 31 3MIHHOIO PO3MipHi-

CTIO
S F(t,CC,TL), I(O,TL,QS) = Zo, (11)

net € Ry —uac; n(-) € Xg; &(-,-) € ®y; x(t, n, @) - dazosuii Bexkrop; F (¢, x,n) : Ry X
Rt conv(R”(t)) - MHOXKMHHO-3HaYHe BifoOparkeHHs 31 3MIiHHOIO PO3MipHiCTIO,
xTo € Rn(O)

BayBaxkeuns 2. dxwo n(t) = n, mo cucmema (11) 6yde seunatinum dugepen-
YIANDHUM GKAIOUCHHAM.

Hpunymwenns 1.Hexal gynruis n(-) obmesrcerna cmanoro > 0 das eciz t > 0.

3ayBaxkenHs 3. [Ipunywenna 1 ne dae 3pocmants po3MIPHOCTE MG HECKIHYEH-
HOCTE 00 HeCKINUeHHOCTNE (Ui YMO8a modice bYmu He 0608’ A3K06010, AKUWO CUCTIEMA
(11) poseasdaemoves 1a CKIHYEHHOMY NPOMIHCKY.)

IMosuayumo vepes Q; = {(t,z) : t € I;, z € R"(t)}, ne I; = [, 7i+1) Bianosiga-
OThH Jemi 1.

Osuauennsi 5. Kyckoso-nenepepena dyrkuis (-, n,d) nasusacmvcs poss’ss-
xom cucmemuy (11) na eidpisky [0, T, arwo

1) &(t,n,¢) € F(t,z(t,n,d),n) daa maioce scizt € (0,T),

2) JJ(O,TL, (b) = Zo;

3) x(t,n,¢) = ¢(t,x(t — 0,n,@)) das ecix t € (0,T].

Teopema 1. [30] fxwo dasn 0 > 0 eidobpascenns n(-) € Xy, ¢(-) € @, ma
BUKOHYIOMBCA YMOGU:

a) F(,z,n) - xycxoso-nenepepsne no t na Ry;

b) F(t,-,n) - ainwuyese 3i cmaaoto L no x na Q;, 1 =0,1,..;

c) icnye maxa cmana K > 0, wo hye) (F(t,z,n),{0},@) < K das sciz (t,x) €
Qi, 1=0,1,..., de hpu)(A, B) — mempixa Xaycdopga y npocmopi comp(R"®).

Todi na deaxomy npomiocky [0,T] cucmema (11) mae pose’asox x(-,n, ).

BayBaxkenHst 4. Ouesudno, AKWO HG KoocHoMY npomidieky I; = [T, Tiv1), & =
0, m, suxonyemocs ymosa F(t,z,n) = F;(t,x), mo pose’szox cucmemu (11) na npo-
mioiexy [0,T) 6yde poss’asoxom cucmemu (7),(8) na npomioicxy [0,T] ma nasnaxu.

IMosuagumo yepes X (t, n, ¢) nepepis MHOKUHU PO3B’A3KiB cuctemu (11) B MoMeHT
qacy t > 0.

Teopema 2. [30] Hxwo dan 0 > 0 i sidobpasicenna n(-) € Ly, ¢(-) € ®,, ma
a) F(-,xz,n) - xyckoso-nenepepsre no t na [0,T];
b) F(t,-,n) - sinwuyese 3i cmaaoto L no x na Q;, 1 =0,1,...,m;
c) icnye maxa cmana K > 0, wo hye) (F(t,2,n),{0},@) < K das sciz (t,x) €
Qi, 1= O7 1, ceey TN
Todi X (t,n, ) € comp(R™ ) das sciz t € [0,T], de m maxre, wo |J I; = [0,T].
i=0

1=
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Tenep cdopmyrioemo i nosegemo anasor reopemu O.D. Pininmosa.

Teopema 3. Sxwo das 0 > 0 i gidobpasicernsa n(-) € Xy, ¢(-) € D, ma

a) F(-,xz,n) - xycroso-nenepepare no t na [0, T];

b) F(t,-,n) - sinwuyese 3i cmaaoto L no x na Q;, i=0,1,...,m;

c) icnye maxa cmana K > 0, wo hye) (F(t,z,n),{0},w) < K das sciz (t,x) €
Qi, i:O,l,...,m.

d) icnye cmasa p > 0 maxa, wo das ecix T; ma 6ydL AKUT T1, T € Qi1

lp(Tisz1) — @73, 2)|

e) y(-,m, @) - kycroso-nenepepsra Pyrryis na [0,T] maxa, wo

o < |z — @2l g -0 ;
dlStn(t) (y(tv n, ¢)7 F(t, y(t, n, ¢)7 n)) < p(t)

matisice das ecix t € [0,T], de p(-) — cymosna dynruyia na [0,T], dist,y(a, B) =
s @ € R B € conv(R™), |la— b

min ||a — b| Re( — €6KA10064 MEMPUKA Y
beB

npocmopi R™(®);

f) Nly(0,n,¢) — 2ol grioy < 6.
Todi ichye pose’szox cucmemu (11) maxud, wo

t
||:L'(t7 n, ¢) - y(ta n, ¢)||Rn(f) S )‘(t)(seLt + /\(t)e(t) /0 eL(tis)p(S)d&

1, € (0,1 1, telo,r
de A\(t) = ' pe 0.1 , e(t) = 0, 7] , i(t) - winvkicmo
pi® p>1 elt=m) t e (r,T]

mouok T; na npomisicky [0,t].

HoBenenns. 3riguo reopemu 1 poss’s3ok cucremu (11) icHye Ha JesikoMy 1Ipo-
Mmizkky [0,T]. Toni arigno semu 1 icuye geske m > 0 ta I; = [ry,741), 4 = 0,m,
sIKi 3a710BONIbHAIOTH yMoBaM Jiemu 1. Toxi 3rimao Teopemu O.P. @ininmosa [5-7] HA
KOXKHOMY NPOMikKY I; = [1;, Ti41), i = 0, m Maemo

||£U(t, n, ¢) - y(tv n, ¢) HRn(Ti) S

¢
< (i, n, ) = (75,1, )| gy 2T +/ et p(s)ds,

Ti
It BCiX € € [14, Tiv1).

Onimavo ||2(71, 1, ¢) — y(71, 1, @) || g -
Ockinbku s Beix ¢ € [0,71)

”x(tv n, ¢) - y(t, n, ¢)|

t
o <084 [ M0 p(s)as,
0

TO

T, N, — Y\, n, Rn(r1) =
(71,7, ¢) — y(1,n, 0)|

= H(b(Tlax(Tl - O,’I’L, (b)) - ¢(T17y(7-1 - O,TL, ¢))||R"(7'1) S
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T1
S 1 Hx(Tl - Oa n, (rb) - y(Tl - 07 n, ¢)||R"(U) S 56LT1 + / eL(Tlis)p(S)d‘S'
0
Toni must Beix t € [11, T2) MaeMo:

||I(t7na ¢) - y(tan7¢)”R"("’1) <
T1 t
< M(SeLTleL(t—ﬁ) —|—/.L6L(t_ﬁ)/ BL(Tl_S)p(S)dS-i-/ eL(t—s)p(s)ds <
0 T

1

T1 t
< A(t)delt + A(t)el =) (/ e =3 p(s)ds Jr/ eL(tS)p(s)ds) =
0

T1

t
= A(t)delt 4 A(t)el =) / et p(s)ds.
0
Orxe, 115t t = To OTPUMAEMO

(72, n, 8) — y(72,1, )| grira) =
= H(b(Tan(TQ - 07"'L, ¢)) - ¢(7-27y(7-2 - O,TL, ¢))||R"(7'2) S
< 1% ||.’£(’7'2 - Ovna d)) - y(TQ - 07”7 ¢)|

T2
< pA(m)oe" ™ ‘Hi)\(ﬁ)eL(Tz_n)/ M) p(s)ds <
0

Rn(7T1) S

T2
< A(mp)dek™ + /\(Tg)eL(”*Tl) / eL(”*S)p(s)ds.
0
Toni must BCix t € [12, T3) MaeMo:

||I(t, n, ¢) - y(ta n, ¢) ||R"("'2) <
t

T2
S A(t)(seL'rgeL(t—Tz) + A(t)eL(t—Tg)eL(Tg—Tl)/ eL(Tg—s)p(s)dS +/ eL(t—s)p(s)ds S

0 T2

t
= A(t)delt + (t)eF ) / et p(s)ds.
0
JaJti, BUKOPUCTOBYIOYN METOJT MATEMaTUIHOI 1HIYKIII, OJE€P2KUMO, IO I BCIX

te[0,T):

t
(1, 6) = y(t, 1, )l oty < A(E)0e™ + A(15)6(75)/O M= p(s)ds.

Teopemy moBeneHo.

BayBaxkeuns 5. Sxwo na npomivicky [0,T] cucmema (11) mae nocmitiny pos-
Mmipricmo, mo A(t) = e(t) = 1 i makum wunom ompumaemo ouyinky 3 meopemu O.D.
Dininnosa 0as 36UMAGTHUT JUPEPEHUIAGNDHUL BKAOUEHD.

BuCHOBKM. B crarTi BBeieHO qudpepeHItiagbie BKAIOYEHHS 31 3MIHHOIO PO3Mip-
HICTIO, sIKe y3arajbHIOE CHCTEMY 31 3MIHHOIO PO3MIPHICTIO nudepeHIiaJbHIX BKJIIIO-
qenb (7),(8) Ta 3Buvaiine nudepennianbue BrIoUeHHs. JaHo o3HaYeHHSA PO3B’A3KY
Ta HaBEJEHO TX OCHOBHI BJIACTHBOCTI: YMOBHU ICHYBAHHSI PO3B’sI3KYy, KOMITAKTHICTH Ta
OIIYKJIICTh IIepepi3y MHOKMHU PO3B’sI3KiB, a TAKOXK j0BejeHo aHajor Teopemu O. .
®@inimnmosa.
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Haommuuxos A. A.
OBOBIIEHUE TEOPEMBI A. ©. OUINIIIIOBA

Pesrome

B crarne BBeseHO TOHATHE MU DHEPEHITNATHLHOTO BKIIOUEHNS C IEPEMEHHON Pa3MEPHOCTHIO,
KOTOpoe 00001aeT obbraHoe jtudpepeHImaibHoe BKIIOYEHNEe U CUCTEMY C ITEPEMEHHON pa3-
MEPHOCTBIO TudpepeHnaIbHbBIX BKJIIOYEHU 1 000CHOBaHA BO3MOXKHOCTH MX HCIIOJIb30Ba-
HUSI IPU UCCJIEIOBAHUU CUCTEM YIIPABJIEHUs C TIEPEMEHHOM pa3sMepHOCThHI0. CHCTEMBI yIIpaB-
JIEHUsI C TIEPEMEHHOM Pa3MEPHOCTBIO 9TO CUCTEMBbI yIIPABJIEHUsI HECKOJIbLKUMU OObEKTAMU C
MOCJIEIOBATETLHBIM BO BPDEMEHU PEXKUMOM UX PAbOThI. VICXOMHOE COCTOSIHAE KAXKIOTO CJIETy-
FOIIEero 06bEKTA 3aBUCAT OT KOHEYHOTO COCTOSTHHS TIPEJIBIIYIIETO O0bEKTa, YTO O0beIMHSIET
WX B €IMHYIO CUCTEMY I[IEPEMEHHOro pasmepHocTH. lIpemmosnaraercs, 9To KaxKIblii OObEKT
OIUCBHIBAETCSI CUCTEMOI OOBIKHOBEHHBIX JTudpepeHna bHbIX YPABHEHNUN Ha WHTEPBAJE €ro
neticteust. [lpu 3TOM [AIMHBI HHTEPBAJIOB 33 laHHbIE WU Heu3BeCTHHI. CHUCTEMBI ypaBHEHUIA
MOI'YT MMeTh HEOJUHAKOBYIO PA3MEDPHOCTh, MOT'YT TAKXKE MEHATHCS PA3MEPHOCTD yIIPABJISIO-
et pyHKIMY ¥ OrpaHNYeHNs] Ha ee 3HaYeHne. B pabore JaHO olpejie/ieHre pa3Bsa3Ky TAKOTO
g HEPEeHITNATBLHOTO BKIIIOUYEHNSI U TPUBEIEHBI X OCHOBHBIE CBOMCTBA: YCJIOBHS CYIIECTBO-
BaHUs PEIIeHUs, KOMIAKTHOCTD U BBIILYKJIOCTh CEYEHMsI MHOYKECTBA PEIleHuil, a TakKe cop-
MYJIUPOBAHBI U JIOKa3aHO aHajor Teopembl A. @. Ouiunmnosa.

Karoueswie crosa: dugpdepenyuarvroe 8xaronenue, cCYyuecmsosanue, PeweHue, nepemerHas,
DPABMEPHOCTND, YNPABAEHUE .

Plotnikov A. A.
(GENERALIZATION OF FILIPPOV’S THEOREM

Summary

The article introduces the concept of differential inclusion with variable dimension, that
generalizes the ordinary differential inclusion and system with variable dimension of differ-
ential inclusions, and the possibility of its use in the study of variable-dimensional control
systems is substantiated. Variable dimensional control systems are the systems for managing
of multiple objects with a consistent mode of operation. The initial state of each next object
depends on the final state of the previous object, that unites them into a single system of
variable dimension. It is assumed that each object is described by a system of ordinary
differential equations on the interval of its action. At the same time, intervals are given
or unknown. Equation systems may have different dimensions, and the dimension of the
control function and the limit on its value may also change. In the paper, the definition
of the solution of such differential inclusion and its main properties (the conditions for the
existence of the solution, the compactness and convexity of the section of the set of solutions)
are given, and also an analogue of Filippov’s theorem is proved.

Key words: differential inclusion, existence, solution, variable dimension, control.
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P. B. Illauuu
Opnecckuit marmonaabublil yauBepcurer umenu 1. 1. Meunukosa

OBPATHOE HEPABEHCTBO T'EJIBJIEPA

Iyctes r # 0 u E u3smepumoe MHOXKecTBO, |E| > 0. Jna #eorpunarenbHoil dbyHKIuM
f € L"(E) cpesaum nopsiika r Hasbisaercs seansa M. (f, E) == (|E|™" [, f"(2) dx)*/".
B pabore msyuaercs knacc RH] o1 (Ro) dyHkumit f, yaoBieTBopsionmx oGpaTHOMY Hepa-
serctsy Lenbiiepa, (f) = supgc g, [Ma(f, R) — M(f, R)] < +co. Tomy4ena onenka ckopocTn
yObIBaHUS PABHOU3MEPUMBIX MEPECTAHOBOK (DYHKIUI M3 9TOr0 KJIACCa U MOCTPOEH MPUMED,
[IOKa3bIBAIOIINIA, U9TO MOJIyYEeHHAs OIEHKA ACUMITOTUYIECKH TOYHAsl. DTOT PE3yJIbTAT siBJIsi-
eTCsl aHAJIOIOM XOpOIIo u3BecTHOI TeopeMmbl [Ixkona—Hwupenbepra o npocrpancrsax BMO.
Tak>Ke IOJLyYeHbl OLEHKN PABHOM3MEPUMBIX IepecTaHoBOK dyHKmii 13 RH] 5 1 ¢ 3ajaHHOl
CKOPOCTH yOBIBAHUSI K HYJIIO PA3HOCTH CPEJHIX.

MSC: 42B35, 46E30.

Karoueswie crosa: obpammoe nepasencmeo Ieavdepa, pagHousmepmas nepecmanoska Gymk-
YUU.

DOI: 10.18524/2519-206x.2019.1(33).175545.

BBEAEHUE. [lycts £ C R? — mpomssosbHoe naMepnvoe MEOKecTBO, 0 < |E| <
+00, u mycThb r # 0. HamoMuuM, 9To 1J19 HEOTPULIATEILHON MyHKIMA f 9HCIIO

M,(f,E) := (|£17]|_/Efr($)dx>1/r

Ha3bIBAETCS CPETHUM 7-0r0 mopsinka ¢yskmun f Ha muoxkectse E. Ecau r = 1, To
uHJIEKC OysemM ormyckarhb. COOTHOIIEHNE MEXKJIy CTEIeHHBIMU CPETHUMEI

M, (f,E) < M(f,E),

e r < 8, rs # 0, ABISETCA MPOCTHIM CJIEJACTBAEM HEPAaBEHCTBa lesbiepa m cmpa-
BEJIMBO Jjis Beex (byHKumit. O6paTHble K HEMY, B TOM WJIA WHOM CMBICJIE, COOTHO-
IIIeHUsI BOSHUKAIOT B PA3HBIX pasjiesiaX aHajau3a. Tak, IpU MCCIIe0BAHUN BECOBBIX
IPOCTPAHCTB, KAK MPABU/IO, BO3HUKAIOT TaK HA3LIBAEMBIE KJIACCH BECOBBIX (DYHKIIUIT
Maxkenxaynra [4], a B Teopun KBasMKOH(MOPMHBIX 0TOOpakeHWii — kjacchl [epus-
ra [1].

Iycrs 3acduxcuposan cerment Ry = [ay,bi;...;aq,b5) C RY. Chemys o6osna-
qennsaM paboTwr [5], maa r < s, rs # 0, obosmaunm wepes RH, , (Ro) Kmacc Beex
dyuxmmit f € (L* N L")(Ry), yaoBaeTBopsomux o0paTHOMy HepaseHCTBY Lesbiepa

(f) = (f)rm;

1 (Ry) = sup signk - [ME(f, R) — M (f, R)] < +o0,

e RCRy

rIe BepxHss I'paHb Oepercs mo Bcem cermentaM R C Ry, a B ciaydae k < 0 mo Ta-
KUM cermentam, Jtst Koropbix M. (f, R) # 0. Knacc RH] 5 5 coBUaaer ¢ mojMHOze-
CTBOM HEOTPHUIIATEIbHBIX (PYHKIUN u3 npocrpancrBa BMO dyHKIMiI ¢ orpaHuyeH-
HBIM CPeJIHMM KojiebaHmeM BIIepBbIe BBeJIEHHBIX B padore [3]. B paborax [5,6] 6bum

Honywena 10.06.2019 (© lanuu P. B., 2019
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[TOJIy9€Hbl OIEHKU PAaBHOM3MEDPUMBIX II€PECTAHOBOK (DYHKIINI U3 KJIACCOB RHLS,,C.
Iloo6HOTO CcOpTa OIEHKM UTPAIOT BAaXKHYIO POJIb MPU U3YUEHUH PA3IUIHBIX (DYyHK-
[IHOHAJIBHBIX IIPOCTPAHCTB. B wacTHOCTH, B 9T0#1 paboTe MbI HOJydaeM OCHOBHOI pe-
3yJabTaT 6J1aro/Iaps MOJIyIeHHBIM PpaHee OIEHKaM IePeCTaHOBOK.

B nannoit pabore 1mosydeHa OIEHKa CKOPOCTH YOBIBAHUSI PABHOM3MEPHMBIX I1€pe-
cranoBoK dynkmmit 11 Kinacca RHY 5 1 (crejicTsue 2) n u3yHdenbt cBoicTBa yHKIHiL,
Pa3HOCTH CPEIHUX KOTOPBIX IpHU cTpemjeHnr K () Mep CerMEHTOB yOBIBAIOT U3 33 aH-

HOIT CKOpOCTBIO (Teopema 2 u cyresicTBre 1).

OCHOBHBIE PE3VJIBTATHI
1. Onpenesnenusi U BCIIOMoOraresbHble pe3ynabTarbl. lna Gynxuum [ €
L?(Ry) oboznatmm
1/2

vi(t) == |?%1|15t(M2(f’ R)—M(f,R))"",

rje BepxHsisd rpaHb Gepercd 1o BeceMm cermentaM R C Ry ¢ mepoii |R| < t.
ITycrs r # 0. Jus dyukmuu ¢ € L ([, f]) obosnaunm M,@(t) := M, (e, [a,t]),
re t € (o, B] u qa bynxmun ¢ € L? ([, §]) obosznaumm
_ 1/2
Vy(t) = sup (Maf(r) —Mf(1)) ",

TE[a,t]

te (a,f).

Jlerko BujeThb, uTo (PYyHKIMU ¥ U U He yOBIBAIOT M, €CJIM I OrpaHudeHa, To (pyHK-
s f € RHj 51 (Ro).

HanoMHnM onpejiesieHne paBHOU3MEPUMON [IepeCcTaHOBKN (DYHKIMH (CM., HATIPH-
Mep, [2, ¢. 276]). PaBHOM3MepHMOIl HEBO3PACTAIONIEN HENPEPHIBHOI ClIpaBa repecTa-
HOBKO# (pyHKIUE f, H3MEpUMOil Ha orpanmdennoM Muoxkectse F C R? maspiBaercs

ff@):=sup{ly >0: {x € E: |f(z)| >y} >t}, 0<t<]|E|

Crenyromast jeMma— 910 1epedOpMy/INpOBaHHAsl B YaCTHOM ClIydae JeMMma 8
u3 [6].

Jlemma 1. [6] IIyemwv ceemenm Ry C RY, dynxyua f € L*(Ro). Toeda dan
mobozo unmepsana J = (0,9) C (0,|Rp|) natidemca marold nabop Ou3sIOHKMUSHDLT

ceemenmos Ry, C Ry, n > 1, wmo |R,| <6 uw M(f, Ry,) = M(f*,J) dasn scexn >1 u

M(f*,J) < sup Ma(f, Rn).

n>1
W3 3T0it IeMMBI BBITEKAET CJICAYIONIas TeopeMa.
Teopema 1. ITycmw ceemenm Ro C RY, gynnyus f € L*(Ry). Toeda
pp(t) < vplt), £ (0,|Ro]

HokasaresnberBo. JocTarouno pacemorpers ciaydait v(f,t) < oo. Saduxcupy-
eMm npomsBosibHOe T, 0 < 7 < t. Torga, mo semme 1, mus uarepsana J = (0,7) C
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(0,|Ro|) Haitmercs Takoit HAOOP JUIBIOHKTUBHBIX cerMeHTOB R, C Ry, 4ro |R,| < T

ua M(f,R,)=M(f*,J) qnst Bcex n > 1 u

Maf*(t) = Mf*(7) = Ma(f*, J) = M(f, J)

Orcroa ciiesryer, 94To

v (t) = Sel[lt})t](M2f*(T) = Mf*(r)) < V(1)

TeopeMa JIOKa3aHa.

Ciresyrormas IeMMa MO3BOJISET OIEHUBATH CKOPOCTh n3MeHeHusi M o(t) /it HeBO3-
pacrarormeit pyuxknuu. Ha nmpumenennn 31oi JeMMbI 6a3upyeTcst J0Ka3aTeaIbCTBO OC-
HOBHOT'O PE€3yJIbTaTa 3TOH PabOTHI.

JIemma 2. ITycmov nesospacmarowan dynryus ¢ € L([0,5]) u nyemo a > 1.
Toz0a

a 1/2
0 < Mop(t/a) — Mip(t) < 5 (MZp(t) — M2e(t))"*.
HoxkasaresnscrBo. 3adukcupyem ¢ € (0, f] u obosHaunm
a; = max{z € [0, 5]: p(x) > Mp(t)}.
Tor/a, IpuMensist HepaBeHCTBO Leibiepa, Moy InM
1 t/a a at
Mo(t/a) = M(t) = %/0 (o(x) = Mep(t)) do < ;/0 (p(z) = Mp(t)) da
a 1 [*
=22 [ ot~ Mg (1) da
0
a1 [t 2oy /
1/2
<5 (7 [ -trowras) = §08e0 - 2re0)".

Jlemma, nokaszaHa.

2. OcHOBHOIi pe3yJbTaT.

Teopema 2. ITycmv Heompuyamesvhas, HEGO3PACTAIOULAA PYHKUUA © 3a0aHa
na ompesxe [0, 5]. Tozda, ecau U,(5) < 00, mo

MPo(t) = M'Y2p(B) < V3

B o (r
_m/t #dﬂ te(0,5/2] (1)

MY2p(t) — MY2p(8) < 5,(8), te (8/2,0) (2)
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Hokazarenscrso. Iycrs MY/2p(t) < 0,(t) mia mexoroporo t € (0,43]. Ecm
t € (0,4/2], ro, yaursiBas, uro dbyHKuUs U, (t) He yObIBaET, MOILyIaeM

M Po(t) = MY2p(8) < MY2p(t) < by (t)

V3, 0 Pdr _ VB [P ()

< Y= ~ =
= 2" . T  In2 [,

dr.

CuenroBarennno, nepaseacrso (1) Bomonneno. Ecom t € (/2 8], To
M 2(t) = MY2p(8) < M'2(t) < 7p(t) < 7(8)
1 HEPABEHCTBO (2) BBIIOJHEHO.
ycrs MY 2p(t) > 0,(t). Otcrona ciexyer, 4To

(Magp(t) + Mp(t))"? = (Map(t) — Mo (t) + 2M ()

< (P2(1) + 2M (1) /* < VBM2p(1).

IIpumensis temmy 2, oydaeM
_ Mp(t/2) - Me(t) (MZo(t) — M2(1))"?
MIRA1/2) = M) = S s oy + 20 a0 S M2 o(e/2) + M)
(Map(t) — Mo()? (Map(t) + Mo(1))
M172(t/2) + M724(1)
(aplt) + M) VB,
= MPp(t]2) + MPg(t) ¢ = 2

(t)-

Eciu t € (6/2, 8], To, yaursisas, uro M'/2¢(t) ne Bospactaer, moyqaenm
M Pop(t) — MYPp(8) < MY2p(8/2) — M ?p(B) < 7,(B).

Taxkum o6pasom, HepaBeHCTBO (2) BhimosHeHo. Ilyers t € (0, 8/2]. Torna cymectsyer
taxkoe HaTypasibHoe k, uro 327F"1 < t < p27F. CrenoBarenbHo, yauThIBas, UTO
M(t) He BO3pacTaeT, Mbl UMeeM

)2 £
. 1£ B o, (r) ir < 1\/3/5 ve(T) o

TeopeMa JIOKa3aHa.
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Caeacrsue 1. ITycmo ceemenm Ry C RY u nyemv dynxyus f € L2(Ro). Toeda

< V3 [P us(r)

MU ) = M) < oo =

dr, te(0,|Rol/2]. (3)

JlokazaTesbCcTBO. YTBEpXKJICHUE ITOTO CJIEJCTBUS CJIEyeT w3 TeopeM 1 um 2,
ecau B TeopeMe 2 TOJIOKATE ¢ = f*.

Cnencrsue 2. ITycmw ceamenm Ry C RY u nyemo dynwyusa f € RH1 21(Ro).

Tozda /3
MR - MV B) < X2y

U Ima oueHra ABAAETCHA mouHoU Nno nopﬂd%:y.

t € (0,|Rol/2] (4)

HokasaresnbcTBo. HepaseHCTBO (4) JIEMKO TI0JIy9aeTcsl, eCIM IPUMEHUTh Hepa-

BencTBo vi(t) < (f) k (3). Ocramocs MOKa3aTh, UTO MOTyHYeHHAs CKOPOCTD In g SIB-

nsiercs Tounoit. [l storo moxaxkem, uro bynkmus f(t) = In* 1 € RH; 5,1(]0,1]).

t
Nwmeem,

Lo N\t
sup (Maf(t) — M f(t)) = sup (/ In* = dx) - 7/ In? = dz | =
0<t<1 o<t<1 \ \ ' Jo x t Jo x

1 1 1 1 1 1
= sup (\/In4t+4ln3t+12ln2t+24lnt+24 (ln2t+21nt+2>> =

0<t<1
4In*% +161n 1 + 20
0<t=L /it L4l 1202 L 4 240 ]+ 244 (02 1+ 2 ) 4 2)

< +o00.

CremcTBre JT0Ka3aHO.

3AKJIFOUEHUE. B pabore mojydeHa OIeHKa CKOPOCTU yOBIBAHWS PABHOU3MeE-
PUMBIX IEPECTaHoBOK (pyHKImil 3 Kiacca RH{ 1 M MOCTPOEH NpUMeEp, MOKAa3biBa-
FOIUIA, YTO MTOJIy9IeHHAS OIEHKA ACUMIITOTUICCKH TOYHAA. DTOT PE3YJIbTAT SIBJISETCS
AHAJIOTOM XOPOITO m3BecTHON Teopembl /2xorna—Hupenbepra o mpocrpancrteax BMO.
Tax>Kke oIy IeHbI OIEHKN PABHOU3MEPUMBIX IIEPECTAHOBOK dyHKIn n3 RH {,2)1, paz-
HOCTH CPEJIHUX KOTOPBIX IpH cTpemieHnd K 0 Mep cerMeHTOB yObIBAIOT U3 38 JaHHON
CKOPOCTBIO.
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OBEPHEHA HEPIBHIBHICTb FE.HI),ZLEPA

Pesrome

Hexait 7 # 0 i E Bumipra mMuoxuna, |E| > 0. Ona vesin’emuol dyukuii f € L™(E) cepe-
JHIM iHTerpabHuM TOpSAKY T HasuBaeThea Beqmumna M,.(f, E) = (|E|™" I () dz)'/".
B pob6ori BuBuaersest kiaac RHj 51 (Ro) dyHKOiH f, M0 3a00BOJBHSIIOTE 0GEpHEHY Hepis-
nicrs Tenbnepa, (f) = supgcp, [M2(f, R) — M(f, R)] < +o00. Orpumana orinka mBuiIKoCTi
CIIaIaHHSI DIBHOBUMIPDHHX [I€PECTAHOBOK (DYHKILH 13 1[bOro KJjaci i moby1o0BaHO MPUKJIIAJ, IO
JEMOHCTDPYE, IO OTPUMAaHa OIlIHKA € ACHMITOTHYHO TOYHOW. lleit pesysbrar € amasorom
nobpe Bigomol Teopemu JIxona—HipenGepra B npocropi BMO. Takox B po6ori orpumani
OIIHKY PIBHOBUMIPHHUX TEPECTAHOBOK pyHKINM i3 RH {7271 3 33/IAHOIO IIBUJIKICTDH CIIaIAHHS
JI0 HyJIsl PI3HHII CEPEeJIHIX IHTerpaJIbHUX.

Karouosi crosa: obeprena nepienicmod eavdepa, pieHOBUMIPHA NEPECMAHO8KA PYHKUTE.

Shanin R. V.
REVERSE HOLDER INEQUALITY

Summary

Let r # 0 and let E be a measurable set with |E| > 0. For a non-negative function f € L"(E)
the mean of the order r is defined by the equality M., (f, E) := (|E|~" [, f"(x) dz)Y/". In the
paper we study the class RH 5 1 (Ro) of functions [ satisfying the reverse Holder inequality
(f) = supgcg,[M2(f, R) — M(f,R)] < +oo. We obtain a estimate of decrease rate of
equimeasurable rearrangements of functions of this class and we give an example which show
that the estimate is asymptotically exact. This result is analogous to well-known theorem of
F. John and L. Nirenberg in the space of BMO. Also we obtain estimates of equimeasurable
rearrangements of functions of RH] , ; with given decreasing rate to 0 of difference of means.
Key words: reverse Holder inequality, equimeasurable rearrangement.
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ITPO IIIABUITTEHHS ITOPAAKY MAJIN3HU IMIBUAKWX
3MIHHUX B JITHINHUX JUP®EPEHIIAJIbBHIX CUCTEMAX

HoBeneHo TeopemMy HpO MiABUINEHHS MOPSAKY MAJW3HHU IIBUAJIKUX 3MIHHIX B JIHIWHUX CH-
cremMax audepeniaTbHuX PIBHIHbD.

MSC: 34A80, 34C25.

Karonuosi crosa:  ainitini dudepenyianvti cucmemu, ATHiHT NEPEMEOPEeHHA.

DOI: 10.18524,/2519-2062.2019.1(33).175546.

BcoeTvyi. Ognoro 3 Baxk/mBuX 1npobjieM Teopil 3BudailHux JudepeHIiajbHuX PiB-
HsIHb € IIPO0JIeMa 3BeeHHS CUCTEMU, IO JOCIIXKYEThCs, 0 OLIBII IPOCTOrO BUIJIsI-
ay. ¥ BUnaAKy JiHIHOI cucremu audepeHIialbHIX PIBHSHB 16 MOXKe OyTHu 3ajada
3BEJIEHHS JAHOI CUCTEMHU J0 CUCTeMHU 31 crajsmmu Koedirienramu (pobiema 3BigHO-
cTi), abo JI0 cuCTeMU 3 TPUKYTHOIO, 30KPeMa, JlarOHaAJbHOI0 MaTpHIeio KoedilieHTis,
JKOPJIAaHOBOIO MaTpuiieto Koedinienris toio. OcobuBuii iHTEpEC SIBJIAIOTH CHCTEMU
3 nepiogumuanmu Koedinienramu [1,2]. Axkmo B KoedinienTax TaKoi cucTEMU KOJUBHI
JOJIAHKYU B TIEBHOMY CEHCi MaJli TOPIBHAHO 3 HEKOJMBHUMU, TO IPUPOTHO POSTJITHYTU
3ajia4y [pU IIBUIIEHHS MAJMU3HU KOJUBHUX nofaHkiB [3]. B maumiit npani ng 3agaua
POBIISIAAETHCS s JHIAHOT OHOPIAHOT crucTeMn AudepeHIiaIbHuX PiBHAHD, Koedi-
mienTu sikoi Matorh Burssy f(t,0)u(f), ne f(t,0) — 2m-nepionuuna 1o 6 i B neBHoMy
posyMiHHI NOBLIBHO 3MiHHA BifgHOCHO t, a p(f) — HemepepsHa Masa HYHKIsT 3MIHHOT

6.

ITo3HAYEHH4. Hexait
G = {t,e:t€ [ty,+0),e € (0,&0),60 € RT}.

Osnauennsi. Ckaxemo, mo dbyskiis f(t,¢) mamexurs 10 xiaacy S(m), m €
NuU {0}, stxmo:

1) f:G—=C,
2) f(t,e) € C™(G) 3a t,
3) d¥f(t,e)/dth = e fi(t,e) (0 < k < m),

dof m
1 fllsm) = ngp | fr(t,€)] < +o0.
k=0

ITiy mosinbHO 3MiHHOIO dyHKIIE podymiemo yHKI0O 3 Kaacy S(m).

OCHOBHI PE3VJIBTATHU
1. ITocranoBka 3anmaui. Posrnsgmaerncs mactymma cucrema audeperiaabHux
PiBHSHB:

% = (Ao(ta 5) + ZAs(t757 9(1575))(/1(9(1575)))s> T, (1)

s=1

Haditiwna 16.04.2019 © Shchogolev S. A., 2019
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x = colon(Xy, ..., Xyn), Ao(t,€) — (N x N)-MaTpuiis, eJJeMEHTH sIKOI HAJIEKATH JI0 KJIACy
S(m). Oyukuis §(t, ) Mae BUIIAT:

Ot c) = / o(r,e)dr, @)

p € R, p(t,e) € S(m), iréf ©(t,e) = g > 0. Enementn matpunp A, (t, €, §) Hasmexarhb

1o kiacy S(m) BimHOCHO ¢, &, HemepepBHi Ta 27-mepioanydi 3a 6 € [0, +00). OyHKIis
1(0) HenepepeHa Ha [0, +00).

ITpu mamiit dysxuii 1(0) cucrema (1) GiMsbKa IO CHCTEME 3 MOBLUIBHO 3MIHHUME
KoedirmienTamu:

d.%‘()

dt
Homanku, mo 3amexkars Big 0, B cucremi (1) marors nopsiziok O(p). Buuaerbest 3a-
Jlaua npo 3BejieHHs cucTeMu (1) 710 TAKOro BUIVISLY, J€ JIOJaHKH, 10 3aJeKaTh B 0,
MaioTh mopsiok abo O(u" 1) a6o O(g). SIkmo mapaMerp € JOCTATHLO MaJIHii, TO Tie-
perBoOpeHa cucrema Oye OJIMKIOI0 10 CHCTEMU 3 TOBLILHO 3MIHHNME KoedirieHTamu,
Hik cucrema (1).

Y poborax [4,5] anasoriuHa 33189 POIIIISIAAIACS JJIsl BUIAJKY EPIOIUIHIX 3a t
(Tobro O(t) = t) marpunp A, cranoi marpuii Ag ta GyHKIIT (t) eKCHOHEHIaIBLHOTO
abo CTEIEeHEeBOro THILY.

V Bunajxy, ko eaeMentu Marpuilb Ag(t, €, 0) 300pazkyBani abCcoaIOTHO Ta piB-
HoMipHO 36ikHUME psiaamu Pyp’e BUTTIAIY

= Ao(t,€)l‘0. (3)

S fult,e) exp(ind(t,e), (4)

n=—oo

ne fn(t,e) € S(m), a u(f) = p* = const, BiANOBiTHA 33194 POSIIISLIATIACT ABTOPOM
y pobGorax [6,7]. ¥V mpomy Bumajky 0y/10 MOKAa3aHO, IO €JEMEHTH HEePETBOPIOIOYOL
MaTPUI TAKOXK 300paxkyBaHi y Burigm pais (4).

VY naniit pobori dbyukuia p(f) € 70BUIbHOIO HelepepBHOIO (DYHKIE.

2. OcHOBHUIT pe3yJabTaT.

Teopema. Hezxati cucmema (1) 3a00604vHAE HACTNYNHE YMOBU:

1) eaachi snavenns \;j(t,€) (j =1, N) mampuyi Ao(t, ) maxi, wo

)\j(t,E) - )\k(t,{f) = injk(p(tvg)a Uz S Za

de ynruiro p(t,e) susnaueno ymosor (2);
2) icnye mampuus L(t, €), eaemenmu axoi nasesrcams do kaacy S(m), maxa, wo
iIGlf |det L(t,e)| > 0, u

L7Y(t,e)Ao(t,e)L(t,e) = A(t,e) = diag[\i(t,€), ..., \n(t, €)];

3) Pynxyia pn(6) maxa, wo
+oo
w(@) eR, sup u(d) < po <+ oo, / pF(0)dh < po < + oo (k=Tur).

[0,4-00) 0
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Todi dan docmammuvo MAAUT 3HAMEHD [Ly ICHYE NEPEMBOPENHA BU2AAY
z =0t ,0(t¢))y, ()

de eaemernmu mampuui D(t,e,0(t,€)) obmesrceni na G X [tg, +00), wo npusodumov
cucmemy (1) do suensndy:

dy _

o (A(t,e) +eV(t,e,0) + W(te,0))y, (6)

de enemermu mampuus V (t,€,0) ma W (t,e,0) obmeorceni npu G X [tg, +00), Ipraomy
enementu marputi W (t, e, 6) MaioTh OpsI0K ,uSH.
Hosenenns. 3ificaupnm B cucreMi (1) mijcraHoBKy

x = L(t,e)zW, (7)

ne V) — Hosuit HeBigomuit N -BUMIpHHI BEKTOD, 3BeJieMo cucreMy (1) 110 BATIIsiLy:

d;flil) _ (A(t, e)+eH(te) + ; Bs(t, e, 9)(#(9))8) 2, (8)

Je
dL(t,¢e)
dt

Enementn marpuni H (t,e) Hamzexars 10 kiaacy S(m — 1).
ITeperBopenHsi, sike puBOAUTEL cucremy (8) mo Burasy (6), GyaeMo mykaTu y

BUTVISIT:
dx@® r
=\|F s(t, e, 0 , 1
- (£+ 3 0wen)y (w0)

s+1

, By(t,e,0) = L7 (t,e)As(t,e,0)L(t,€). 9)

H(t,e) = —%L‘l(t,e)

ne marputi Qs(t,e,6) (s =1,7) BU3HAYAIOTHCS 3 HACTYIIHOTO JIAHITIOKKA, JubepeHIli-
AJTbHUX PIBHSHD:

(102 = A1,2)Q1 ~ QAL + Bult e, 0(0), 1)
@(tv 6)% = A(t7 5)@2 _QZA(tv 6) +BQ (tr €, 9)(”(9))2 +B1 (ta & H)Qltv & 9)”(9)7 (12)
06020 _ N(4,0)Q, — QAL 2) + Bt 2, 6) (u(6)) +
£ Bult e, 0)@s (2, 0) (u(6))°. (13)
s=1

Marpuni V(t,e,0), W(t,e,0) BusnadauMo 3 piBHSAHD:

<E+ZQS(t,E,9)> V = H(t,e) <E+ZQ5(75,5,9)> - %ZW, (14)

s=1
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(E +) Qulte, 9)) W =" Bi(t,e,0)Qrj_s(t, e, 0)(u(0)*.  (15)

Jj=1s=j

IEFJIHHGMO piBusiHEs (11). Hexait Qg = (qﬁ))j’k:L—N, B, = (bﬁ))j,k:ﬁ?
s =1,r. Toui 3 ypaxyBanusm ymoBu 1) reopemu, piBusung (11) ekBiBajeHTHO CyKy-
ITHOCTI CKaJIIPHUX PIBHAHD:

) 1 o
= injrqly) + o) w0 (¢,,0), j,k=T1,N. (16)

Jst KoxKHOTO 3 piBHAHB (16) PO3IJIsiHEMO TaKuil HOro po3B’si30K:

6
443 (t,e,6) = e’ / B (e D)e ™0 a, (juk =T,N).  (17)
0

3 Toro, mo esementn Marpunp Ag(t, €,0) B cucremi (1) Hasexkarsb 10 Kiaacy S(m)
BiTHOCHO ¢, €, 1 HenepepBHi Ta 27-nepioauyi 3a 6§ € [0, +00), 13 piBnocti (9) Buusae,
110 aHAJIOrIYHI BJIACTHBOCTI MAIOTH 1 ejeMenTu Marpuilb By(t, €, 0), orke

sup |b§}€)(t,s,0)| = cﬁ) < 400, j,k=1,N.
G x[0,+00)

3 (17) Ta ymoBH 3) TEOpEMH TOJI MAEMO:

1
sup ‘qk (t,e, 9)’<—p0 c]k, j,k=1,N. (18)
G x[0,+00 ®o

Tenep posrusinemo pisHsiHHs (12), 1 BisbMeMO Takuil HOro po3B’si30K:
@ (t,2,0) =
4\, €
N

0
- ginkd / ( 9)263) (t,e,0) + (19)Zbg})(t,g,ﬂ)ql(;)(t,g,ﬁ)) el dy,
0

=1

jk=T1,N.

MaeMo, aHAJIOTIYHO MOIEPETHBOMY:

sup ‘b ta,&)’—c(2)<—|—oo j,k=1,N.

Gx|0,
Toi
(2 ) 2 /‘0 1 (1) TN
sup  |q;y, (t,€,0) + ¢’y j,k=1,N
Gx[0+oo)| k | < 20 Cjk Z 1 Ck
T06TO qj(-i) obmexeni mpu ¢t € G x [0, +00).



1Ipo nidsuwerrs nopadky MAAUSHY . . . 63

I mapemti st q(Z)

i (L€, 0) BusnatmMo:

() _ b e
qjk(t,é‘,@)—me kY %
6 r—1
X / (ww»rsz (te0) + > ()Y b4 (te,9)qly <t,e,z9>> eminand gy,
0 s=1 =1
j,k=1,N.

Bei dynkmit q](f,?(t,s,G) (j,k = I,N, s = 1,r—1) obmexeni upu t € G X

[to, +00). Bei dynkmil bﬁ) (t,e,0) (j,k = 1,N, s = 1,7) Takox obMekeHi pu t €
G X [to, +00). Orzke, ymMmOBa 3) TE€OpEMH rapaHTy€ ICHYBaHHsI OOMEKEHNX PO3B’sI3KiB
q§2)(t,5,9) (4,k = 1, N), npuuomy 11i PO3B’A3KH MAIOTh TOPSJIOK ffy. A mpu Majmux
o Lsl 2K yMOBa IapaHTy€ HeBUPOIKeHicTh mepersopents (10). Marpuna V (¢, ¢,0)
OJIHO3HAYHO BHU3HAYAETbCA 3 piBHaHHs (14), a marpuus W (t, e,0) oxHo3nadno Bu-
3HAYAETbCS 3 piBHaAHHA (15), HpHYoMy, SIK HECKJIAJHO OaYUTH, HOPSJIOK eJeMEeHTIB
matpuni W (t, e, 0) He HIKUe, HIXK u6+1.
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ON INCREASING THE ORDER OF SMALLNESS OF FAST VARIABLES IN LINEAR DIFFERENTIAL
SYSTEMS

Summary
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TORSION PROBLEM FOR AN ELASTIC TWICE-TRUNCATED
CONE

The problem of an elastic twice-truncated cone wave field estimation is investigated in case
of steady state torsional oscillations. The G. Ya. Popov integral transform with regard to
an angular coordinate is applied. Thus reducing the original problem to one-dimensional
boundary value problem in the transform’s domain. The Green’s function is build for one-
dimensional boundary value problem. With it’s help the solution of one-dimensional problem
is constructed in an explicit form. The G. Ya. Popov inverse transformation helped to derive
the solution in original domain in form of an infinite sum. With it’s help dependence of the
eigenfrequencies from the cone’s geometric parameters is investigated. Stress field was found
with the use of asymptotic procedure. Comparison plots are build for different opening
angles.

MSC: 74G70, 74H99, 74J10.

Key words: twice-truncated cone, steady state torsional oscillations, G. Ya. Popov integral
transform, eigenfriquencies, wave field, Green’s function.
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INTRODUCTION. An important problem widely common in engineering practice is
to determine the dynamic stress state of a cone under the impact of a non-stationary
load. A particularly important point is the ability to calculate the eigenfrequen-
cies required to evaluate the dynamic stability of the constructions. It is possible
to do with help of the initial boundary value problems apparatus of mathematical
physics. The solving of the initial boundary value problems for cone-shaped elastic
bodies is not a new problem, however, there are many unresolved issues. In [1], the
three-dimensional Green’s function for a transverse-isotropic thermoelastic cone with
a stable heat source on the vertex is derived. In [2] the problem of equilibrium for
a semi-infinite transverse-isotropic three-dimensional elastic cone under the antisym-
metric force at its vertex, is considered. In [3], the solution of the problem for a
half-infinite elastic cone is constructed under the concentrated force applied at it’s
vertex at a certain distance from it. In [4] the problem of deriving the displacement
and the stress fields of a semi-infinite isotropic elastic cone under mixed boundary
conditions on the surface of the cone is considered. In [5] one found a solution in
quadratures for the linear problem of the dynamic theory of elasticity with respect
to the deformation of an infinite elastic homogeneous isotropic space caused by the
rotation of an absolutely rigid circular cone with an uneven lateral surface. In [6],
problems were solved on the stress-strain state of an elastic cone of variable thick-
ness in a three-dimensional formulation using both analytical methods and numerical
approaches. In [7] an axisymmetric problem of tensile of a cone under the action of
concentrated load is considered in view of large deformations. The exact solution of
the torsion problem of an elastic conically-layered cone is obtained in [8]. In [9] the

Received 31.03.2019 © Mysov K. D., 2019
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solution for semi-infinite elastic cone with help of Papkovycha-Neybera functions is
derived and analyzed stress distribution in the length of their attenuation. In [10]
a numerical method for constructing eigenfunctions for arbitrary conical bodies with
smooth and non-smooth lateral surfaces is considered. In [11] the method of distri-
bution of variables yields an effective solution of various boundary thermoelasticity
problems for a hollow endless cone. The dynamic problem of instability of a sur-
face of a finite circular anisotropic cone with an arbitrary aperture in the form of a
hexagonal single crystal is considered in [12]. In [13], a study was made of the stress
intensity factor near a spherical crack inside a semi-infinite cone under a compression
load applied to the vertex of a cone. The question of steady-state oscillations of an
elastic infinite cone under the action of a concentrated oscillating force added at the
vertex of a cone is solved in [14]. The problem of torsion of an elastic cone, weakened
by a spherical crack under the action of the shock moment, added to the vertex, is
considered in [15].

Problem statement for finite cones adds some complexity when studying the sim-
ilar problems. For example, in [16] the influence of wave propagation in an elastic
truncated cone is experimentally investigated. The problem of determining the non-
stationary wave field of an elastic truncated cone, taking into account its own weight,
is investigated in [17]. In [18] the stressed state of the inhomogeneous thin truncated
hollow cone is investigated. In [19] obtained an exact solution of the problem of tor-
sion of a truncated hollow cone. In [20] an exact solution of the torsion problem of
an elastic truncated layered cone is found in static formulation.

Much less often, similar problems are considered for a twice-truncated elastic
cones. This is explained by the mathematical difficulties caused by the geometry of
the problem. A thick-walled twice-truncated cone from two-dimensional, functionally
graded materials exposed to the combined load is considered at [21]. In [22] the stress
state of a twice-truncated cone resting on a rigid base of the lateral surface under a
uniform load applied at a larger base is investigated. An axisymmetric problem for
a twice-truncated anisotropic cone is solved in [23] with the help of the straight lines
method for three-dimensional elasticity equations. The general solution for axisym-
metric boundary value prob-lems for a twice-truncated cone is derived in [24]. More
complicated, an axially mixed problem for a twice-truncated hollow cone under its
own weight was con-sidered in [25]. Significantly less problems are confirmed with
an investigation of the dynamic field of conical bodies. An axisymmetric dynamic
problem for a twice truncated dynamic cone first was considered at [26], but a lot of
unresolved questions connected with eigenvalues investigation still remain.

MAIN RESULTS

1. Statement of the problem. The twice truncated elastic cone is considered
in the spherical coordinate system a < r <b,—¢ <0 <, -7 < p < 7.

The problem is stated in case of steady-state oscillations, thus for all mechanical
characteristic representation f(r,0,¢,t) = et f(r,0, ) take place, where w is the
steady state frequency, factor e’ will be omitted in next formulas.

The cone surface a < r < b,0 =), —7 < p < 7 is loaded

79w|9:1/) = F(r), (1)

where F(r) = 1/r? is given load.
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The upper spherical face of the cone r = b, —1) < 0 < ¢, —7 < ¢ < 7 is fixed

wl,—, =0, (2)

where w(r, 0) = uy (r,0) the only nonzero displacement in this problem statement.
The bottom spherical face of the cone r = a,—¢ < 0 < ¢,—71 < p < 7 is free
from stress

Tre |r=a =0. (3)

One need find the displacement to satisfy the boundary conditions (1)-(3) and
the torsion equation

(sin Ow*®) Yo 2. @)

2, I\
rrw) + - -
() sin 6 sin?6
where w® = W, w' = W, q = % is the wave number and ¢ = /€ is the

P
shear wave speed, p is density and G is the shear modulus.

Fig. 1. Geometry of the problem

2. Deriving the basis solutions of a one dimension boundary problem.
The integral G. Ya. Popov transform [27] is applied to problem (1)-(4)

»
wi(r) = /sin 0P, (cosf)w(r,6)dd (5)
0

with inverse transform formula

>, P (cos 0)wy(r)

w(r,0) = Z Vi

, (6)
= ||PL (cos )|’

where P, (cosf) ia associated Legendre’s function of the first kind, v, are the
roots of the transcendental equation

OP) (cosf)

— 1 —
50 ctgw P, (cosv) =0 (7)

=
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Thus, a one-dimensional boundary value problem is received in the transform’s
domain:

(rzw’k)/ — vk (v + 1) wi, — 2Pwp = —rF(r) siny P}, (cos 6)
wk|r:b =0 (8)
Tk”P‘r:a = <w;€ - r_lwk)‘r:a =0

It’s basis solution system {Woy (), U1x ()} [28] has next form

Woi (1) = () Wa, (ar,ab) A
Vi (r) = (2)* (=30~ Wa, (qa, qr) A" + W3, (ga,qr)) A" ©
Ay = —3a7'Wy, (qa,qb) + W3, (qa, gb)

where

Wi (z,y) = Ji (2) Y (y) — T (y) Y ()
W (2,) = 'k (2) Ve (y) — J () Vi (2)

where J, (z) and Y}, (z) are Bessel’s functions of the first and second kind respec-
tively.
The solution of boundary value problem (8) is constructed in form

(10)

b
wMﬂ=/R@M%m®%, (1)

where R(&) is a right part of differential equation in (8) and Gy, (r,§) is Green’s
function [28].
3. Green’s function deriving. Green’s function is constructed in next form

G (1.€) = ag (&) Yor (1) + a1 ()T (r),a < r < & (12)
7 bo (&) Wor (1) + b1 () W1k (r), € <7 <b

where a;(§), b;(€) i = 0,1 are unknown constants found from four defining prop-
erties of Green’s function.

ap(§) =0, b1 (§) =0
auoszwﬁ 13)
bo (6) = €55

§(&) = Wor (§) Yor (§) — Yok (§) 1k (£)

Thus, Green S funCllon beCOIne
v (5)‘111 ( ) a r 5
n 6(5) - < <

U1k (§)Yor(r)
3(8)

Gk (7", 5) = 572 (14)
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Considering basis solutions (9) one can obtain next form of green function

Fr (&)
q ,a <1< §
G (r,6) = A (15)
2&7‘ Fk(T§ £<7‘<b
where Ay is known from (9) and
3 _
Fi(§,r) = Wi, (g€, qb) X <—2a Wi, (qa, qr) + W3, (qa,qr)> (16)

4. The final calculation formulas construction. G. Ya. Popov inverse
integral transform is applied to (11). Thus, solution can be written in next form

P} (cos0) P}, (cos1) b 26
Z “ :

wy, (r,0) = smw §2G (r,€) dE, (17)
H . (cos0) H

where

_ L(g”) ,a<r<¢&
6= ntias o1 oy (18)

Next is shown asymptotic procedure which is used to find behavior of sum in (17).

Let fr(k) be the function for which Fy(x) it’s asymptotic form when k is big
enough. An infinite sum can be represented in form of two addends >~ fi (z) =
ZQLO fe (@) 4+ 3= N1 Jr (), where N is big enough. In second addend function can
be replaced with it’s asymptotic representation. Thus sum can be rewritten in next
form

9] 00 N
Y o fel@) =Y Fe(@)+ > (f (@) + fo (z) (19)

k=0 k=1 k=1

After applying this procedure to displacement one can differentiate them to receive
unknown stress.

5. Numeric results discussion. From the point of view of mechanical appli-
cations, one of the most important goals is to find the eigenfrequencies. The solving
of the transcendental equation is required

o[l ((2 %) () - (248). o

k=0

where

Wi (z,y) = Jer (2) Vi (y) — Ji () Yesa (2) . (21)
The following input parameters were selected for the calculation: N =5, G =
4551010 g/em/s?, p=8.92g/cm?, a = 10cm, b = 3a, ¢ = 2.26 - 10° cm/s.
For three different cone angles 1 = 15°,45°, 75° the first five eigenfrequencies are
shown in Table 1.
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G Qi
15° 1.534381498 | 3.287793796 | 5.213091256 | 7.179694419 | 9.160953572
45° 1.534381498 | 3.287793796 | 4.633579360 | 5.213091256 | 6.196233245
75° 1.534381498 | 3.204860521 | 3.287793796 | 4.578468556 | 4.589225785
Table 1. Eigenfrequencies dependence from cone’s opening angle
2w;l
Here Q; = — and [ =b—a.

T
In Table 2 one can see how changing the cone size influences the values of first
eigenfrequencies (1) = 45°).

b 1.5a 3a 10a

921

2a

1.202871561 | 1.321210018 | 1.534381498 | 2.139666391

Table 2. Eigenfrequencies dependence from cone’s linear size

In Fig. 2 one can see values 7, = w where 0 < 6§ < ¢ and wy = w (r, )
where a < r < b for the two cone angles ¢ = 45° and ¥ = 75°.
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0 r

Fig. 2. The values of stress and displacement for opening angles 45° and 75°.

CoNCLUSION. The explicit formulae for stress and displacement fields of an elastic
twice truncated cone under dynamic torsion are derived in this paper. The dependen-
cies of the eigenfrequencies on cones geometric parameters was stated. Comparison
of eigenfrequencies was made to the results in [26]. In case when load is applied on
the lateral surface, the first eigenfrequencies are lower than ones when load is applied
through an overlay to bottom face. The proposed approach can be used in case when
an elastic twice-truncated cone is weakened by a spherical crack.
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Mucos K. JI.
IIPOBJIEMA KPYYEHH$ EJIACTUYHOI'O JIBIYU-YCIYEHHOI'O KOHYCA

Pesrome

HocnimkeHo 3a1a4y BU3HAYEHHSI XBUJILOBOTO IOJIsT TIPYKHOTO JIBi4i-3pi3aHOro KOHycCa y BU-
MajIKy BCTAHOBJIEHUX KOJIMBAHL. 3aCTOCOBYEThCs iHTerpasibHe neperBopennst . f. Ilomosa,
BIJIHOCHO KyTOBOI KOOpJAUHATU. TaKUM YUHOM, BUXiHA 3a/1a49a 3BOJUTHCS IO OJIHOBUMipHOT
KpaitoBol 3aza4i B obusracti Tpanchopmant. Oyukuis ['pina mobymoBana st 0JHOBUMIPHOI
KpaitoBol 3azadi. 3 i1 JOMOMOrow PO3B’S30K OJHOBUMIPHOI mpobsemu moOyI0BAaHO TOYHO.
Ob6epuene neperBopenns: . ¢1. TTomosa jornomoryio orpuMaT po3B’si30K B OPUTiHAJIBHOMY
mpocTopi y popMi HECKIHYEHHOT CyMH. 3 HOro JOMOMOIOI0 JOCJIiI?KEHa, 3aJI€XKHICTh BJIACHUX
9aCcTOT BiJl TEOMETPUYHUX MTOKA3HUKIB KOHyca. [loste Hanpykens OyJi0 3HANIEHO 3a TOITOMO-
roI0 aCUMIITOTUYHOI porieaypu. I'padiku mopiBHsIHHSA T00Y/10BaH] JJisl Pi3HUX KYTiB OTBOPY.
Karouosi caosa:  06iuu-3pidanuti KOHYC, 6CMAHOBAEHHT KOAUBAHHA, IHMEZPAALHE NEPEMEO-
penna I. 4. Ilonosa, eaacni wacmomu, xeuavose nose, pymnryia I'pina .

Mwuicos K. JI.
IIPOBJIEMA KPYYEHUSA DJIACTUYHOI'O JIBAYK/IbI-YCEYEHHOT'O KOHYCA

Pesrome

WccnenoBana 3amada onpe/ieieHUsI BOJHOBOIO IOJIsL YIIPYTOrO JIBasKJIbI-yCEIEHHOIO KOHYCa
B CJIy4Yae yCTAHOBUBINUXCs KoJsiebauwmit. [Ipumensiercs muarerpanbaoe mpeobpasosanue . 4.
TTonoBa oTHOCUTENBLHO YII0BO# KOOpAMHATHI. TakuM 06pa3oM MCXOIHAs 3a/1a9a CBOJUTHC K
OJTHOMEPHOM KpaeBoil 3ajiade B obsactu Tpancdopmant. Pyukius ['prHa mocTpoeHa Jjist ol-
HOMEPHOI1 KpaeBoii 3aja4e. C ee HIOMOIIBIO PEIlleHre OJJHOMEPHON KPAeBOil 3a/1a491 IOCTPOEHO
touHo. O6parnoe npeobpaszosanue I'. Z. ITomoBa moMorio moyyIuTh pelieHne B IPOCTPAH-
CTBe OpUruHaJIoB B popme GeckoHeIHON cyMMBbI. C ero IOMOIIbIO MUCCJIEI0BAHA 3aBUCUMOCTh
COOCTBEHHBIX YaCTOT OT T€OMETPUYECKUX MMOKa3areseit konyca. [lose Hanpsizkennit ObLTIO 10~
CTPOEHO C HOMOIIBIO ACUMIITOTHIECKON HPOIEeAypbl. ['paduku cpaBHEHUI TOCTPOEHBI JIJIsk
Pa3HBIX YIJVIOB PACTBOPA.

Karoueswie crosa: 06astcdovi-yceuentnili KOHYC, YCMAHOBUSUUECA KOACOAHUA, UHMELPANDHOE
npeobpasosanue I. H. Ilonosa, cobcmeennvie wacmomot, 60anosoe noae, dyrnxyus I'puna .
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AVERAGING METHOD FOR DYNAMIC SYSTEMS ON TIME
SCALES WITH PERIODICITY

This paper aims to improve existing results about using averaging method for analysis of
dynamic systems on time scales. We obtain a more accurate estimate for proximity be-
tween solutions of original and averaged systems regarding A—periodic and A-quasiperiodic
systems, which are introduced for the first time. To illustrate the application of the aver-
aging theorem for such kind of system we considered an example and conducted numerical
modelling. Obtained results extend an application area for previously developed numerical-
ly—asymptotic method of solution for optimal control problems on time scales.
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INTRODUCTION. A systematic theory of averaging method for ordinary differential
equations began from the works of [7]. Further it was developing by [2] and the others.
Since then, there have been many works establishing the averaging method for various
types of dynamic systems: differential equations with discontinuous and multi-valued
right-hand side, with Hukuhara derivative, with delay etc. The review of these results
one can find in [11].

On the other hand, the theory of dynamic equations on time scales was introduced
by [5] in order to unify continuous and discrete calculus. In detail, the description of
time scale analysis can be found in the [3,4].

As far as we know the averaging method in connection with the systems on time
scales was first examined by [12]. In particular, there were studied conditions of
proximity between solutions of the original system on time scale and some generalized
differential equation. From the practical point of view, the interpretation of the last
equation’s solution in terms of given application is somewhat unclear.

Previously we established the scheme of full averaging for dynamic systems on
time scales ( [9]) and in our approach the averaged system has the same time nature
as the original one. Recently we also established the analogous result for partially
averaged systems, [8]. On the base of this scheme, it was developed the numerically—
asymptotic method of solution for optimal control problems on time scales ( [6,10]).

AUXILIARY ARGUMENTS. We now present some basic information about time
scales according to [4]. A time scale is defined as a nonempty closed subset of the
set of real numbers and usually denoted by T. The properties of the time scale are
determined by the following three functions: 1) the forward-jump operator o(t) =
inf {s € T: s> t}; 2) the backward-jump operator p(t) = sup{s € T : s < t} (in this

Received 13.01.2019 © Ogulenko A.; 2019
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case, we set inf@ = sup T and sup@ = inf T); 3) the granularity function u(t) =
o(t) —t.

The behaviour of the forward- and backward-jump operators at a given point of
the time scale specifies the type of this point. If t < o(¢), then t is called right—
scattered, if t = o(t) — right—dense. Also, point will be called left—scattered when
p(t) < t and left-dense when p(t) = t. Finally, point is called dense if it is right-
dense and left—-dense at the same time and isolated if it is both right—scattered and
left-scattered.

Important role in time scales calculus has the set T* which is derived from the
time scale T as follows: if T has a left-scattered maximum m, then T" = T — {m}.
Otherwise, T® = T. In what follows, we set [a,bly = {t € T:a <t < b}.

Definition 1 ( [4]). Let f : T — R and t € T*. The number f2(t) is called
A-derivative of function f at the point t, if Ve > 0 there exists a neighborhood U of
the point t (i. e., U= (t—0,t +3)NT,6 <0) such that

[f(0(t) = f(s) = F2 () (o(t) = 5)| <elo(t) —s| VseU.

Definition 2 ( [4]). If f2(t) exists Vt € T*, then f : T — R is called A-
differentiable on T*. The function f~(t) : T® — R is called the delta-derivative of a
function f on T*.

If f is differentiable with respect to ¢, then f(o(t)) = f(t) + u(t) f2(t).

Definition 3 ( [4]). The function f : T — R is called rd-continuous if it is
continuous at the right-dense points and has finite left limits at the left-dense points.
The set of these functions is denoted by Cyrq = Crqa(T) = Crq(T; R).

The indefinite integral on the time scale takes the form [ f(t)At = F(t) + C,
where C' is integration constant and F'(¢) is the preprimitive for f(t). If the relation
FA(t) = f(t) where f : T — R is an rd-continuous function, is true for all t € T*

¢
then F(t) is called the primitive of the function f(t). If to € T then F(t) = [ f(s)As
to

for all t. The definite A-integral on time scale interval is defined by Newton—Leibniz
formula.

Definition 4 ( [4]). A functionp: T — R is called regressive (positive regressive)
if
L+p()p(t) #0, (1+p@)p(t) >0),  teT"
The set of regressive (positive regressive) and rd-continuous functions is denoted by
R =R(T) (RT =R+(T)).

A function p from the class R can be associated with a function e, (¢, o) which is
the unique solution of Cauchy problem

y® =p(t)y, ylte) =1.

The function e,(¢,t9) is an analog, by its properties, of the exponential function
defined on R.
In what follows we heavily use the next result.
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Theorem 1 (Substitution rule, [4], theorem 1.98). Assume v : T — R is strictly
increasing and T = v(T) is a time scale. If f: T — R is an rd-continuous function
and v is differentiable with rd-continuous derivative, then for a,b € T,

b v(b)
/g(s)VA(s) As = / g (v (s)) As. (1)
a v(a)

Various kinds of periodicity on time scale was presented and studied by [1]. The
basic framework is as follows. For arbitrary non-empty susbet T* of the time scale T
including a fixed number to the operators 04 : [tg, +00) x T* — T* are introduced.
The operators 4. and §_ associated with the initial point tg € T* are said to be
forward and backward shift operators on the set T*, respectively. The first argument
in d+(s,t) is called the shift size. The values d4(s,t) and §_(s,t) indicate translation
of the point t € T* to the right and left by s units, respectively.

Definition 5 ( [1]). Let T be a time scale with the shift operators d+ associated
with the initial point tg € T*. The time scale T is said to be periodic in shifts 6+ if
there exists a p € (to,00)r+ such that (p,t) € D for allt € T*. Furthermore, if

P =inf {p € (to,00)r~ : (p,t) € D5 for allt € T*} # to,
then P is called the period of the time scale T.

Definition 6 ( [1]). Let T be a time scale that is periodic in shifts 61 with the
period P. We say that a real valued function f defined on T* is periodic in shifts d+
if there exists a T € [P,00)p~ such that (T,t) € Dy and f(04(T,t)) = f(t) for all
t € T*. The smallest such a number T € [P, 00)r~ is called the period of f.

Definition 7 ( [1]). Let T be a time scale that is periodic in shifts 61 with the
period P. We say that a real valued function f defined on T* is A-periodic in shifts 6+
if there exists a T € [P, 00)r+ such that (T,t) € Dy for all t € T*, the shifts 6L (T,t)
are A-differentiable with rd-continuous derivative with respect to second argument and

for all t € T* The smallest such a number T' € [P,c0)~ is called the period of f.

It was shown in [1] that the following propositions about periodicity in shifts are
true.

Proposition 1 ( [1]). If 61(s,-) is A-differentiable in its second argument, then
62(s,) > 0.

Proposition 2 ( [1]). Let T be a time scale that is periodic in shifts 61 with the
period P and f a A-periodic in shifts §1 with the period T € [P,o00)r«. Suppose that
f € Cra(T), then

FE(t)

j feas= [ f)as

to 6L (to)
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MAIN RESULTS. Let T be an unbounded above time scale that is periodic in shifts
4 with period P € (ty, +00)p.. For simplicity we denote by 0% (¢) the shift operators
with period T and by 6$)T(t) or 0()(t) the i-th power of shift operator composition,
dropping argument sometimes.

Consider on T the following dynamic system:

2 =eX(t,x), z(ty) = 0. (2)

Here x € R™, € > 0 is a small parameter, X (¢,z) is n-dimensional vector—function
such that every component is A-periodic in shifts d4 (7', t) function, T’ € [P, +00)..

In correspondence to this original system, we put another dynamic system on the
same time scale as follows:

€8 =eX(t,€), £(to) = o, (3)
where
5(i+1)(t0)
- - 1
X(t2) = {Xi(‘r) ~ 6@ (tg) — 60 (o) / Xt DAL
5 (to) (4)

5(i)(t0) <t< (5(”1)(250), 1=0,1,2,... }

The last system (4) we call partially averaged system corresponding to the original
one.

Taking into account A-periodical properties of the function X (¢, x), it is easy to
see, that

8 (ko) 59 (to) 67 (o)
I XAt [ XAt [ X(t,6At
Xi(6) = ot ) s
i) = 5(i+1)(t0) —50@) (to) - 5(i+1)(t0) _ 5(i>(t0) - - 5(i+1)(t0) _ 5@)(%)7
that is,
> 6L (tg) —t - ,
Xi(6) +(fo) — o Xo(&), i=0,1,2,....

- 5 (tg) — 0 (to)
We now prove that under general conditions there exists proximity between solu-
tions of systems (2) and (3).

Theorem 2. Let Q = {t € T,z € D}, x(t) and £(t) denote solutions of the

Cauchy problems (2) and (3) respectively. Now suppose the following conditions hold

1) every component of vector—function X (t,x) is A-periodic in shifts 61 (T,t) func-
tion, T € [P, 400) ..

2) the function X (t,x) is rd-continuous with respect to t and regressive. Moreover,
X (t,z) satisfies conditions of existence and uniqueness of solution for Cauchy
problem such that

Vit,z)eQ || X(tx)|<MM > 0,
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X(t,z) is Lipschitz continuous with respect to x with constant A > 0, i. e.
X (t,21) = X (G2o)| S Alwy —wal| - V(1) (8 a2) € Q
3) there exists a constant K > 0 such that the following holds for all i > 1:
S (t) — 6D (1) < K;
4) the solution &(t) of averaged system (3) with initial value &(ty) = o € D' C D
is well defined for all t € T® and with its p-neighbourhood lies in D.

Then for any L > 0 there exists €9 (L) > 0 such that for 0 < ¢ < gy and t €
[to,to + Le’l] N'T the following estimate holds:

() — @) < Ce. ()

Proof. It is easy to see that X (t,x) is bounded and Lipschitz continuous with
respect to the second argument. It directly follows from the way of construction (4).
So, we have for any fixed t € T

| Xy - Xtam)|| <2l = ")

Therefore, conditions 1) and 2) imply the existence and uniqueness of solutions for
both original system and averaged one. Moreover, these solutions can be continued
until z(¢) € D (accordingly, £(t) € D).

Let us write both original and partially averaged systems in integral form:

z(t) = xo + E/X(S,.’E(S))AS, () = a9 + E/X(s,é(s))As.

In the same way as we did establishing the scheme of full averaging for dynamic
systems on time scales in [9], let us estimate the norm of difference between solutions:

t

o)~ €0l = | [ [X(s.2(6)) - Kss869)] o] <

< e [ lao) - g as e | [ [X(o.606) - Ks.€(50)] s

to

We will estimate the last summand on the time scale interval [to, to + La_l] N T.
By ¢(t,€) denote the last integrand:

Consider time interval [6()(t), 60"V (¢5)]. By construction, on this interval

X(t,€) = Xi(€) and
5(1+1)(t0)

5 (tg)
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where & = ¢ (6 (ty)) = const.

Further,

' 58 (to) ¢
[etscnas| < | [etseonas|+| [ olseenas) <
to tO 6(N)(t0)

N1 6(”1)(150) t
<|X [0 -eseias|+ [ lseolas<
=05 (t0) 5N (1)
N—1 5(i+1)(t0)
< (s €) = (s, &)l As +2M (= 0N (t9)) <
=0 506 (1)
N1 6(i+1)(t0)
<o [ lete) - Gl s+ 20 (53 a0) - 56(10)) <
=056 (1)
N—-1 )
<3 2n-em (5<i+1>(t0) - 5<z>(t0)) Y 2MK <
=0

N-1
<20-eM S0 (50 (t0) — 60 (1)) + 2M K =

1=0
— 9\ eM (5<N>(t0) _ to) FOMEK =

L
=2\-eM = +2MK =2M (AL + K) .
13

Thus we have

N

lot) — €] < A / lx(s) — ()| As + ¢ / (5, €(5))As

to

t
< As/”x(s)—§(s)||As+5~2M()\L+K).

Taking into account Gronwall’s inequality and properties of the exponential func-
tion on time scale ( [3]), we obtain as we did before

lz(t) — @) <e-2M (AL + K) - exc(t,to) <e-2M (AL + K) - e -,
that is,

llz(t) = @) < Ce,
where C = 2M (AL + K) - e*" and this concludes the proof.
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It is clear that trivial time scales R, Z, and hZ are periodic in shifts 04 (7, t) =
T £t for various periods 7. Also, any periodic in shifts d4(7,¢) function is A-
periodic in such cases. Moreover, condition 3) of the last theorem is trivially satisfied.
Thus proved theorem is the closest analogue of the averaging theorem for ordinary
differential equations with a periodic right-hand side.

At the same time to find a good example of periodic in shifts non-trivial time
scales appears to be a hard problem. Finding A-periodic functions defined on such
time scales is a yet harder problem. For example, consider some non-trivial time scale
with a condensation point. By definition, a A-periodic function has to compensate
decreasing length of the integration interval by increasing magnitude. Hence function
needs to be unbounded as time tends to condensation point and we cannot apply
averaging theorem.

1
Example 1. Let T = {tn =1-—,n€Nyq> 1} U{1}. This is a time scale
q

with condensation point t = 1, forward jump operator o(t)

-1
wu(t) = L(l —t). Forward shift can be defined as follows:
q

14t ..
= %, and graininess

T
g +t—-1
1
It is easy to compute 63 (T,t) = ¢~ 7. We found out a simple function f(t) = 13

such that f (64 (T,t)) 02 (T,t) = f(t), i. e. the function f(t) is A-periodic in shifts.
However f(t) is unbounded above as t — 1.

Analyzing the example, we found one more possibility to obtain a more accurate
estimate for proximity between solutions of the original and averaged systems.

Definition 8. Let T be a periodic in shift 6 (P,t) time scale with a period P.
A function f(t) is called geometric A-quasiperiodic function with period T > P and
factor v if the following condition holds:

F(84(T,0) 02(T't) = £ (t). (6)

Using substitution rule (1) we can easily prove the important property of geomet-
ric A-quasiperiodic function.

Lemma 1. Let T be a time scale that is periodic in shift 6. with the period P
and f a geometric A-quasiperiodic in shift 04 with the period T € [P, 00)«. Suppose

that f € Crq(T), then
t sT(t)
[rens=y [ s

67 (to)

Proof. Substituting v(s) = 6(T,s) and g(s) = f (§+(T,t)) in (1) and taking
(6) into account we obtain the statement of lemma by direct calculation.
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Now suppose X (¢, ) in (2) is geometric A-quasiperiodic with period T" and factor
~ for any fixed . Consider dynamic system

€8 =eX(t,6), &(to) = o, (7)
where
_ 54 (Tto)
~ o /\4 . ,Y’L
X(t2) = {Xl(x) — 06 (tg) — 60 (1) / X, 2)At, .
to

5(i)(t0) <t< 5(i+1)(t0), i=0,1,2,... }

We can prove now that there exists proximity between solutions of systems (2)
and (7) when X (¢, x) is a geometric A-quasiperiodic function.

Theorem 3. Suppose the conditions 2)-4) of Theorem 2 hold in @, and besides
this, every component of vector—function X (t,x) is geometric A-quasiperiodic function
with period T and factor v for any fixed x.

Then for any L > 0 there exists €9 (L) > 0 such that for 0 < € < &y and
te [to,to + Ls_l] NT the following estimate holds:

=(t) — £@)|| < Ce, (9)
where x(t) and £(t) denote solutions of the Cauchy problems (2) and (7) respectively.

Proof. From quasiperiodical properties of the function X (¢, x), it follows easily
that
50TV (t0)
/(p(s,fi)As:O, 1=0,1,...,

5 (o)

where o(t,£) = X (t,£(s)) — X(t,£(s)) and & = ¢ (6@ (to)) = const. Thus the argu-
mentation of previous proof can be repeated almost literally. For brevity, we omit the
details.

Example 2. Let us use time scale from previous example. Consider dynamic

system
_In(1—¢)

2 =¢g(=1)" wa z, xz(0)=1, teT,

_ln(1-t)

that is, X (t,z) = (—1)" wa z. We get

1
X (a1, 2) (T 1) = (-1)7 =
ln(l—t)flan 1
=x-(—1) ™« .= =
( s
_In(1—t) 1
o () )T =
q
1
= X(t,) - ()"

q
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This implies that X (t,x) is geometric A-quasiperiodic with period T = 2 and factor
y=q T =q"2
1 T

T
: . - 1
Further, 60D (0) — 6 (0) = 1 1

TG < T Thus we have

~ (q_T)i 6+(T,0)
Xi(w) = 56+ (0) — 6D (0) Xt 2)At =
0
1- %
s ’
=21 / X(t,z)At =
0
q2 . . q — 1 e 1

x =x- .
-1 ¢ q+1
Hence we have two systems on the same time scale:

_ln(1—t)

{IA%(” RS Catras
2(0) =1, £(0) = 1.

It is not too hard to find exact solution of the linear equation

y® =py, y(0) =y, teT.

Indeed, all t # 1 are isolated points and thus y(o(t)) = y(t) + u(t)y>(t). Starting
k=1
from t =0 we get y (0’“(0)) =0 |1 [1 + pu (ai(O))]. This yields that

=0

k—1
(q—1) In(1 —t)
y(t):yog){l‘i‘%]? k:—va t# 1.

Actually y(t) = e,(t,0), 4. e. exponential function on time scale T.
In the same way, we obtain exact solutions of original and averaged systems:

k—1

x(t):g {1+€.(1);(311)}7
k—1
f(t):g {Hs.qiﬁ(qil)].

It seems to be impossible to find a precise analytical estimate of difference |x(t) — £(t)|
in terms of €. Instead we conducted numerical modelling and found empirical depen-
dence between proxzimity of solutions and small parameter . The results of modelling
are presented in Figure 1.
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1.0025
1.0021

1.002

1.00151
1.0015

1.0011
1.001

1.0005 1.00051

16 18

0 1/2 3/4 7/8 1 0 0.44 0.69 0.83 1
a) Solutions of original and averaged a) Solutions of original and averaged
systems, € = 0.005, ¢ = 2 systems, € = 0.005, ¢ = 1.8
1 0.03
1.0025 x(t) 0.025
1.002 0.02
1.0015 0.015
1.001 E(t) 0.01
1.0005 0.005
0.96
'0 067 089 1 0.02 0.04 0.06 0.08 0.1
a) Solutions of original and averaged d) Absolute difference between solutons in
systems, € = 0.005, ¢ = 3 regard to

Fig. 1. Numerical modelling of averaging method for quasiperiodic system on time

1
scale T = {tn: 1——,n¢€eNy,q> 1}U{1}
qn

CONCLUSION. The aim of this paper is to develop our previous results for the
averaging method on time scales. Following [1] we considered A-periodic systems
and obtained a more accurate estimate for proximity between solutions of original and
averaged systems. Moreover, the same result was obtained for dynamic systems with
a quasiperiodic right-hand side, which are introduced for the first time. To illustrate
the application of the averaging theorem for such kind of system we considered an
example and conducted numerical modelling. Obtained results can be used to improve
previously developed numerically—asymptotic method of solution for optimal control
problems on time scales.
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Ozyaenxo O. II.
METO/[ YCEPEAHEHHSA JJIs1 JUHAMIYHUX CUCTEM HA YACOBUX IIKAJIAX 3 MEPIOAUYIHI-
CTIO

Pesrome

Mertoro 1i€l cTaTTi € PO3BUTOK METOMy YCEPEIHEHHS I aHaJIi3a JUHAMIYHUX CHUCTEM Ha
qacoBux mkajax. OTpuMana 611N TOYHA OIiHKa GJIM3BKOCTI PO3B’sI3KiB BUXIIHOI Ta ycepe-
aHeHHOI cucreM A1 A-niepioguaHoro ta A-KBa3imepioguvIHOro BUMA/KIB, IPUIOMY OCTIHHIN
THUII CUCTEM yBOAUThCA Brepire. Jlnsa isumrocTpariil 3acTOCyBaHHsST TEOPEMH YCEPEIHEHHS MU
o0y Iy BaJId Ta YMCEJIBHO JOCIIIUIN HU3KY TpuKIaaiB. OTpuMaHi pe3yapTaru po3NIMPIOTh
cdepy 3aCTOCYBaHHST PO3POOIEHOr0 PaHillle YMCeTbHO—aCUMITOTUIHOTO METOTYy PO3B’ T3aHHST
3329 ONTUMAJIBHOTO KEPYBAHHS HA YaCOBHUX IMTKAJIAX.

Karomo8i crosa: wacosa wkaia, OUHAMIYHA CUCTEME, MEMOO YcepedHeHHA, NePuoduHa 810-
HOCHO 3¢Y6i6, A-nepiodunna 6i0HOCHO 3¢Y616, A-K6a3Inepioduuna 610HOCHO 3CY6I6 .

Oeynenxo A. II.
METO/, YCPEJIHEHUS JJISI JUHAMUYECKUX CUCTEM HA BPEMEHHBIX IIKAJIAX C TIEPU-
OJIMIHOCTHIO

Pesrome

Ilesbro 3TOM CcTATbU SIBJISIETCS PA3BUTHE METOJA YCPEJHEHUs JIjIsi aHAJM3a JIUHAMUYECKUX
CHCTEeM Ha BPEMEHHBIX IKajax. [lomyduena 6ojiee ToOUHAsT OIEHKA OJIM30CTH PENTeHUN UCXOI-
HOM M yCPEIHEHHON cucTeM Jyist A-IePUOIUIECKOro n A-KBAa3UEPUOAUIECKOrO CJLydas, IPU-
9eM IOCJIeTHHUI TUIl CHCTEM BBOJUTCS BIEpBbIe. [[y1s MiLTOCTpannu TPUMEHEHUS T€OPEMBbI
yCPeIHEHUs MbI IIOCTPOEH U YHMCJIEHHO UCCJIEIOBAH Psif IpuMepoB. llomydennble pe3yapraThl
pacmupsT chepy IPUMeHEHNs paHee pa3pabOTaHHOIO YNCIEHHO-aCUMITOTHIECKOTO METO-
Jla peleHus 3a/a49 ONTUMAJILHOTO yIIPABJIECHUS Ha BPEMEHHBIX IIIKAJIaX.

Kaoveswie caosa: epemennas wrkaia, OUHAGMUNECKAA CUCTNEMA, Memod Yycpedrnenus, ne-
PUOIUMECKAS OMHOCUMENLHO cmeuterull, A-nepuoduseckas 0mHOCUMesdvHo cmewenud, A-
KBA3UNEPUOIUNECKAA OMHOCUMEABHO CMEULEHUT .
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for a hyperbolic type equation with piecewise constant coefficients and J-singularities was
proposed and justified. In the basis of the solving scheme is a concept of quasi-derivatives,
a modern theory of systems of linear differential equations, the classical Fourier method and
a reduction method. The advantage of this method is a possibility to examine a problem
on each breakdown segment and then to combine obtained solutions on the basis of matrix
calculation. Such an approach allows the use of software tools for solving the problem.
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INTRODUCTION. Methods for solving nonstationary boundary value problems
can be divided into direct methods which basis includes the separation of variables
method, method of sources (Green’s function method), method of integral transforms,
approximate methods and numerical methods.

The scheme proposed in this article belongs to the direct methods for solv-
ing boundary value problems. In the basis of this scheme is the concept of quasi-
derivatives [10] that lets to bypass the problem of multiplication of generalized func-
tions.

First of all a mixed problem for the heat equation with piecewise continuous
coefficients by the general boundary conditions of the first kind [11] was solved.

The general boundary value problems for hyperbolic equation with piecewise con-
tinuous on spatial variable coefficients and right parts was considered in [7].

This article examines the general first boundary value problem for a hyperbolic
type equation with piecewise constant coefficients and ¢ - singularities. With the use
of the reduction method solving of such a problem is reduced to finding a solution
of the stationary inhomogeneous boundary value problem with the initial boundary
conditions and the mixed problem with the zero boundary conditions for an inhomo-
geneous equation.

MAIN RESULTS

1. Main designations, formulation of the problem and supporting state-
ments. Let I be an open interval of the real axis R, [zg;x,] C I — segment of the
real axis; 0 =29 < 2] <22 < ... < Tj—1 < T < Tjy1... < Tp_1 < Ty =1 — arbitrary
partition of the segment [zo; x,,] of the real axis Ox into n parts.

Received XX. XX. XXXX © R. M. Tatsij, O. Yu. Chmyr, O. O. Karabyn, 2019
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Let’s declare the main designations:
6; — characteristic function of the interval [x;;z;41), that is

1) HARS ['/I"ial'i+1)a

0; (x) = i=0,n—1
0, x¢&I[xizit1),
_ n—1
Remark 1. Let ay4, ag;, ¢ = 0,n — 1 be real numbers. If a1 = Y ay1;6;, as =
i=0
n—1 n—1 n—1 ’
> agib;, then a1 - aa = > ay;-agb;. In particular, if a = Y a;0;, then % =
i=0 i=0 i=0

n—1
Z a;lei.
i=0

Let’s declare BVlj)'C(I ) as a class of continuous from the right functions, locally
bounded on I variation [2].

Let mj, 1 =0,n—1, M;,i=1,n—1, \;, ¢ = 0,n — 1 be positive real numbers, g;,
t=0,n—1,s;,i=1,n—1 - real numbers and §; = d;(x — ;) — ¢ - Dirac’s function
with a carrier at the point z = z; € I. Let’s define

n—1 n—1 n—1
i=0 i=1 i=0
n—1

(0) = 9(0) +s(a) = 5 gt + % sl — )

Note that if M (z) is an antiderivative for m(z), then m(m)déf M’ (z). We assume
here, that the function M (x) is extended arbitrarily (for example, zero) on the interval

I/[xo; 2]
Let’s examine the general first boundary value problem for a hyperbolic type
equation

2U U
@) 3 = o (M@ ) + @), s i), €O ()

with the boundary conditions

u(zo,t) = o(t),
u(xnv t) = wn(t)v

t € [0;+00) (2)

and the initial conditions

U(l’, 0) = (PO(x)a

x € [zo; ), (3)
%(‘7"’ 0) = @1($)7
where 1g(t), ¥, (t)€C?(0; +00), wo(), ¢1(z) are piecewise continuous on (xg; zy,).
The method of reduction for finding a solution of the problem is described in
detail in [1,12] for example. In accordance with this method we can find a solution
to the problem as a sum of two functions

u(z,t) = w(z, t) + v(z,t). (4)
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Let’s choose one of the functions for example w(z,t) in a particular method, then
the v(z,t) function will be defined clearly.

2. Building the function w(z,t). Let’s define a function w(z,t) as a solution
of a boundary value problem

/

(A@)wa"), = —f(z) ()

w(wo,t) = Po(t),
w(xnvt) = ¢n(t)7

Note that a variable ¢ is considered as a parameter here.
In the basis of the solving method of the problem (5), (6) is the concept of quasi-
derivatives [9].

t € [0; +00). (6)

— w

Let’s introduce the vectors W = , where wl'l = \w,/, G = ,
wl'] —g()
_ 0 o n—1__
S; = , 8= > 5;-0;. Using these definitions, the quasi-differential equation
—8; =1

(5) simplifies to the equivalent system of differential equations of the first order

— 0 )\ — —
W, = M) ) W+ G+ 8. (7)
0 0

As a solution of the system (7) we take a vector function W(z,t) that belongs
to the BV, (I) class by the x variable and fulfills the system (7) in a generalized
sense [9].

Boundary conditions (6) can be written down in vector form

P-W(xo,t) + Q- W(zn,t) =T (t), (8)
where P = Lo , Q= 00 ,T(t) = Yol
00 10 Pn(t)

Let w;(z,t), wl[»l] (z,t) and g;(z) be defined on the interval [x;;x;41). Let’s define

w(z,t) = i w;(x,)6;. (9)
i=0

On the [z;;z;41) interval the system (7) is represented as

/

=\ [ ws 0 0
0 1]

w; 0
wz[»l] 0

€T

+
+

(10)

where sodéf 0.
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Let’s examine a homogeneous system that corresponds to the system (10)

/
w; 0 - w;

wl[-l] 0 0 wl[-l]

The Cauchy matrix B;(z,s) of such a system is represented as

1 bi(z,s)
Bi(z,s) = , (11)
0 1
where b;(z,s) = [ tdz = &2 .
Let’s define (for an arbitrary k > i)
de
Blay, 7)™ Bi_i(wn,wr-1) - Bioa(@h1,@02) - .. Bi(zi, a1). (12)

The structure (11) of the matrices B; (x,s) allows us to define the structure of
the matrix (12)

k—1
1 Z Tm+1—Tm
B('rlwxi) = m=i Am )
0 1

besides that B(xg, xk)déf E, where F is an identity matrix.
The solution of the system (10) on the interval [z;; ;1) is

Wi(z,t) = Bi(a,z:) - P + /Bi(a:,s) Gi(s) ds =
- —9i (z—z)”
:Bi(m,xi) -P; + 2 s (13)
—gz‘(ﬂﬁ - xz)

where P; is a yet unknown vector [11].
Similarly on the interval [z;_1;2;)

Wisi(z,t) = Bioq(z,mi—1) - Pioy + / Bi_i(z,8) - Gi—1(s)ds =
Ti—1

- —gi—1
=B 1(x,i1)  Pi1+ ' 2

At the point z = z; the conjugation condition has to be fulfilled that is
Wiz, t) = Wi_1(x,t) + S, [13]. As a result we get a recurrence relation
z;

Pi = Bi,1($i7$i,1) . Pi,1 + / Bifl(l'i,s) ‘éifl(s) dS +§7, (14)

Ti—1
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By the method of mathematical induction from (14) the following is received

3
Pi = B(wi,x0) - Po+ Y B(wi,xx) 2y, (15)
k=0
(Tk—2K—1)
_ T . o g 0
where Z = | Bia(wns)-Guoa(s)ds+ 5 = [ 070 P |y ,
Tho —grk—1(Tk — Tp—1) — Sk

k =1,n — 1, note that 70d§f 0, gndéf 0; Py is the initial (unknown) vector.

In order to find Py the boundary conditions (8) should be used, where we define
W (20, 1) P,
W (@n, ) W1 (20, t) = Bu1 (@ Tn1)Po1 + | Bu1(2n,s) - Gui(s)ds =

Tn—1
_ n—1 _
= By_1(@n, Tn—1)B(xpn_1,20)Po + Bp_1(Tn, Tn-1) > B(xn_1,21) 21+
k=1

+ f By_1(2n,8) - Gn_1(s)ds = B(xyn,10)Po + 5. B(xn, k) Zk-
k=1

Ty 1 =

Then [P + QB(zn,20)|Po + Q Y. B(xp,21)Zy =T, and as a result
k=1

Po=[P+Q By, x)] " - <F QZB(%,ﬂfk)Zk> : (16)
k=1

Let’s evaluate

n—1
Z bm (merla xm)

—_
(e}
(e}
e}

—_

[P + Q : B(In, xO)]_l == + . m=0 =
0 0 10/ \g )
1 0 n—1 n—1 .
= , where 0, = 37 b (Tmt1,Tm) = 30 wv UOd:f 0;
_ n _ t 00
T~ QY Blan,z)Zx = vol®)) _ x
k=1 ql}n(t) 1 0
n Tk
> Blan, 1) / Bi1(20,5) - Gr_r(s)ds+ S |. (17)
k=1 Tho1

Let’s write down the right side part (17) in a matrix form

Tk — _ Tk 1 bp_1(xg,s 0
f Bk_1($k,8) -Gk_l(s) ds+ Sy = f 1< ) . ds+
Tr—1 Tr—1 0 1 —0k—1
— br_ cgp—1d
0 xkf,l k-1(@k, ) - Gr-1 ds def I (zk) —
+ = Zp = 1] =Zk;
—Sk — f Jr—1ds — Sk Ik_l(xk) — Sk

Tr—1
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n—1
n I n 1 b (Tmt1, Tm
S5 Bl | 1) 2, b, )
k=1 Il[c—]l(mk) — Sk k=1

Ty—1(zk) > (I’“—l(xk) + (I @) =) %
X
Il[cll1(xk) — Sk

Thus, we receive

> (fm(xk) Y ) - ) S bm<xm+1,xm>)
k=1 m=k

X . =
1;::1 <I’[“111(mk) B 8’“)
Yo(t) 18)
= n n—1
5a®) = £ (Ba(o) + 0L 00 = 50 S b))
k=1 m=k
Let’s substitute (18) to (16)
_ ( 10 )
PO = L L X
Yo(t)
X n n—1 =
6nl0) = 3 (o) + 0 00 = 50) - 'S b))
k=1 m=k
Po(t) 19)

n n—1
gl -2 (1k1<xk> () =) 3 bm<xm+1,xm>>
=1 m=
Based on the formulas (13), (15), (19), after performed transformations an image
of the vector function W;(z,t) on the interval [x;;z;41) is received

x

Wiz, t) = By(x,x;) - (B(xi,xo) -Po+ Y Bz, xk)Zk> + /Bi(x, s)-Gi(s)ds =

k=1

Zq

i—1
1 bz, z 1 o\ — 1 bz, zy Ll Y b(@mgr ) | —
= ( ) . -Po+ ( ) : m=k Z+
0 1 0 1 0o 1 = )



92 R. M. Tatsij, O. Yu. Chmyr, O. O. Karabyn

r 1 bi(x,s _ 1 bi(x,xz;)+o;\ —
—|—/ (#:5) -Gi(s)ds = ( ) - Po+
0 1 0 1

Zq

AR ,é(fk1<xk>+<f,£111<xk>—sk> likbmmmwm)) .

0 1 > (Il[clll(xk) - Sk)
k=1

+ _i{bi(x’S).gids 1 bi(z,x;) + oy Po+

x == : 0
- f gids 0 1

7 1—1

5 (Ik_1<xk)+(1,i”1(xk> RS bm(a:mﬂ,xm))
S (1) =) + 1 @)

bi(z, ;) EZ: (I,Elll(xk) — Sk) + Ii(z)

+ =1 (20)

0

The first coordinate of the vector W;(z,t) in (20) is indeed the searched function
w;(z,t). Therefore

wile,t) = vo(t) + Bala,as) +05) - L=V L v) o)

On On
X (

+ <fk_1<xk> M) - ) Y bm<xm+1,xm>) +

<Ik—1(zk) + (I][glll(xk) - Sk) i bm(xm—&-laxm))) +

m=k

ol
. HMS
=

k=1

m=k
i) Y (I () = se) + i), (21)
k=1
By substituting the expression (21) into (9), the solution on the whole interval
[xo; @] is received.
3. Building the function v(x,t).
Let’s write down a mixed problem for the function v(z,t). Substituting (4) into

(1) and considering that the function w(x,t) fulfills (5), an inhomogeneous equation
is received

v 0 Ov 8w
m(x)w = % ()\(x)ax> = —m(x)ﬁ, x € (xg;xn), tE€ (0;+00). (22)



The total first boundary value problem 93

Let’s substitute (4) into the initial conditions (3). Initial conditions for the func-
tion v(z,t) are received

v(z,0) = Pp(x),

%(I’,O) = (I)l(x)a

x € [xo; X, (23)

de de
where ®(2) % @o(2) — w(z,0), &1 ()= @1 (2) — 22(x,0).
Since the function w(x,t) fulfills the boundary conditions (6), then from (4) the
boundary conditions for the function v(z,t) will be the following

v(@o,?) t € [0; +00). (24)

0,
v(zp,t) =0,
Therefore under the condition that the solution w(z,t) of the problem (5), (6) is
known, the function v(z,t) is the solution of the mixed problem (22)-(24).
4. The Fourier method and the eigenvalue problem.

4.1. Expansion by eigenfunctions.
Let’s examine the corresponding homogeneous equation for the equation (22)

v 0 Ov
— = — [ ANa)=— | . 2
@) 5 = 5 (V05 (25)
Now let’s find its nontrivial solutions

v(z,t) = sin(wt + ) - X (), (26)

where w is a parameter, € is a constant, X (x) is a yet unknown function [1], that
fulfill the boundary conditions (24).
Let’s substitute (26) into the equation (25). Quasi-differential equation is received

(M) X' () + w?m(z) X (z) = 0. (27)

Let’s substitute (26) into the conditions (24). The following boundary conditions
are received

X(wo) =0,
X(z,) = 0.

(28)

As a solution of the equation (27) consider an absolutely continuous on the interval
[z0; zp] function X () that fulfills it in a generalized sense [9)].

The problem (27), (28) is the eigenvalue problem. The properties of the eigenval-
ues wy and the eigenfunctions of the problem (27), (28) are described in detail in [8].
In particular, it is established that all eigenvalues wy, > 0 [5]; eigenfunctions Xy (z, wy)
are orthogonal with the weight m(z) = dM(x):

/Xi(x,wi) X, (wywy) dM(2) =0, i 4]
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1Xe]? = / X2, wi) dM (z). (20)

If F(x) is an absolutely continuous function that has different analytical expres-
sions on each of the intervals [x;; z;11), that is the function allows the image

F(z) = Z Fi(z) - 6; (30)

on the interval [zg;x,], then its expansion by the eigenfunctions Xy (x,wy) is the
following

.%‘) = iFk -Xk(:c,wk),

k=1
where the Fourier coefficients F} are computed by the formulas

1 Tn
F, = w CE[F(:v) - Xz, w) dM(z). (31)

Integration of the function F'(z) is performed as the Riemann-Stieltjes integral
with respect to the m(z),

Tit1 n—1

/F ) dM (z defzmz/ dx+ZM Fy(z:).

T4

Functions of the type (30) are integrated the following way [9]: if

n—1
:ZFM(.’I)G“ ZFZz Za
i=0

then

/Fl(l‘) . Fg(l‘) dM(l‘) = imli - Mo; / Fli(.’L‘) -ng(x) d.T—F
=0 z;

n—1

+ Z My - Mo - Fri(x;) - Foi(), (32)

=1
Ti41
I / FR(e) dM(a me [ Fr@das
xo T
n—1
+ ZMlgz CFR(xi), k=1 . (33)
i=1
The expression (32) is the dot product of the functions Fj(z) and Fy(x). The
expression (33) is the norm square of the function Fy(z).
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Let’s define
(z,wr) ZX;” (z, wg) (34)

Then for the Fourier coefficients Fy, and for the X (x) from the (31) and (29) the
following is received

n—1 Tit1 n—1

1
Fy = EAL > mi / Fi(x) - X (@, wp)da + > M; - Fy(;) - Xpi(ai, wi) |
k i=0 e i=1

Ti+1 n—1

Xl me / oo+ 3 M- X ).

4.2. Constructional approach to building eigenfunctions.

Let’s introduce a quasi-derivative X s\ xr , avector X = " and matrices
X
0 + 0 . .
A = L, Cy = . Now let’s reduce a quasi-differential
—mp w? 0 —M, w? 0

equation (27) to the system of the first order differential equations

= (Ti AR + ’i Crd(z — mk)> - X. (35)
k=0 k=1

Similarly to the paragraph 2.2, the solution of the system (35) is considered to
be a vector function X (z,w) € BVljc( ) that fulfills it in a sense of the theory of
generalized functions.

Let’s write down the corresponding system on the interval [x;, 2;11) in a following
way

It is known [9] that the jump of the system’s solution at the point z = wz; is
AXi(xi) = C; Xi—1(;).

This gives an opportunity to reduce the problem to the equivalent problem of the
system of impulsive differential equations [6]

X'=> A0 X, (36)

Xi(xi) = Xioa(zi) = C; X1 (i)
and the following boundary conditions
PX(x9) + QX (z,) =0. (37)

The system is examined in detail in [9]. Let’s note the main properties of the
system:
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e this system is proper (namely, it is clearly defined in a sense of the theory of
generalized functions), because the following condition is valid

2

5 0 0 0 0
Ci = 5 = )
—Mi w® 0 0 0

o the fundamental matrix (analog of the Cauchy matrix on the whole interval [xo; z,])
has the following structure

E(vaOaw)déf Z Ei(xaxiaw) ' B($i7x07w) ! oia (38)

= C; - Bij(zijpr,zimj,w), C; = (E+Cy), i = Ln—1,

where B(z;, zo,w)=

1:1@.

B(.’Ei, Zi, w)d;f E.
With a direct verification let’s ascertain that the Cauchy matrix B;(z, s, w) of the
system (36) on the interval [z;;2;11) is the following

_ cosa;(x — 8) sinai(z—s)

Bi(z,s,w) = A ) ; where a; = w, /52

—\ia;sina;(x —s) cosay(z — s
Let’s define

E(wmmo,w)dif br(w)  bia(w) . (39)

bo1(w)  bao(w)

The nontrivial solution X(z,w) of the system (35) can be found as

— — 1 .
X(z,w) = B(z,x0,w) - C, where C' = is some nonzero vector.
Cy

The vector function X (z,w) has to fulfill the boundary conditions (37). That is

{P'E(J?O,l'o,w') +Q§($n,$O7W):| -C :6a

taking into consideration that E(Io, xg,w) = E, the following equation is received

[P—i—Q-E(xn,xo,w)} -C =0. (40)

In order for the nonzero vector C to exist the validity of the following condition
is necessary and sufficient

det {P +Q- E(mn,xo,w)} =0. (41)

Let’s concretize the left part of the characteristic equation (41), taking into con-
sideration the matrices P, @ and (39)

B 10 0 0 b b
det [P +Q- B(ﬂcn,xo,w)] = det + (o) b)) |
00 1.0 ba1(w)  bao(w)
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1 0
= det = bia(w).
bn(w) blg(w)

Let’s make the following proposition.
Remark 2. Characteristic equation of the eigenvalue problem is the following
blg(w) = O (42)

As known [8], the roots wy, of the characteristic equation (42), that are also eigen-
values of the problem (27), (28), are positive and different.

In order to find the nonzero vector C let’s substitute wy, with w into the equation
(40). Then the following vectorial equality is received

1 0 (& 0
bi1(wk)  bia(wg) Cs 0

that is equivalent to the system of equations

C, =0,
bll(wk) -Cy + blg(wk) -Cy = 0.

(43)

Since the determinant of this system bj2(w) = 0, then the system (43) has the
following solutions C; = 0, Cy € R\{0}. By introducing, for example Cy = 1,

_ 0 _ _
C = is received. Note, that the vector C' doesn’t depend on wy. Let Xy (z,wy)

1
be a nontrivial eigenvector that corresponds to the value of wy.

Remark 3. The eigenvectors of the system of differential equations (35) with
boundary conditions (37) have the following structure

_ ~ 0
Xi(z,wg) = Bz, x0,wy) - , keN.
1

Cosequence 1. The eigenfunctions Xy(z,wy) as the first coordinates of the
eigenvectors X (z,wy) can be written down as

~ 0
Xi(x,wy) = (1 0) - Bz, zo,wy) - , k=1,2,3,.... (44)
1
In particular, since the X (x,wy) is (34), then from (38) and (44) follows that

~ ~ 0 _
Xpi(z,wg) = (1 0) - Bi(z, x;,wy) - B(zi, xo,wk) - . , 1=0,n—1. (45)
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5. Building a solution to the mixed problem (22) - (24). In order to solve
the problem (22) - (24) let’s apply the eigenfunctions method [12], what means that
the problem’s solution can be found in a following form

ZTk - Xi(w,wr), (46)

where T} (t) are unknown functions that will be later defined.
Since %?; is in the right side of equation (22) let’s expand it into the Fourier

series by the eigenfunctions X (x,wy) of the boundary problem (27), (28)

61}2 Zwk Xk .’E wk) (47)

Substituting (46) into the equation (22) and considering (47), the following equa-
tion is received

!/

ZTk,/ Xk 513 wk ZTk Xk ((ZZ wk)) —

Zwk Xk iL’ wk)

Considering that the eigenfunctions Xy (x,wy) satisfy the equation (27), we get
an equality

ZTk” Xi(w,wr) = —m(x) Y wi - X, wi) Te(t)—

k=1

Zwk Xk J} wk)

Z (T3 (t) + wf, - Te(t) + wi(t)] - m(x) - Xg(z,wi) = 0. (48)
k=1

Let’s multiply the right and left parts (48) by X;(z,w;) and integrate by the
variable x on the interval [zo;x,). Considering the eigenfunctions’ orthogonality we
get each of the differential equations

T () + w2 - Th(t) = —wi(t), k=1,2,3,.... (49)

The general solution of each of the differential equations (49) is

t
1
Ti(t) = a coswyt + di sinwgt — — [ sinwg(t — ) - wg(s) ds, (50)

Wk
0

where ay, di are unknown constants [3].
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Let’s declare I(t) = -+

Wk
I'.(0) =0 [4].

In order to find the constants aj, di let’s expand the right parts of the initial
conditions (23) into the Fourier series by the eigenfunctions Xy (z,wy)

sinwg(t — s) - wi(s) ds.  Note that I(0) = 0,

o &

Po(z) = Z Doy - X (2, wi), (51)
k=1

Oy(z) =D Prp - X, wi), (52)
k=1

where @, 1 are the corresponding Fourier coefficients.
From (50) follows that

Tk(O) = ag, (53)
Ty (t) = —apwg sin wyt + dpwy, coswit — I (t),
S0
Tk/(O) == dkwk. (54)

Taking into account (46), (51) and the first condition in (23) the following is
o0 o0
received: ) T (0) - Xp(z,wr) = > Por - Xi(z,wi). Now using (53) we receive
k=1 k=1

T(0) = ap = Pog.

Analogically from (46), (52) and the second condition in (23)

o0

ST (0) - Xp(z,wi) = Y. @9 - Xi(z,wy) is received. Using (54) we find
k=1 k=1

P
Tk/(O) = dkwk = q)lk or dk = 71k
Wi
Thus, finally a solution of the mixed problem (22) - (24) is received in a form of
the series

¢
oo
® 1
v(x,t) = Z Doy coswit + w—l:sinwkt T o /Sinwk(t —5) - wg(s) ds| Xi(z,wg).
k=1 o

n—1
Considering (34) and that v(z,t) = > vi(x,t) - 0;, where v;(z,t) are defined on
i=0

the interval [x;;2;41), we receive
- t
Dy . 1 .
vi(x,t) = Doy coswit + — sinwpt — — [ sinwg(t — s) - wi(s) ds| x
Wk Wi
0

k=1

X Xpi (2, wi), (55)
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where the functions Xy;(z,wy) are computed by the formula (45).
Considering (21), (55) the solution of the problem (1)-(3) is received

u(z,t) = i [wi(z,t) + vi(z,t)] - 6;.
=0

CoNCLUSION. The expansion by the eigenfunctions theorem is adapted for the
case of differential equations with piecewise constant (by the spatial variable) coeffi-
cients.

Explicit formulas for finding the solution and its quasi-derivatives for any partial
interval of the main interval that are valid for arbitrary finite numbers of the first
type break points of the earlier referred coeflicients are received.

This scheme of problem examination was considered in a case of rectangular
Cartesian coordinate system. However, it remains valid in a case of any curvilinear
orthogonal coordinates. The advantage of this method is a possibility to examine the
problem on each breakdown segment and then using the matrix calculation to write
down an analytical expression of the solution. Such an approach allows the use of
software tools for solving the problem.

The received results have a direct application to applied problems.
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Tavyita P. M., Ymup O. 0., Kapabun O. O.
TIEPIIA JIUCKPETHO—HEIEPEPBHA KPAMOBA 3AJIAYA 111 PIBHSIHHS TIIEPBOJIIYHOT'O
TUIY 3 KYCKOBO - CTAJIUMU KOE®IIIEHTAMU TA §-OCOBJIMBOCTSIMU

Pesrome

Buepie 3anporonoBano ta 06r'pyHTOBaHO HOBY (POPMAJIbHY CXEMY PO3B’SI3yBaHHS 3araJibHOT
mepIrrol KpaifoBol 3a7a4i A1t PiBHSAHHS TiepbosIiTHOTO TUITY 3 KyCKOBO—CTAIUMU KOoedirieH-
TaM# Ta J-0COOIUBOCTSIMU. B OCHOBY cxeMM pO3B’si3yBaHHSI MOKJIAAEHO KOHIIENIHIO KBa3ino-
XIHUX, Cy9JacHy TEOpilo cucTeM JiHIfHMX JnudepeHIiaJbHIX PIBHAHD, a TAKOXK KJIACHIHUI
meron Pyp’e Ta merox pemykiii. [lepeBaroro MeTomy € MOXKIUBICTD POIIVISHYTH 3329y HA
KOXKHOMY BIJIpi3Ky pO30UTTs, a IMOTIM 3a JIOIIOMOI'0I0 MATPUIHOIO YMCJIEHHS 3aIlIUCATH aHa-
JITUYHMI BUpPa3 PO3B’a3Ky. Takwil mixif J03BOJIsIE 3aCTOCOBYBATH IIPOrpaMHi 3acobu 110
mportecy BUPIiIeHHs 3a7a4i Ta rpadidrol iaocTparii po3s’a3Ky.

Karouosi crosa:  keasidudepenyianvore pishants, kpatiosa 3adavwa, mampuus Kowsi, @ym-
xuyia Jipaxa, 3adava Ha 6aaCHT 3HaveHrHA, memod Dyp’e ma memod eaachuxr GYHKYIT .

Tayut P.M., Ymupo O.1O., Kapabun O.O.
IIEPBAS AUCKPETHO—HEITPEPBIBHAA KPAEBAS 3AIAYA JIsd YPABHEHUWA TUITEPBOJIM-
YECKOT'O THUIIA C KYCOYHO—ITIOCTOSAHHBIMU KOD®OUIIUEHTAMU U —OCOBEHHOCTSIMU

Pesrome

Briepsrie npesiorkena m ob6ocHOoBaHa HOBasi (bOpMasIbHAsI CXeMa DeIleHUusl OOInell IepBoit
KpaeBoii 3a/1avu JJIsl ypaBHEHUs THIEPOOTUIECKOr0 TUIIA C KYCOUHO—TIOCTOSTHHBIMU KO3 hu-
nUeHTaMu U J-OCOOEHHOCTAMU. B OCHOBE CXEMbl PEIeHUsl JIEKUT KOHIENIUS KBA3UIIPOU3-
BOJIHBIX, COBPEMEHHAsT TEOPUsSI CUCTEM JIMHEHHBIX TuddepeHnnaabHbIX YPABHEHHU, a TaKXKe
kinaccuyeckuit meron @ypoe u meto peaykimn. [IpenmyinecTBoM MeTOIA SABIISETCS BO3MOXK-
HOCTb PaCCMOTPETH 331349y Ha KayKJIOM OTpe3Ke pa3bHueHusI, a 3aTeM Ha OCHOBAHUU MaTpUY-
HOT'O UCYHUCJIEHUsI OObEIMHUTD MTOJTyYeHHbIe pelenusi. Takoil moaxo/ mo3BoJIsieT MPUMEHUTH
NIPOTpaMMHBIE CPEJICTBA K IIPOLECCY Pa3peIIeHust 331a91 U rpadUIecKoil HIIIOCTPAIUN Pe-
IIEHUS.

Karoueswie caosa:  keasududdeperyuanrvroe ypashenue, kpaesas 3adavwa, mampuya Kowu,
dynryua Jupara, 3adava na cobecmeentvie 3nauerus, memod Pypve u memod cobcmseerHvLT

Pynryul .
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ki BAK Vkpainu» Big 15.01.2003 p. Ne 7-05/1, 106T0 HEOOXiHO BUILIATH BCTYIL,
OCHOBHY 4acTuny i BUCHOBKH. OCHOBHA YACTUHA [TOBHHHA MICTHUTHU TOCTAHOBKY IPO-
6J1eMu B 3arajibHOMY BUTJIsI/IL Ta 11 3B’30K i3 BaXKJITUBUMU HAYKOBUMU YU MTPAKTUIHU-
MU 3aBJIAaHHIMW; aHAJI3 OCTAHHIX JOCJIKEHb 1 MyO/IiKalliil, B IKUX 3aI0YATKOBAHO



pO3B’sa3amHs a0l MpobIeMr 1 Ha sKi CIUPAETHhCA aBTOP, BUJIICHHST HEBUPIIIEHUX
paHillre 9acTUH 3arajbHOl IPOOJIEMHU, KOTPUM IPUCBAYYETHCS IOAAHA CTATTs; (DOPMY-
JIFOBAHHSI IUJIel cTaTTi (MOCTAHOBKA 3aBJAHHs); BUKJAJ OCHOBHOTO MaTepiasy JOCIi-
JI2KEHHsI 3 IMOBHUM OOT'DYHTYBAHHSIM OTPUMAHUX HAYKOBUX PE3yJIbTATIB; BUCHOBKU 3
IIBOTO JOCJIiT?KEHHS 1 TEPCIIEKTUBY TOJIAIBINNX PO3BIIOK y mpoMy Hampsawmi. [locrran-
He Ha JITepaTypy B TEKCTi MOJIAIOTHCS MOPSIKOBIM HOMEPOM y KBRJIPATHUX JIYKKaX;

— CIIHCOK JIITEPATYPHUX J2KEPEJT YKJIAJAETHCH B HOPSIKY MOCHIAHb abo B ajida-
BITHOMY TIOPSJIKY Ta O(POPMITIOETHCS BiJITIOBIIHO /10 JIEP?KABHOTO CTAHIAPTY Y KpaiHu
JCTY I'OCT 7.1:2006 «bibsiorpadiuamit 3anuc. Bibmiorpadivauit onuc. 3arajbHi
BUMOI'M Ta IPaBUJIa CKJIJAHHs» Ta Bianosimae Bumoram BAK Vkpainu (nus. Haka3
Ne 63 Bizg 26.01.2008);

— aHOTAaIllil JIBOMa IHIIMUA MOBaMU, K1 TTOBUHHI MiCTUTH Ha3BY, CIIMCOK aBTOPIB,
pestome obcsirom He MeHIn 9K 100 ¢IiB Ta CIUCOK KJIIOYOBUX CJIiB;

— JIOJIATKOBO, SIKIIIO CTATTsI HAIIMCAHA YKPAIHCHKOI ab0 POCIiiCHbKOK MOBaMU, IIi-
CJIsl aHOTAIl TOJAETHCsI CIIMCOK JITEpaTypu y TpaHcaiTeparlll, odopMmaeHuil v Bi-
nosigHoCTI 110 MizkHAapOAHOrO cranxapry Harvard (3pa3ok Ta npasumia 0pOPMJICHHS
MOKHA 3HAMTH B IAGJIOH] CTaTTi HA CAlTi).

Yci masicani cTaTTi TPOXOAATH AHOHIMHE PEIeH3YBAHHSI.

Penkoneria mae mpaBo BiIXWINTH PYKOMNCH, SIKITIO BOHU HE BiJIMOBIJAIOTH BUMO-
ram )KypHasy «llocimimKeHHs B MaTeMaTHIl i MexaHiriy.

B oxmnomy HOMepi KypHaJy myOsIiKyeThCs TLIBKA OJIHA CTATTS aBTOPa, 30KpeMa i
y CHiBaBTOPCTBI.
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