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1. INTRODUCTION

In the works [3; 4] we considered 2F"=planar mappings ([2|) which are
a natural generalization of geodesic mappings ([1]) of affine-connected and
Riemannian spaces, as well as holomorphically"=projective and F"=planar
(|7; 9]) mappings of manifolds endowed with a certain type affinor structure.

In [2] the concept of 2F"=planar mapping (2FPM) of affinely connected
spaces was introduced and it was shown that 2FPM between the spaces
(Vos 95, ), (Vn,yijf? ) with metric tensors g;;,7;; and affinor structures
Fih,F? , respectively, necessarily preserves the structure.

In other words, in the common with respect to the mapping coordinate

system (z°) we have

In [2], 2FPMs of pseudo-Riemannian spaces with a structure of the form
FIPgFf = ot

were also researched.

Continuing the study of 2F'PM in [3], we found out that a pseudo-Riemannian
space with an absolutely parallel f"=structure is a product of two spaces, one
of which is Kahler, and also that the class of pseudo-Riemannian spaces with
an absolutely parallel f"=structure is closed with respect to the considered
mappings. It was also shown that under the condition of covariant constancy
of the f"=structure, non-trivial 2F"=planar mappings can be of three types:
complete and canonical of type I, II.

In [3] it is proved that 2FPM, depending on the type, induces on the
product components, which represent the mapped spaces, a geodesic [1], holo-
morphic"=projective [9] or affine [1] mapping.

In [4] we constructed geometric objects invariant with respect to the consid-
ered mappings, identified classes of pseudo-Riemannian spaces with absolutely
parallel f"=structure that admit 2F'PM (of the main type and canonical) onto
a flat space, and obtained their metrics in a special coordinate system.

In [5] we considered the basic questions of the theory of 2FPM of the
main type. Theorems have been proved that give a regular method that al-

lows for any pseudo-Riemannian space with absolutely parallel f"=structure
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(Viy 9, FY) to either find all spaces (Vn,gij,ﬁh) onto which V,, admits a
2F"=planar mapping of the main type, or to prove that there are no such
spaces.

The study is carried out in tensor form, locally, in the class of real rather

smooth, and in the general case analytic functions.

MAIN RESULTS

2. 2FPMs OF PSEUDO-RIEMANNIAN SPACES WITH ABSOLUTELY
PARALLEL f"=STRUCTURE

1°. Consider the pseudo-Riemannian spaces (V},, g;5, th) and (V,, gij,F?),

in which affinor structures are given. In the common with respect to the map-
ping coordinate system (z') 2F"=planar mapping
2FPM =

_  —==h
(Vnagljvﬂh) — (Vnagzsz)?

is characterized by the fundamental equations [2]:

1 2
—=h
Iji(z) = F?J(ﬁ) + 1/)(1'5?) + <Z5(iF;3 + U(iijﬁ, (1)
Fl'(z) = F' (x), (2)

where
1

Fh—F}, Fb =L
F?j,f?j are the Christoffel symbols of V,,, V,, respectively; ¥;(x), ¢i(x), oi(z)
are certain covectors; brackets (i,j) denote the symmetrization with respect
to the corresponding indices; comma «,» is a sign of the covariant derivative
in respect to the connection of V.

2FPM is considered trivial when v; = ¢; = 0; = 0.

We will assume that the affinor F* defines a f-structure in (Vj,, gij, F")
[8],]6], i-e. the following conditions hold

FIFSF) + Fr =0, iha,B,...=12,...,n, (3)

Ry|FM| =2k (2k <n).
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If the affine structure is consistent with the metric V,, and V,, in the form

1 1 41
Fij+Fji =0, Fij+Fji=0, (4)
1 1 1 1

Fij = gia F}',  Fij =G;o I},

and is absolutely parallel in V,,, i.e.

then, as shown in [3], we have
1
Fj=0. (6)

7N

Here”,” and ”|” are the signs of the covariant derivative in V,, and Vn,respectively

In [3] we found out that under the conditions (3)-(6) between the vectors

Ui, i, 04 in the fundamental equations (1) there is a dependence

1 1 1
waFZ’a:Ov Ui:wi_qsaﬂaa ¢i:UaFia> (7)

and also that the condition o; = 0 implies ¢; = ¢; = 0, i.e. in this case
2FPM is trivial. Therefore, for nontrivial 2F-planar mappings (V,,, g, F*)
onto (Vn,ﬁij,F? ) with the fundamental equations (1) one of the following

options occurs:
I ¢¥i=0, ¢i#0, o0,#0;
IT ¢ #0, ¢ =0, o;#0;
I i #0, ¢ #0, o;#0.
We call the 2F-planar mapping canonical I(II) type and denote it by
2FPM(I), 2FPM(II) in cases L,IT and 2FPM of fundamental type in case IIL
Further in this article, we consider only 2FPM(II).
2°.  Let us define an operation of contraction with an affinor, which is

called conjugation with respect to the corresponding indices and is denoted as

follows

1 - 1
A = Ay FP, ALA R

7.

2 = 2
A = Ay FP, A= A F

g Y
I « 7
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3. LINEAR EQUATIONS OF THE THEORY OF 2FPM(II)

1°. The pseudo-Riemannian space V,, with an absolutely parallel f-

structure admits a non-trivial mapping

2FPM(II) — —h
—

(angij>F‘ih) (angijaFi)a

onto the space V,,, if and only if in the common with respect to the mapping
coordinate system (%) the fundamental equations of the considered mapping

have the form:

2

—=h
Ty (@) = () + 0} + oG Ffy, ®)
Fl'(w) = F; (@), 9)
where in accordance with (7)
1
Yo FY =0, o; =1 (10)

Relations (8) in (Vy, gij, F)') are the system of nonlinear differential equa-
tions in partial derivatives of the first order with respect to the components of
the tensor g,;(w) and the vector ;(x) # 0, under conditions (10).

The modern theory of differential equations does not provide regular meth-
ods for investigating the conditions for the existence and uniqueness of solutions
to this system.

Using methods developed in the theory of geodesic mappings of Riemannian
spaces [1; 9], we reduce the fundamental equations of 2FPM(II) (8) to a form
that allows for efficient investigation.

2°. From relations (8) and (10) it follows

(67

Dig(2) = T5,(2) + (n = 2k + 1)hi(),

Ry|Fl| =2k (2k < n),

therefore the vector v; is gradient, that is, there exists invariant ¢ (z) such

that
()

Vi = o (11)
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Next, since g, = 0 in V., equation (1) can be written in an equivalent

form ) )
Gijk = YTk + 20k Fij 96 F ), (12)
where
2 2
Fij = Gio I},
2 2
Fij = Fji . (13)

Let us consider a nondegenerate tensor
3 2
9ij = Gia <a5§‘ +cF; ) : (14)

where a, ¢ are some invariants.
After covariant differentiation (14) in V,, taking into account the conditions
(12) we obtain:

2
Gijk = 5k + o Fy +Tijk, (15)
where
2 2
Fij = gia F}',
2

Tije = Gij(ak + 2athy) + Fij (cp + 2atdy,).

We choose the invariants a and ¢ such that Tj;; = 0, i.e.

[\

ij(ax + 2aty) + Fij (¢ + 2ay) = 0. (16)

2
Contracting the obtained relations with F; ,ﬁ by the index j and comparing the

result with the original equality, we conclude that (16) are equivalent to a

system of first-order partial differential equations
a + 2ap, =0,

cr+ 2a), = 0.

This system is completely integrated and its general solution, taking into ac-
count (11), has the form

a=Cre %, c=Cy+ Cre” 2@,
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C1,Cy - arbitrary constants. We will be satisfied with any partial solution, for
which

Gij(w) # ag;;(w), det||gil| # 0,

therefore we choose C7 = Cy = 1 and thus,
~ —2¢ 20\ o
gij =€ gm<5§?‘+(1+e w)Ff‘). (17)
The matrix (g;;) is nondegenerate. It is easy to verify that the tensor
i =g (A e ) (18)
satisfies the condition
giagaj = 53"
Let us differentiate this identity covariantly in V,:
Gia k™ + Giad = 0.

From here we find

e N

and, according to (15),(16),

2
aijk = Ni (9% + Fiyr)s (19)
where
Q5 = 90‘59@@95]-, (20)
i = ~vag*Pgs;. (21)
In view of (10) we have
A; = 0. (22)
As easy to see, from (4), (20) it follows that the tensor a;; satisfies the
conditions
2 2
Qi Fja = aja Fia, det HGUH 7é 0. (23)

Let us contract (19) with g by indices 7, j. Then taking into account (22)

it turns out that the vector \; is gradient, since
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Ao k9" = (aapg®®) k = 2)p.

Therefore, if a pseudo-Riemannian space (V,, gij,FZ-h) with an absolutely
parallel f-structure admits a nontrivial 2FPM(II) onto the space (V, gy, FZL),
i.e., it satisfies (12), (3), (4), (5), then there must exist in it a nonsingular
symmetric tensor a;; that satisfies (19)(22),(23) for some nonzero vector A;.

The converse is also true. In fact, if a;; and \;, satisfy equations (19),(22),

(23), then for
Jij = 0’ 9aigs;,
aiqa® = 5!

take place (15) when Tjjx = 0 and ¥; = —A59°*Fai-
Let f‘?] be the Christoffel symbols of the second kind derived from the

tensor g;;. Given that

- Yl 0B~ ~
oare, = gaﬁaTaf — gaﬁ(gaﬁ,i + QgMFZ%),

taking into account (15), (7) we find

wi = F?oz - Piaa (24)

which indicates the gradient of the vector o;.
But then for the tensor

2
Gij = ¢ Y ia (5]04 +(1+€) Fﬁ)

from (17) and (15) the conditions (12) follow. Obviously, g;; is a metric
tensor of a pseudo-Riemannian space with a completely parallel f-structure
— _  =h
(Vnagz’j> Fj)-

Thus, the proved

Theorem 1. In order for a pseudo-Riemannian space with an absolutely paral-
lel f-structure (Vy, gij, th) to admit 2F PM(11)s, it is necessary and sufficient
that in this space there exists a non-singular, symmetric, doubly covariant ten-
sor a;j that satisfies the equations (19), (23) for some vector A\; # 0, related by
the conditions (22).
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Equations (19) represent a linear form of the fundamental equations of
the theory of canonical 2F-planar mappings of the second type of spaces with
f-structure.

2°. A useful corollary follows from the proved theorem. Before formulat-
ing it, let us recall that a Riemannian space (V},,g;;), in which there exists a

vector field & # 0, satisfying the equation

ij = PYij (25)

is called equidistant [1; 9]. Such vector fields are called concircular [1; 9]. An
equidistant space is considered to be of the fundamental type when p # 0 and

of the special type when (19).

Theorem 2. FEvery pseudo-Riemannian space with a absolytely parallel f-
structure (Vn,gij,FJ?) in which there exists a concircular vector field &, that
satisfies equation (25) when p # 0, admits a nontrivial 2F PM(11) provided
that {;, #0.

Indeed, let there exist a vector field &; in (Vn,gij,th) satisfying (25) and
& # 0. Then for the tensor

2
aij = C1gij + C2Fij + C3(& + &) (& + fj)

with such constants C, Co, C3 # 0, that a;; will be non-singular, we have:

2
aijr = N9k + Fjr),

where
X =C3(& +&).

By direct verification, we will see that for a;; and A\; # 0, the properties
(22) and (23) hold. Hence by Theorem 3.1 (Vn,gij,F;) admits 2FPM(II).
3°.  Let us generalize the concept of a concircular vector field. To do this,

we introduce into consideration vector fields that satisfy the conditions

9
Gij = P19ij + p2Fij- (26)

Let us call them quasiconcircular.

It takes place
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Theorem 3. Fvery pseudo-Riemannian space with o absolutely parallel f-
structure (Vn,gij,F;), in which there exists a quasi-concircular vector field (;,
that satisfies equation (26), admits a 2F PM(1l) under the conditions p1 #

p2, pr#0, p2#0, G#0.

Let in (Vn,gij,ﬂh) there is a vector field (;, which satisfies (26) and p; #

p2, pr#0, p2#0, G#0.
Then, by direct calculation, we can verify that the vector field

(p1 = p2)G — p2G;

is concircular and, therefore, in accordance with Corollary 3.2, our space admits
2FPM(II).

4. FUNDAMENTAL THEOREMS OF THE THEORY OF 2FPM(II) oF
PSEUDO-RIEMANNIAN SPACES WITH ABSOLUTELY PARALLEL f-
STRUCTURE

1°.  Let us be given a pseudo-Riemannian space with an absolutely paral-
lel f-structure (V,,, gij, F*), i.e. we know its metric tensor g;;(z) and the affinor
of the f-structure F*(x).The question is whether the space (V;,, g;;, F*) allows
the first type canonical 2F-planar mappings is reduced to the study of equa-
tions (19) with respect to the tensor a;; and the vector A; # 0 , which satisfies
the conditions (22), (23).

To do this, let us consider the integrability conditions of the equations (19).
Taking into account the Ricci identity, they have the form:

o (i Rk = Qig)ki)» (27)
where
2
Qijrt = Niy(gjk + Fik),

the square brackets denote the operation of alternation by the corresponding
indices.

Hence, using suitable algebraic transformations, we find

2
(n—2k)X\;; = V<gil + Fil) + <%,3R_°§ﬁ + alea> (28)
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where v = )\aﬁg“ﬁ — invariant.
In equations (28) new unknown invariant v has appeared, for which dif-
ferential conditions must also be found. To do this, we write the integrability

conditions of the last equation:

2
(n— 2k + 3)\aRjj1 = <1/,[k - AaR[O;;> (gm + Fm) -
(29)

—Qap (Rfjkf + 55}2%,5) ‘

Hence, by certain algebraic transformations, we find:

(n— 2k — D)y = 2(n — 2k + DARY + aagp (Rgf + Rff?k‘fé). (30)

Equations (19), (28) and (30) form a closed system of the first order partial
differential equations of Cauchy type with respect to the unknown functions
aij, Ai, v. Let us denote it by (A). In the theory of differential equations

regular methods have been developed for such systems. Thus, we proved

Theorem 4. In order for a pseudo-Riemannian space with an absolutely par-
allel f-structure (Vy,,gij(z), F'(z)) to admit a canonical 2F-planar mapping
of the second type, it is necessary and sufficient that the system of differential

equations (A) has a nontrivial solution

@) =ajlo), detlag(ell £0). A0 vla)
which satisfies the conditions (23).

2°.  From the theory of differential equations it is known that the system
(A) has at most one solution for each set of Cauchy initial values
aij(xo) = Qjj, )\Z’(ﬂfo) = )\l’, I/(l‘o) =V,
o © °©
therefore the number of arbitrary constants in the general solution of the equa-
tions (A) is limited. Note that this system is not always compatible and the

existence of non-trivial solutions depends on whether the set of integrability

conditions (A) and their differential extensions are compatible.
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The integrality conditions of (19) are obtained from (27) after replacing

the derivative of the vector A\; with the expressions (28) in the form:

aas Tl =0, (31)

where
af Bpa o sBpa 107
Ejkl = Qk(n - Qk) ((5] R.ikl + 5@ R.jkl> + T(ij)[kl}?

1a[3 2 2 2
Tiji = (R%_ﬁ - R;‘éf) <2k(67 + F)gji + (2k6] +n F)') Fyy, )

We obtain the integrability conditions of (28) from (29) after replacing the

derivatives of v in them with the expressions (30) in the form:

~ 2
aas Py + (n— 2k + 3)(n — 2k — )X Q5 (57 + Fﬁ) =0, (32)

where

2
Py = (R ol med ) (7 )
Qfﬁk = gaﬂngglk’

A 1

2 2
ik~ o or — 1 <(51}$ + F)Ry — (6] + Flh)Rik>> (33)

Q=R

1
n—2k—1#0,  k=cRg|lF||#1.

Note that the tensor (33) is invariant under canonical 2F'PM of the second
type. It was built by us in [4].

Similarly, the integrability conditions of equations (30) are as follows:

aapSp + ALy =0, (34)

where S,C:lﬁ and L7, are expressed in a certain way through the internal objects
of V.. We do not provide them due to their complexity.

Let us denote the integrability conditions of the system (A), which we
present in the form (31),(33),(34), by (B), and their differential extensions by
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(B1),(B2),(Bs),... As we can see, (B), (By), (B2), (Bs3), ... are a system of
linear homogeneous algebraic equations with respect to  a;;, A;, v  with
coefficients from V,,. Since the number of unknown functions is limited, there
will be a natural number s such that (B;s) and the following extensions will be
the consequences of (B), (B1), (B2), (B3), -..,(Bs—1)-

From the analytical theory of differential equations, for the system (A)
there is a nontrivial solution in the neighborhood of the point M, if and only
if the system of equations (B), (B1), (B2), (B3), ...,(Bs—1) have a nontrivial
solution at this point.

True

Theorem 5. In order for a pseudo-Riemannian space with an absolutely paral-
lel f-structure (Vn,gij(:c),Fih(x)) to admit a canonical 2F-planar mapping of
the second type, it is necessary and sufficient that the system of homogeneous
algebraic equations (B), (B1), (B2), (Bs), ...,(Bs—1) has in (Vu, g5, F') a

nontrivial solution
o) =ane). detllaal £0). N(o) £0. (o)
which satisfies the conditions (22),(23).

CONCLUSION

Theorems 4.1 and 4.2 can be considered as the fundamental theorems of the
theory of the first type canonical 2F-planar mappings of pseudo-Riemannian
spaces with absolutely parallel f-structure, since they give a regular method
that allows for any such space (V,,, gij, Fih) either to find all pseudo-Riemannian
spaces (Vn,gij,ﬁh) onto which V,, admits 2FPM(II)s, or to prove that there
are no such spaces. However, it should be recognized that for large n directly
solving of this problem may be technically quite difficult. Therefore, it is very
important to develop other approaches to studying the problem of the existence

of 2FPM(II) and their features.
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Casuenxo O. I'., Konosenro H. I
TIPO CHEMIATBHI 2F-TIJTAHAPHI BIJIOBPAYKEHHS ITCEB/JO-PIMAHOBUX MTPOCTOPIB
3 f-CTPYKTYPOIO

Pesrome

Posrismatorbes mesaki mmranis Teopil 2F -mutaHapHUX BifoOpakKeHb MHOIOBH/IIB, AKI1
HaiTeHl ahiHOPHOIO CTPYKTYPOIO meBHOrO Tuiry. Mu moBesn, mo 11i BigoOpakeHHsT MOXKYTh
GyTu Tppox BuAis: n0BHI (0OCHOBHOIrO Tuiy) i kanoniuni I, IT Tunis.

Paninmre Mm mok/1a1HO BMBYAJIM TIOBHI Ta KAHOHWYHI Iepmroro tuiy 2F-mmanapHi Bin-
obparkeHHs. Y Il CTATTI PO3TVIAIAIOTHCS OCHOBHI MUTAHHS JTsT KAHOHIYHUX 2 F -TiytlaHapHuUX
Bimobpaxens 11 Tumy.

Bymo noBeneno teopemu, sKi JAIOTh PEryASpHUl METO, MO AO3BOJISIE JIsi OYIb-sIKOTO
LICEBOPIMAHOBOIO [IPOCTOPY 3 abCOJIIOTHO LAPAJIEJIbHOK f-CTPYKTYPOIO (Vn7gij,Fih) abo
3HalTH BCl pocTopu (Vn,ﬁi]-,??), Ha aki V, pomyckae kamoniune 2F-manapue BimoGpa-
JK€HHH JPYyroro tuiy, abo H0BeCTH, II0 TAKUX IIPOCTOPIB HEMAE.

Mu, 30Kkpema, TOKa3aJu, IO MCeBIOPIMAHOBUI MIPOCTIp 3 abBCOIIOTHO MapasieIbHOI f-
CTPYKTYPOIO, B SIKOMY ICHY€ KOHIIMPKYJIspHe ab0 KBa3iKOHIMPKY/IsSpHE BEKTOPHE IOJe, J0-
MIyCKa€ HeTpHBiasibHe KaHOHIYHe 2F -mmanapHe BifoOpakeHHs APYroro THUILY.

Karowo86i caosa: npocmip aginnoi 36°a3nocmi, pimanosutd npocmip, menadop Pimana, mensop

Pivyi, f-cmpyxmypa.

REFERENCES

1. Sinyukov N.S. (1979). Geodesicheskiye otobrazheniya rimanovikh prostranstv [Geodesic
mappings of Riemannian spaces |. M.: Nauka, 255 p.

2. Raad Kadem (1989). O 2F-nnanapubix otobpakeansax adhGUHHOCBI3HBIX TPOCTPAHCTB
[On 2F-planar mappings of affine connectedness spaces|. Abstracts of the Colloguium on
Differential Geometry, Eger, Hungary, P. 20-25.

3. Konovenko, N., Kurbatova, 1., Tsvetoukh, K. (2018). 2F-planar mappings of pseudo-
Riemannian spaces with f-structure [2F-planarniye otobrazhenia pseudo-rimanovikh
prostranstv s f-strukturoy.] Proc. Intern. Geom. Center, Vol. 11, Nel1, P. 39-51.

4. Konovenko, N., Kurbatova, I. (2018). Special classes of pseudo-Riemannian spaces with
f-structure admitting 2F-planar mappings [ Specialniye klassy pseudo-rimanovikh pros-
transtv s f-strukturoy, dopuskayuschiye 2F-planarniye otobrazheniya] Proc. Intern.
Geom. Center, Vol. 11, N4 P. 18-33.

5. Kurbatova, I., Konovenko, N. (2020). Basic theorems of the theory of 2F-planar map-
pings of pseudo-Riemannian spaces with f-structure [ Osnovny teoremy teoriyi 2F-
planarnykh vidobrazhen pseudo-rimanovikh prostoriv z f-strukturoyu] Proc. Intern.
Geom. Center, Vol. 13, Ne1, P. 19-22.

6. Shirokov, A.P. (1969). Structures on differentiable manifolds [ Struktury na differeht-
siruyemykh mnogoobraziyakh | Itogi nauki. Ser. Mat. Algebra. Topol. Geom. 1967 , P.
127-188.



102

Savchenko O.G., Konovenko N.G.

Mikes, J., Sinyukov, N.S. (1983). O quasi-planarnykh otobrazheniyakh prostranstv
affinnoy svyaznosty [ On quasiplanar mappings of spaces of affine connection |.
Sov.Math., Vol. 27, Nel. — P. 63-70.

Yano,K. (1963). On a structure defined by a temsor field f of type (1, 1) satisfying
f3+ f=0. Tensor (N.S.),The Tensor Society. Tensor. New Series ,vol.14. — p.99-109.

Mikes,J., Stepanova,E., Vanzurova,A., (2019). Differential Geometry of Special Mappings
Palacky Univ. Press: Olomouc, Czech Republic— 320 p.



