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NECESSARY EXISTENCE CONDITIONS OF
P,(Yy,Y1,)-SOLUTIONS OF SECOND-ORDER DIFFERENTIAL
EQUATION WITH RAPIDLY VARYING NONLINIARITY

We consider a differential equation of the second order of the general form y"’ = f(¢,y,y'),
where [ : [a,w[xAy, X Ay, — R~ a continuous function, —co0 < a < w < 400, Ay,— one-
side neighborhood of Y;, Y; € {0,+0c0} (i € {0,1}). Under certain conditions for the func-
tion f, this equation can be represented close to the two-term differential equation, namely
y" = aop(t)p1(y')(1+0(1)) at t T w, where ;1 is a rapidly varying functionat ¢y — Y;. Found
the necessary conditions for the existence of solutions for which ltlTrB y () =Y; (i € {0,1}),
v’ (1))*
v(t)y" (1)

presented in works by Evtukhov V.M., Belozerova M.O. when studying the two-term equa-

limgqe, = Ao, so called P, (Yo, Y1, Ao)-solutions. This type of solution was previously
tion 3" = aop(t)po(y)e1(y’), where ag € {—1,1}, p : [a,w[—>]0, +00[-continuous function,
@i : Ay, —]0, +o00[ (i = 0, 1) —continuous regularly variables for z — Y; (¢ = 0, 1) functions
of orders o; (i = 0,1), and 09 + 01 # 1. Further, in the studies of V.M. Evtukhov, A.G.
Chernikova for equation y” = agp(t)po(y) necessary and sufficient conditions are established
existence, as well as asymptotic at ¢ T w representations P, (Yo, Y1, Ao)-solutions in the case
when g is a rapidly varying function at y — Ybo.
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INTRODUCTION

Consider the differential equation

y' = f(t ), (1)

where f : [a,w[x Ay, x Ay; — R is continuous function, —oco < a < w < 400,
Ay, (i € {0,1}) is a one-side neighborhood of Y; and Y; (i € {0,1}) is either 0
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or +oo. We assume that the numbers p; (i = 0,1) given by the formula

1 if eigher Y; =400, or Y;=0
and Ay, is right neighborhood of the point 0,

—1 if eigher Y; = —00, or Y;=0
and Ay, is left neighborhood of the point 0,

pi =

satisfy the relations
pop1 >0 for Yg=4oco and popr <0 for Yp=0. (2)

Conditions (2) are necessary for the existence of solutions of Eq. (1) defined

in a left neighborhood of w and satisfying the conditions
yD(t) e Ay,  for t € [to,w], ltiTmy(i)(t) =Y, (i=0,1). (3)

One of the classes of Eq. (1) solutions with properties (3) that admits some
asymptotic representations is the class of P, (Yp, Y1, A\g)- solutions.
Definition 1. A solution y of Eq. (1) on interval [to,w[C [a,w] is called
P, (Yo, Y1, \o)- solution, where —oo < \g < +o0, if, in addition to (3), it
satisfies the condition o
y(t
o y[<t>(y')']<t> B

Depending on A these solutions have different asymptotic properties. In [1]

0-

such ratios

()Y (1) A ()Y (1) 1
f R\ {1} lim el — A0 1 _
or )\O < \ { } tITI(EI y(t)/ AO —_1° tl’rri)l y/',(t) AO 1
for Ap=1 lim mu(t)y () _ +oo, lim 7r”(t,)y ) _ +oo,
" e ot
: W)y (T . mul(t)y (T
for M=+ lim = =1, lim =0,
’ o Y(t) ttw Y (1)
where
t f =
Ww(t) = ! w +OO’
t—w if w<4oo,

are established.

Now consider a case A\g € R\ {1}. We impose a condition on the function
f so that it becomes a two-term of a special form.

Definition 2. We say that a function f satisfies condition (FN1)y, for
Ao € R\ {0,1} if there exist a number ag € {—1,1}, a continuous function
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p: [a,w[—>]0, +o0[ and twice continuously differentiable function p1 : Ay, —
10, +o0[, satisfying the conditions

‘ . w o (w
S(w) £0,  lm pi(w) =1 € {0,400}, lm LU _y )
el v (i (w)

Y; Yy

such that, for arbitrary continuously differentiable functions z; : [a,w[—

Ay, (i =0,1), satisfying the conditions

limz(t)=Y;, (i=0,1),

tTw
CmAb N w1
1151T13J1 Z[)(t) a )\0 — 17 ltlTILIul Z1 (t) N )\0 — 17
one has representation
f(t; 20(t), 21(8) = cop(t)pr(z1(8))[1 +o(1)] as ¢ T w. (5)

Moreover, under condition (F'N),, sign of second derivative of any
P, (Yo, Y1, \g)-solution of Eq. (1) in a left neighborhood of w coincides with

the value . Then taking into account (2) , we have

app1 >0 for Yp =400 and apu; <0 for Y =0. (6)

MAIN REsSULTS
1. Auxiliary statements

We choose a number b € Ay, such that the inequality
b<1 for Y1=0, b>1(b<—-1) for Y =+00 (Y1 =—-00)
is respected and put
Ay, (b) = [b,Y1] if Ay, is a left neighborhood of Y7,

Ay, (b) =]Y1,b] if Ay, is aright neighborhood of Y.

o
b if {m(é’) = *o00,

rod
O : Ay, (b) — R, @1(w):/ °  B=
B

5 Yi
#1(s) Y, if [ sof(ss) = const,
b
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w

¢ a if  [p(r)dr = zoo,
hi) = [prdn A= °
4 w if [ p(r)dr = const,

a

vt = O (ol (t), ps=sign pi(w) for w € Ay,.

Note that the function ®; retains its sign on Ay,, tends either to 0 or to oo
as w — Y7, and increases on Ay, due to ®)(w) > 0. Therefore, it has an
inverse function ®; ' : Az, — Ay, , where, due to the second of conditions (4)
and the increase <I>1_1

Zy = lim @;(w) € {0, +o0}, (7)

w—Yq
weAYl

Z1| if Ay, is a left neighborhood of Y;
Azl_{ [21,Z1] 1 y, Is a left neighborhood o 1, = ®1(h).

| 121,21 if Ay, s a right neighborhood of Y1,

Definition 3. Let f : Ay, — R\ {0} be a twice continuously differentiable
function. We will say that f € T'(Y1, Z1) if it satisfies the following conditions

. or 0,
flw)#0,  lim f(w)=21, Zy=|
UlJUEAyll etgther =+ oo,
4
lim f (fU)f(gv) _1
o (fw)

First of all, we note that, by virtue of definition 3, any function from I'(Y7, Z1)-
class is rapidly varying as w — Y.

In [2] using the properties of functions from the class I' introduced and
studied in detail in the monograph Bingham N.H., Goldie C.M., Teugels J.L. [3]
(Chapter 3, item 3.10), the following auxiliary assertions about the properties

of functions from the class I'(Y7, Z1) were established.

Lemma 1. If f € T'(Y1,Z1) then there exists a continuous function g :
Ay, — R\ {0}, called complementary to f, such that

lim M:e“ for any u€eR,

e f(w)

wGAyl
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164
moreover, the complementary function is uniquely determined up to functions

equivalent as w — Y1, for which, for example, one of the following functions

[fwa)a Jrow 0y
Fw) 7 fw) T f(w) b

w
[ f(z)dx
1%
where
21 if hH}} f(w) = o0,
W= oy
Yiodf  lim f(w) =0,
o
can be chosen.
Lemma 2.
1. If f € I'(Y1, Z1) with complementary function g then lirg % =0.
w—Yq
weAYI

2. If f e T'(Y1, Z1) with complementary function gthen for any continuous

function u : Ay, — R that satisfies the conditions

lim wu(w)=up € R, wh_}n& fw+u(w)g(w)] = 2,

w—Yq
wEAYl weAyl

there is a limit relation

lim
w—Y7 f 'u))
wGAyl

Lemma 3. If f € T'(Y1,Z1) strictly monotone with complementary
function gthen its inverse function f=1 : Ay — Ay, is slowly varying at

z — Z1 and satisfies the limit relation

-1 _ 1
lim / ()\2)71 ) =In\ forany A>0,
BT )
€Az,
moreover for any given A > 1 limit relation is satisfied uniformly in A €

[ LA } )
/\ )
Note also, it follows from the Representation Theorem for I" ([3],Chap—

ter 3, item 3.10, position d) that for a function f € I'(Y7, Z;) there exists a
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continuously differentiable function f; € I'(Y7, Z1) such that

lir% f(u)) =1 and lir% whi(w) =100
uean fi(w) vean hiw)

2. Main results

Theorem 1. Let Ao € R\ {0,1} and let the function f satisfies condition
(FN1)y,. Then, for the existence of P,,(Yp, Y1, No)- solutions of the differential
equation (1), it is necessary that the conditions (2), (6),

MOMl)\O(AO — 1)7Tw(t) > 0, a0u311(t) <0 fOT’ te [a,w[ (8)
(7)) ltle Il (t) = Zl, (9)
L (O)m(t) - m(Oper(Y() _ a

W T BTG o1 10
are hold.

Moreover, each solution of this kind admits the asymptotic representations
ast T w

— My[l] 1 1 "4y = v 1 11

y(t) = o) O)mu(t)(1+0(1)), (1) =YL +0(1)].  (11)

Proof of Theorem 1. Let \g € R\ {0,1} and y : [to,w|— Ay, be
an arbitrary P, (Yp, Y1, Ao)— solution of Eq. (1.1). Then there is a number
t1 € [to,w][ such that y®) () # 0 (k = 0,1,2), signy® (t) = ps, (k = 0,1) for
t € [t1,w[. Moreover, from the equality

v\, vy

; =1-""

y () (v'(t))

and conditions (3), the definition of the P, (Yo, Y1, A\o)— solution immediately

implies that

t)y'(t A )y (t 1
ttw y(t) )\0 —1 tTw y/(t) /\0 —1
From this, in particular, it follows that the first of the sign representations (8)
holds. Due to (12) and the condition (FN1),, which the function f satisfies

from (1) we have

y'(t) = aop(t)er(y (1)) [1 +0(1)] as ttw (13)
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> y"(t)
e1(y'(t))

Integration of (14) on the interval from ¢; to ¢ leads to the limiting equality

=aop(t)[1 +0o(1)] as tTw. (14)

t t

/%—ao/p(ﬂdT [14+0(1)] as tTw

or by virtue of the definition of the limits of integration A and B
O1(y' (1) = apl1(t)[1 +0(1)] as tTw. (15)

It follows from condition (4) that the function ¢; together with its deriva-
tive of the first order are rapidly varying as ¢y’ — Y7, because

! ! / /N /
im YY) o W) (16)
vy o1(y) = 1Y)

/
Yy EAyl y' e Y

~

w) ey
ei(y)  ey)
addition, taking to account the L’Hopital rule in the form of Stolz, we can

follows. In

Also from (4) as y' — Y7 the equivalence

assert that

1
D (¢ / NG
lim 1§y) ~lim sol,gy)/ _ 5901/(1/)) o
[ —Y [u— e Iy
vedy, = v el v A)ely)
Lo (Y) L (@ () ]
hence
O (1) ~ — 1 as Y — Y1,
1) 1 (y) vy
(18)

DY)l (y) <0 for o € Ay,.

A consequence of conditions (18), (15) is the second of the inequalities (8).

Condition (17) implies as ¢y — Y7 fulfillment of the equivalences

1 _soﬁ(y’)cpl(y/)
) _eily)  a) ) wily) ~1. (19)
oi(y)  dy) @) (PW))? 1
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Hence taking into account the lemma 2.14 (see |2, Chap. II, Sec. 2.3, P. 54|)
it follows that the function ®; belongs to the class I'(Y7, Z;) with a comple-
mentary function g, for which one can choose one of the equivalent functions

@/ / q) / /

}/(y/) N ,l(y,) N _soll(y/) as Y oYL

21(y)  2y)  ily)
Further from (14), (15), (18) by virtue of (9) and (16) the first of the conditions
(10) follows.

Because the function ®1 belongs to the class I'(Y7, Z;) and complementary

/
to it can be chosen as g(y') = —Z}EZ,; From the definition of Z1, us, the
1

second of sign conditions (8) ®; ! (apli(t)) € Ay, as t € [tg,w[ and (9) follow.

Therefore, based on the lemma 3 we have the limit equality

tTw %)

which we can rewrite in the form

e (aoli(t)[1+0(1)]) = @7 (aoli(1) +

Thus, the second of (11) is established, since

Yl@)e (YW@ "oy
lim ' g ) = lim Y 801(3,;) = Foo0.
B (Y sn s aly)

Invoking the first of (11) from (12), we obtain the first of the relations (11).

Now we write (13) in the form
o1 (YH)
¢ (Y1)

Then, as a complementary to the function ¢ € I'(Yy, Z1), we choose g(y') =
£1') " Then, taking into account that liTmY[l](t) = vy, Y(t) € Ay, at
ttw

y"(t) = aop(t)er | Y () + [14+0(1)] as ttw.  (20)

o1 (y)
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t € [to,w], we obtain

(1] t)) /
v @) + <,0/1(Y(O(1)> ;L e1y)
1m%< aomo V) e gaw(O:L
e o1 (y[l} (t)) g e1(y)

which in turn leads to
(Yl @)

1 ¥1
1 (Y[ It) + Wo(l)) = ¢ (Y[” (t)) [L+o(1)] as ttw.

Therefore, relation (20) takes the form

y'(1) = aop(er (YI®) L+ 0(1)] as t1w.

From the last representation, taking into account the second of the limit equal-
ities (12), we obtain he second of conditions (10).

The theorem is proved.

CONCLUSION

In this paper, we consider the differential equation of the second order,
which is asymptotically close as t T w to a two-term equation with rapidly vary-
ing with respect to the derivative component. Received necessary conditions
for the existence of P, (Yp, Y1, A\g)— solutions, as well as asymptotic representa-
tions for such solutions and their derivatives. To obtain sufficient conditions for
existence solutions of this class, it is required to involve the results of the work
[4]. It is also possible to refine the asymptotics of B, (Yp, Y1, Ag)—solutions in

terms of functions ¢, Y, 7.

Kycix JI. 1.
HeoBX1HI YMOBHU ICHYBAHHS P, (Yo, Y1, Ao)- PO3B’S3KIB IMGEPEHLIAJIBHOI'O PIBHSIH-
Hsl JIPYTOTO TOPSJIKY 3 IIBUJKO 3MIHHOIO HEJITHIHICTIO

Peszrome

Posrusinaemo qudepeHiianbHe PIBHAHHS JPYroro NOpsaKy 3araabroro suny y' = f(t,y,y'),
ne f o [a,w[xAy, X Ay, — R — nenepeppHa byHkuist, —00 < a < w < 400, Ay, —
opmocropouHiit okin Y;, Y; € {0,+00} (i € {0,1}). Ilpm meBrnx ymoBax Ha dyHKHO [ 1e
piBHsIHHSA MOKe 6yTH mojiane GJIU3HKUM JI0 ABOUJIeHHOTO0, a came 3y = aop(t)p1(y’)(1+0o(1))

mpu t T w, ne p1 — mBHAKO 3MiEHa mpu y — Y: dynkmia. 3uaiizeHo Heobximmi ymosu



Necessary existence conditions of P., (Yo, Y1, Xo)-solutions 169

v/ (1))
y(t)y" (t)

P, (Yo, Y1, Ao)-po3s’sa3kis. Takoro tuity po3s’si3ku panime 6ysio BBesieHO B poborax €BTyxo-

icHyBaHHS PO3B’A3KIB, NJI SKHX %:iﬁrgy(i)(t) =Y (i € {0,1}), limspw = )Xo, T. 3.
Ba B. M., Benoszeporoi M. O. npu Busuenti asousnentoro pisuaunsd y' = aop(t)eo(y)p1(y'),
e ao € {—1,1},p : [a,w[—]0, +oo[-Henepepsua dyHKis, @; : Ay, —]0,+o00[ (i =0,1) —
HEMepepBHi MPaBWJILHO 3MiHHI pu z — Y; (1 = 0,1) dbyskuil nopsaakis o; (i = 0,1), npu-
qomy oo + o1 # 1. Haumi, y mociimkennsx €sryxosa B. M., Yepnikosol A. I'. qya piBHsHHS
y" = aop(t)po(y) BeTanoBIEHO HEOOXiTHI, TOCTATHI YMOBM iCHYBaHHS, a TAKOYK ACHMITOTHY-
ui npu t T w 306paxkenus P, (Yo, Y1, \o)-po3B’sa3KiB y BUNAJKY, KOJIH (o — IIBUIKO 3MiHHA
npu y — Yo dyHKIIiA.

Kaowosi caosa: deounenne dudepenyiarvre pisnanna, P,(Yo, Y1, Xo)-poss’asox, acumnmo-
MUYHL 300Padtcents Po36°A3KI6, WEUIKO 3MIHHG PYHKYIA, 00HO0-, 080NAPAMEMPUIHG CIM A

P038°A3%K16.
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