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INTRODUCTION

Differential equation

y" = aop(t)eo(y)e1(y) exp(R(In [y], In |yy'[])), (1)

where ag € {—1,1}, p : [a,w][—=]0,400[ (—0 < a < w < +00), @i : Ay, —
10, +00[ are continuous functions, R :]0; +00[—]0; +00[ R :]0; +00[%]0; +o00[—
10, +00[ is continuously differentiable function. Here Y; € {0,+o0}, Ay; is
either the interval [y¥; Y;[,* or the interval Y;;y9] (i = 0,1). Moreover, it is
supposed, that every function ¢; (i = 0,1) is regularly varying of the order o;
([1], chapter 1, §1.1, p. 9) as the argument tends to Y; and og + o1 # 1.

Moreover, suppose the function R satisfy the conditions

lim R(yo,y1) = +0o0, (2)
(y0,y1)—(+00,+00)
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OR
Yig.- (Yo, y1)

7

lim

————— =y, uniformly by y; 1,7 € {0,1}, i # 7, 3
o Ry ybyy; 4,j€{0,1}, i#j,  (3)

where 0 < y9+71 <1, 7 # 0.

Definition 1. The solution y of equation (1) is called P, (Y, Y1, Ao) if it is
defined on [ty,w[C [a,w[ and

) ! t))2
imy® () =Y, (i=0,1), lm-D 5 4
imy () =Y (i =0,1), Oy (4)
Let the function ¢ : Ay —]0,+oco[ be a regularly varying function of the
order 0 as z = Y (z € Ay) (Y € {0,00}, Ay is a onesided neighborhood of
Y). We say that function ¢ satisfies the condition S if for any slowly varying
as z =Y (z € Ay) function L : Ay, —]0; +o0[, such, that

2L/ (2)
li =
2 L(2) 0,
z€ Ay

the following equality takes place
O(zL(z)) =O(2)(1 +0(1)) asz—Y, (z€Ay),

where ©(z) = p(z)|z| 7.

Some classes of P, (Yp, Y1, Ag)-solutions of the equation (1) were investi-
gated before (look, for example, [4]). A class of P,(Yp, Y7, +00)-solutions of
equations of the type (1) has been considered firstly for cases R(z) = 0 and
©o(2)|z| 770 satisfies the condition S. Later it has turned out to extend the
results on more general cases (look, for example,[3]|). But general case of equa-
tion (1), hasn’t been considered before. Let us notice, that the derivative of
every P, (Y, Y1, £o0)-solution is a slowly varying function as ¢ T w. It makes

additional difficulties by the investigations.

MAIN RESULTS

Let introduce subsidiary notations

o (t) = Oi(2) = wi(2)|z["7, (1=0,1)

t as w = +o0,
t—w asw < 400,

*If Y; = +oo(Y; = —o0) we respectively suppose, that 42 > 0 (y9 < 0) .



74 Bilozerova M. O.

and in case ltle |7, () |signy = Yo,
w

N(t) = aop(t)\ﬂw(t)]"OHGO(]Ww(t)\signyg) as t € [b,w],

Io(t) = Oéo/p(T)IM(T)I(’O@o(lm(T)Isignyg)dﬂ
A

bas [ p(7)|m(7)|70O(|my(7)|signyg)dr = +oo,

A9 = .

w,as [ p(7)|mw(7)]70O¢(|mw(7)[signyl ) dr < +oc.
b

Here we choose b € [a,w[ by such a way, that |, (t)[signy) € Ag as t € [b,w].

Theorem 1. The conditions

+oo, asw = —+o0,
Yo = 7w () yoy) > 0 as t € [a;w]. (5)
0, as w < +00,

are necessary for the existence of P,,(Yo, Y1, £00)-solutions of the equation (1).

If function @q satisfies the condition S and

1

(0 I 1P 0 1)
i OG0 o

then conditions

Whh(t) 1 —09g—01) >0  ast€ [a,w],

() 15(t) 0

1
ltiTmyﬂIo(t)\il—“o—”l =Y, lim =0.

ttw Ig(t)
together with conditions (5) are necessary and sufficient for the existence of the
mentioned solutions of the equation (1). Moreover, for each P, (Yy,Y1,£00)-
solution of the equation (1) the next asymptotic representations take place as
tTw

YOl (O] o )
@@ exp (Rl [y ) — O~ 70~ oV o®L + o),

(8)
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Proof. The necessity.
Let function y : [tg,w[— Ay, is a P, (Y0, Y1, £o0)—solution of the equation
(1). By (4) it follows from the equality

Y (Oytt) (y’(t))’. <y’<f>>_2 i

(/' (1))? y(t) y(t)
that @ " )
vV (VDY =— astTw
(%) () —rrommets
From this by (4) the next asymptotic representations take place
y(t) = m,(t)y' (H)[1 + 0(1)], y'(t) =0 <7?:;((tt))) as t tw. 9)

From the first formula we get the first one of representations (8) and condition
(5). It also follows from (9), that there exists such a slowly varying continuously
differentiable function L : Ay, —]0,4o00[, that y(t) = m,(t)L(m,(t)). By
condition S we obtain Og(y(t)) = O (|m,(t)|signyd)[1 + o(1)] as t T w.

Let us rewrite (1) in the form

y"(t)
p1(y ()Y ()]

Now let us suppose the condition (6) takes place and denote

= Iy(t) exp(R(In [y[, Inyy/|))[1 + o(1)] as t tw.  (10)

lim Iy (t) = Jy.

o folt) = Jo
By conditions (6) and (9) the function exp(R(|In ]y(]o_l(z))H, | In |y(IO_1(z))y’(IO_1(Z))||))
is a slowly varying function as z — Jy. Here Iy 1is the inverse function for Ip.

Therefore, using (10) we get

yOly' @)
p1(y' (1) exp(R(|In[y(®)]], [ In[y()y' (B)11))

= (1—09—01)Ip(t)[140(1)] as t T w.
(1)

So the representation (8) is grounded. Taking into account sign of the function
y'(t) we obtain the first and the second of conditions (7). Using the second of
relations (9) we have by (11) and (10), that

R OIAGIN00),
A e

=0.
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The third of conditions (7) follows from this relation. And thus the necessity
is proved.

The sufficiency. Let’s suppose, that the function ¢ satisfies condition S
and conditions (5)-(7) of the theorem take place. Let’s denote

g(vo,v1) = exp(R(|In |vo|[, | In [vov1 [[)) L1 (v1),

where L; : Ay, —]0, 400[ is such slowly varying function as z — Yi(z € Ay, ),
that

Li(2) =01(2)[1+0(1)] as 2 > Y1 (2 € Ay,), }g%iﬁ%)

zEAyl

=0. (12)

According to properties of the function R and (12), we get

Y % (vo,v1)
llm P

s o)

= 0 uniformly by vj € Ay;, j #1, 4,57 =0, 1. (13)

So, we can take Ay, C Ay: (i = 0,1) in such a form, that

Ui%(”o» Ul)

| = A Ay, . 14
o(vo 1) < (¢, (1=0,1) as (v, v1) € Ay, X Ay, (14)

Here 0 < ¢ < “_LS_G”, ¢ is sufficiently small and

] {2, Yl, if Ay, = [, il ) <3 < Vs
Ay, = i=0,1.
Vi, 371, if Ay, =]Yi, 90, Y>3 >,

Let’s consider the function

|81’170'070'1
9(80, 31)
F(So, 31) =

81

S0
on the set Ay, x Ay, .
Using (13) we get

‘81|1—0'0—0'1

lim =T, uniformly by s € AYO,
51V g(So,Sl)
sleAyl
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( 400, if Y1 =co0and 1 —o¢g — o1 > 0,
orYy=0and 1—09—01 <0,

0,ifYy=occand 1 —o0¢p—01 <0,
orYy=0and 1 — 09— 01 > 0.

\

Let us show, that F' sets one to one correspondence between the set AYO X
Ay, and the set

|gg|' 7071 T) g5 701
— =0 =1~ > X A as — o =1 T
~ R [ 9(Wo.95) 0 oGy S
F(AYO X Ayl) = (15)
~lil—og—0oq ‘*‘1'1*00*01
T' M] X A as yof T
< T 9(50.%) 0 oGl

Here
=1 =1
95 .10 g 0
[;@,YO)7 as/\o<0,g—§<Y0,

Ag = (16)
(YQ; ZZ—?I)], as A\g <0, ‘12—?1) > YD,
Y0 Yo
0, asYy=0,
Yy =< —oo asYy=0and w < +o0,

400 as Yp =0 and w = +o0.

|51‘1—00701

Let’s consider the behavior of the function on straight lines

9(s0,51)
so = ks, ke R\ {0} (17)
|Sl‘1—0'0—0'1 _ |81|1—0'0—0'1

On every such line we have Taking into account

9(s0, 51) g(ks1,s1)
(14) we obtain, that

[sq|tmo0—or\’ 0
sign (| ———— = sign 1—0¢g—01)).
(e ). = SR oo o)

’81|1—a'0—01

Therefore the function is strongly monotone on every line of the

g(ks1, 1)
type (17). Let suppose, that the correspondence F' is not a one to one type.

Then

3(po,p1), (90, 71) € Ay, x Ay, (po,p1) # (qo, 1) F(po,p1) = F(qo0,q1)-
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Taking into account the definitions of the sets AYO,AYN the last equality
means, that

‘170’070‘1 ’170‘070‘1

[Py _ln
9(po,p1) 9(@. 1) T 1 @

@:q—O:cER\{O}- (18)

So, the points (pg,p1) and (qo,q1) lie on a line of the type (17). But in
‘81|1_UO_01
g(s1,¢51)

is strongly monotone on the line. Therefore, there exists the inverse function
F~1: F(Ay, x Ay,) = Ay, x Ay,. Taking into account the character of the

function F', we have

this case equalities (18) can not take place, because the function

FyH(wo, w1) Fy (wo, w1)
F_l (’wo, wl) = =
Fy Hwo, wy) w%Ffl(wo,wl)
Since by (14) Jakobian of the function F' is different from zero as (sg,s1) €

Ay, x Ay,, the function F~! is continuously differentiable on F(Ay, x Ay,).
Let

|y/(t)|l_go =(l—0y—0 sign(y’ z1(x
o) exp (B @ @y @)~ & 00~ o olb)signl)L 4z (w))
y) _ 1 ool
v - mpl R
(19)
where

z = Bln|m,(t)], 5={ boasw= oo,

-1 asw < oo,
we can reduce the equation (1) to the system

;

le = BGO(Z')[l + Zl] <<1 — 09— 01 — \111(11;" 211’(2\12})1?;(;1111(2'27)')217 22))
Ky (z, 21, 22) CK(r.o.z )V(a:)) ) Ky (z, zl,zQ)Go(x)> B 1)
L+ 211+ 200 272G (a) [T+ 21][1 + 29)001 ’

o (s ),

(1 —0g — 0'1)[1 —|—Zl][1 + 29

where

\Ifo(x,zl,ZQ) = FO_I ((1 — 09 — Ul)Io(t(X))[l + zl(x)], ﬁ
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1
— i z2<:c>1) ,

Uy (z,21,22) = F ((1 — oo — o1)lo(t(z))[1 + 21(2)],

L OR
Zmlnm [ R XOIREENOT

(2

_ mu(t ( NI (t(x))
Gl ="y
Oo (Vo (t(2), 21, 22))
(1 =00 — 01)O0(|mu(t(z))[signyg)”
Ky(x,21,22) =

Ki(z,21,22) =

é)%]\h(t(m), 21, 22) T G (| In [Wo(t(2), 21, 22)) [, | In [Wo(t(w), 21, 22)) U1 (t(x), 21, 22)|)

V(x)
By (5) it is clear, that

1
lim ——~ =Y.
tTw Ww(t)

Moreover, it follows from the first and the second of conditions (7), that

ltle(l — 00 — Ul)Io(t) =7.

Therefore, we can choose ¢y € [a,w][ in such a form, that

(1 — 00 — O’l)lo(t)[l + 21(1‘)]
- ~ 1
F(AYOXAyl) npu t € [to,w[, ‘ZZ| < i,i =1,2.

7Tw<t) [1 + 22(1')]

Then we consider the system of differential equations (20) on the set
Q = [zg, +oo[x D, rae zg = Bln|m,(to)],

1.
D={(a1,22) : |ai| < 5,0 =1,2}.

Let’s rewrite the system in the form

Zi = GQ(CL‘)(AHZl + Aq92zo + Rl(CC,Zl, ZQ) + RQ(ZQ)),
zh = Ag121 + Agaza + Ra(x, 21, 22) + Ru(22),

where

Ayl = Ay = -8, Aip = —Boy, A =0,
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V(x) <1 N Ki(z, 21, 22)Go(x) )
Go(x) (1 +21)(1+2’2)U0_1
Kl(l‘, 21, ZQ) \Ill(ac, 21, ZQ)LII(\I’l(:L’, 21, 22)))+,8|K1($’ 21, ZQ)|(1 —o0Qg — 0'1) -1
(14 21)[1 + 22| Ly(W1(w, 21, 22)) |1+ 22|70
Ro(z2) = B(I1 + 22|77 + 0022),
[1 -+ zg]Go(x)Kl(w, 21, 2’2)
(1 — 00 — 0'1)[1 + 2’1”1 + 2’2]00 ’

Ry, 21, 20) = =Bl + ] (K<m>

)

R3(w,21,22) = B Ry(z) = —B22.

For (wo, w1) € F(Ay, x Ay,) the next equality

|FyH (wo, wy) |70

9(Fy H(wo, w1), Fy Y (wo, wr))

= Wi,

takes place. Since (14), (5) and the second of conditions (6), it follows from
this equality, that as ¢ = 0,1

. . 11 11
mlLIElO U;(t(x), 21, 22) = Y; uniformly by (z1,22) € [—2, 2] X [—2, 2} .

Therefore by (12) we have

i (@), 21, 22) Ly (Wi (H(2), 21, 22))
T—00 Ll(‘lll(t(x),zlazQ))

11 11
= iformly b - = E———
0 uniformly by (21, 22) € [ 5 2]><[ 2,2}
(22)
Moreover, it follows from the properties of the function F' by conditions
(5)-(7), that the function Wy(¢, 21, 22) is a slowly varying function as t 1 w

uniformly by (21, 22) € [—%; %] X [—%; %] Since

T (t) V1 (t, 21, 22)
1+ 2

U (t, 21, 22) =

and the function g together with the logarithmic function satisfy the condition
S, we have

11 11
uniformly by (z1,22) € [ ] X [ 2] ’

1
lim Ki(z,z21,20) = ~3i5

5, EE

Since the function R is regularly varying on infinity of the order pu, and

11 11
lim Ky(z, 21, 22) = 1 uniformly by (21, 22) € [ } X [ ; ] . (29)

0 < pu < 1, we obtain

lim /(| In . (8)] ) = 0. (25)
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It follows from the third of conditions (7), that

lim Go(z) = 0. (26)

T—r00

By (6) and (22)-(26) we get as ¢ = 2,4 the next limit relations

RZ'(ZQ)

im ———— = 0 uniformly by x : z €]z, +o0],
|1zl =0 |21] + [ 22

and as¢=1,3

lim R;(x, 21, 22) = 0 uniformly by 21, 29 : (21, 22) € D.
T—+00

By the definition of the function Gy it is clear, that fxos Go(z)dr = 0.

So, for the system of differential equations (21) all conditions of theorem
2.8 from |2] are fulfilled. According to this theorem, the system (21) has at
least one solution {z;}7_; : [z1, +oo[— R?*(x1 > z¢), that tends to zero as
x — +oo. By (19) and (20) this solution is corresponded by such solution
y of the equation (1), that admit asymptotic representations (8) as ¢ 1 w.
By the representations and (1) it is clear that the obtained solution is indeed

P, (Yo, Y1, +00)-solution. The theorem is proved in a whole.

CONCLUSION

For differential equations with new class of nonlinearity close regularly vary-
ing as arguments tend to critical points, necessary and sufficient conditions of
existence of one class of critical solutions were found. Asymptotic representa-
tions for such solutions to such equations and their first order derivatives are

also established.
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Binoseposa M. O.

ACHMITOTHUYHI 30BPAYKEHHSI O/ITHOT'O KJIACY PO3B’43KIB 3 MMOBLJILHO 3MIHHUMU I10-

XITHUMMU /14 HE.J'IIHIIZHI/IX,I[I/I@EPEHL[IAIIBHI/IX PIBHAHBb APYTOI'O MMOPAIKY

Pesrome

Jns icroTHO HemHIMHUX AudepeHIiaIbHuX PIBHAHD, 0 € B JESKOMY CEHCI OiIMm3bKuMu

1o piBasgHb Tuny Emmena-Paynepa Oy/0 3HaiIeHO HEOOXIMHI Ta JOCTATHI YMOBH iCHYBAHHS

OITHOTO KJIACy OCOO/IMBUX PO3B’a3KiB. TakokK OTPMMAHO aCUMITOTHUYHI 300PaKEHHs IS Ta-

KHX PO3B’43KiB Ta IX [TOXiHUX [I€PIIOrO IOPAIKY.

Karuosi caosa: dupepenuianvhi PieHAHHA, GCUMNMOMUKG, NMOGLAGHO 3MIHHL D036’ A3KU,

NPABUALHO 3MIHHT HEATHITGHOCTNE, HEATHITHT JUPEPEHULAALHE DIBHAHHA, NOBIALHO 3MIHHT TO-

TUoHI.
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