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TRIANGLE CONICS AND CUBICS
This is a paper about triangle cubics and conics in classical geometry with elements of
projective geometry. In recent years, N.J. Wildberger has actively dealt with this topic
using an algebraic perspective. Triangle conics were also studied in detail by H.M. Cundy
and C.F. Parry recently. The main task of the article was to develop an algorithm for creating
curves, which pass through triangle centers. During the research, it was noticed that some
different triangle centers in distinct triangles coincide. The simplest example: an incenter
in a base triangle is an orthocenter in an excentral triangle. This was the key for creating
an algorithm. Indeed, we can match points belonging to one curve (base curve) with other
points of another triangle. Therefore, we get a new intersting geometrical object. During
the research were derived number of new triangle conics and cubics, were considered their
properties in Euclidian space. In addition, was discussed corollaries of the obtained theorems
in projective geometry, what proves that all of the descovered results could be transfered to
the projeticve plane.
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1.

Introduction

Centers of triangle and central triangles were studied by Clark Kimberling
[5]. We consider curves which pase throw incenter in a base triangle is an
orthocenter in an excentral triangle and other triangle curves. Also we studied
some properties of Jerabek hyperbola for the mid-arc triangle.
2.

Main result

Firstly, we will consider excentral triangle. Correspondence between points
of the excentral and base triangles will give us significant results in developing
new triangle curves. Below you may observe correspondence table between
Received 10.11.2020
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points of the base and excentral triangles. Main analytical results of this
paper belongs to Skuratovskii R. V.
Base triangle

Excentral triangle

I (incenter)

H (orthocenter)

O (circumcenter)

E (nine-point center)

Be (Bevan point)

O (circumcenter)

Mi (mittenpunkt)

Sy (Lemoine point)

′

Mi (isogonal conjugate of the mittenpunkt with respect to the base
triangle)

M (centroid)

Sp (Speaker point)

Ta (Taylor point)

Sy (Lemoine point)

Sy(𝐻1 𝐻2 𝐻3 ) (Lemoine point of the
orthic triangle)

Mi′′ (isogonal conjugate point of
the mittenpunkt with respect to the
excetntral triangle)

GOT (homothetic center k of the
orthic and tangent triangles)

Table 1: Correspondence table between points of the base and excentral triangles
All of the above facts could be easily proved by basic principles of classiical
geometry [5]. Hence, we may apply derived results for creating new triangle
cubics and conics. Firstly Jerabek hyperbola was considered.
Definition 1. Jerabek hyperbola is a curve which passes through verticies of
trianlge, circumcenter, orthocenter, Lemoine point, isogonal conjugate of the
de Longchamps point [6].
We may observe that Jerabek hyperbola for the extcentral tringle has number of points which corresponde to other ones in the base triangle. The study
of such matches gave us significant results 2.
Therefore, we got new triangle hyperbola 1, which passes through cneters
of the excircles, Bevan point, incenter, mittenpunkt and de Longchamps point.
It is still rectangular as Jerabek hyperbola is. Known fact about Jerabek hypperboal is that its center is center of the Euler circle. However, Euler circle of
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Jerabek hyperbola for excentral triangle

New hyperbola for the
base triangle

𝐴, 𝐵, 𝐶 (vertices of the base tringle)

𝐼1 , 𝐼2 , 𝐼3 (excenters)

𝑂 (circumcenter)

𝐵𝑒 (Bevan point)

𝐻 (orthocenter)

𝐼 (incenter)

𝑆𝑦 (Lemoine point)

𝑀 𝑖 (mittenpunkt)

𝐿′

(isogonal conjugate
Longchamps point)

of

the

de

𝐿 (de Longchamps point)

Table 2: Mtaching points for Jerabek hyperbola
the excentral trinangle is circumscribed circle for the base triangle. In addition, Jerabek Hyperbola is isogonaly conjugate to the Euler line. Meanwhile,
Euler line for the excentral triangle is line (𝐼 (incenter), 𝑂 (circumcenter), 𝐵𝑒
(Bevan point), 𝑀 𝑖′ (isogonal conjugate for the mittenpunkt with respect to the
extriangle),𝑀 𝑖′′ (isogonal conjugate for the mittenpunkt with respet to the base
triangle)). Therefore, we can conclude, that our new hyperbola is isogonaly
conjugate to the line (𝐼, 𝑂, 𝐵𝑒, 𝑀 𝑖′ , 𝑀 𝑖′′ ) and its center is the circumcenter.
Theorem 1. New hyperbola passes though excenters, Bevan point, incenter, mittenpunkt, de Longchaps point. It is isogonal conjugate to the line
(𝐼, 𝑂, 𝐵𝑒, 𝑀 𝑖′ , 𝑀 𝑖′′ ), and its center is circumcircle.
Similarly we studied Thomson cubic for the base trianlge and matched its
points with ones in the excetral trianlge.
Definition 2. Thomson cubic is a curve that passes through verticies of the
trianlge, middles of triangle sides, centers of the excircles, incenter, centroid,
circumcenter, Lemoine point,mittenpunkt, isogonal conjugate of the mittenpunkt [5].
By apllying correspondence table between points of the base and excentral
triangles 1 to the points of Thomson cubic we obtain a new triangle cubic 3.
According to the table, we got new cubic.
Theorem 2. New triangle cubic 2 passes through vertices of the triangle, bases
of the altitudes, middles of the triangle sides in the orthic triangle, orthocenter,
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Figure 1: New trianlge conic based on Jerabek hyperbola for the excentral
triangle
Euler point, centroid in orthic triangle, Lemoine point, and gomotetic center
of the orthic and tangent triangles.
Analogically was derived new trianlge cubic based on the Darboux cubic
and correspondence of its points with triangle centers in the excentral triangle.
Definition 3. Darboux cubic is a curve that passes through vertices of the
triangle, centers of the excircles, incenter, circumcenter, Bevan point [2].
Trianlge centers of the Darboux cubic in the base triangle were matched
with points in the excentral triangle.
Theorem 3. Therefore, we got new cubic 3, which passes through vertices of
the triangle, bases of the altitudes, orthocenter, Euler center, and circumcenter.
The discussed above results were obtained from considering excentral triangle, its triangle centers and correspondence between points in the excentral
and basic triangle. As a result, were derived three new triangle curves, which
were not discovered before. However, to get wider results were applied the
same idea to other triangles. Namely was consider medial triangle.
Definition 4. Medial triangle is a triangle with vertices in the middles of the
base traingle sides.
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Thomson cubic for the base
triangle

New cubic for the excentral
triangle

𝐴, 𝐵, 𝐶 (vertices of the base trianlge)

𝐻1 , 𝐻2 , 𝐻3 (bases of the altitudes)

𝑀𝑎 , 𝑀𝑏 , 𝑀𝑐 (middles of the base
triangle sides)

𝑀ℎ𝑎 , 𝑀ℎ𝑏 , 𝑀ℎ𝑐 (midles of orthic triangle’s sies)

𝐼1 , 𝐼2 , 𝐼3 (excenters)

𝐴, 𝐵, 𝐶 (vertices)

𝐼 (incenter)

𝐻 (orthocenter)

𝑀 (centroid)

𝑀 (𝐻1 𝐻2 𝐻3 ) (centroid in the orthic
triangle)

𝑂 (circumcenter)

𝐸 (nine-point center)

𝑆𝑦 (Lemoine point)

𝑆𝑦(𝐻1 𝐻2 𝐻3 ) (Lemoine point of the
orthic triangle)

𝑀 𝑖 (mittenpunkt)

𝑆𝑦 (Lemoine point)

𝑀 𝑖′′ (isogonal conjugate of the mittenpunkt with respet to the excentral triangle)

𝐺𝑂𝑇 (gomotetic center of the orthic anf tngent triangles)

Table 3: Mtaching points for Thomson cubic
In the same way as before, was proven the fact that some points in the
medial triangle match with some points in the base triangle5. Proof of the
mentioned facts relies on the patterns of the Euclidean geometry, some of the
correspondence were proved before [5].
Definition 5. Yff hyperbola is a triangle curve wich passes through centroid,
orthocenter, circumcenter, and Euler center.
We have considered Yff hyperbola for the base triangle and matched its
point with triangle centers of the medial triangle, applying correspondence
table5.
We got new conic, which has vertices in the centroid and de Longchaps
point, focus in the orthocenter. Directix of the Yff hyperbola is perpendicular
to the Euler line and passes through center of the Euler circle. Euler line for
the medial and base triangles coincide. However, center of the Euler circle of
the base triangle is circumcenter for the medial. Therefore, directrix of the new
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Figure 2: New trianlge conic based on Thomson hyperbola for the excentral
triangle
hyperbola is perpendicular to the Euler line and passes through circumcenter.
Theorem 4. New conic 4 is a curve that has vertices in the centroid and de
Longchaps point, focus in the orthocenter. Directrix of the new hyperbola is
perpendicular to the Euler line and passes through circumcenter.
Let‘s go further in our research and create more triangle cubics with the
help of correspondence between triangle centers in medial and base triangles.
We obsereved the transformation of the Darboux cubic and under the correspondence. It led us to a new cubic.
Theorem 5. We got new cubic 5, which passes through Speaker point, center
of the Euler circle, circumcenter, orthocenter, complementary conjugate of the
orthocenter, middles of the triangle side, and antipodes of the medial triangle.
Simiraly, we take Lucas cubic for the base cubic and match it with points
of the medial triangle.
Definition 6. Lucas cubic is such curve which passes through triangle vertices, orthocenter, Gergone point, centroid, Nagel point, Lemoine point of the
anticomplementary tringle, and vertices of th anticomplementary triangle.
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Darboux cubic for the base triangle

New cubic for the excentral
triangle

𝐴, 𝐵, 𝐶 (vertices of the base triangle)

𝐻1 , 𝐻2 , 𝐻3 (bases of the altitudes)

𝐼1 , 𝐼2 , 𝐼3 (excenters)

𝐴, 𝐵, 𝐶 (vertices)

𝐼 (incenter)

𝐻 (orthocenter)

𝑂 (circumcenter)

𝐸 (nine-point center)

𝐵𝑒 (Bevan point)

𝑂 (circumcenter)

Table 4: Mtaching points for Darboux cubic

Figure 3: New trianlge conic based on Darboux cubic for the base triangle in
correspondence with excentral trianlge
We make the correspondence between points of the Lucas cubic in the
medial triangle with triangle centers in the base triangle. As a result we obtain
the following table.
Theorem 6. New cubic 6 which passes through Lemoine point, centroid, circumcenter, mittenpunkt, incenter, orthocenter, triangle vertices, and middles
of the triangle sides.
Therefore, while applying correspondence method to the medial triangle
we derived one new conic and two new cubics. In addition, we obsereved Euler
and mid-arc triangles as correspondence base.
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Points in the medial triangle

Point in the base triangle

𝐼 (incenter)

𝑆𝑝 (Speaker point)

𝑀 (centroid)

𝑀 (centroid)

𝑂 (circumcenter)

𝐸 (nine-point center)

𝐻 (orthocenter)

𝑂 (circumcenter)

𝐿 (de Longchamps point)

𝐻 (orthocenter)
𝐵𝑒(𝑀1 𝑀2 𝑀3 ) (Bevan point of the
medial triangle)
𝐼 (incenter)

𝐵𝑒 (Bevan point)
𝑁 𝑎 (Nagel point)

𝐺 (Gergonne point)
𝑀 𝑖 (mittenpunkt)
𝑆𝑦𝐴 (Lemoine point of the anticom𝑆𝑦 (Lemoine point)
plemetary triangle)
𝐵3 (third Brocard point)
𝑀𝐵 (Brocard midpoint)
Table 5: Correspondence table between points of the medial and base triangles
Yff hyperbola for the base triangle

New hyperbola for the medial
traingle

𝑀 (centroid)

𝑀 (centroid)

𝐻 (orthocenter)

𝐿 (de Longchaps point)

𝑂 (circumcenter)

𝐻 (orthocenter)

𝐸 (nine-point center)

𝑂 (circumcenter)

Table 6: Mtaching points for the Yff hyperbola and medial triangle
Definition 7. Euler triangle is triangle with vertices in the intersection points
of the triangle altitudes and nine-point circle.
Definition 8. Mid-arc triangle is a triangle with vertices in the middles of the
arcs of the circumcircle.
Let’s firstly consider correspondence of points between Euler and base triangles.
According to the above table we have buil the correspondence between
points of the Darboux cubic for the Euler triangle and triangle centers of the
base triange.
Theorem 7. New cubic 7 passes through circumcenter, orthocenter, Euler cen-
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Figure 4: New conic based on Yff hyperbola
Darboux cubic for the medial
triangle

New cubic for the base triangle

𝐴, 𝐵, 𝐶 (triangle vertices)

𝑀1 , 𝑀2 , 𝑀3 (middles of the triangle
sides)

𝐴1 , 𝐵2 , 𝐶3 (antipods of the triangle)

Antipods of the medial triangle

𝐼 (incenter)

𝑆𝑝 (Speaker point)

𝑂 (circumcenter)

𝐸 (nine-point center)

𝐻 (orthocenter)

𝑂 (circumcenter)

𝐿 (de Longchamps point)

𝐻 (orthocenter)

𝐿′ (isogonal conjugate of the de
Longchaps point)

𝐻𝐴 (complementary conjugate of
the orthocnter)

Table 7: Mtaching points for the Darboux cubic and medial triangle
ter, midpoint of the incenter and the orthocenter, vertices of the Euler triangle
and middles of the triangle sides.
Finally, we observe correspondence of traingle centers between mid-arc and
base trinalge.
Based on the correspondence between point sof the mid-arc and base triangles we discovered new cubic which is based on Jerabek hyperbola.
Theorem 8. New conic 8 is rectangular and passes through circumcenter,
incenter, midpoint of mittenpunkt and incenter, Schiffler point, and isogonaly
conjugate point to the Bevan point.
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Figure 5: New cubic based on Darboux cubic for the medial triangle
Lucas cubic for the medial triangle

New cubic for the base triangle

𝑆𝑦𝐴 (Lemoine point of the anticomplementary triangle)

𝑆𝑖 (Lemoine point)

𝑀 (centroid)

𝑀 (centroid)

𝐻 (orthocenter)

𝑂 (circumcenter)

𝐺𝑒 (Gergonne point)

𝑀 𝑖 (mittenpunkt)

𝑁 𝑎 (Nagel point)

𝐼 (incenter)

𝐿 (de Longchamps point)

𝐻 (orthocenter)

Table 8: Mtaching points for the Lucas cubic and medial triangle

Therefore, during the research of the triangle curves were derived three
new triangle conics nad five new triangle cubics. This is a significant result
and leaves room for new investigations.
Since, geometry of conic sections and other triangle curves are broadly used
in the projective geometry we looked on the obtained result through the prism
of the projective geometry.
According to the Pascal’s theorem if six arbitrary points are chosen on a
conic and joined by line segments in any order to form a hexagon, then the
three pairs of opposite sides of the hexagon meet at three points which lie on
a straight line.
Let‘s consider the first derived triangle curve based on Jerabek hyperbola
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Figure 6: New cubic based on Lucas cubic for the medial triangle
Points in the Euler triangle

Points in the base triangle

𝐼 (incenter)

𝑀𝐼𝐻 (midpoint of incener and orthocenter)

𝑀 (centroid)

𝑀𝑀 𝐻 (midpoint of centroid and orthocenter)

𝑂 (circumcenter)

𝐸 (nine-point center)

𝐻 (orthocenter)

𝐻 (orthocenter)

𝑁 (Nagel point)

𝐹 (Furhman point)

𝐿 (de Longchamps point)

O (circumcenter)

Table 9: Correspondence table between points in the Euler ad base triangles

for the excentral triangle. New hyperbola passes though excenters, Bevan
point, incenter, mittenpunkt, de Longchaps point. We bulit a hexagon with
verices in the given triangle centers and apply Pascal’s theorem.
Let 𝐼1 , 𝐼2 be excenters, and 𝐵𝑒, 𝑀 𝑖, 𝐿 be Bevan point, 𝑀 𝑖 mittenpunkt,
de Longchamps point, respectively. We get the following results:
Corollary 9. Concurent points of 𝐼2 𝐵𝑒 and 𝐿𝐼, 𝐵𝑒𝑀 𝑖 and 𝐼1 𝐿, 𝑀 𝑖𝐼 and
𝐼2 𝐼1 belong to one line.
Corollary 10. Concurent points of segments 𝐼2 𝑀 𝑖 and 𝐵𝑒𝐼1 , 𝐵𝑒𝐿 and 𝐼𝐼2 ,
𝑀 𝑖𝐿 and 𝐼𝐼2 lie on one line.
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Darboux cubic in the Euler triangle

New cubic for the base triangle

𝐴, 𝐵, 𝐶 (vertices)

𝐸1 , 𝐸2 , 𝐸3 (vertices of the Euler triangle)

𝐴′ , 𝐵 ′ , 𝐶 ′ (antipods of the triangle
vertices)

𝑀1 , 𝑀2 , 𝑀3 (middles of the triangle
sides)

𝐼 (incenter)

𝑀𝐼𝐻 (midpoint of incenter and orthocenter)

𝑂(circumcenter)

𝐸 (nine-point center)

𝐻 (orthocenter)

𝐻 (orthocenter)

𝐿 (de Longchamps point)

𝑂 (circumcenter)
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Table 10: Mtaching points for the Darboux cubic and Euler triangle

Figure 7: New cubic based on Darboux cubic in the Euler trianle

Simiraly, we have applied the same idea for the hexagon inscribed in the
new hyperbola derived from the Jerabek hyperbola for the mid-arc triangle.
Let 𝐴2 , 𝐴3 be middles of the arcs of the circumcircle, and 𝐵𝑒, 𝐼, 𝑆, 𝑂 be
Bevan point, incenter, Speaker point, circumcenter, respectively. The following
facts were discovered:
Corollary 11. Points of intersection of lines 𝐴2 𝐵𝑒 and 𝑆𝐼, 𝐼𝐴3 and 𝑂𝐴2 ,
𝐵𝑒𝐴3 and 𝑂𝑆 belong to one line.
Corollary 12. Points of intersection of line segments 𝐵𝑒𝑂 and 𝐴3 𝐴2 , 𝐵𝑒𝑆
and 𝐼𝐴2 , 𝐴3 𝑆 and 𝐼𝐴2 belong to a straight line.
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Points for the mid-arc triangle

Points for the base triangle

𝑂 (circumcenter)

𝑂 (circumcenter)

𝐻 (orthocenter)

𝐿 (de Longchamps point)

𝐼 (incenter)
𝑀𝑀 𝑖𝐼 (midpoint of mittenpunkt and
incenter)
𝐵𝑒 (Bevan point)

𝐾 (Kosnita point)

𝑆 (Schiffler point)

𝑆𝑦 (Lemoine center)

Table 11: Correspondence table between points in the mid-arc and base triangles
Jerabek hyperbola for mid-arc
triangle
𝐴, 𝐵, 𝐶 (vertices)
𝑂 (circumcenter)

New hyperbola for the base
triangle
𝐴1 , 𝐴2 , 𝐴3 (middles of the arcs of the
circumcircle)
𝑂 (circumcenter)

𝐻 (orthocenter)

𝐼 (incenter)
𝑀𝑀 𝑖𝐼 (midpoint of mittenpunkt and
𝑆𝑦 (Lemoine point)
inenter)
𝐾 (Kosnita point)
𝑆 (Schiffler point)
′
𝐿 (isogonal conjugate of the de 𝐵𝑒′ (isogonal conjugate of the Bevan
Longchamps point)
point)
Table 12: Mtaching points for the Jerabek hyperbola and Euler triangle

Moreover, combination of two of the discovered triangle cubics gives us
very interesting corollary as well. Let’s consider new cubic derived from the
Darboux cubic for the excentral triangle and new cubic constructed with the
base Darboux cubic with respect to the medial triangle. The first mentioned
new cubic passes through bases of altitudes, vertices, orthocenter, nine-point
center, circumcenter, let’s name it 𝑃 (𝑥, 𝑦). The second mentioned new cubic
passes through middles of the triangle sides, Speaker point, nine-point center,
circumcenter, orthocenter, let‘s name it 𝑄(𝑥, 𝑦). We may notice that this
two cubics pass through three common points which are nine-point center,
circumcenter and orthocenter. Moreover, this three points belong to Euler
line, let it has an equation 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0. Since, we have two cubics which
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Figure 8: New cubic based on the Jerabek hyperbola for the mid-arc triangle
pass through points which belong to one line, there exists such integer 𝑡 such
.
that the following holds: 𝑃 (𝑥, 𝑦) − 𝑡𝑄(𝑥, 𝑦) .. 𝑎𝑥 + 𝑏𝑦 + 𝑐. Therefore, Euler line
is linear component of the composition of two new cubics. In addition, points
of intersection of the linear component with the curve are inflection points [11].
Corollary 13. Euler line is a linear component of the composition of new
triangle cubic (passes through bases of altitudes, vertices, orthocenter, ninepoint center, circumcenter) and new triangle cubic (passes through middles of
the triangle sides, Speaker point, nine-point center, circumcenter, orthocenter).
Moreover, orthocenter, circumcenter, and nine-point center are inflection point
of the composition of these two curves.
The above corollaries prove that the discovered in the research new triangle
curves could be applied in different geometric areas and studied in advanced.
Remark 14. A further continue of our research consists in the same analysis of
singularities as provided by second author in [3; 10] for cubic obtained by us
in the presented work.
3.

Conclusion

During the research were discovered three new triangle conics and five new
triangle cubics, what is very significant result for the classical geometry. In
addition, was shown that proceedings of the study could be applied not only
in Euclidian space, but in projective as well. However, the main result of the
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research was developed algorithm of deriving new triangle curves. This opens
an opportunity for creating more triangle curves, while applying the method
for various triangles, points, and geometric constructions.
The developed idea significantly simplifies the question of creating curves
passing through triangular centers. However, it opens up a number of new
questions. Which interesting properties do new curves have? What is the
topological nature of these transformations? Is it possible to apply a similar idea to non-Euclidean objects? Could one use the same method over an
arbitrary finite field? Can this idea be further generalized?
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Скуратовський Р., Стародуб В.
Трикутнi конiки i кубiки
Резюме
В статтi описано трикутнi кубики та конiки в класичнiй геометрiї з елементами проективної геометрiї. В останнi роки цiєю темою з алгебраїчної точки зору активно займався Н. Дж. Вiльдбергер. Трикутнi конiки недавно були детально вивченi Х. М. Кандi i
К. Ф. Паррi. Основне завдання статтi — розробити алгоритм побудови кривих, що проходять через центри трикутникiв. В ходi дослiдження було помiчено, що кiлька рiзних
центрiв трикутникiв в рiзних трикутниках збiгаються. Найпростiший приклад: центр
в базовому трикутнику — це ортоцентр в ексцентральному трикутнику. Це було ключем до створення алгоритму. Дiйсно, ми можемо порiвняти точки, що належать однiй
кривiй (базовiй кривiй), з iншими точками iншого трикутника. Таким чином, ми отримуємо новий цiкавий геометричний об’єкт. В ходi дослiдження було виведено ряд нових
трикутних конiк i кубiк, розглянуто їх властивостi в евклiдовому просторi. Крiм того,
обговорювалися наслiдки отриманих теорем з проективної геометрiї, що доводить, що
всi отриманi результати можуть бути перенесенi на проективну площину.
Ключовi слова: трикутнi кубики, конiки, кривi, проективна геометрiя, простiр Евклiда.

Скуратовский Р., Стародуб В.
Треугольные коники и кубики
Резюме
В статье изучены треугольные кубики и коники в классической геометрии с элементами
проективной геометрии. В последние годы этой темой с алгебраической точки зрения
активно занимался Н. Дж. Вильдбергер. Треугольные коники недавно были подробно
изучены Х. М. Канди и К. Ф. Парри. Основная задача статьи — разработать алгоритм построения кривых, проходящих через различные центры треугольников. В ходе
исследования было замечено, что несколько разных центров треугольников в разных
треугольниках совпадают. Самый простой пример: центр в базовом треугольнике — это
ортоцентр в эксцентральном треугольнике. Это было ключом к созданию алгоритма.
Действительно, мы можем сопоставить точки, принадлежащие одной кривой (базовой
кривой), с другими точками другого треугольника. Таким образом, мы получаем новый
интересный геометрический объект. В ходе исследования был выведен ряд новых треугольных коник и кубик, рассмотрены их свойства в евклидовом пространстве. Кроме
того, обсуждались следствия полученных теорем проективной геометрии, что доказывает, что все полученные результаты могут быть перенесены на проекционную плоскость.
Ключевые слова: треугольные кубики, коники, кривые, проективная геометрия, пространство Эвклида.
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