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DIRECT SOLUTION OF THE DYNAMICAL ELASTICITY
PROBLEM FOR A QUARTER SPACE

The wave field of an elastic quarter space is constructed when one face is rigidly fixed and a
dynamic normal compressive load is concentrated at the point on another face. The prob-
lem was solved by the direct application of the integral Laplace and Fourier transforms
to the motion equations and the boundary conditions. This operation leads to the one-
dimensional vector inhomogeneous boundary value problem with respect to unknown dis-
placement’s transformants. The problem was solved using the matrix differential calculus.
A fundamental matrix and a decreasing solution to the corresponding homogenous matrix
equation were constructed with a basic residue theorem. A singular integral equation was
obtained in the process by satisfying unrealized boundary condition. Weakly convergent part
of the equation was summed up. The behavior of the unknown function had been analyzed
based on its mechanical sense. The form of unknown function was expressed as a series on
Laguerre polynomials. The original displacements’ field was found after an application the
inverse integral transforms.
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Introduction

An object such as a quarter space can be considered as a model for appro-
bation different approaches of solving the boundary problems of the elasticity
theory in static or dynamic statements before considering problems for the
infinite and finite plates.

One of the earliest works on the analyses of a three-dimensional wedge
problem can be found in works of Uflyand Y.S. [9]. The formulation of the
Paphovich-Neuber potential functions was developed for a general wedge by
Uflyand Y.S. in [10].

Steady state harmonic vibrations and waves in the elastic bodies considered
in the book of Grinchenko V.T. and Meleshko V.V. [3], which provides a broad
review of the literature on oscillatory processes.
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In the work [13] Zhang Z., Wang W. and Wong P. presented an explicit
matrix algorithm for solving 3D wedge problems under general surface loads:
arbitrarily distributed normal and shear loads. The arthors also discussed the
effect of wedge angle on internal stresses. A fast and convenient algorithm for
the solution of the elastic quarter-space contact problem was presented, which
uses discretization to form matrices to realize the overlapping solution process
for the elastic quarter-space.

In the work [5] Hanson M. T. and Keer L. M. determined the elastic stress
and displacement fields in a quarter-space under arbitrarily applied surface
loadings. The problem was formulated in terms of two coupled two-dimensional
integral equations. The integral equations contain a logarithmic singularity
with an unknown coefficient, which varies along the edge of the quarter-space.

In the paper [2], Babeshko V.A., et. constructed an exact solution in the
first quadrant of a plane boundary value problem for the dynamic Lamé elas-
ticity equations, using the coordinate block element method, and expanded the
solution in terms of solutions of the boundary value problems for the Helmholtz
equation.

Alterman Z.S. and Rotenberg A. in [1] investigated the propagation of the
elastic waves for the case of an elastic quarter plane using the finite difference
scheme. A point-source emitting a compressional pulse was located along the
diagonal inside the quarter plane. Free-surface conditions were assumed on the
boundary lines, so that the problem was nonseparable. Complete theoretical
seismograms for the horizontal and vertical components of displacement were
obtained. The effect of different finite difference formulations for the boundary
conditions and the effect of different mesh sizes were studied.

New method of solving the spatial elasticity problems was proposed by
Popov G. Ya. in [6]. The method is based on introduction of two new func-
tions which expressed through the derivatives of unknown displacement. The
application of this approach leads to the system of two equations and sep-
arately solved equation. Using this method an exact solution for elasticity
problem for quarter space was obtained in [7; 11] in the static statement by
Vaysfeld N.D. and Popov G.Ya.

The dynamical problem for an elastic quarter space was considered in [12]
using the method, proposed by Popov G.Ya. In this case the unknown vector
of transformants of the displacement consists of two components, that is why
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implementation of the matrix differential calculus operates with matrices of
the 2x2 order.

The aim of this work is to solve the elasticity problem for the quarter space
in the dynamic statement directly with the method of the integral transforms
and evaluate difficulties and advantages that appear in both approaches. Note
that in [12] the problem was solved under assumption that unknown functions
are equal to zero, which made the problem basically equivalent to the Lamb
problem, and there was no necessity to solve an integral equation.

Main Results
1. Statement of the problem
An elastic quarter space 0 < 𝑥, 𝑧 < ∞, −∞ < 𝑦 < ∞ with 𝜇 — Poisson

ratio, 𝐺 — shear modulus is under consideration. Normal dynamic compressive
load is acting on a boundary 𝑧 = 0, concentrated at the point with coordinates
(𝑎, 𝑏) while a boundary 𝑥 = 0 is rigidly fixed. Displacements, 𝑢𝑥(𝑥, 𝑦, 𝑧, 𝑡) =
𝑢(𝑥, 𝑦, 𝑧, 𝑡), 𝑢𝑦(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣(𝑥, 𝑦, 𝑧, 𝑡), 𝑢𝑧(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑦, 𝑧, 𝑡), which ap-
pear in the medium are in the interest of investigation. The statement leads
to the following boundary conditions

𝜎𝑧|𝑧=0 = 𝛿(𝑥− 𝑎)𝛿(𝑦 − 𝑏)𝑃 (𝑡), 𝜏𝑧𝑦|𝑧=0 = 0, 𝜏𝑧𝑥|𝑧=0 = 0,

𝑢|𝑥=0 = 0, 𝑣|𝑥=0 = 0, 𝑤|𝑥=0 = 0.
(1)

Here 𝛿(𝑥) is the Dirac delta function. Zero initial conditions are assumed.
Unknown displacements satisfy the motion equations, written in a vector form

∆(𝑢, 𝑥, 𝑤) +
2

𝜅− 1

(︂
𝜕Θ

𝜕𝑥
,
𝜕Θ

𝜕𝑦
,
𝜕Θ

𝜕𝑧
,

)︂
=
𝜌

𝐺

(︂
𝜕2𝑢

𝜕𝑡2
,
𝜕2𝑣

𝜕𝑡2
,
𝜕2𝑤

𝜕𝑡2

)︂
. (2)

Here ∆ — Laplace operator, 𝜅 = 3−4𝜇, 𝜌 — density of the elastic medium,

Θ =
𝜕𝑢

𝜕𝑥
+
𝜕𝑣

𝜕𝑦
+
𝜕𝑤

𝜕𝑧
— volume expansion. The following change of variables is

introduced
�̃� = 𝑥/𝑎, 𝑦 = (𝑦 − 𝑏)/𝑎, 𝑧 = 𝑧/𝑎.

In this coordinate system axis 𝑦 will be a line of symmetry and condition
of parity for vertical displacement take place 𝑤(�̃�,−𝑦, 𝑧, 𝑡) = 𝑤(�̃�, 𝑦, 𝑧, 𝑡) .
Normal load (1) in these coordinates take form 𝜎𝑧|𝑧=0 = 𝑎−2𝛿(𝑥− 1)𝛿(𝑦)𝑃 (𝑡).
Further symbol “waves” are omitted, implying the change of variables.

2. Reduction the problem to a vector one-dimensional problem.
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To reduce the given problem (1)-(2) to the one-dimensional one, the integral
transforms are applied, sin-cos- Furrier — with respect to a variable 𝑥, Furrier
— with respect to a variable 𝑦 and Laplace — with respect to a variable 𝑡⎡⎢⎣𝑢𝛼𝛽𝑝(𝑧)𝑣𝛼𝛽𝑝(𝑧)

𝑤𝛼𝛽𝑝(𝑧)

⎤⎥⎦ =

∞∫︁
0

∞∫︁
−∞

∞∫︁
0

⎡⎢⎣𝑢(𝑥, 𝑦, 𝑧, 𝑡)𝑣(𝑥, 𝑦, 𝑧, 𝑡)

𝑤(𝑥, 𝑦, 𝑧, 𝑡)

⎤⎥⎦
⎛⎜⎝cos𝛼𝑥

sin𝛼𝑥

sin𝛼𝑥

⎞⎟⎠ 𝑒𝑖𝛽𝑦𝑒−𝑝*𝑡𝑑𝑥𝑑𝑦𝑑𝑡 (3)

during this operation initial conditions were satisfied. Motion equations (2)
and boundary conditions (1) take form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑢′′𝛼𝛽𝑝(𝑧)−
(︂
𝜅+ 1

𝜅− 1
𝛼2 + 𝛽2 + 𝑝2

)︂
𝑤𝛼𝛽𝑝(𝑧) +

2

𝜅− 1
𝛼𝑤′

𝛼𝛽𝑝(𝑧)−

− 2

𝜅− 1
𝑖𝛼𝛽𝑣𝛼𝛽𝑝(𝑧) =

𝜅+ 1

𝜅− 1
𝑢′𝛽𝑝(0, 𝑧)

𝑣′′𝛼𝛽𝑝(𝑧)−
(︂
𝛼2 +

𝜅+ 1

𝜅− 1
𝛽2 + 𝑝2

)︂
𝑣𝛼𝛽𝑝(𝑧)−

2

𝜅− 1
𝑖𝛽𝑤′

𝛼𝛽𝑝(𝑧)+

+
2

𝜅− 1
𝑖𝛼𝛽𝑢𝛼𝛽𝑝(𝑧) = 0

𝑤′′
𝛼𝛽𝑝(𝑧)−

𝜅− 1

𝜅+ 1

(︀
𝛼2 + 𝛽2 + 𝑝2

)︀
𝑤𝛼𝛽𝑝(𝑧)−

2

𝜅+ 1
𝑖𝛽𝑣′𝛼𝛽𝑝(𝑧)−

− 2

𝜅+ 1
𝑎𝑢′𝛼𝛽𝑝(𝑧) = 0

0 < 𝑧 <∞,

(4)

Here notation was used 𝑝 = 𝑝*/𝑐2, 𝑝* — parameter Laplace transform, 𝑐2 =√︀
𝐺/𝜌 — propagation speed of transverse (shear, secondary or S-) waves.

𝛼𝑤𝛼𝛽𝑝(0) + 𝑢′𝛼𝛽𝑝(0) = 0, −𝑖𝛽𝑤𝛼𝛽𝑝(0) + 𝑣′𝛼𝛽𝑝(0) = 0,

−3−𝜅
𝜅+1 [𝛼𝑢𝛼𝛽𝑝(0) + 𝑖𝛽𝑣𝛼𝛽𝑝(0)] + 𝑤′

𝛼𝛽𝑝(0) =
𝜅−1
𝜅+1

𝑃𝑝

𝐺𝑎 sin𝛼

𝑃𝑝 =
∞∫︀
0

𝑃 (𝑡)𝑒−𝑝*𝑡𝑑𝑡.

(5)

Boundary condition 𝑢(0, 𝑦, 𝑧, 𝑡) = 0 was not realized. Let’s denote unknown
function at right part of equations (4)

𝜒𝛽(𝑧) = 𝑢′𝛽𝑝(0, 𝑧). (6)

In order to rewrite the system (4) in a vector form, the unknown vector of
transformants and the vector of right part are introduced

y(𝑧) = (𝑢𝛼𝛽𝑝(𝑧) 𝑣𝛼𝛽𝑝(𝑧) 𝑤𝛼𝛽𝑝(𝑧))
𝑇 , f(𝑧) =

(︂
𝜅+ 1

𝜅− 1
𝜒𝛽(𝑧) 0 0

)︂𝑇

, (7)
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and also constant matrices

Q =

⎛⎜⎝ 0 0 1
𝜅−1𝛼

0 0 − 1
𝜅−1 𝑖𝛽

− 1
𝜅+1𝛼 − 1

𝜅+1 𝑖𝛽 0

⎞⎟⎠

P =

⎛⎜⎜⎝
−
(︁
𝜅+1
𝜅−1𝛼

2 + 𝛽2 + 𝑝2
)︁

− 2
𝜅−1 𝑖𝛼𝛽 0

2
𝜅−1 𝑖𝛼𝛽 −

(︁
𝛼2 + 𝜅+1

𝜅−1𝛽
2 + 𝑝2

)︁
0

0 0 −𝜅−1
𝜅+1

(︀
𝛼2 + 𝛽2 + 𝑝2

)︀
⎞⎟⎟⎠

So, the system (4) is written using the differential operator of the 2d kind

𝐿2y(𝑧) = Iy′′(𝑧) + 2Qy′(𝑧) +Py(𝑧) = f(𝑧), 0 < 𝑧 <∞ (8)

So, the vector one-dimensional boundary problem was obtained in form (8),
(5) with respect to unknown vector of transformants (7).

3. Solving the vector boundary problem.
Solution to the vector problem (8), (5) was constructed in a form [8]

y(𝑧) =

∞∫︁
0

Φ(𝑧 − 𝜉)f(𝜉)𝑑𝜉 +Y−(𝑧)C, (9)

where Φ(𝑧− 𝜉) — fundamental matrix, C = (𝐶1 𝐶2 𝐶3)
𝑇 — constant vector,

should be found from the boundary conditions (5), Y−(𝑧) — general decreasing,
when 𝑧 →∞, solution to a matrix equation 𝐿2Y(𝑧) = 0.
Characteristic matrix to the equation (8) has a form

M(𝑠) =

⎛⎜⎜⎝
𝑠2 −

(︁
𝜅+1
𝜅−1𝛼

2 + 𝛽2 + 𝑝2
)︁

− 2
𝜅−1 𝑖𝛼𝛽

2
𝜅−1 𝑖𝛼𝛽 𝑠2 −

(︁
𝛼2 + 𝜅+1

𝜅−1𝛽
2 + 𝑝2

)︁
− 2

𝜅+1𝛼𝑠 − 2
𝜅+1 𝑖𝛽𝑠

2
𝜅−1𝛼𝑠

− 2
𝜅−1 𝑖𝛽𝑠

𝑠2 − 𝜅−1
𝜅+1(𝛼

2 + 𝛽2 + 𝑝2)

⎞⎟⎠ .

The decreasing solution

Y−(𝑧) =
1

2𝜋𝑖

∮︁
𝐶

𝑒𝑠𝑧M−1(𝑠)𝑑𝑠
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was constructed on the basis of poles

𝑠1 = −
√︂
𝑁2 +

𝜅− 1

𝜅+ 1
𝑝2, 𝑠2 = −

√︀
𝑁2 + 𝑝2, 𝑁2 = 𝛼2 + 𝛽2,

where 𝑠1 is a pole of a first kind, 𝑠2 is a pole of a second kind, of an inverse
characteristic matrix

M−1(𝑠) =
M𝐴(𝑠)

detM(𝑠)
, M𝐴(𝑠) =

⎛⎜⎝𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴32 𝐴33

⎞⎟⎠

𝐴11 =

[︂
𝑠2 −

(︂
𝜅− 1

𝜅+ 1
𝛼2 + 𝛽2 +

𝜅− 1

𝜅+ 1
𝑝2
)︂]︂

[𝑠2 − (𝑁2 + 𝑝2)],

𝐴12 =
2

𝜅+ 1
𝑖𝛼𝛽[𝑠2 − (𝑁2 + 𝑝2)], 𝐴13 = −

2

𝜅− 1
𝛼𝑠[𝑠2 − (𝑁2 + 𝑝2)],

𝐴21 = −
2

𝜅+ 1
𝑖𝛼𝛽[𝑠2 − (𝑁2 + 𝑝2)],

𝐴22 =

[︂
𝑠2 −

(︂
𝛼2 +

𝜅− 1

𝜅+ 1
𝛽2 +

𝜅− 1

𝜅+ 1
𝑝2
)︂]︂

[𝑠2 − (𝑁2 + 𝑝2)],

𝐴23 =
2

𝜅− 1
𝑖𝛽𝑠[𝑠2 − (𝑁2 + 𝑝2)], 𝐴31 =

2

𝜅+ 1
𝛼𝑠[𝑠2 − (𝑁2 + 𝑝2)],

𝐴32 =
2

𝜅+ 1
𝑖𝛽𝑠[𝑠2 − (𝑁2 + 𝑝2)],

𝐴33 =

[︂
𝑠2 − 𝜅+ 1

𝜅− 1

(︂
𝛼2 + 𝛽2 +

𝜅− 1

𝜅+ 1
𝑝2
)︂]︂

[𝑠2 − (𝑁2 + 𝑝2)],

detM =

[︂
𝑠2 −

(︁√︀
𝑁2 + 𝑝2

)︁2]︂2 ⎡⎣𝑠2 −(︃√︂𝑁2 +
𝜅− 1

𝜅+ 1
𝑝2

)︃2
⎤⎦

and have a following form

Y−(𝑧) = Y
(𝑠1)
− (𝑧) +Y

(𝑠2)
− (𝑧), (10)
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Y−(𝑧) =
1

2𝑝2
𝑒−Δ1𝑧

⎛⎜⎜⎜⎜⎜⎝
𝛼2

∆1

𝑖𝛼𝛽

∆1

𝜅+1
𝜅−1𝛼

−
𝑖𝛼𝛽

∆1

𝛽2

∆1
−𝜅+1

𝜅−1 𝑖𝛽

−𝛼 −𝑖𝛽 −𝜅+1
𝜅−1∆1

⎞⎟⎟⎟⎟⎟⎠+

+
1

2𝑝2
𝑒−Δ2𝑧

⎛⎜⎜⎜⎜⎜⎜⎜⎝
−
𝛼2 + 𝑝2

∆2
−
𝑖𝛼𝛽

∆2
−𝜅+1

𝜅−1𝛼

𝑖𝛼𝛽

∆2
−
𝛽2 + 𝑝2

∆2

𝜅+1
𝜅−1 𝑖𝛽

𝛼 𝑖𝛽 𝜅+1
𝜅−1

𝛼2 + 𝛽2

∆2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

functions ∆1,∆2 have a form

∆1 =

√︂
𝑁2 +

𝜅− 1

𝜅+ 1
𝑝2, ∆2 =

√︀
𝑁2 + 𝑝2. (11)

To construct a fundamental matrix, the definition can be used. According to
it, the solution to the equation 𝐿2y(𝑧) = f(𝑧), 0 < 𝑧 <∞, related to (8), can
be written in a form

y(𝑧) =

∞∫︁
0

f(𝜉)Φ(𝑧 − 𝜉)𝑑𝜉,

Φ(𝑧−𝜉) — fundamental matrix. To solve the equation, continue the right part
of it by zero for 𝑧 < 0 and apply the integral Furrier transform

y𝑠 =

∞∫︁
−∞

𝑒𝑖𝑠𝑧y(𝑧)𝑑𝑧

Taking into account, that from a relation 𝐿2𝑒
𝑠𝑧I = 𝑒𝑠𝑧M(𝑧) follows 𝐿2𝑒

𝑖𝑠𝑧I =

𝑒𝑖𝑠𝑧M(𝑖𝑠)

𝐿2

∞∫︁
−∞

𝑒𝑖𝑠𝑧y(𝑧)𝑑𝑧 =

∞∫︁
−∞

𝑒𝑖𝑠𝜉f(𝜉)𝑑𝜉,

∞∫︁
−∞

𝑒𝑖𝑠𝑧M(𝑖𝑠)y(𝑧)𝑑𝑧 = f𝑠, M(𝑖𝑠)y𝑠 = f𝑠, y𝑠 = M−1(𝑖𝑠)f𝑠.

After an application the inverse integral transform to the last relation

y(𝑧) =
1

2𝜋

∞∫︁
−∞

M−1(𝑖𝑠)f𝑠𝑒
−𝑖𝑠𝑧𝑑𝑠 =

∞∫︁
0

f(𝜉)

⎛⎝ 𝑖

2𝜋

∞∫︁
−∞

M−1(𝑖𝑠)𝑒−𝑖𝑠(𝑧−𝜉)𝑑𝑠

⎞⎠ 𝑑𝜉
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and comparing it with the definition, resulting formula was obtained

Φ(𝑧 − 𝜉) = 𝑖

2𝜋

∞∫︁
−∞

M−1(𝑖𝑠)𝑒−𝑖𝑠(𝑧−𝜉)𝑑𝑠.

Characteristic matrix has a form

M(𝑖𝑠) =

⎛⎜⎜⎝
−𝑠2 −

(︁
𝜅+1
𝜅−1𝛼

2 + 𝛽2 + 𝑝2
)︁

− 2
𝜅−1 𝑖𝛼𝛽

2
𝜅−1 𝑖𝛼𝛽 −𝑠2 −

(︁
𝛼2 + 𝜅+1

𝜅−1𝛽
2 + 𝑝2

)︁
2

𝜅+1 𝑖𝛼𝑠 − 2
𝜅+1 𝑖𝛽𝑠

− 2
𝜅−1 𝑖𝛼𝑠

− 2
𝜅−1𝛽𝑠

−𝑠2 − 𝜅−1
𝜅+1(𝛼

2 + 𝛽2 + 𝑝2)

⎞⎟⎠ ,

M−1(𝑖𝑠) =
M𝐴(𝑖𝑠)

detM(𝑖𝑠)
,M𝐴(𝑖𝑠) =

⎛⎜⎝𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴32 𝐴33

⎞⎟⎠ ,

𝐴11 =

[︂
𝑠2 +

(︂
𝜅− 1

𝜅+ 1
𝛼2 + 𝛽2 +

𝜅− 1

𝜅+ 1
𝑝2
)︂]︂

[𝑠2 +𝑁2 + 𝑝2]

𝐴12 = −
2

𝜅+ 1
𝑖𝛼𝛽[𝑠2 +𝑁2 + 𝑝2], 𝐴13 = −

2

𝜅− 1
𝑖𝛼𝑠[𝑠2 +𝑁2 + 𝑝2],

𝐴21 = −
2

𝜅+ 1
𝑖𝛼𝛽[𝑠2 +𝑁2 + 𝑝2],

𝐴22 =

[︂
𝑠2 +

(︂
𝛼2 +

𝜅− 1

𝜅+ 1
𝛽2 +

𝜅− 1

𝜅+ 1
𝑝2
)︂]︂

[𝑠2 +𝑁2 + 𝑝2],

𝐴23 =
2

𝜅− 1
𝑖𝛽𝑠[𝑠2 − (𝑁2 + 𝑝2)], 𝐴31 =

2

𝜅+ 1
𝑖𝛼𝑠[𝑠2 +𝑁2 + 𝑝2],

𝐴32 = −
2

𝜅+ 1
𝛽𝑠[𝑠2 +𝑁2 + 𝑝2],

𝐴33 =

[︂
𝑠2 +

𝜅+ 1

𝜅− 1

(︂
𝛼2 + 𝛽2 +

𝜅− 1

𝜅+ 1
𝑝2
)︂]︂

[𝑠2 +𝑁2 + 𝑝2],

detM(𝑖𝑠) =
[︁
𝑠− 𝑖

√︀
𝑁2 + 𝑝2

]︁2 [︁
𝑠+ 𝑖

√︀
𝑁2 + 𝑝2

]︁2
·

·
[︁
𝑠− 𝑖

√
𝑁2 + 𝜅−1

𝜅+1𝑝
2
]︁ [︁
𝑠+ 𝑖

√︁
𝑁2 + 𝜅−1

𝜅+1𝑝
2
]︁

𝑠1 = −𝑖
√︂
𝑁2 +

𝜅− 1

𝜅+ 1
𝑝2, 𝑠2 = −𝑖

√︀
𝑁2 + 𝑝2,
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𝑠3 = 𝑖

√︂
𝑁2 +

𝜅− 1

𝜅+ 1
𝑝2, 𝑠4 = 𝑖

√︀
𝑁2 + 𝑝2

Using Jordan lemma, closing contours in the upper and lower half-planes,
the main theorem on residues, taking into account the kinds of poles, resulting
formula take a form

𝑖

2𝜋

∞∫︁
−∞

M−1(𝑖𝑠)𝑒−𝑖𝑠(𝑧−𝜉)𝑑𝑠 =

[︃
𝑖[Res(𝑠3) + Res(𝑠4)], 𝑧 − 𝜉 < 0

−𝑖[Res(𝑠1) + Res(𝑠2)], 𝑧 − 𝜉 > 0

Fundamental matrix was constricted

Φ(𝑧−𝜉)= 1
2𝑝2
𝑒−Δ2|𝑧−𝜉|

⎛⎜⎜⎜⎜⎜⎜⎜⎝
−
𝛼2 + 𝑝2

∆2

𝑖𝛼𝛽

∆2
sgn(𝑧 − 𝜉)𝜅+1

𝜅−1𝛼

𝑖𝛼𝛽

∆2

𝛽2 + 𝑝2

∆2
− sgn(𝑧 − 𝜉)𝜅+1

𝜅−1 𝑖𝛽

sgn(𝑧 − 𝜉)𝛼 − sgn(𝑧 − 𝜉)𝑖𝛽 −𝜅+1
𝜅−1

𝛼2 + 𝛽2

∆2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
+

+
1

2𝑝2
𝑒−Δ1|𝑧−𝜉|

⎛⎜⎜⎜⎜⎜⎝
𝛼2

∆1
−
𝑖𝛼𝛽

∆1
− sgn(𝑧 − 𝜉)𝜅+1

𝜅−1𝛼

−
𝑖𝛼𝛽

∆1
−
𝛽2

∆1
sgn(𝑧 − 𝜉)𝜅+1

𝜅−1 𝑖𝛽

− sgn(𝑧 − 𝜉)𝛼 sgn(𝑧 − 𝜉)𝑖𝛽 𝜅+1
𝜅−1∆1

⎞⎟⎟⎟⎟⎟⎠
The solution (9) can be rewritten in a matrix form⎛⎜⎝𝑢𝛼𝛽𝑝(𝑧)𝑣𝛼𝛽𝑝(𝑧)

𝑤𝛼𝛽𝑝(𝑧)

⎞⎟⎠ =
1

2𝑝2

∞∫︀
0

⎛⎜⎝𝜑11 𝜑12 𝜑13

𝜑21 𝜑22 𝜑23

𝜑31 𝜑32 𝜑33

⎞⎟⎠
⎛⎜⎝

𝜅+1
𝜅−1𝜒𝛽(𝜉)

0

0

⎞⎟⎠ 𝑑𝜉+

+
1

2𝑝2

⎛⎜⎝𝑦
11
− 𝑦12− 𝑦13−
𝑦21− 𝑦22− 𝑦23−
𝑦31− 𝑦32− 𝑦33−

⎞⎟⎠
⎛⎜⎝𝐶1

𝐶2

𝐶3

⎞⎟⎠
(12)

So, transformants of displacements can be written as

𝑢𝛼𝛽𝑝(𝑧) =
𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

𝜑11𝜒𝛽(𝜉)𝑑𝜉 +
1

2𝑝2
(𝑦11− 𝐶1 + 𝑦12− 𝐶2 + 𝑦13− 𝐶3)

𝑣𝛼𝛽𝑝(𝑧) =
𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

𝜑21𝜒𝛽(𝜉)𝑑𝜉 +
1

2𝑝2
(𝑦21− 𝐶1 + 𝑦22− 𝐶2 + 𝑦23− 𝐶3)

𝑤𝛼𝛽𝑝(𝑧) =
𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

𝜑31𝜒𝛽(𝜉)𝑑𝜉 +
1

2𝑝2
(𝑦31− 𝐶1 + 𝑦32− 𝐶2 + 𝑦33− 𝐶3)

(13)
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where

𝜑11 = −
𝛼2 + 𝑝2

∆2
𝑒−Δ2|𝑧−𝜉| + 𝑒−Δ1|𝑧−𝜉| 𝛼

2

∆1
,

𝜑21 = 𝑖𝛼𝛽

[︃
1

∆2
𝑒−Δ2|𝑧−𝜉| −

1

∆1
𝑒−Δ1|𝑧−𝜉|

]︃
,

𝜑31 = 𝛼 sgn(𝑧 − 𝜉)[𝑒−Δ2|𝑧−𝜉| − 𝑒−Δ1|𝑧−𝜉|]

Components 𝑦𝑖𝑗− of the decreasing solution are given in (10). To find unknown
constants in the solution (13), a system of equations was obtained after satis-
fying the boundary conditions (5).

2𝜅−1
𝜅+1𝛼

[︃
𝑁2 + 1

2𝑝
2

∆1
−∆2

]︃
𝐶1 + 2𝜅−1

𝜅+1 𝑖𝛽

[︃
𝑁2 + 1

2𝑝
2

∆1
−∆2

]︃
𝐶2 + 𝑝2𝐶3 =

= 𝜅−1
𝜅+1

2𝑝2

𝐺𝑎 sin𝛼𝑃𝑝 +𝐵1

𝑝2𝐶1 − 2𝜅+1
𝜅−1𝛼

[︃
∆1 −

𝑁2 + 1
2𝑝

2

∆2

]︃
𝐶3 = 𝐵2

𝑝2𝐶2 + 2𝜅+1
𝜅−1 𝑖𝛽

[︃
∆1 −

𝑁2 + 1
2𝑝

2

∆2

]︃
𝐶3 = 𝐵3

Right part of equations has a form

𝐵1 = 𝛼
∞∫︀
0

𝜒𝛽(𝜉)

[︃
2∆2𝑒

−Δ2𝜉 −
2𝑁2 + 𝑝2

∆1
𝑒−Δ1𝜉

]︃
𝑑𝜉,

𝐵2 =
𝜅+1
𝜅−1

∞∫︀
0

𝜒𝛽(𝜉)[(2𝛼
2 + 𝑝2)𝑒−Δ2𝜉 − 2𝛼2𝑒−Δ1𝜉]𝑑𝜉,

𝐵3 = 2𝜅+1
𝜅−1 𝑖𝛼𝛽

∞∫︀
0

𝜒𝛽(𝜉)[−𝑒−Δ2𝜉 + 𝑒−Δ1𝜉]𝑑𝜉.

Determinant of the system is

det =
𝑝2

∆1∆2
[∆1∆2 −𝑁2]∆,

∆ = 4𝑁4 + 4𝑁2𝑝2 + 𝑝4 − 4𝑁2∆1∆2.

(14)
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After solving the system constants were found

𝐶1 =
2𝑝2

𝐺𝑎𝛼 sin𝛼𝑃𝑝

∆1[∆1∆2 − (𝑁2 + 1
2𝑝

2)]

[∆1∆2 −𝑁2]∆
+ 𝐶𝐵

1 ,

𝐶2 = −2𝑝2

𝐺𝑎 𝑖𝛽 sin𝛼𝑃𝑝

∆1[∆1∆2 − (𝑁2 + 1
2𝑝

2)]

[∆1∆2 −𝑁2]∆
+ 𝐶𝐵

2 ,

𝐶3 =
𝜅−1
𝜅+1

𝑝4

𝐺𝑎 sin𝛼𝑃𝑝

∆1∆2

[∆1∆2 −𝑁2]∆
+ 𝐶𝐵

3 ,

𝐶𝐵
1 = 𝜅+1

𝜅−1

1

[∆1∆2 −𝑁2]∆

∞∫︀
0

𝜒𝛽(𝜉)[𝛼
2(∆− 4𝑝2∆1∆2)𝑒

−Δ2𝜉+

+(𝑝4∆1∆2 + 2𝛼2𝑝2∆1∆2)𝑒
−Δ1𝜉]𝑑𝜉,

𝐶𝐵
2 = 𝜅+1

𝜅−1

𝑖𝛼𝛽

[∆1∆2 −𝑁2]∆

∞∫︀
0

𝜒𝛽(𝜉)[(4𝑝
2∆1∆2 −∆)𝑒−Δ2𝜉+

+(4𝑝4∆1∆2 + 8𝑁2∆1∆2 −∆)𝑒−Δ1𝜉]𝑑𝜉,

𝐶𝐵
3 =

𝛼∆2

[∆1∆2 −𝑁2]∆

∞∫︀
0

𝜒𝛽(𝜉)[(4𝑁
4 − 4𝑁2∆1∆2 − 𝑝4)𝑒−Δ2𝜉+

+(4𝑝4∆1∆2 −∆)𝑒−Δ1𝜉]𝑑𝜉.

(15)

Transformants of the displacements can be written in a following form

(𝑢𝛼𝛽𝑝(𝑧) 𝑣𝛼𝛽𝑝(𝑧) 𝑤𝛼𝛽𝑝(𝑧))
𝑇 = (𝑢0𝛼𝛽𝑝(𝑧) 𝑣0𝛼𝛽𝑝(𝑧) 𝑤0

𝛼𝛽𝑝(𝑧))
𝑇+

+(𝑢1𝛼𝛽𝑝(𝑧) 𝑣1𝛼𝛽𝑝(𝑧) 𝑤1
𝛼𝛽𝑝(𝑧))

𝑇

Where additions 𝑢0𝛼𝛽𝑝(𝑧), 𝑣
0
𝛼𝛽𝑝(𝑧), 𝑤

0
𝛼𝛽𝑝(𝑧) correspond to the solution, which

include intensity of the acting load 𝑃𝑝, and additions with an upper index “1”
include an integral with the unknown function 𝜒𝛽(𝜉) in (6). Transformants
with an index “0” have a form

𝑢0𝛼𝛽𝑝(𝑧) = 𝛼
sin𝛼

𝐺𝑎

𝑃𝑝

∆
[2∆1∆2𝑒

−Δ2𝑧 − (2𝑁2 + 𝑝2)𝑒−Δ1𝑧],

𝑣0𝛼𝛽𝑝(𝑧) = 𝑖𝛽
sin𝛼

𝐺𝑎

𝑃𝑝

∆
[2∆1∆2𝑒

−Δ2𝑧 − (2𝑁2 + 𝑝2)𝑒−Δ1𝑧]

𝑤0
𝛼𝛽𝑝(𝑧) =

sin𝛼

𝐺𝑎
𝑃𝑝

∆1

∆
[2𝑁2𝑒−Δ2𝑧 − (2𝑁2 + 𝑝2)𝑒−Δ1𝑧].

(16)

It can be easily seen that transformants coincide with ones, obtained with
the method of Popov G.Ya. in [12]. Difference is in sign, because a compressive
load is here in the statement of the problem in contrast to a stretching load
in that investigation. Using the relation (13), so as components of decreasing
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solution (10) and constants (15), transformant of interest for displacement was
constructed

𝑤𝛼𝛽𝑝(𝑧) =
𝜅+1
𝜅−1

𝛼

2𝑝2

∞∫︀
0

[𝑒−Δ2|𝑧−𝜉| sgn(𝑧 − 𝜉)−

−𝑒−Δ1|𝑧−𝜉| sgn(𝑧 − 𝜉)]𝜒𝛽(𝜉)𝑑𝜉+

+𝜅+1
𝜅−1

𝛼

2𝑝2∆

∞∫︀
0

𝐹1(𝑁, 𝑧, 𝜉, 𝑝)𝜒𝛽(𝜉)𝑑𝜉 + 𝑤0
𝛼𝛽𝑝(𝑧).

(17)

To find the initial vertical displacement the inverse integral transform
should be applied

𝑤(𝑥, 𝑦, 𝑧, 𝑡) =
1

𝜋2
1

2𝜋𝑖

∫︁
𝑙

∞∫︁
−∞

∞∫︁
0

𝑤𝛼𝛽𝑝(𝑧)𝑒
𝑝*𝑡𝑒𝑖𝛽𝑦 sin𝛼𝑥𝑑𝑝*𝑑𝛽𝑑𝛼,

𝑙 = (𝜆 − 𝑖∞, 𝜆 + 𝑖∞) Algorithm of conducting a component 𝑤0(𝑥, 𝑦, 𝑧, 𝑡) was
considered in [12], and related to the solution of the Lamb problem.

4. Reduction to the singular integral equation.

An integral equation was constructed, based on the fact, that the boundary
condition 𝑢(0, 𝑦, 𝑧, 𝑡) = 0 in (1) has not been realized yet. Considering the
solution 𝑢𝛼𝛽𝑝(𝑧) in (13), rewrite it in the form

𝑢𝛼𝛽𝑝(𝑧) =
𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

[︃
𝛼2

∆1
𝑒−Δ1|𝑧−𝜉| −

𝛼2

∆2
𝑒−Δ2|𝑧−𝜉|

]︃
𝜒𝛽(𝜉)𝑑𝜉−

−𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

𝑝2

∆2
𝑒−Δ2|𝑧−𝜉|𝜒𝛽(𝜉)𝑑𝜉 +

1

2𝑝2
(𝑦11− 𝐶1 + 𝑦12− 𝐶2 + 𝑦13− 𝐶3)

or after substitution values for constants (15) and elements of decreasing solu-
tion (10)

𝑢𝛼𝛽𝑝(𝑧) =
𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

[︃
𝛼2

∆1
𝑒−Δ1|𝑧−𝜉| −

𝛼2

∆2
𝑒−Δ2|𝑧−𝜉|

]︃
𝜒𝛽(𝜉)𝑑𝜉+

+𝜅+1
𝜅−1

1

2𝑝2

∞∫︀
0

𝐹 1(𝑧, 𝜉)𝜒𝛽(𝜉)𝑑𝜉 +
𝜅+1
𝜅−1

1

2𝑝2
𝛼2

∆

∞∫︀
0

𝐹 2(𝑧, 𝜉)𝜒𝛽(𝜉)𝑑𝜉 + 𝑢0𝛼𝛽𝑝(𝑧),
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where

𝐹 1(𝑧, 𝜉) = −
𝑝2

∆2
𝑒−Δ2|𝑧−𝜉| −

𝑝2

∆2
𝑒−Δ2𝑧𝑒−Δ2𝜉+

+𝑁2

(︃
1

∆1
𝑒−Δ1𝑧 −

1

∆2
𝑒−Δ2𝑧

)︃
−∆2(𝑒

−Δ1𝑧 − 𝑒−Δ2𝑧)𝑒−Δ2𝜉,

𝐹 2(𝑧, 𝜉) =
1

[∆1∆2 −𝑁2]
(𝑝2[∆2𝑒

−Δ1𝑧 −∆1𝑒
−Δ2𝑧]·

·[4𝑁2𝑒−Δ1𝜉 + (4𝑝2 + 8𝑁2)𝑒−Δ2𝜉]+

+∆2[𝑒
−Δ1𝑧 − 𝑒−Δ2𝑧][(4𝑁2 − 4𝑁2∆1∆2 − 𝑝4)𝑒−Δ1𝜉 + 4𝑝2∆1∆2𝑒

−Δ2𝜉])

After an application the inverse cosine transform Furrier with respect to the
variable 𝛼 to the solution 𝑢𝛼𝛽𝑝(𝑧) and changing the order of integration

𝑢1𝛽𝑝(𝑥, 𝑧) ∼
𝜅+ 1

𝜅− 1

1

2𝑝2
2

𝜋

∞∫︁
0

𝜒𝛽(𝜉)

∞∫︁
0

[︃
𝑒−Δ1|𝑧−𝜉| 𝛼

2

∆1
− 𝑒−Δ2|𝑧−𝜉| 𝛼

2

∆2

]︃
cos𝛼𝑥𝑑𝛼𝑑𝜉

consider the inner integral with respect to the variable 𝛼, which can be calcu-
lated using the table integral № 3.961(2) in [3]

∞∫︁
0

𝑒−
√

𝛼2+𝛽2|𝑧−𝜉|

𝛼2 + 𝛽2
cos𝛼𝑥𝑑𝛼 = 𝐾0(|𝛽|

√︀
𝑥2 + (𝑧 − 𝜉)2),

𝐾0(𝑧) — Macdonald function, taking into account that 𝛼2 cos𝛼𝑥 = −(cos𝛼𝑥)′′𝑥
and a form of the functions ∆1,∆2, defined in (11)

𝑢1𝛽𝑝(𝑥, 𝑧) ∼
𝜅+1
𝜅−1

1

𝜋𝑝2

(︃
−
𝜕2

𝜕𝑥2

)︃
∞∫︀
0

𝜒𝛽(𝜉)[𝐾0(Υ1

√︀
𝑥2 + (𝑧 − 𝜉)2)−

−𝐾0(Υ2

√︀
𝑥2 + (𝑧 − 𝜉)2)]𝑑𝜉,

Υ1 =
√︁
𝛽2 + 𝜅−1

𝜅+1𝑝
2, Υ2 =

√︀
𝛽2 + 𝑝2

(18)

Direct verification can approve the correctness of the relation

𝜕2

𝜕𝑥2
𝐾0(

√︀
𝛽2 + 𝑝2

√︀
𝑥2 + (𝑧 − 𝜉)2) +

𝜕2

𝜕𝑧2
𝐾0(

√︀
𝛽2 + 𝑝2

√︀
𝑥2 + (𝑧 − 𝜉)2)−

−(𝛽2 + 𝑝2)𝐾0(
√︀
𝛽2 + 𝑝2

√︀
𝑥2 + (𝑧 − 𝜉)2) = 0

After an application this relation to (18), it was rewritten in a form

𝑢1𝛽𝑝(𝑥, 𝑧) ∼
𝜅+1
𝜅−1

1

𝜋𝑝2

(︃
𝜕2

𝜕𝑧2
−Υ2

1

)︃
∞∫︀
0

𝜒𝛽(𝜉)𝐾0(Υ1

√︀
𝑥2 + (𝑧 − 𝜉)2𝑑𝜉−

−𝜅+1
𝜅−1

1

𝜋𝑝2

(︃
𝜕2

𝜕𝑧2
−Υ2

2

)︃
∞∫︀
0

𝜒𝛽(𝜉)𝐾0(Υ2

√︀
𝑥2 + (𝑧 − 𝜉)2)𝑑𝜉.
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Here the value 𝑥 = 0 can be fixed

𝑢1𝛽𝑝(0, 𝑧) ∼
𝜅+1
𝜅−1

1

𝜋𝑝2

(︃
𝜕2

𝜕𝑧2
−Υ2

1

)︃
∞∫︀
0

𝜒𝛽(𝜉)𝐾0(Υ1|𝑧 − 𝜉|)𝑑𝜉−

−𝜅+1
𝜅−1

1

𝜋𝑝2

(︃
𝜕2

𝜕𝑧2
−Υ2

2

)︃
∞∫︀
0

𝜒𝛽(𝜉)𝐾0(Υ2|𝑧 − 𝜉|)𝑑𝜉.

So, the integral equation for the unknown function 𝜒𝛽(𝑧) = 𝑢′𝛽𝑝(0, 𝑧) has been
obtained

1

𝜋

(︃
𝜕2

𝜕𝑧2
−Υ2

1

)︃ ∞∫︁
0

𝜒𝛽(𝜉)𝐾0(Υ1|𝑧 − 𝜉|)𝑑𝜉−

−
1

𝜋

(︃
𝜕2

𝜕𝑧2
−Υ2

2

)︃ ∞∫︁
0

𝜒𝛽(𝜉)𝐾0(Υ2|𝑧 − 𝜉|)𝑑𝜉+

+
2

𝜋

∞∫︁
0

𝜒𝛽(𝜉)

∞∫︁
0

(︃
−
𝑝2

∆2
𝑒−Δ2|𝑧−𝜉| +

+ 𝛼2𝐹 1(𝑧, 𝜉) +
𝛼2

∆
𝐹 2(𝑧, 𝜉) +

1

∆
𝐹 3(𝑧, 𝜉)

)︃
𝑑𝛼𝑑𝜉 =

=
𝜅− 1

𝜅+ 1

2𝑝2𝑃𝑝

𝜋𝐺𝑎

∞∫︁
0

𝛼 sin𝛼

∆
[(2𝑁2 + 𝑝2)𝑒−Δ1𝑧 − 2∆1∆2𝑒

−Δ2𝑧]𝑑𝛼

(19)

Here ∆ is defined in (14), ∆𝑖, 𝑖 = 1, 2 — in (11), Υ𝑖, 𝑖 = 1, 2 — in (18),

[∆1∆2 −𝑁2]𝐹 1(𝑧, 𝜉)=−
𝑝2

∆2
𝑒−Δ2𝑧𝑒−Δ1𝜉+𝛽2

[︃
1

∆1
𝑒−Δ1𝑧−

1

∆2
𝑒−Δ2𝑧

]︃
𝑒−Δ2𝜉−

−𝑁2

[︃
1

∆1
𝑒−Δ1𝑧 −

1

∆2
𝑒−Δ2𝑧

]︃
𝑒−Δ1𝜉 −∆2[𝑒

−Δ1𝑧 − 𝑒−Δ2𝑧]𝑒−Δ2𝜉,

[∆1∆2 −𝑁2]𝐹 2(𝑧, 𝜉) = 𝑓1(𝑁)𝑒−Δ2𝑧𝑒−Δ1𝜉 + 𝑓2(𝑁)𝑒−Δ2𝑧𝑒−Δ2𝜉+

+𝑓3(𝑁)𝑒−Δ1𝑧𝑒−Δ1𝜉 + 𝑓4(𝑁)𝑒−Δ1𝑧𝑒−Δ2𝜉,

𝑓1(𝑁) = 4∆1𝑝
4 + 4𝑁4𝑝2∆1 −∆2(4𝑁

2 − 4𝑁2∆1∆2 − 𝑝4),

𝑓2(𝑁) = −𝑝4∆1∆2 − 4𝑁2(𝑁2 +
1

2
𝑝2 −∆1∆2)− 4𝑝2∆1∆2,

𝑓3(𝑁) = −4𝑁4𝑝2∆2 +∆2(4𝑁
2 − 4𝑁2∆1∆2 − 𝑝4),
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𝑓4(𝑁) = 4𝑁2𝑝2∆1∆2 + 𝑝4∆1∆2 + 4𝑁2(𝑁2 +
1

2
𝑝2 −∆1∆2)− 4𝑝2∆1∆2,

∆2[∆1∆2 −𝑁2]𝐹 3(𝑧, 𝜉)=𝑝2𝑒−Δ2𝑧𝑒−Δ2𝜉[𝑝4∆1∆2 − 4𝛽2(𝑁2+
1

2
𝑝2 −∆1∆2)

2].

Analyzing the unknown function in the integral equation (19), it can be seen
that

𝜒𝛽(𝑧) = 𝑢′𝛽𝑝(0, 𝑧) ∼
𝜕

𝜕𝑥
𝑢(0, 𝑦, 𝑧, 𝑡) =

(︂
𝐺
𝜅+ 1

𝜅− 1

)︂−1

𝜎𝑥(0, 𝑦, 𝑧)

So, the behavior of the function 𝜒𝛽(𝑧) = 𝑢′𝛽𝑝(0, 𝑧) is the same as a behavior
of a normal stress 𝜎𝑥(0, 𝑦, 𝑧) while 𝑧 → 0 . Normal stress tends to infinity
according to a power low with an exponent equal to −𝛾(𝛾 < 1), which depends
on a Poisson ratio 𝜇 of the medium.

The unknown function is represented as series

𝜒𝛽(𝜉) =

∞∑︁
𝑛=1

𝑥𝑛(𝛽)𝑒
−𝜉𝜉−𝛾𝐿(−𝛾)

𝑛 (2𝜉)

where 𝐿(−𝛾)
𝑛 (2𝜉) — Laguerre polynomials, 𝑥𝑛(𝛽) unknowns. This correspon-

dence should be substituted into the equation (19) with the following applica-
tion the method of orthogonal polynomials. After that, the unknown function
𝜒𝛽(𝑧) should be substituted into the expression for the vertical displacement
(17).

Conclusion

The dynamic problem for the elastic quarter space was solved by the di-
rect application of the integral transforms to the motion equations and the
boundary conditions. This operation reduces the initial problem to the one-
dimensional vector boundary problem, which was solved with the help of a
matrix differential calculus. In this case all needed matrices, such as decreas-
ing solution and fundamental matrix turned to be 3 × 3, so as a system of
equations for finding constants in the solution, which significantly complicates
calculations, if compare with application of the method of Popov G.Ya., where
all needed matrices were 2× 2 order. In the process an integral singular equa-
tion was derived by satisfying a remaining boundary condition. Components
of displacements which include the intensity of the acting load coincide with
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ones, obtained earlier by the method of Popov G.Ya. The future investigation
will be deducted to the analysis of the steady-state oscillations and displace-
ments which appear in the medium under acting distributed load.

Фесенко Г. О.
Безпосереднє розв’язання динамiчної задачi для пружного чверть простору

Резюме

Побудовано поле перемiщень у пружному чверть простору, коли одна границя жорстко
закрiплена, а на iншiй дiє динамiчна нормальна стискальна сила, зосереджена у точцi.
Задачу було розв’язано iз застосуванням методу iнтегральних перетворень Лапласа та
Фур’є безпосередньо до рiвнянь руху та граничних умов. Це призводить до одновимiрної
векторної неоднорiдної крайової задачi вiдносно невiдомих трансформант перемiщень.
Цю задачу розв’язано з допомогою матричного диференцiального числення. Фунда-
ментальна матриця та спадаючий розв’язок вiдповiдного матричного рiвняння були
побудованi з допомогою основної теореми про лишки. Сингулярне iнтегральне рiвня-
ння отримано у процесi реалiзацiї граничної умови. Слабко збiжна частина рiвняння
була пiдсумована iз видiленням сингулярного ядра. Поведiнку невiдомої у iнтеграль-
ному рiвняннi функцiї було проаналiзовано на основi її механiчного змiсту. Невiдому
функцiю подано у виглядi ряду по полiномам Лагерра. Оригiнал вертикального пере-
мiщення було отримано пiсля застосування обернених iнтегральних перетворень.
Ключовi слова: пружний чверть простiр, iнтегральнi перетворення, динамiчне на-
вантаження матричне диференцiальне числення, сингулярне iнтегральне рiвняння.
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