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1. Introduction

In the theory of linear systems of differential equations is well known prob-
lem of the construction for the linear homogeneous system of the differential
equations

𝑑𝑥

𝑑𝑡
= 𝐴(𝑡)𝑥, (1)

where 𝑥 = colon(𝑥1, ..., 𝑥𝑛), 𝐴(𝑡) = (𝑎𝑗𝑘(𝑡))𝑗,𝑘=1,𝑛, Lyapunov’s transformation

𝑥 = 𝐿(𝑡)𝑦,

which leads the system (1) to the triangular kind

𝑑𝑦

𝑑𝑡
= 𝑇 (𝑡)𝑦,

where 𝑇 (𝑡) = (𝑏𝑗𝑘(𝑡))𝑗,𝑘=1,𝑛, 𝑏𝑗𝑘(𝑡) ≡ 0 (𝑗 < 𝑘) [1–4].
In this paper, we assume, that the system (1) already reduced to a kind,

close to triangular:
𝑑𝑥

𝑑𝑡
= (𝑇 (𝑡) + 𝜇𝑃 (𝑡))𝑥, (2)
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where 𝜇 – small parameter, and the matrix 𝑃 (𝑡) has a some special kind. And
we study the problen on bringing the system (2) to a purely triangular form

𝑑𝑦

𝑑𝑡
= 𝐷(𝑡)𝑦,

where 𝐷(𝑡) = (𝑑𝑗𝑘(𝑡))𝑗,𝑘=1,𝑛, 𝑑𝑗𝑘 ≡ 0 (𝑗 < 𝑘).
This paper continues the research, begun in the paper [5]. The basic no-

tation and definitions of the paper [5] are retained. As in the paper [5], we
will study this problem for a third-order system (𝑛 = 3) so as not to clutter
up the presentation with secondary technical difficulties associated with the
dimension of the system. All fundamental difficulties take place in this case
too.

Statement of the Problem. We consider the next system of differential
equations:

𝑑𝑥

𝑑𝑡
= (𝐵(𝑡, 𝜀) + 𝜇𝑃 (𝑡, 𝜀, 𝜃))𝑥, (3)

where 𝑥 = colon(𝑥1, 𝑥2, 𝑥3),

𝐵(𝑡, 𝜀) =

⎛⎜⎝ 𝑏11(𝑡, 𝜀) 0 0

𝑏21(𝑡, 𝜀) 𝑏22(𝑡, 𝜀) 0

𝑏31(𝑡, 𝜀) 𝑏32(𝑡, 𝜀) 𝑏33(𝑡, 𝜀)

⎞⎟⎠ ,

𝑏𝑗𝑘(𝑡, 𝜀) ∈ 𝑆(𝑚; 𝜀0) (𝑗, 𝑘 = 1, 2, 3), 𝑃 (𝑡, 𝜀, 𝜃) = (𝑝𝑗𝑘(𝑡, 𝜀, 𝜃))𝑗,𝑘=1,2,3, 𝑝𝑗𝑘(𝑡, 𝜀, 𝜃) ∈
𝐹 (𝑚; 𝜀0; 𝜃), 𝜇 ∈ (0, 𝜇0) ⊂ R+.

We assume that

𝑏𝑗𝑗(𝑡, 𝜀) − 𝑏𝑘𝑘(𝑡, 𝜀) = 𝑖𝑚𝑗𝑘𝜙(𝑡, 𝜀), (4)

𝑚𝑗𝑘 ∈ Z, 𝑚𝑗𝑗 ≡ 0, 𝑚𝑗𝑘 = −𝑚𝑘𝑗 (𝑗, 𝑘 = 1, 2, 3), 𝜙(𝑡, 𝜀) – the function that
appears in the definition of the class 𝐹 (𝑚; 𝜀0; 𝜃).

We study the problem of the existence of a transformation of kind

𝑥 = (𝐸 + 𝜇Ψ(𝑡, 𝜀, 𝜃, 𝜇))𝑦, (5)

𝑦 = colon(𝑦1, 𝑦2, 𝑦3), 𝐸 – unit matrix of third order, Ψ – matrix of third order
with elements from 𝐹 (𝑙; 𝜀1; 𝜃) (0 < 𝑙 ≤ 𝑚, 0 < 𝜀1 < 𝜀0), which leads at
sufficiently small 𝜇 the system (3) to the kind:

𝑑𝑦

𝑑𝑡
= 𝐾(𝑡, 𝜀, 𝜃, 𝜇))𝑦, (6)
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where 𝐾 = (𝑘𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇))𝑗,𝑘=1,2,3, 𝑘𝑗𝑘 ≡ 0 (𝑗 < 𝑘), 𝑘𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) ∈ 𝐹 (𝑙; 𝜀1; 𝜃).
That is, the same problem is considered as in work [5], but, taking into

account conditions (4), in the resonance case, in contrast to [5].

2. Auxiliary results

Lemma. Let we have the system

𝑑𝑣

𝑑𝑡
=

(︃
𝐴(𝑡, 𝜀) +

𝑞∑︁
𝑙=1

𝑄𝑙(𝑡, 𝜀, 𝜃)𝜇
𝑙

)︃
𝑣, (7)

𝑣 = colon(𝑣1, 𝑣2, 𝑣3), 𝑞 ∈ N,

𝐴(𝑡, 𝜀) =

⎛⎜⎝ 𝑖𝑚12𝜙(𝑡, 𝜀) −𝑐32(𝑡, 𝜀) 0

0 𝑖𝑚13𝜙(𝑡, 𝜀) 0

0 𝑐21(𝑡, 𝜀) 𝑖𝑚23𝜙(𝑡, 𝜀)

⎞⎟⎠ (8)

𝑚𝑗𝑘 ∈ N, 𝑐𝑗𝑘(𝑡, 𝜀) ∈ 𝑆(𝑚; 𝜀0), and 𝜙(𝑡, 𝜀) – the function in the definition of
class 𝐹 (𝑚; 𝜀0; 𝜃), the elements of matrices 𝑄𝑙 (𝑙 = 1, 𝑞) belongs to the class
𝐹 (𝑚; 𝜀0; 𝜃).

Then there exists 𝜇1 ∈ (0, 𝜇0), such that for all 𝜇 ∈ (0, 𝜇1) there exists the
Lyapunov’s transformation of kind

𝑣 =

(︃
𝐸 +

𝑞∑︁
𝑙=1

Ψ𝑙(𝑡, 𝜀, 𝜃)𝜇
𝑙

)︃
𝑤, (9)

where elemens of matrices Ψ𝑙(𝑡, 𝜀, 𝜃) (𝑙 = 1, 𝑞) belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃),
which leads the system (7) to kind:

𝑑𝑤

𝑑𝑡
=

(︃
𝐴(𝑡, 𝜀) +

𝑞∑︁
𝑙=1

𝑈𝑙(𝑡, 𝜀)𝜇
𝑙 + 𝜀

𝑞∑︁
𝑙=1

𝑉𝑙(𝑡, 𝜀, 𝜃)𝜇
𝑙 + 𝜇𝑞+1𝑊 (𝑡, 𝜀, 𝜃, 𝜇)

)︃
𝑤,

(10)

where 𝑈𝑙(𝑡, 𝜀) – the matrices with elements from 𝑆(𝑚; 𝜀0), 𝑉𝑙,𝑊 – the matrices
with elements from 𝐹 (𝑚− 1; 𝜀0; 𝜃).

Proof. We substitute the expression (8) into system (7), and require that
the transformed system has the kind (9). We obtain the next chain of matrix
differential equations for detemining matrices Ψ1, ...,Ψ𝑞:

𝑑Ψ1

𝑑𝑡
= 𝐴(𝑡, 𝜀)Ψ1 − Ψ1𝐴(𝑡, 𝜀) +𝑄1(𝑡, 𝜀, 𝜃) − 𝑈1(𝑡, 𝜀) − 𝜀𝑉1(𝑡, 𝜀, 𝜃), (11)
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𝑑Ψ𝑙

𝑑𝑡
= 𝐴(𝑡, 𝜀)Ψ𝑙 − Ψ𝑙𝐴(𝑡, 𝜀) +𝑄𝑙(𝑡, 𝜀, 𝜃) −

𝑙−1∑︁
𝜈=1

𝑄𝜈Ψ𝑙−𝜈−

−
𝑙−1∑︁
𝜈=1

Ψ𝜈𝑈𝑙−𝜈(𝑡, 𝜀)− 𝜀
𝑙−1∑︁
𝜈=1

Ψ𝜈𝑉𝑙−𝜈(𝑡, 𝜀, 𝜃)−𝑈𝑙(𝑡, 𝜀)− 𝜀𝑉𝑙(𝑡, 𝜀, 𝜃), 𝑙 = 2, 𝑞. (12)

where Ψ𝑙 = (𝜓𝑙𝑗𝑘)𝑗,𝑘=1,2,3, 𝑄𝑙 = (𝑞𝑙𝑗𝑘)𝑗,𝑘=1,2,3, 𝑈𝑙 = (𝑢𝑙𝑗𝑘)𝑗,𝑘=1,2,3, 𝑉𝑙 =

(𝑣𝑙𝑗𝑘)𝑗,𝑘=1,2,3 (𝑙 = 1, 𝑞).

Then the matrix 𝑊 at sufficiently small values 𝜇 is determined from the
equation:

(︃
𝐸 +

𝑞∑︁
𝑙=1

Ψ𝑙𝜇
𝑙

)︃
𝑊 =

𝑞−1∑︁
𝑠=0

⎡⎣ ∑︁
𝜎+𝛿=𝑠+𝑞+1

(𝑄𝜎Ψ𝛿 − Ψ𝜎𝑈𝛿

⎤⎦𝜇𝑠−

−
𝑞−1∑︁
𝑠=0

⎛⎝ ∑︁
𝜎+𝛿=𝑠+𝑞+1

Ψ𝜎𝑉𝛿

⎞⎠𝜇𝑠. (13)
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We consider the equation (11). In the component it looks like this:

𝑑𝜓1
11
𝑑𝑡 = −𝑐32(𝑡, 𝜀)𝜓1

21 + 𝑞111(𝑡, 𝜀, 𝜃) − 𝑢111(𝑡, 𝜀) − 𝜀𝑣111(𝑡, 𝜀, 𝜃),

𝑑𝜓1
12
𝑑𝑡 = 𝑖(𝑚12 −𝑚13)𝜙(𝑡, 𝜀)𝜓1

12 − 𝑐32(𝑡, 𝜀)(𝜓
1
22 − 𝜓1

11) − 𝑐21(𝑡, 𝜀)𝜓
1
13+

+𝑞112(𝑡, 𝜀, 𝜃) − 𝑢112(𝑡, 𝜀) − 𝜀𝑣112(𝑡, 𝜀, 𝜃),

𝑑𝜓1
13
𝑑𝑡 = 𝑖(𝑚12 −𝑚23)𝜙(𝑡, 𝜀)𝜓1

13 − 𝑐32(𝑡, 𝜀)𝜓
1
23+

+𝑞113(𝑡, 𝜀, 𝜃) − 𝑢113(𝑡, 𝜀) − 𝜀𝑣113(𝑡, 𝜀, 𝜃),

𝑑𝜓1
21
𝑑𝑡 = 𝑖(𝑚13 −𝑚12)𝜙(𝑡, 𝜀)𝜓1

21 + 𝑞121(𝑡, 𝜀, 𝜃) − 𝑢121(𝑡, 𝜀) − 𝜀𝑣121(𝑡, 𝜀, 𝜃),

𝑑𝜓1
22
𝑑𝑡 = 𝑐32(𝑡, 𝜀)𝜓

1
21 − 𝑐21(𝑡, 𝜀)𝜓

1
32 + 𝑞122(𝑡, 𝜀, 𝜃) − 𝑢111(𝑡, 𝜀) − 𝜀𝑣122(𝑡, 𝜀, 𝜃),

𝑑𝜓1
23
𝑑𝑡 = 𝑖(𝑚13 −𝑚23)𝜙(𝑡, 𝜀)𝜓1

23 + 𝑞123(𝑡, 𝜀, 𝜃) − 𝑢123(𝑡, 𝜀) − 𝜀𝑣123(𝑡, 𝜀, 𝜃),

𝑑𝜓1
31
𝑑𝑡 = 𝑖(𝑚23 −𝑚12)𝜙(𝑡, 𝜀)𝜓1

31 + 𝑐21(𝑡, 𝜀)𝜓
1
21+

+𝑞131(𝑡, 𝜀, 𝜃) − 𝑢131(𝑡, 𝜀) − 𝜀𝑣131(𝑡, 𝜀, 𝜃),

𝑑𝜓1
32
𝑑𝑡 = 𝑖(𝑚23 −𝑚13)𝜙(𝑡, 𝜀)𝜓1

32 + 𝑐21(𝑡, 𝜀)(𝜓
1
21 − 𝜓1

33) + 𝑐32(𝑡, 𝜀)𝜓
1
31+

+𝑞132(𝑡, 𝜀, 𝜃) − 𝑢132(𝑡, 𝜀) − 𝜀𝑣132(𝑡, 𝜀, 𝜃),

𝑑𝜓1
33
𝑑𝑡 = 𝑐21(𝑡, 𝜀)𝜓

1
23 + 𝑞133(𝑡, 𝜀, 𝜃) − 𝑢133(𝑡, 𝜀) − 𝜀𝑣133(𝑡, 𝜀, 𝜃).

(14)

Define 𝜓1
𝑗𝑘, 𝑢

1
𝑗𝑘, 𝑣

1
𝑗𝑘 by the following expression:

𝜓1
21(𝑡, 𝜀, 𝜃) = −

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚13−𝑚12)

Γ𝑛[𝑞121(𝑡, 𝜀, 𝜃)]

𝑖(𝑚13 −𝑚12 − 𝑛)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢121(𝑡, 𝜀) = Γ𝑚13−𝑚12 [𝑞121(𝑡/𝜀, 𝜃)],
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𝑣121(𝑡, 𝜀, 𝜃) =
1

𝜀

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚13−𝑚12)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞121(𝑡, 𝜀, 𝜃)]

𝑖(𝑚13 −𝑚12 − 𝑛)𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
11(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=0)

Γ𝑛[𝑞111(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓
1
21(𝑡, 𝜀, 𝜃)]

𝑖𝑛𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢111(𝑡, 𝜀) = Γ0[𝑞
1
11(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓

1
21(𝑡, 𝜀, 𝜃)],

𝑣111(𝑡, 𝜀, 𝜃) = −1

𝜀

∞∑︁
𝑛=−∞
(𝑛 ̸=0)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞111(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓

1
21(𝑡, 𝜀, 𝜃)]

𝑖𝑛𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
31(𝑡, 𝜀, 𝜃) = −

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚23−𝑚12)

Γ𝑛[𝑞131(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)𝜓
1
21(𝑡, 𝜀, 𝜃)]

𝑖(𝑚23 −𝑚12 − 𝑛)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢131(𝑡, 𝜀) = Γ𝑚23−𝑚12 [𝑞111(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓
1
21(𝑡, 𝜀, 𝜃)],

𝑣131(𝑡, 𝜀, 𝜃) =
1

𝜀

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚23−𝑚12)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞131(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)𝜓

1
21(𝑡, 𝜀, 𝜃)]

𝑖(𝑚23 −𝑚12 − 𝑛)𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
23(𝑡, 𝜀, 𝜃) = −

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚13−𝑚23)

Γ𝑛[𝑞123(𝑡, 𝜀, 𝜃)]

𝑖(𝑚13 −𝑚23 − 𝑛)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢123(𝑡, 𝜀) = Γ𝑚13−𝑚23 [𝑞123(𝑡, 𝜀, 𝜃)],

𝑣123(𝑡, 𝜀, 𝜃) =
1

𝜀

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚13−𝑚23)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞123(𝑡, 𝜀, 𝜃)]

𝑖(𝑚13 −𝑚23 − 𝑛)𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
33(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=0)

Γ𝑛[𝑞133(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)𝜓
1
23(𝑡, 𝜀, 𝜃)]

𝑖𝑛𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢133(𝑡, 𝜀) = Γ0[𝑞
1
33(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)𝜓

1
23(𝑡, 𝜀, 𝜃)],

𝑣133(𝑡, 𝜀, 𝜃) = −1

𝜀

∞∑︁
𝑛=−∞
(𝑛 ̸=0)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞133(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)𝜓

1
23(𝑡, 𝜀, 𝜃)]

𝑖𝑛𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
22(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=0)

Γ𝑛[𝑞122(𝑡, 𝜀, 𝜃) + 𝑐32(𝑡, 𝜀)𝜓
1
21(𝑡, 𝜀, 𝜃) − 𝑐21(𝑡, 𝜀)𝜓

1
23(𝑡, 𝜀, 𝜃)]

𝑖𝑛𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢122(𝑡, 𝜀) = Γ0[𝑞
1
22(𝑡, 𝜀, 𝜃) + 𝑐32(𝑡, 𝜀)𝜓

1
21(𝑡, 𝜀, 𝜃) − 𝑐21(𝑡, 𝜀)𝜓

1
23(𝑡, 𝜀, 𝜃)],
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𝑣122(𝑡, 𝜀, 𝜃) = −1

𝜀

∞∑︁
𝑛=−∞
(𝑛 ̸=0)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞122(𝑡, 𝜀, 𝜃) + 𝑐32(𝑡, 𝜀)𝜓

1
21(𝑡, 𝜀, 𝜃) − 𝑐21(𝑡, 𝜀)𝜓

1
23(𝑡, 𝜀, 𝜃)]

𝑖𝑛𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
32(𝑡, 𝜀, 𝜃) = −

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚23−𝑚13)

Γ𝑛[𝑞132(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)(𝜓
1
22 − 𝜓1

33) + 𝑐32(𝑡, 𝜀)𝜓
1
31]

𝑖(𝑚23 −𝑚13 − 𝑛)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢132(𝑡, 𝜀) = Γ𝑚23−𝑚13 [𝑞132(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)(𝜓
1
22 − 𝜓1

33) + 𝑐32(𝑡, 𝜀)𝜓
1
31],

𝑣132(𝑡, 𝜀, 𝜃) =
1

𝜀

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚23−𝑚13)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞132(𝑡, 𝜀, 𝜃) + 𝑐21(𝑡, 𝜀)(𝜓

1
22 − 𝜓1

33) + 𝑐32(𝑡, 𝜀)𝜓
1
31]

𝑖(𝑚23 −𝑚13 − 𝑛)𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
13(𝑡, 𝜀, 𝜃) = −

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚12−𝑚23)

Γ𝑛[𝑞113(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓
1
23(𝑡, 𝜀, 𝜃)]

𝑖(𝑚12 −𝑚23 − 𝑛)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢113(𝑡, 𝜀) = Γ𝑚12−𝑚23 [𝑞113(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓
1
23(𝑡, 𝜀, 𝜃)],

𝑣113(𝑡, 𝜀, 𝜃) =
1

𝜀

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚12−𝑚23)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞113(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)𝜓

1
23(𝑡, 𝜀, 𝜃)]

𝑖(𝑚12 −𝑚23 − 𝑛)𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝜓1
12(𝑡, 𝜀, 𝜃) = −

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚12−𝑚13)

Γ𝑛[𝑞112(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)(𝜓
1
22 − 𝜓1

11) − 𝑐21(𝑡, 𝜀)𝜓
1
13]

𝑖(𝑚12 −𝑚13 − 𝑛)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃(𝑡,𝜀),

𝑢112(𝑡, 𝜀) = Γ𝑚12−𝑚13 [𝑞112(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)(𝜓
1
22 − 𝜓1

11) − 𝑐21(𝑡, 𝜀)𝜓
1
13],

𝑣112(𝑡, 𝜀, 𝜃) =
1

𝜀

∞∑︁
𝑛=−∞

(𝑛 ̸=𝑚12−𝑚13)

𝑑

𝑑𝑡

(︂
Γ𝑛[𝑞112(𝑡, 𝜀, 𝜃) − 𝑐32(𝑡, 𝜀)(𝜓

1
22 − 𝜓1

11) − 𝑐21(𝑡, 𝜀)𝜓
1
13]

𝑖(𝑚12 −𝑚13 − 𝑛)𝜙(𝑡, 𝜀)

)︂
𝑒𝑖𝑛𝜃(𝑡,𝜀).

All the elements of matrix 𝑈1 belongs to the class 𝑆(𝑚; 𝜀0). All the elements
of matrix Ψ1 belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃). All the elements of matrix 𝑉1
belongs to the class 𝐹 (𝑚− 1; 𝜀0; 𝜃).

All the equations (12) are considered similarly to equations (11), and so
the matrices Ψ𝑙, 𝑈𝑙, 𝑉𝑙 (𝑙 = 1, 𝑞) are determined. And also all the elements
of matrix Ψ𝑙 belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃), all the elements of matrix 𝑈𝑙

belongs to the class 𝑆(𝑚; 𝜀0), all the elements of matrix 𝑉𝑙 belongs to the class
𝐹 (𝑚− 1; 𝜀0; 𝜃) (𝑙 = 1, 𝑞). Matrix 𝑊 are determined from the equations (13).

Lemma are proved.
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3. Problem solving method and basic results.

We seek the transformation of the kind:

𝑥 = (𝐸 + 𝜇Ψ(𝑡, 𝜀, 𝜃, 𝜇))𝑦, (15)

𝑦 = colon(𝑦1, 𝑦2, 𝑦3), 𝐸 – unit matrix of third order,

Ψ(𝑡, 𝜀, 𝜃, 𝜇) =

⎛⎜⎝ 0 𝜓12(𝑡, 𝜀, 𝜃, 𝜇) 𝜓13(𝑡, 𝜀, 𝜃, 𝜇)

0 0 𝜓23(𝑡, 𝜀, 𝜃, 𝜇)

0 0 0

⎞⎟⎠ ,

𝜓𝑗𝑘 ∈ 𝐹 (𝑚1; 𝜀1; 𝜃) (0 ≤ 𝑚1 ≤ 𝑚; 0 ≤ 𝜀1 < 𝜀0), which leads the system (3) to
the kind:

𝑑𝑦

𝑑𝑡
= (𝐵(𝑡, 𝜀) + 𝜇𝐷(𝑡, 𝜀, 𝜃, 𝜇)) 𝑦, (16)

where

𝐷(𝑡, 𝜀, 𝜃, 𝜇) =

⎛⎜⎝ 𝑑11(𝑡, 𝜀, 𝜃, 𝜇) 0 0

𝑑21(𝑡, 𝜀, 𝜃, 𝜇) 𝑑22(𝑡, 𝜀, 𝜃, 𝜇) 0

𝑑31(𝑡, 𝜀, 𝜃, 𝜇) 𝑑32(𝑡, 𝜀, 𝜃, 𝜇) 𝑑33(𝑡, 𝜀, 𝜃, 𝜇)

⎞⎟⎠ .

We substitute the expression (15) into system (3), and require that the
transformed system has the kind (16). We obtain the next system of the
differential equations for detemining 𝜓12, 𝜓13, 𝜓23:

𝑑𝜓12

𝑑𝑡 = 𝐾12(𝑡, 𝜀, 𝜃, 𝜓12, 𝜓13, 𝜓23, 𝜇),

𝑑𝜓13

𝑑𝑡 = 𝐾13(𝑡, 𝜀, 𝜃, 𝜓12, 𝜓13, 𝜓23, 𝜇),

𝑑𝜓23

𝑑𝑡 = 𝐾23(𝑡, 𝜀, 𝜃, 𝜓12, 𝜓13, 𝜓23, 𝜇),

(17)

where

𝐾12 = (𝑚11 −𝑚22)𝜙(𝑡, 𝜀)𝜓12 − 𝑏32(𝑡, 𝜀)𝜓13 + 𝑝12(𝑡, 𝜀, 𝜃)+

+𝜇𝑏21(𝑡, 𝜀)𝜓
2
12 + 𝜇𝑏32(𝑡, 𝜀)𝜓12𝜓23−

−𝜇2𝑝21(𝑡, 𝜀, 𝜃)𝜓2
12 + 𝜇2𝑏31(𝑡, 𝜀)𝜓

2
12𝜓23 + 𝜇2𝑝32(𝑡, 𝜀, 𝜃)𝜓12𝜓23+

+𝜇2𝑏31(𝑡, 𝜀)𝜓12𝜓13+𝜇
2𝑝32(𝑡, 𝜀, 𝜃)𝜓13+𝜇

3𝑝31(𝑡, 𝜀, 𝜃)𝜓
2
12𝜓23+𝜇

3𝑝31(𝑡, 𝜀, 𝜃)𝜓12𝜓13,
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𝐾13 = (𝑚11 −𝑚33)𝜙(𝑡, 𝜀)𝜓13 + 𝑝13(𝑡, 𝜀, 𝜃) + 𝜇(𝑝11(𝑡, 𝜀, 𝜃) − 𝑝33(𝑡, 𝜀, 𝜃))𝜓13+

+𝜇𝑝12(𝑡, 𝜀, 𝜃)𝜓23 − 𝜇𝑏13(𝑡, 𝜀)𝜓
2
13 − 𝜇𝑏32(𝑡, 𝜀)𝜓13𝜓23−

−𝜇2𝑝31(𝑡, 𝜀, 𝜃)𝜓2
13 − 𝜇2𝑝32(𝑡, 𝜀, 𝜃)𝜓13𝜓23,

𝐾23 = (𝑚22 −𝑚33)𝜙(𝑡, 𝜀)𝜓23 + 𝑏21(𝑡, 𝜀)𝜓13 + 𝑝23(𝑡, 𝜀, 𝜃) + 𝜇𝑝21(𝑡, 𝜀, 𝜃)𝜓12+

+𝜇(𝑝22(𝑡, 𝜀, 𝜃) − 𝑝33(𝑡, 𝜀, 𝜃))𝜓23 − 𝜇𝑏31(𝑡, 𝜀)𝜓13𝜓23−

−𝜇𝑏32(𝑡, 𝜀)𝜓2
23 − 𝜇2𝑝31(𝑡, 𝜀, 𝜃)𝜓13𝜓23 − 𝜇2𝑝32(𝑡, 𝜀, 𝜃)𝜓

2
23.

In this case 𝑑𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) (𝑗 ≥ 𝑘) has a kind:

𝑑31(𝑡, 𝜀, 𝜃) = 𝑝31(𝑡, 𝜀, 𝜃),

𝑑32(𝑡, 𝜀, 𝜃, 𝜇) = 𝑝32(𝑡, 𝜀, 𝜃) + 𝑏31(𝑡, 𝜀)𝜓12 + 𝜇𝑝31(𝑡, 𝜀, 𝜃)𝜓12,

𝑑33(𝑡, 𝜀, 𝜃, 𝜇) = 𝑝33(𝑡, 𝜀, 𝜃)+𝑏31(𝑡, 𝜀)𝜓13+𝑏32(𝑡, 𝜀)𝜓23+𝜇(𝑝31(𝑡, 𝜀, 𝜃)𝜓13+𝑝32(𝑡, 𝜀, 𝜃)𝜓23),

𝑑21(𝑡, 𝜀, 𝜃, 𝜇) = 𝑝21(𝑡, 𝜀, 𝜃) − 𝑏31(𝑡, 𝜀)𝜓13 − 𝜇𝑝31(𝑡, 𝜀, 𝜃)𝜓23,

𝑑22(𝑡, 𝜀, 𝜃, 𝜇) = 𝑝22(𝑡, 𝜀, 𝜃)−𝑏21(𝑡, 𝜀)𝜓12−𝑏32(𝑡, 𝜀)𝜓23+𝜇𝑝21(𝑡, 𝜀, 𝜃)𝜓12−𝜇𝑑32(𝑡, 𝜀, 𝜃, 𝜇)𝜓23,

𝑑11(𝑡, 𝜀, 𝜃, 𝜇) = 𝑝11(𝑡, 𝜀, 𝜃)−𝑏21(𝑡, 𝜀)𝜓12−𝑏31(𝑡, 𝜀)𝜓13−𝜇(𝑑21(𝑡, 𝜀, 𝜃, 𝜇)𝜓12+𝑝31(𝑡, 𝜀, 𝜃)𝜓13).

(18)

Together with the system (17) we consider the auxiliary system:

𝜙(𝑡, 𝜀)𝑑𝜉12𝑑𝜃 = 𝐾12(𝑡, 𝜀, 𝜃, 𝜉12, 𝜉13, 𝜉23, 𝜇),

𝜙(𝑡, 𝜀)𝑑𝜉13𝑑𝜃 = 𝐾13(𝑡, 𝜀, 𝜃, 𝜉12, 𝜉13, 𝜉23, 𝜇),

𝜙(𝑡, 𝜀)𝑑𝜉23𝑑𝜃 = 𝐾23(𝑡, 𝜀, 𝜃, 𝜉12, 𝜉13, 𝜉23, 𝜇),

(19)

where 𝜙(𝑡, 𝜀) – function in the definition of the class 𝐹 (𝑚; 𝜀0; 𝜃), and 𝑡, 𝜀 are
considered as constant. Using the method of the small parameter of Poincarais
[6], we construct the partial sums of the series in degrees of the small parameter
representing the 2𝜋-periodic with respect to 𝜃 solution of the system (19):

𝜉*𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) = 𝜉0𝑗𝑘(𝑡, 𝜀, 𝜃) + 𝜇𝜉1𝑗𝑘(𝑡, 𝜀, 𝜃) + . . .+ 𝜇2𝑞−1𝜉2𝑞−1
𝑗𝑘 (𝑡, 𝜀, 𝜃), (20)
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where 𝜉𝑠𝑗𝑘(𝑡, 𝜀, 𝜃) (𝑠 = 0, 2𝑞 − 1) – 2𝜋-periodic with respect to 𝜃 functions.
Regarding these functions, we obtain the chain of the system of the differential
equations:

𝑑𝜉012
𝑑𝜃 = 𝑖𝑚12𝜉

0
12 −

𝑏32(𝑡,𝜀)
𝜙(𝑡,𝜀) 𝜉013 + 𝑝12(𝑡,𝜀,𝜃)

𝜙(𝑡,𝜀) ,

𝑑𝜉013
𝑑𝜃 = 𝑖𝑚13𝜉

0
13 + 𝑝13(𝑡,𝜀,𝜃)

𝜙(𝑡,𝜀) ,

𝑑𝜉023
𝑑𝜃 = 𝑖𝑚23𝜉

0
23 + 𝑏21(𝑡,𝜀)

𝜙(𝑡,𝜀) 𝜉013 + 𝑝23(𝑡,𝜀,𝜃)
𝜙(𝑡,𝜀) ,

(21)

𝑑𝜉112
𝑑𝜃

= 𝑖𝑚12𝜉
1
12 −

𝑏32(𝑡, 𝜀)

𝜙(𝑡, 𝜀)
𝜉113 +

1

𝜙(𝑡, 𝜀)
𝐹12(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23),

𝑑𝜉113
𝑑𝜃

= 𝑖𝑚13𝜉
1
13 +

1

𝜙(𝑡, 𝜀)
𝐹13(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23), (22)

𝑑𝜉123
𝑑𝜃

= 𝑖𝑚23𝜉
1
23 +

𝑏21(𝑡, 𝜀)

𝜙(𝑡, 𝜀)
𝜉113 +

1

𝜙(𝑡, 𝜀)
𝐹23(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23),

where
𝐹12(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23) = 𝑏21(𝑡, 𝜀)(𝜉

0
12)

2 + 𝑏32(𝑡, 𝜀)𝜉
0
12𝜉

0
23,

𝐹13(𝑡, 𝜀, 𝜃, 𝜉
0
12, 𝜉

0
13, 𝜉

0
23) =

= (𝑝11(𝑡, 𝜀, 𝜃)− 𝑝33(𝑡, 𝜀, 𝜃))𝜉
0
13 + 𝑝12(𝑡, 𝜀, 𝜃)𝜉

0
23 − 𝑏31(𝑡, 𝜀)(𝜉

0
13)

2 − 𝑏32(𝑡, 𝜀)𝜉
0
13𝜉

0
23,

𝐹23(𝑡, 𝜀, 𝜃, 𝜉
0
12, 𝜉

0
13, 𝜉

0
23) =

= (𝑝22(𝑡, 𝜀, 𝜃)− 𝑝33(𝑡, 𝜀, 𝜃))𝜉
0
23 + 𝑝21(𝑡, 𝜀, 𝜃)𝜉

0
12 − 𝑏32(𝑡, 𝜀)(𝜉

0
23)

2 − 𝑏31(𝑡, 𝜀)𝜉
0
13𝜉

0
23,

𝑑𝜉𝑠12
𝑑𝜃 = 𝑖𝑚12𝜉

𝑠
12 −

𝑏32(𝑡,𝜀)
𝜙(𝑡,𝜀) 𝜉𝑠13+

+ 1
𝜙(𝑡,𝜀) 𝑃

𝑠
12(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23, . . . , 𝜉

𝑠−1
12 , 𝜉𝑠−1

13 , 𝜉𝑠−1
23 ),

𝑑𝜉𝑠13
𝑑𝜃 = 𝑖𝑚13𝜉

0
13+

+ 1
𝜙(𝑡,𝜀) 𝑄

𝑠
13(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23, . . . , 𝜉

𝑠−1
12 , 𝜉𝑠−1

13 , 𝜉𝑠−1
23 ),

𝑑𝜉𝑠23
𝑑𝜃 = 𝑖𝑚23𝜉

𝑠
23 + 𝑏21(𝑡,𝜀)

𝜙(𝑡,𝜀) 𝜉𝑠13+

+ 1
𝜙(𝑡,𝜀) 𝑅

𝑠
23(𝑡, 𝜀, 𝜃, 𝜉

0
12, 𝜉

0
13, 𝜉

0
23, . . . , 𝜉

𝑠−1
12 , 𝜉𝑠−1

13 , 𝜉𝑠−1
23 ), 𝑠 = 2, 3, . . . , 2𝑞 − 1.

(23)
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𝑃 𝑠12, 𝑄
𝑠
13, 𝑅

𝑠
23 – polynomials from 𝜉012, . . . , 𝜉

𝑠−1
23 with coefficients from the class

𝐹 (𝑚; 𝜀0; 𝜃).
Theorem. Let the system (17) such that:
1) there exists the such functions 𝜉*𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇), Φ𝑗𝑘𝑙(𝑡, 𝜀, 𝜃, 𝜇) (𝑗, 𝑘 =

1, 2, 3; 𝑗 < 𝑘; 𝑙 = 1, 2, 3) belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃), that the transforma-
tion

𝜓𝑗𝑘 = 𝜉*𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) + Φ𝑗𝑘1(𝑡, 𝜀, 𝜃, 𝜇)𝜎12 + Φ𝑗𝑘2(𝑡, 𝜀, 𝜃, 𝜇)𝜎13 + Φ𝑗𝑘3(𝑡, 𝜀, 𝜃, 𝜇)𝜎23

(24)

𝑗, 𝑘 = 1, 2, 3; 𝑗 < 𝑘,

leads the system (17) to a kind:

𝑑𝜎

𝑑𝑡
=

(︃
𝐴1(𝑡, 𝜀) +

𝑞∑︁
𝑙=1

𝑈𝑙(𝑡, 𝜀)𝜇
𝑙

)︃
𝜎 + 𝜀𝑔(𝑡, 𝜀, 𝜃, 𝜇) + 𝜇2𝑞𝑐(𝑡, 𝜀, 𝜃, 𝜇)+

+𝜀

(︃
𝑞∑︁
𝑙=1

𝑉𝑙(𝑡, 𝜀, 𝜃)𝜇
𝑙

)︃
𝜎 + 𝜇𝑞+1𝐿(𝑡, 𝜀, 𝜃, 𝜇) + 𝜇𝐻(𝑡, 𝜀, 𝜃, 𝜎, 𝜇), (25)

where 𝜎 = colon(𝜎12, 𝜎13, 𝜎23),

𝐴1(𝑡, 𝜀) =

⎛⎜⎝ 𝑖𝑚12𝜙(𝑡, 𝜀) −𝑏32𝑡, 𝜀) 0

0 𝑖𝑚13𝜙(𝑡, 𝜀) 0

0 𝑏21(𝑡, 𝜀) 𝑖𝑚23𝜙(𝑡, 𝜀)

⎞⎟⎠ ,

𝑈𝑙(𝑡, 𝜀) (𝑙 = 1, 𝑞) – matrices with elements from 𝑆(𝑚; 𝜀0), 𝑔 = colon(𝑔1, 𝑔2, 𝑔3),
𝑔𝑗(𝑡, 𝜀, 𝜃, 𝜇) ∈ 𝐹 (𝑚 − 1; 𝜀0; 𝜃) (𝑗 = 1, 2, 3), 𝑐 = colon(𝑐1, 𝑐2, 𝑐3), 𝑐𝑗(𝑡, 𝜀, 𝜃, 𝜇) ∈
𝐹 (𝑚; 𝜀0; 𝜃), 𝑉𝑙(𝑡, 𝜀, 𝜃) (𝑙 = 1, 𝑞) – matrices with elements from 𝐹 (𝑚− 1; 𝜀0; 𝜃),
𝐿(𝑡, 𝜀, 𝜃, 𝜇) – matrix with elements from 𝐹 (𝑚; 𝜀0; 𝜃), the components of vector-
function 𝐻 – polynomials in respect to 𝜎12, 𝜎13, 𝜎23, containing terms not lower
than second order with respect theese variables, with coefficients, belongs to the
class 𝐹 (𝑚; 𝜀0; 𝜃);

2)the eigenvalues 𝜆𝑗(𝑡, 𝜀, 𝜇) (𝑗 = 1, 2, 3) of the matrix

𝑈(𝑡, 𝜀, 𝜇) = 𝐴1(𝑡, 𝜀) +

𝑞∑︁
𝑙=1

𝑈𝑙(𝑡, 𝜀)𝜇
𝑙

such that
inf
𝐺(𝜀0)

|Re𝜆𝑗(𝑡, 𝜀, 𝜃)| ≥ 𝛾0𝜇
𝑞0 (𝛾0 ≥ 0, 0 < 𝑞0 ≤ 𝑞);
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3) for the matrix 𝑈(𝑡, 𝜀, 𝜇) there exists the matrix 𝑌 (𝑡, 𝜀, 𝜇) such that
a) inf

𝐺(𝜀0)
|det𝑌 (𝑡, 𝜀, 𝜇)| > 0,

b) 𝑌 −1𝑈𝑌 = Λ(𝑡, 𝜀, 𝜇) – diagonal matrix.
Then there exists 𝜇1 ∈ (0, 𝜇0), 𝜀1(𝜇) ∈ (0, 𝜇0) such that for all 𝜇 ∈ (0, 𝜇1)

and for all 𝜀 ∈ (0, 𝜀1(𝜇)) there exists the transformation of the kind (15), whose
coefficients 𝜓𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) (𝑗 < 𝑘) belongs to the class 𝐹 (𝑚− 1; 𝜀2(𝜇); 𝜃), which
leads the system (3) to a triangular kind (16), where 𝑑𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) (𝑗 ≥ 𝑘) are
determines by the formulas (18).

Proof is complete analogous to the proof of the Theorem 3 from [5].
Now for different relationships between 𝑚𝑗𝑘 we get for the system (17)

more specific conditions of existence of the transformation (24). We will check
only condition 1) of the theorem, assuming conditions 2) and 3) to be satisfied.

Case 1. 𝑚12 ̸= 𝑚13, 𝑚13 ̸= 𝑚23, 𝑚12 ̸= 𝑚23.
Consider a generating system (21). Under the conditions

2𝜋∫︀
0

𝑝13(𝑡, 𝜀, 𝜃) 𝑒
−𝑖𝑚13𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)) 𝑒
−𝑖𝑚12𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(𝑝12(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)) 𝑒
−𝑖𝑚23𝜃𝑑𝜃 = 0,

(26)

where

𝜒13(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=𝑚13)

Γ𝑛[𝑝13(𝑡, 𝜀, 𝜃)]

𝑖(𝑛−𝑚13)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃, (27)

the system (21) has a family of the 2𝜋-periodic on 𝜃 solutions:

𝜉013(𝑡, 𝜀, 𝜃) = 𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃,

𝜉012(𝑡, 𝜀, 𝜃) = 𝜒12(𝑡, 𝜀, 𝜃) − 𝑎12(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃 +𝑀12(𝑡, 𝜀)𝑒

𝑖𝑚12𝜃,

𝜉023(𝑡, 𝜀, 𝜃) = 𝜒23(𝑡, 𝜀, 𝜃) + 𝑎23(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃 +𝑀23(𝑡, 𝜀)𝑒

𝑖𝑚23𝜃,

where

𝜒12(𝑡, 𝜀, 𝜃) =
∞∑︁

𝑛=−∞
(�̸�=𝑚12)

Γ𝑛[𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)]

𝑖(𝑛−𝑚12)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃,
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𝑎12(𝑡, 𝜀) =
𝑏32(𝑡, 𝜀)𝑀13(𝑡, 𝜀)

𝑖(𝑚13 −𝑚12)𝜙(𝑡, 𝜀)
,

𝜒23(𝑡, 𝜀, 𝜃) =
∞∑︁

𝑛=−∞
(𝑛 ̸=𝑚23)

Γ𝑛[𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)]

𝑖(𝑛−𝑚23)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃,

𝑎23(𝑡, 𝜀) =
𝑏32(𝑡, 𝜀)𝑀13(𝑡, 𝜀)

𝑖(𝑚13 −𝑚23)𝜙(𝑡, 𝜀)
,

and𝑀13(𝑡, 𝜀),𝑀12(𝑡, 𝜀),𝑀23(𝑡, 𝜀) – the function from the class 𝑆(𝑚; 𝜀0), which
defined from the next system of the equations:

𝑅
(1)
1 (𝑡, 𝜀,𝑀12,𝑀13,𝑀23) =

2𝜋∫︁
0

𝐹13

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
𝑒−𝑖𝑚13𝜃𝑑𝜃 = 0,

𝑅
(1)
2 (𝑡, 𝜀,𝑀12,𝑀13,𝑀23) =

2𝜋∫︁
0

(︀
𝐹12

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
− 𝑏32(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)

)︀
𝑒−𝑖𝑚12𝜃𝑑𝜃 = 0,

𝑅
(1)
3 (𝑡, 𝜀,𝑀12,𝑀13,𝑀23) =

2𝜋∫︁
0

(︀
𝐹23

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
+ 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)

)︀
𝑒−𝑖𝑚23𝜃𝑑𝜃 = 0.

(28)

We assume, that the system (28) has a solution 𝑀𝑗𝑘(𝑡, 𝜀), such that

inf
𝐺(𝜀0)

⃒⃒⃒⃒
⃒⃒det

𝜕
(︁
𝑅

(1)
1 , 𝑅

(1)
2 , 𝑅

(1)
3

)︁
𝜕(𝑀12,𝑀13,𝑀23)

⃒⃒⃒⃒
⃒⃒ > 0. (29)

Then, in accordance with the small parameter method, all systems (23) will
have a solution, belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃). Consequently, the functions
𝜉*𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) in (20) will also belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃).

Thus, the functions 𝜉*𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) in the theorem are defined, and the sub-
stitution

𝜓𝑗𝑘 = 𝜉*𝑗𝑘(𝑡, 𝜀, 𝜃, 𝜇) + 𝜓1
𝑗𝑘 (𝑗 < 𝑘) (30)

leads the system (17) to the kind:

𝑑𝜓1

𝑑𝑡
=

(︃
𝐴1(𝑡, 𝜀) +

𝑞∑︁
𝑙=1

𝐾𝑙(𝑡, 𝜀, 𝜃)𝜇
𝑙

)︃
𝜓1 + 𝜀𝑔1(𝑡, 𝜀, 𝜃, 𝜇) + 𝜇2𝑞𝑐1(𝑡, 𝜀, 𝜃, 𝜇)+

+𝜇𝑞+1𝐿1(𝑡, 𝜀, 𝜃, 𝜇)𝜓1 + 𝜇Ψ1(𝑡, 𝜀, 𝜃, 𝜓1, 𝜇), (31)
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where 𝜓1 = colon(𝜓1
12, 𝜓

1
13, 𝜓

1
23), elements of the matrices 𝐾𝑙, 𝐿

1 (𝑙 = 1, 𝑞) and
the vector 𝑐1 belongs to the class 𝐹 (𝑚; 𝜀0; 𝜃), and the elements of vector 𝑔1

belongs to the class 𝐹 (𝑚 − 1; 𝜀0; 𝜃). The components of the vector-function
Ψ1 are the polynomials in respect to elements of vector 𝜓1 with coefficients
from the class 𝐹 (𝑚; 𝜀0; 𝜃), and containing the terms not lover second order in
respect theese variables.

Based on the lemma, using the transformation of kind

𝜓1 =

(︃
𝐸 +

𝑞∑︁
𝑙=1

Ψ𝑙(𝑡, 𝜀, 𝜃)𝜇𝑙

)︃
𝜎 (32)

we will lead the system (31) to the kind (25).
Case 2. 𝑚12 = 𝑚13, 𝑚13 ̸= 𝑚23.
In this case under the conditions

2𝜋∫︀
0

𝑝13(𝑡, 𝜀, 𝜃) 𝑒
−𝑖𝑚13𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)) 𝑒
−𝑖𝑚23𝜃𝑑𝜃 = 0,

(33)

where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27), the system (21) has a family of
the 2𝜋-periodic on 𝜃 solutions:

𝜉013(𝑡, 𝜀, 𝜃) = 𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃,

𝜉012(𝑡, 𝜀, 𝜃) =
∞∑︁

𝑛=−∞
(𝑛 ̸=𝑚12)

Γ𝑛[𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚12)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+,

+𝑀12(𝑡, 𝜀)𝑒
𝑖𝑚12𝜃,

𝜉023(𝑡, 𝜀, 𝜃) =
∞∑︁

𝑛=−∞
(𝑛 ̸=𝑚23)

Γ𝑛[𝑝12(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚23)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+

+𝑀23(𝑡, 𝜀)𝑒
𝑖𝑚23𝜃,

where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27),

𝑀13(𝑡, 𝜀) =
1

2𝜋𝑏32(𝑡, 𝜀)

2𝜋∫︁
0

(𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)𝜒(𝑡, 𝜀, 𝜃))𝑒−𝑖𝑚12𝜃𝑑𝜃,
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and 𝑀12(𝑡, 𝜀), 𝑀23(𝑡, 𝜀) – functions of class 𝑆(𝑚; 𝜀0), which defined from the
next system of equations:

𝑅
(2)
1 (𝑡, 𝜀,𝑀12,𝑀23) =

2𝜋∫︀
0

𝐹13

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
𝑒−𝑖𝑚13𝜃𝑑𝜃 = 0,

𝑅
(2)
2 (𝑡, 𝜀,𝑀12,𝑀23) =

2𝜋∫︀
0

(︀
𝐹23

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
+ 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)

)︀
𝑒−𝑖𝑚23𝜃𝑑𝜃 = 0.

(34)

We assume, that the system (34) has a solution 𝑀12(𝑡, 𝜀), 𝑀23(𝑡, 𝜀) such
that

inf
𝐺(𝜀0)

⃒⃒⃒⃒
⃒⃒det

𝜕
(︁
𝑅

(2)
1 , 𝑅

(2)
2

)︁
𝜕(𝑀12,𝑀23)

⃒⃒⃒⃒
⃒⃒ > 0. (35)

Further reasonings are the same as in case 1.
Case 3. 𝑚23 = 𝑚13, 𝑚12 ̸= 𝑚23.
In this case under the conditions

2𝜋∫︀
0

𝑝13(𝑡, 𝜀, 𝜃) 𝑒
−𝑖𝑚13𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)) 𝑒
−𝑖𝑚12𝜃𝑑𝜃 = 0,

(36)

where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27), the system (21) has a family of
the 2𝜋-periodic on 𝜃 solutions:

𝜉013(𝑡, 𝜀, 𝜃) = 𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃,

𝜉012(𝑡, 𝜀, 𝜃) =
∞∑︁

𝑛=−∞
(𝑛 ̸=𝑚12)

Γ𝑛[𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚12)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+,

+𝑀12(𝑡, 𝜀)𝑒
𝑖𝑚12𝜃,

𝜉023(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=𝑚23)

Γ𝑛[𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚23)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+

+𝑀23(𝑡, 𝜀)𝑒
𝑖𝑚23𝜃,
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where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27),

𝑀13(𝑡, 𝜀) = − 1

2𝜋𝑏21(𝑡, 𝜀)

2𝜋∫︁
0

(𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)𝜒(𝑡, 𝜀, 𝜃))𝑒−𝑖𝑚23𝜃𝑑𝜃,

and 𝑀12(𝑡, 𝜀), 𝑀23(𝑡, 𝜀) – functions of class 𝑆(𝑚; 𝜀0), which defined from the
next system of equations:

𝑅
(3)
1 (𝑡, 𝜀,𝑀12,𝑀23) =

2𝜋∫︀
0

𝐹13

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
𝑒−𝑖𝑚13𝜃𝑑𝜃 = 0,

𝑅
(3)
2 (𝑡, 𝜀,𝑀12,𝑀23) =

=
2𝜋∫︀
0

(︀
𝐹12

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
− 𝑏32(𝑡, 𝜀)

(︀
𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒

𝑖𝑚13𝜃
)︀)︀
𝑒−𝑖𝑚12𝜃𝑑𝜃 = 0.

(37)

We assume, that the system (37) has a solution 𝑀12(𝑡, 𝜀), 𝑀23(𝑡, 𝜀) such
that

inf
𝐺(𝜀0)

⃒⃒⃒⃒
⃒⃒det

𝜕
(︁
𝑅

(3)
1 , 𝑅

(3)
2

)︁
𝜕(𝑀12,𝑀23)

⃒⃒⃒⃒
⃒⃒ > 0. (38)

Further reasonings are the same as in case 1.
Case 4. 𝑚12 = 𝑚23, 𝑚12 ̸= 𝑚13.
In this case under the conditions

2𝜋∫︀
0

𝑝13(𝑡, 𝜀, 𝜃) 𝑒
−𝑖𝑚13𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)) 𝑒
−𝑖𝑚12𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(𝑝23(𝑡, 𝜀, 𝜃) = 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)) 𝑒
−𝑖𝑚23𝜃𝑑𝜃 = 0,

(39)

where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27), the system (21) has a family of
the 2𝜋-periodic on 𝜃 solutions:

𝜉013(𝑡, 𝜀, 𝜃) = 𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃,
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𝜉012(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=𝑚12)

Γ𝑛[𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚12)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+,

+𝑀12(𝑡, 𝜀)𝑒
𝑖𝑚12𝜃,

𝜉023(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=𝑚23)

Γ𝑛[𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚23)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+

+𝑀23(𝑡, 𝜀)𝑒
𝑖𝑚23𝜃,

where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27), and𝑀12(𝑡, 𝜀),𝑀13(𝑡, 𝜀) 𝑀23(𝑡, 𝜀)

– functions of class 𝑆(𝑚; 𝜀0), which defined from the next system of equations:

𝑅
(4)
1 (𝑡, 𝜀,𝑀12,𝑀13,𝑀23) =

2𝜋∫︀
0

𝐹13

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
𝑒−𝑖𝑚13𝜃𝑑𝜃 = 0,

𝑅
(4)
2 (𝑡, 𝜀,𝑀12,𝑀13,𝑀23) =

=
2𝜋∫︀
0

(︀
𝐹12

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
− 𝑏32(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)

)︀
𝑒−𝑖𝑚12𝜃𝑑𝜃 = 0,

𝑅
(4)
3 (𝑡, 𝜀,𝑀12,𝑀13,𝑀23) =

=
2𝜋∫︀
0

(︀
𝐹23

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
+ 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)

)︀
𝑒−𝑖𝑚23𝜃𝑑𝜃 = 0,

(40)

We assume, that the system (37) has a solution 𝑀12(𝑡, 𝜀), 𝑀13(𝑡, 𝜀)

𝑀23(𝑡, 𝜀) such that

inf
𝐺(𝜀0)

⃒⃒⃒⃒
⃒⃒det

𝜕
(︁
𝑅

(4)
1 , 𝑅

(4)
2 , 𝑅

(4)
3

)︁
𝜕(𝑀12,𝑀13,𝑀23)

⃒⃒⃒⃒
⃒⃒ > 0. (41)

Further reasonings are the same as in case 1.
Case 5. 𝑚12 = 𝑚13 = 𝑚23 = 𝑚.
In this case under the conditions

2𝜋∫︀
0

𝑝13(𝑡, 𝜀, 𝜃) 𝑒
−𝑖𝑚𝜃𝑑𝜃 = 0,

2𝜋∫︀
0

(︁
𝑝12(𝑡,𝜀,𝜃)
𝑏32(𝑡,𝜀)

+ 𝑝23(𝑡,𝜀,𝜃)
𝑏21(𝑡,𝜀)

)︁
𝑒−𝑖𝑚𝜃𝑑𝜃 = 0,

(42)
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the system (21) has a family of the 2𝜋-periodic on 𝜃 solutions:

𝜉013(𝑡, 𝜀, 𝜃) = 𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚𝜃,

𝜉012(𝑡, 𝜀, 𝜃) =
∞∑︁

𝑛=−∞
(𝑛 ̸=𝑚)

Γ𝑛[𝑝12(𝑡, 𝜀, 𝜃) − 𝑏32(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚𝜃]

𝑖(𝑛−𝑚)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+,

+𝑀12(𝑡, 𝜀)𝑒
𝑖𝑚𝜃,

𝜉023(𝑡, 𝜀, 𝜃) =

∞∑︁
𝑛=−∞
(𝑛 ̸=𝑚)

Γ𝑛[𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)(𝜒13(𝑡, 𝜀, 𝜃) +𝑀13(𝑡, 𝜀)𝑒
𝑖𝑚13𝜃]

𝑖(𝑛−𝑚)𝜙(𝑡, 𝜀)
𝑒𝑖𝑛𝜃+

+𝑀23(𝑡, 𝜀)𝑒
𝑖𝑚𝜃,

where 𝜒13(𝑡, 𝜀, 𝜃) are defined by formula (27),

𝑀13(𝑡, 𝜀) = − 1

2𝜋𝑏21(𝑡, 𝜀)

2𝜋∫︁
0

(𝑝23(𝑡, 𝜀, 𝜃) + 𝑏21(𝑡, 𝜀)𝜒(𝑡, 𝜀, 𝜃))𝑒−𝑖𝑚𝜃𝑑𝜃,

and 𝑀12(𝑡, 𝜀), 𝑀23(𝑡, 𝜀) – functions of class 𝑆(𝑚; 𝜀0), which defined from the
next system of equations:

𝑅
(5)
1 (𝑡, 𝜀,𝑀12,𝑀23) =

2𝜋∫︀
0

𝐹13

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
𝑒−𝑖𝑚𝜃𝑑𝜃 = 0,

𝑅
(5)
2 (𝑡, 𝜀,𝑀12,𝑀23) =

=
2𝜋∫︀
0

(︀
𝐹23

(︀
𝑡, 𝜀, 𝜃, 𝜉012, 𝜉

0
13, 𝜉

0
23

)︀
+ 𝑏21(𝑡, 𝜀)𝜒13(𝑡, 𝜀, 𝜃)

)︀
𝑒−𝑖𝑚𝜃𝑑𝜃 = 0,

(43)

We assume, that the system (37) has a solution 𝑀12(𝑡, 𝜀), 𝑀23(𝑡, 𝜀) such
that

inf
𝐺(𝜀0)

⃒⃒⃒⃒
⃒⃒det

𝜕
(︁
𝑅

(5)
1 , 𝑅

(5)
2

)︁
𝜕(𝑀12,𝑀23)

⃒⃒⃒⃒
⃒⃒ > 0. (44)

Further reasonings are the same as in case 1.
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4. Conclusion

Thus, for the system (2) the conditions of the existence of the transforma-
tion with coefficients are represented as an absolutely and uniformly convergent
Fourier-series with slowly varying coefficients and frequency, which leads it to
triangular kind, are obtained in the resonant cases.
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