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MSC: 57R30.

Keywords: affine connected space, Riemannian space, Riemannian tensor, Ricci tensor,

𝑓 -structure.
DOI: https://doi.org/10.18524/2519-206X.2024.1(43).342067.

Received 09.03.2024 © Savchenko O.G., Konovenko N.G., 2024



88 Savchenko O.G., Konovenko N.G.

1. Introduction

In the works [3; 4] we considered 2𝐹"=planar mappings ([2]) which are

a natural generalization of geodesic mappings ([1]) of affine-connected and

Riemannian spaces, as well as holomorphically"=projective and 𝐹"=planar

([7; 9]) mappings of manifolds endowed with a certain type affinor structure.

In [2] the concept of 2𝐹"=planar mapping (2𝐹PM) of affinely connected

spaces was introduced and it was shown that 2𝐹PM between the spaces

(𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ), (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹

ℎ
𝑖 ) with metric tensors 𝑔𝑖𝑗 , 𝑔𝑖𝑗 and affinor structures

𝐹 ℎ𝑖 , 𝐹
ℎ
𝑖 , respectively, necessarily preserves the structure.

In other words, in the common with respect to the mapping coordinate

system (𝑥𝑖) we have

𝐹 ℎ𝑖 (𝑥) = 𝐹
ℎ
𝑖 (𝑥), ℎ, 𝑖 = 1, 2, . . . , 𝑛.

In [2], 2𝐹PMs of pseudo-Riemannian spaces with a structure of the form

𝐹 ℎ𝛼𝐹
𝛼
𝛽 𝐹

𝛽
𝑖 = 𝛿ℎ𝑖

were also researched.

Continuing the study of 2𝐹PM in [3], we found out that a pseudo-Riemannian

space with an absolutely parallel 𝑓"=structure is a product of two spaces, one

of which is Kahler, and also that the class of pseudo-Riemannian spaces with

an absolutely parallel 𝑓"=structure is closed with respect to the considered

mappings. It was also shown that under the condition of covariant constancy

of the 𝑓"=structure, non-trivial 2𝐹"=planar mappings can be of three types:

complete and canonical of type I, II.

In [3] it is proved that 2𝐹PM, depending on the type, induces on the

product components, which represent the mapped spaces, a geodesic [1], holo-

morphic"=projective [9] or affine [1] mapping.

In [4] we constructed geometric objects invariant with respect to the consid-

ered mappings, identified classes of pseudo-Riemannian spaces with absolutely

parallel 𝑓"=structure that admit 2𝐹PM (of the main type and canonical) onto

a flat space, and obtained their metrics in a special coordinate system.

In [5] we considered the basic questions of the theory of 2𝐹PM of the

main type. Theorems have been proved that give a regular method that al-

lows for any pseudo-Riemannian space with absolutely parallel 𝑓"=structure
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(𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) to either find all spaces (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹

ℎ
𝑖 ) onto which 𝑉𝑛 admits a

2𝐹"=planar mapping of the main type, or to prove that there are no such

spaces.

The study is carried out in tensor form, locally, in the class of real rather

smooth, and in the general case analytic functions.

Main Results

2. 2𝐹PMs of pseudo-Riemannian spaces with absolutely

parallel 𝑓"=structure

1∘. Consider the pseudo-Riemannian spaces (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹 ℎ𝑖 ) and (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ),

in which affinor structures are given. In the common with respect to the map-

ping coordinate system (𝑥𝑖) 2𝐹"=planar mapping

(𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 )

2𝐹𝑃𝑀−→ (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ),

is characterized by the fundamental equations [2]:

Γ
ℎ
𝑖𝑗(𝑥) = Γℎ𝑖𝑗(𝑥) + 𝜓(𝑖𝛿

ℎ
𝑗) + 𝜑(𝑖

1

𝐹 ℎ𝑗) + 𝜎(𝑖

2

𝐹 ℎ𝑗), (1)

𝐹 ℎ𝑖 (𝑥) = 𝐹
ℎ
𝑖 (𝑥), (2)

where
1

𝐹 ℎ𝑖 = 𝐹 ℎ𝑖 ,
2

𝐹 ℎ𝑖 = 𝐹 ℎ𝛼𝐹
𝛼
𝑖 .

Γℎ𝑖𝑗 ,Γ
ℎ
𝑖𝑗 are the Christoffel symbols of 𝑉𝑛, 𝑉 𝑛, respectively; 𝜓𝑖(𝑥), 𝜑𝑖(𝑥), 𝜎𝑖(𝑥)

are certain covectors; brackets (𝑖, 𝑗) denote the symmetrization with respect

to the corresponding indices; comma «,» is a sign of the covariant derivative

in respect to the connection of 𝑉𝑛.

2𝐹PM is considered trivial when 𝜓𝑖 = 𝜑𝑖 = 𝜎𝑖 = 0.

We will assume that the affinor 𝐹 ℎ𝑖 defines a 𝑓 -structure in (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 )

[8],[6], i.e. the following conditions hold

𝐹 ℎ𝛼𝐹
𝛼
𝛽 𝐹

𝛽
𝑖 + 𝐹 ℎ𝑖 = 0, 𝑖, ℎ, 𝛼, 𝛽, . . . = 1, 2, . . . , 𝑛, (3)

𝑅𝑔‖𝐹 ℎ𝑖 ‖ = 2𝑘 (2𝑘 < 𝑛).
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If the affine structure is consistent with the metric 𝑉𝑛 and 𝑉 𝑛 in the form

1
𝐹𝑖𝑗 +

1
𝐹𝑗𝑖 = 0,

1

𝐹 𝑖𝑗 +
1

𝐹 𝑗𝑖 = 0, (4)

1
𝐹𝑖𝑗 = 𝑔𝑖𝛼

1

𝐹𝛼𝑗 ,
1

𝐹 𝑖𝑗 = 𝑔𝑖𝛼
1

𝐹𝛼𝑗 ,

and is absolutely parallel in 𝑉𝑛, i.e.

1

𝐹 ℎ𝑖,𝑗 = 0, (5)

then, as shown in [3], we have
1

𝐹 ℎ𝑖|𝑗 = 0. (6)

Here ”,” and ”|” are the signs of the covariant derivative in 𝑉𝑛 and 𝑉 𝑛,respectively

.

In [3] we found out that under the conditions (3)-(6) between the vectors

𝜓𝑖, 𝜑𝑖, 𝜎𝑖 in the fundamental equations (1) there is a dependence

𝜓𝛼
1

𝐹𝛼𝑖 = 0, 𝜎𝑖 = 𝜓𝑖 − 𝜑𝛼
1

𝐹𝛼𝑖 , 𝜑𝑖 = 𝜎𝛼
1

𝐹𝛼𝑖 , (7)

and also that the condition 𝜎𝑖 = 0 implies 𝜓𝑖 = 𝜑𝑖 = 0, i.e. in this case

2𝐹PM is trivial. Therefore, for nontrivial 2𝐹 -planar mappings (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 )

onto (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) with the fundamental equations (1) one of the following

options occurs:

𝐼 𝜓𝑖 = 0, 𝜑𝑖 ̸= 0, 𝜎𝑖 ̸= 0;

𝐼𝐼 𝜓𝑖 ̸= 0, 𝜑𝑖 = 0, 𝜎𝑖 ̸= 0;

𝐼𝐼𝐼 𝜓𝑖 ̸= 0, 𝜑𝑖 ̸= 0, 𝜎𝑖 ̸= 0.

We call the 2𝐹 -planar mapping canonical I(II) type and denote it by

2𝐹PM(I), 2𝐹PM(II) in cases I,II and 2𝐹PM of fundamental type in case III.

Further in this article, we consider only 2𝐹PM(II).

2∘. Let us define an operation of contraction with an affinor, which is

called conjugation with respect to the corresponding indices and is denoted as

follows

𝐴...
𝑖...

= 𝐴...𝛼...
1

𝐹𝛼𝑖 , 𝐴𝑖...... 𝐴
𝛼...
...

1

𝐹 𝑖𝛼,

𝐴...
𝑖...

= 𝐴...𝛼...
2

𝐹𝛼𝑖 , 𝐴𝑖...... = 𝐴𝛼......

2

𝐹 𝑖𝛼 .
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3. Linear equations of the theory of 2𝐹PM(II)

1∘. The pseudo-Riemannian space 𝑉𝑛 with an absolutely parallel 𝑓 -

structure admits a non-trivial mapping

(𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 )

2𝐹𝑃𝑀(𝐼𝐼)−→ (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ),

onto the space 𝑉 𝑛, if and only if in the common with respect to the mapping

coordinate system (𝑥𝑖) the fundamental equations of the considered mapping

have the form:

Γ
ℎ
𝑖𝑗(𝑥) = Γℎ𝑖𝑗(𝑥) + 𝜓(𝑖𝛿

ℎ
𝑗) + 𝜎(𝑖

2

𝐹 ℎ𝑗), (8)

𝐹 ℎ𝑖 (𝑥) = 𝐹
ℎ
𝑖 (𝑥), (9)

where in accordance with (7)

𝜓𝛼
1

𝐹𝛼𝑖 = 0, 𝜎𝑖 = 𝜓𝑖. (10)

Relations (8) in (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) are the system of nonlinear differential equa-

tions in partial derivatives of the first order with respect to the components of

the tensor 𝑔𝑖𝑗(𝑥) and the vector 𝜓𝑖(𝑥) ̸= 0, under conditions (10).

The modern theory of differential equations does not provide regular meth-

ods for investigating the conditions for the existence and uniqueness of solutions

to this system.

Using methods developed in the theory of geodesic mappings of Riemannian

spaces [1; 9], we reduce the fundamental equations of 2𝐹PM(II) (8) to a form

that allows for efficient investigation.

2∘. From relations (8) and (10) it follows

Γ
𝛼
𝑖𝛼(𝑥) = Γ𝛼𝑖𝛼(𝑥) + (𝑛− 2𝑘 + 1)𝜓𝑖(𝑥),

𝑅𝑔‖𝐹 ℎ𝑖 ‖ = 2𝑘 (2𝑘 < 𝑛),

therefore the vector 𝜓𝑖 is gradient, that is, there exists invariant 𝜓(𝑥) such

that

𝜓𝑖 =
𝜕𝜓(𝑥)

𝜕𝑥𝑖
. (11)
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Next, since 𝑔𝑖𝑗|𝑘 = 0 in 𝑉 𝑛, equation (1) can be written in an equivalent

form

𝑔𝑖𝑗,𝑘 = 𝜓(𝑖𝑔𝑗)𝑘 + 2𝜓𝑘
2

𝐹 𝑖𝑗 +𝜓(𝑖

2

𝐹 𝑗)𝑘, (12)

where
2

𝐹 𝑖𝑗 = 𝑔𝑖𝛼
2

𝐹𝛼𝑗 ,

2

𝐹 𝑖𝑗 =
2

𝐹 𝑗𝑖 . (13)

Let us consider a nondegenerate tensor

𝑔𝑖𝑗 = 𝑔𝑖𝛼

(︂
𝑎𝛿𝛼𝑗 + 𝑐

2

𝐹𝛼𝑗

)︂
, (14)

where 𝑎, 𝑐 are some invariants.

After covariant differentiation (14) in 𝑉𝑛 taking into account the conditions

(12) we obtain:

𝑔𝑖𝑗,𝑘 = 𝜑(𝑖𝑔𝑗)𝑘 + 𝜎(𝑖

2

𝐹𝑗)𝑘+𝑇𝑖𝑗𝑘, (15)

where
2

𝐹𝑖𝑗 = 𝑔𝑖𝛼
2

𝐹𝛼𝑗 ,

𝑇𝑖𝑗𝑘 = 𝑔𝑖𝑗(𝑎,𝑘 + 2𝑎𝜓𝑘) +
2

𝐹 𝑖𝑗
(︀
𝑐,𝑘 + 2𝑎𝜓𝑘

)︀
.

We choose the invariants 𝑎 and 𝑐 such that 𝑇𝑖𝑗𝑘 = 0, i.e.

𝑔𝑖𝑗(𝑎,𝑘 + 2𝑎𝜓𝑘) +
2

𝐹 𝑖𝑗
(︀
𝑐,𝑘 + 2𝑎𝜓𝑘

)︀
= 0. (16)

Contracting the obtained relations with
2

𝐹 𝑗𝑘 by the index 𝑗 and comparing the

result with the original equality, we conclude that (16) are equivalent to a

system of first-order partial differential equations

𝑎,𝑘 + 2𝑎𝜓𝑘 = 0,

𝑐,𝑘 + 2𝑎𝜓𝑘 = 0.

This system is completely integrated and its general solution, taking into ac-

count (11), has the form

𝑎 = 𝐶1𝑒
−2𝜓, 𝑐 = 𝐶2 + 𝐶1𝑒

−2𝜓(𝑥),
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𝐶1, 𝐶2 - arbitrary constants. We will be satisfied with any partial solution, for

which

𝑔𝑖𝑗(𝑥) ̸= 𝑎𝑔𝑖𝑗(𝑥), det ‖𝑔𝑖𝑗‖ ≠ 0,

therefore we choose 𝐶1 = 𝐶2 = 1 and thus,

𝑔𝑖𝑗 = 𝑒−2𝜓𝑔𝑖𝛼

(︂
𝛿𝛼𝑗 + (1 + 𝑒2𝜓)

2

𝐹𝛼𝑗

)︂
. (17)

The matrix (𝑔𝑖𝑗) is nondegenerate. It is easy to verify that the tensor

𝑔𝑖𝑗 = 𝑒2𝜓𝑔𝑖𝛼
(︂
𝛿𝑗𝛼 + (1 + 𝑒−2𝜎)

2

𝐹 𝑗𝛼

)︂
(18)

satisfies the condition

𝑔𝑖𝛼𝑔
𝛼𝑗 = 𝛿𝑗𝑖 .

Let us differentiate this identity covariantly in 𝑉𝑛:

𝑔𝑖𝛼,𝑘𝑔
𝛼𝑗 + 𝑔𝑖𝛼𝑔

𝛼𝑗
,𝑘 = 0.

From here we find

𝑔𝑖𝑗,𝑘 = −𝑔𝛼𝛽,𝑘𝑔𝛼𝑖𝑔𝛽𝑗

and, according to (15),(16),

𝑎𝑖𝑗,𝑘 = 𝜆(𝑖
(︀
𝑔𝑗)𝑘 +

2
𝐹 𝑗)𝑘

)︀
, (19)

where

𝑎𝑖𝑗 = 𝑔𝛼𝛽𝑔𝛼𝑖𝑔𝛽𝑗 , (20)

𝜆𝑖 = −𝜓𝛼𝑔𝛼𝛽𝑔𝛽𝑗 . (21)

In view of (10) we have

𝜆𝑖 = 0. (22)

As easy to see, from (4), (20) it follows that the tensor 𝑎𝑖𝑗 satisfies the

conditions

𝑎𝑖𝛼
2

𝐹𝛼𝑗 = 𝑎𝑗𝛼
2

𝐹𝛼𝑖 , det ‖𝑎𝑖𝑗‖ ≠ 0. (23)

Let us contract (19) with 𝑔𝑖𝑗 by indices 𝑖, 𝑗. Then taking into account (22)

it turns out that the vector 𝜆𝑖 is gradient, since
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𝑎𝛼𝛽,𝑘𝑔
𝛼𝛽 = (𝑎𝛼𝛽𝑔

𝛼𝛽),𝑘 = 2𝜆𝑘.

Therefore, if a pseudo-Riemannian space (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) with an absolutely

parallel 𝑓 -structure admits a nontrivial 2𝐹PM(II) onto the space (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ),

i.e., it satisfies (12), (3), (4), (5), then there must exist in it a nonsingular

symmetric tensor 𝑎𝑖𝑗 that satisfies (19)(22),(23) for some nonzero vector 𝜆𝑖.

The converse is also true. In fact, if 𝑎𝑖𝑗 and 𝜆𝑖, satisfy equations (19),(22),

(23), then for

𝑔𝑖𝑗 = 𝑎𝛼𝛽𝑔𝛼𝑖𝑔𝛽𝑗 ,

𝑎𝑖𝛼𝑎
𝛼𝑗 = 𝛿𝑗𝑖

take place (15) when 𝑇𝑖𝑗𝑘 = 0 and 𝜓𝑖 = −𝜆𝛽𝑔𝛽𝛼𝑔𝛼𝑖.
Let Γ̃ℎ𝑖𝑗 be the Christoffel symbols of the second kind derived from the

tensor 𝑔𝑖𝑗 . Given that

2Γ̃𝛼𝑖𝛼 = 𝑔𝛼𝛽
𝜕𝑔𝛼𝛽
𝜕𝑥𝑖

= 𝑔𝛼𝛽(𝑔𝛼𝛽,𝑖 + 2𝑔𝛼𝛾Γ
𝛾
𝛽𝑖),

taking into account (15), (7) we find

𝜓𝑖 = Γ̃𝛼𝑖𝛼 − Γ𝛼𝑖𝛼 (24)

which indicates the gradient of the vector 𝜎𝑖.

But then for the tensor

𝑔𝑖𝑗 = 𝑒−2𝜓𝑔𝑖𝛼

(︂
𝛿𝛼𝑗 + (1 + 𝑒2𝜓)

2

𝐹𝛼𝑗

)︂
from (17) and (15) the conditions (12) follow. Obviously, 𝑔𝑖𝑗 is a metric

tensor of a pseudo-Riemannian space with a completely parallel 𝑓 -structure

(𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑗 ).

Thus, the proved

Theorem 1. In order for a pseudo-Riemannian space with an absolutely paral-

lel 𝑓 -structure (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑗 ) to admit 2𝐹PM(II)s, it is necessary and sufficient

that in this space there exists a non-singular, symmetric, doubly covariant ten-

sor 𝑎𝑖𝑗 that satisfies the equations (19), (23) for some vector 𝜆𝑖 ̸= 0, related by

the conditions (22).



ON SPECIAL 2F-PLANAR MAPPINGS 95

Equations (19) represent a linear form of the fundamental equations of

the theory of canonical 2F-planar mappings of the second type of spaces with

𝑓 -structure.

2∘. A useful corollary follows from the proved theorem. Before formulat-

ing it, let us recall that a Riemannian space (𝑉𝑛, 𝑔𝑖𝑗), in which there exists a

vector field 𝜉𝑖 ̸= 0, satisfying the equation

𝜉𝑖,𝑗 = 𝜌𝑔𝑖𝑗 (25)

is called equidistant [1; 9]. Such vector fields are called concircular [1; 9]. An

equidistant space is considered to be of the fundamental type when 𝜌 ̸= 0 and

of the special type when (19).

Theorem 2. Every pseudo-Riemannian space with a absolytely parallel 𝑓 -

structure (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
𝑖
𝑗 ) in which there exists a concircular vector field 𝜉𝑖, that

satisfies equation (25) when 𝜌 ̸= 0, admits a nontrivial 2𝐹PM(II) provided

that 𝜉
𝑖
̸= 0.

Indeed, let there exist a vector field 𝜉𝑖 in (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑗 ) satisfying (25) and

𝜉
𝑖
̸= 0. Then for the tensor

𝑎𝑖𝑗 = 𝐶1𝑔𝑖𝑗 + 𝐶2

2
𝐹 𝑖𝑗 + 𝐶3

(︀
𝜉𝑖 + 𝜉

𝑖

)︀(︀
𝜉𝑗 + 𝜉

𝑗

)︀
with such constants 𝐶1, 𝐶2, 𝐶3 ̸= 0, that 𝑎𝑖𝑗 will be non-singular, we have:

𝑎𝑖𝑗,𝑘 = 𝜆(𝑖
(︀
𝑔𝑗)𝑘 +

2
𝐹 𝑗)𝑘

)︀
,

where

𝜆𝑖 = 𝐶3

(︀
𝜉𝑖 + 𝜉

𝑖

)︀
.

By direct verification, we will see that for 𝑎𝑖𝑗 and 𝜆𝑖 ̸= 0, the properties

(22) and (23) hold. Hence by Theorem 3.1 (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
𝑖
𝑗 ) admits 2𝐹PM(II).

3∘. Let us generalize the concept of a concircular vector field. To do this,

we introduce into consideration vector fields that satisfy the conditions

𝜁𝑖,𝑗 = 𝜌1𝑔𝑖𝑗 + 𝜌2
2
𝐹 𝑖𝑗 . (26)

Let us call them quasiconcircular.

It takes place
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Theorem 3. Every pseudo-Riemannian space with a absolutely parallel 𝑓 -

structure (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
𝑖
𝑗 ), in which there exists a quasi-concircular vector field 𝜁𝑖,

that satisfies equation (26), admits a 2𝐹PM(II) under the conditions 𝜌1 ̸=
𝜌2, 𝜌1 ̸= 0, 𝜌2 ̸= 0, 𝜁

𝑖
̸= 0.

Let in (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑗 ) there is a vector field 𝜁𝑖, which satisfies (26) and 𝜌1 ̸=

𝜌2, 𝜌1 ̸= 0, 𝜌2 ̸= 0, 𝜁
𝑖
̸= 0.

Then, by direct calculation, we can verify that the vector field

(𝜌1 − 𝜌2)𝜁𝑖 − 𝜌2𝜁𝑖

is concircular and, therefore, in accordance with Corollary 3.2, our space admits

2𝐹PM(II).

4. Fundamental theorems of the theory of 2𝐹PM(II) of

pseudo-Riemannian spaces with absolutely parallel 𝑓-

structure

1∘. Let us be given a pseudo-Riemannian space with an absolutely paral-

lel 𝑓 -structure (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹 ℎ𝑖 ), i.e. we know its metric tensor 𝑔𝑖𝑗(𝑥) and the affinor

of the 𝑓 -structure 𝐹 ℎ𝑖 (𝑥).The question is whether the space (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) allows

the first type canonical 2𝐹 -planar mappings is reduced to the study of equa-

tions (19) with respect to the tensor 𝑎𝑖𝑗 and the vector 𝜆𝑖 ̸= 0 , which satisfies

the conditions (22), (23).

To do this, let us consider the integrability conditions of the equations (19).

Taking into account the Ricci identity, they have the form:

𝑎𝛼(𝑗𝑅
𝛼
𝑖)𝑘𝑙 = 𝑄(𝑖𝑗)[𝑘𝑙], (27)

where

𝑄𝑖𝑗𝑘𝑙 = 𝜆𝑖,𝑙
(︀
𝑔𝑗𝑘 +

2
𝐹 𝑗𝑘

)︀
,

the square brackets denote the operation of alternation by the corresponding

indices.

Hence, using suitable algebraic transformations, we find

(𝑛− 2𝑘)𝜆𝑖,𝑙 = 𝜈

(︂
𝑔𝑖𝑙 +

2
𝐹 𝑖𝑙

)︂
+

(︂
𝑎𝛼𝛽𝑅

𝛼
.𝑖
𝛽
.𝑙 + 𝑎𝑖𝛼𝑅

𝛼
𝑙

)︂
(28)
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where 𝜈 = 𝜆𝛼,𝛽𝑔
𝛼𝛽 – invariant.

In equations (28) new unknown invariant 𝜈 has appeared, for which dif-

ferential conditions must also be found. To do this, we write the integrability

conditions of the last equation:

(𝑛− 2𝑘 + 3)𝜆𝛼𝑅
𝛼
𝑖𝑙𝑘 =

(︂
𝜈,[𝑘 − 𝜆𝛼𝑅𝛼[𝑘

)︂(︂
𝑔𝑙]𝑖 +

2
𝐹 𝑙]𝑖

)︂
−

−𝑎𝛼𝛽
(︂
𝑅𝛼𝑖𝑙𝑘,

𝛽
.
+ 𝛿𝛽𝑖 𝑅

𝛼𝛿
..𝑙𝑘,𝛿

)︂
.

(29)

Hence, by certain algebraic transformations, we find:

(𝑛− 2𝑘 − 1)𝜈,𝑘 = 2(𝑛− 2𝑘 + 1)𝜆𝛼𝑅
𝛼
𝑘 + 𝑎𝛼𝛽

(︂
𝑅𝛼𝑘,

𝛽
.
+𝑅𝛼𝛿𝛽...𝑘,𝛿

)︂
. (30)

Equations (19), (28) and (30) form a closed system of the first order partial

differential equations of Cauchy type with respect to the unknown functions

𝑎𝑖𝑗 , 𝜆𝑖, 𝜈. Let us denote it by (𝐴). In the theory of differential equations

regular methods have been developed for such systems. Thus, we proved

Theorem 4. In order for a pseudo-Riemannian space with an absolutely par-

allel 𝑓 -structure (𝑉𝑛, 𝑔𝑖𝑗(𝑥), 𝐹
ℎ
𝑖 (𝑥)) to admit a canonical 2𝐹 -planar mapping

of the second type, it is necessary and sufficient that the system of differential

equations (𝐴) has a nontrivial solution

𝑎𝑖𝑗(𝑥)

(︂
= 𝑎𝑗𝑖(𝑥), det ‖𝑎𝑖𝑗(𝑥‖ ≠ 0

)︂
, 𝜆𝑖 ̸= 0, 𝜈(𝑥),

which satisfies the conditions (23).

2∘. From the theory of differential equations it is known that the system

(𝐴) has at most one solution for each set of Cauchy initial values

𝑎𝑖𝑗(𝑥∘) = 𝑎𝑖𝑗
∘
, 𝜆𝑖(𝑥∘) = 𝜆𝑖

∘
, 𝜈(𝑥∘) = 𝜈

∘
,

therefore the number of arbitrary constants in the general solution of the equa-

tions (𝐴) is limited. Note that this system is not always compatible and the

existence of non-trivial solutions depends on whether the set of integrability

conditions (𝐴) and their differential extensions are compatible.
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The integrality conditions of (19) are obtained from (27) after replacing

the derivative of the vector 𝜆𝑖 with the expressions (28) in the form:

𝑎𝛼𝛽𝑇
𝛼𝛽
𝑖𝑗𝑘𝑙 = 0, (31)

where

𝑇𝛼𝛽𝑖𝑗𝑘𝑙 = 2𝑘(𝑛− 2𝑘)

(︂
𝛿𝛽𝑗 𝑅

𝛼
.𝑖𝑘𝑙 + 𝛿𝛽𝑖 𝑅

𝛼
.𝑗𝑘𝑙

)︂
+

1
𝑇
𝛼𝛽

(𝑖𝑗)[𝑘𝑙],

1
𝑇
𝛼𝛽

𝑖𝑗𝑘𝑙 =

(︂
𝑅𝛼.𝑖𝛾

𝛽
.
−𝑅𝛼𝛾 𝛿

𝛽
𝑖

)︂(︂
2𝑘(𝛿𝛾𝑙 +

2

𝐹 𝛾𝑙 )𝑔𝑗𝑘 + (2𝑘𝛿𝛾𝑙 + 𝑛
2

𝐹 𝛾𝑙 )
2
𝐹𝑗𝑘

)︂
.

.

We obtain the integrability conditions of (28) from (29) after replacing the

derivatives of 𝜈 in them with the expressions (30) in the form:

𝑎𝛼𝛽𝑃
𝛼𝛽
𝑖𝑙𝑘 + (𝑛− 2𝑘 + 3)(𝑛− 2𝑘 − 1)𝜆𝛼𝑄̃

𝛼
𝑖𝑙𝛾

(︂
𝛿𝛾𝑙 +

2

𝐹 𝛾𝑙

)︂
= 0, (32)

where

𝑃𝛼𝛽𝑖𝑙𝑘 =

(︂
𝑅𝛼𝑖𝑘𝛾,

𝛽
.
+ 𝛿𝛽𝑖 𝑅

𝛼𝛿
..𝑘𝛾,𝛿

)︂(︂
𝛿𝛾𝑙 +

2

𝐹 𝛾𝑙

)︂
𝑄̃𝛼𝑖𝑙𝑘 = 𝑔𝛼𝛽𝑔𝑖𝛾𝑄

𝛾
𝛽𝑙𝑘,

𝑄ℎ𝑖𝑙𝑘 = 𝑅ℎ𝑖𝑙𝑘 −
1

𝑛− 2𝑘 − 1

(︂
(𝛿ℎ𝑘 +

2

𝐹 ℎ𝑘 )𝑅𝑖𝑙 − (𝛿ℎ𝑙 +
2

𝐹 ℎ𝑙 )𝑅𝑖𝑘

)︂
, (33)

𝑛− 2𝑘 − 1 ̸= 0, 𝑘 =
1

2
𝑅𝑔‖𝐹 ℎ𝑖 ‖ ≠ 1.

Note that the tensor (33) is invariant under canonical 2𝐹PM of the second

type. It was built by us in [4].

Similarly, the integrability conditions of equations (30) are as follows:

𝑎𝛼𝛽𝑆
𝛼𝛽
𝑘𝑙 + 𝜆𝛼𝐿

𝛼
𝑘𝑙 = 0, (34)

where 𝑆𝛼𝛽𝑘𝑙 and 𝐿𝛼𝑘𝑙 are expressed in a certain way through the internal objects

of 𝑉𝑛. We do not provide them due to their complexity.

Let us denote the integrability conditions of the system (𝐴), which we

present in the form (31),(33),(34), by (𝐵), and their differential extensions by
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(𝐵1),(𝐵2),(𝐵3),. . . As we can see, (𝐵), (𝐵1), (𝐵2), (𝐵3), . . . are a system of

linear homogeneous algebraic equations with respect to 𝑎𝑖𝑗 , 𝜆𝑖, 𝜈 with

coefficients from 𝑉𝑛. Since the number of unknown functions is limited, there

will be a natural number 𝑠 such that (𝐵𝑠) and the following extensions will be

the consequences of (𝐵), (𝐵1), (𝐵2), (𝐵3), . . . ,(𝐵𝑠−1).

From the analytical theory of differential equations, for the system (𝐴)

there is a nontrivial solution in the neighborhood of the point 𝑀∘ if and only

if the system of equations (𝐵), (𝐵1), (𝐵2), (𝐵3), . . . ,(𝐵𝑠−1) have a nontrivial

solution at this point.

True

Theorem 5. In order for a pseudo-Riemannian space with an absolutely paral-

lel 𝑓 -structure
(︀
𝑉𝑛, 𝑔𝑖𝑗(𝑥), 𝐹

ℎ
𝑖 (𝑥)

)︀
to admit a canonical 2𝐹 -planar mapping of

the second type, it is necessary and sufficient that the system of homogeneous

algebraic equations (𝐵), (𝐵1), (𝐵2), (𝐵3), . . . ,(𝐵𝑠−1) has in (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) a

nontrivial solution

𝑎𝑖𝑗(𝑥)

(︂
= 𝑎𝑗𝑖(𝑥), det ‖𝑎𝑖𝑗(𝑥‖ ≠ 0

)︂
, 𝜆𝑖(𝑥) ̸= 0, 𝜈(𝑥),

which satisfies the conditions (22),(23).

Conclusion

Theorems 4.1 and 4.2 can be considered as the fundamental theorems of the

theory of the first type canonical 2𝐹 -planar mappings of pseudo-Riemannian

spaces with absolutely parallel 𝑓 -structure, since they give a regular method

that allows for any such space (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹 ℎ𝑖 ) either to find all pseudo-Riemannian

spaces (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) onto which 𝑉𝑛 admits 2𝐹PM(II)s, or to prove that there

are no such spaces. However, it should be recognized that for large 𝑛 directly

solving of this problem may be technically quite difficult. Therefore, it is very

important to develop other approaches to studying the problem of the existence

of 2𝐹PM(II) and their features.
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Савченко О. Г., Коновенко Н. Г.

Про спецiальнi 2F-планарнi вiдображення псевдо-рiманових просторiв

з 𝑓-структурою

Резюме

Розглядаються деякi питання теорiї 2𝐹 -планарних вiдображень многовидiв, якi

надiленi афiнорною структурою певного типу. Ми довели, що цi вiдображення можуть

бути трьох видiв: повнi (основного типу) i канонiчнi I, II типiв.

Ранiше ми докладно вивчали повнi та каноничнi першого типу 2𝐹 -планарнi вiд-

ображення. У цiй статтi розглядаються основнi питання для канонiчних 2𝐹 -планарних

вiдображень II типу.

Було доведено теореми, якi дають регулярний метод, що дозволяє для будь-якого

псевдорiманового простору з абсолютно паралельною 𝑓 -структурою (𝑉𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ) або

знайти всi простори (𝑉 𝑛, 𝑔𝑖𝑗 , 𝐹
ℎ
𝑖 ), на якi 𝑉𝑛 допускає канонiчне 2𝐹 -планарне вiдобра-

ження другого типу, або довести, що таких просторiв немає.

Ми, зокрема, показали, що псевдорiмановий простiр з абсолютно паралельною 𝑓 -

структурою, в якому iснує конциркулярне або квазiконциркулярне векторне поле, до-

пускає нетривiальне канонiчне 2𝐹 -планарне вiдображення другого типу.

Ключовi слова: простiр афiнної зв’язностi, рiмановий простiр, тензор Рiмана, тензор

Рiччi, 𝑓 -структура.
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