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THE FUNDAMENTAL SOLUTION OF THE PROBLEM OF
THERMOELASTICITY FOR A PIECEWISE HOMOGENEOUS
TRANSVERSELY ISOTROPIC ELASTIC SPACE

The problem of constructing fundamental solutions to the thermoelasticity problem for a
piecewise-homogeneous transversely isotropic space is reduced to the matrix Riemann prob-
lem in the space of generalized slow growth functions. As a result of the solution of which,
were obtained expressions in explicit form for the components of the vector of the funda-
mental solution of the heat conduction problem, as well as simple representations for the
components of the stress tensor and the displacement vector in plane of connection of trans-
versely isotropic elastic half-spaces containing concentrated stationary heat sources. The
temperature distribution is investigated depending on the thermophysical characteristics of
the half-space materials.
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1. Introduction

The study of stress concentration in the vicinity of interfacial and internal
defects such as cracks or inclusions in thermoelastic fields is of great practical
importance. Many works have been devoted to this problem for various envi-
ronments. In particular, in [1-2], the problems of stationary thermoelasticity
for bodies with a heat-penetrating disc inclusion, between whose surfaces there
is an imperfect thermal contact, as well as problems with a thin heat-active
disc inclusion are considered.

The problem is reduced to hypersingular integral equations of the first and
second kind, for which exact solutions are obtained.In [3-9] non-axisymmetric
problems of elasticity and thermoelasticity for piecewise-homogeneous trans-
versely isotropic spaces containing interfacial stress concentrators, such as
cracks or rigid inclusions, using the method of singular integral relations (SIR)
[10] reduced to systems of two-dimensional singular integral equations (SIR)
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and proposed a method for their solution. A similar approach was applied
in [11-15] to solving problems of interfacial and internal defects in piecewise
homogeneous anisotropic media.

In the mathematical formulation and solution of such problems about de-
fects, it is necessary to set the boundary conditions on the defect itself, such
as stress on the crack edges or displacement at the inclusion.Since in thу phys-
ical formulation of the problems from determining the stress and displacement
fields in the vicinity of the stress concentrators, known the stresses or displace-
ments at the boundary of the region,at some interior points or at infinity (for
unbounded bodies), then the determination of the boundary conditions on the
defect is a separate problem.

Within the framework of the linear theory of thermoelasticity, to solve this
problem, it is necessary to know the distribution of the temperature, stress
and displacement fields in the corresponding piecewise homogeneous bodies
without defects in the presence of volumetric forces and concentrated heat
sources.

In particular, for piecewise homogeneous isotropic and transversally
isotropic spaces, such solutions are given, respectively, in [16] and [17].Green’s
functions for piecewise homogeneous transversally isotropic spaces in the pres-
ence of a concentrated heat source and in the absence of thermal diffusion were
constructed in [18], and in the presence of thermal diffusion — in [19]. In [20,
21], Green’s functions for a layered thermal environment were constructed.

An effective method for solving this problem is the method of fundamen-
tal solutions in the space ℑ′(R3) of generalized functions of slow growth. In
particular, in [14], the problem of constructing fundamental solutions for piece-
wise homogeneous two-dimensional anisotropic media is reduced to the matrix
Riemann problem with respect to some variables in the space ℑ′(R3) and sug-
gested an approach to its solution. In this work, this approach is general-
ized to construct in an explicit analytical form fundamental solutions to the
problem of heat conduction and thermoelasticity for a piecewise-homogeneous
transversely isotropic space, which made it possible to study the temperature
distribution and obtain how the temperature affects the distribution of stresses
and displacements in the plane of joining materials.
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2. Main Results

1. Statement of the problem. Let stationary heat sources, concentrated
in some regions of dimension n (n = 0,1,2,3), act in an inhomogeneous space
composed of two different transversely isotopic half-spaces, completely linked
in the plane 𝑧 = 0.

The thermoelastic state of space is described by the vector

v = {𝑣𝑘(𝑥, 𝑦, 𝑧)}𝑘=1,9 = {𝜎𝑥, 𝜎𝑦, 𝜎𝑧, 𝜏𝑦𝑧, 𝜏𝑥𝑧, 𝜏𝑥𝑦, 𝑢, 𝑣, 𝑤} (1)

Based on the equilibrium equations and the generalized Hooke’s law, and
also taking into account the Duhamel-Neumann relation with respect to the
components of the vector v, in the space of generalized functions of slow growth
ℑ′(R3) we write the following boundary value problem

D[𝑧, 𝜕1, 𝜕2, 𝜕3]v = F, v, F ∈ ℑ′(R3), (2)

𝑣𝑘(𝑥, 𝑦,+0) = 𝑣𝑘(𝑥, 𝑦,−0), 𝑘 = 1, 9, 𝑘 ̸= 1, 2, 6 (3)

𝑣𝑘(𝑥, 𝑦, 𝑥)|(𝑥,𝑦,𝑧)→∞ = 0, (𝑘 = 1, 9), (4)

Here we use the notation

D =

⃦⃦⃦⃦
⃦D0 O3×3

−S D𝑇
0

⃦⃦⃦⃦
⃦ ,F𝑇 = ‖0, 0, 0, 𝛽1, 𝛽2, 𝛽3, 0, 0, 0‖ ,S =

⃦⃦⃦⃦
⃦ S1 O3×3

O3×3 S2

⃦⃦⃦⃦
⃦ ,

D0 =

⃦⃦⃦⃦
⃦⃦⃦𝜕1 0 0 0 𝜕3 𝜕2

0 𝜕2 0 𝜕3 0 𝜕1

0 0 𝜕3 𝜕2 𝜕1 0

⃦⃦⃦⃦
⃦⃦⃦ ,S1 =

⃦⃦⃦⃦
⃦⃦⃦𝑠11 𝑠12 𝑠13

𝑠21 𝑠11 𝑠13

𝑠13 𝑠13 𝑠33

⃦⃦⃦⃦
⃦⃦⃦ ,S2 =

⃦⃦⃦⃦
⃦⃦⃦𝑠44 0 0

0 𝑠44 0

0 0 𝑠66

⃦⃦⃦⃦
⃦⃦⃦ ,

𝜕1 = 𝜕
𝜕𝑥 , 𝜕2 = 𝜕

𝜕𝑦 , 𝜕3 = 𝜕
𝜕𝑧 , 𝑠𝑘𝑗 = 𝜃(𝑧)𝑠+𝑘𝑗 + 𝜃(−𝑧)𝑠−𝑘𝑗 , 𝑠

𝑝𝑚
𝑘𝑗 − the coefficients

of the generalized Hooke’s law, respectively, for the upper 𝑧 > 0 and lower
𝑧 < 0 half-spaces; O3×3− zero matrix of dimension 3 × 3, 𝛽𝑘 = 𝜃(𝑧)𝛽+

𝑘 +

𝜃(−𝑧)𝛽−
𝑘 , 𝛽

±
𝑘 − thermal expansion coefficients , 𝑇− temperature concentrated

heat source.
2. Construction of the fundamental solution of the heat conduc-

tion problem.
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We introduce the following notation w = {𝑤𝑘}𝑘=1,4, where functions
𝑤𝑘(𝑥, 𝑦, 𝑧) ∈ ℑ′(R3) there are components of the system of fundamental so-
lutions, that is, solutions that satisfy the following system of boundary value
problems

D[𝑧, 𝜕1, 𝜕2, 𝜕3]w = f0, w𝑗 , f
0 ∈ ℑ′(R3), (5)

𝑤4(𝑥, 𝑦,+0) = 𝑤4(𝑥, 𝑦,−0), 𝜆+
3 𝜕3𝑤4(𝑥, 𝑦,+0) = 𝜆−

3 𝜕3𝑤4(𝑥, 𝑦,−0) (6)

where

D =

⎛⎜⎜⎜⎜⎝
𝜆−1
1 0 0 𝜕1

0 𝜆−1
2 0 𝜕2

0 0 𝜆−1
3 𝜕3

𝜕1 𝜕2 𝜕3 0

⎞⎟⎟⎟⎟⎠ , f0 = {−𝛿𝑘4𝛿(𝑥− 𝑥0, 𝑦 − 𝑦0, 𝑧 − 𝑧0)}𝑘=1,4,

𝛿𝑘𝑗-Kronecker symbol,𝜆𝑖 = 𝜆+
𝑖 𝜃 (𝑥3) + 𝜆−

𝑖 𝜃 (−𝑥3) , 𝑖 = 1, 3, 𝜆±
𝑖 −thermal con-

ductivity coefficients for the upper 𝑧 > 0 and lower 𝑧 < 0 half-spaces, respec-
tively.

Vector components w represented as𝑤𝑘 = 𝜃(𝑧)𝑤𝑘 + 𝜃(−𝑧)𝑤𝑘 = 𝑤+
𝑘

+ 𝑤−
𝑘
,

де 𝑤±
𝑘

∈ ℑ′(R3
±), R3

± = R2 × R± and apply to the matrix equation (5) the
operator of the three-dimensional Fourier transform F3 from ℑ′(R3). Then,
considering the conditions (6) and results of works [10–13,26,27], relatively
W±

𝑘 (𝛼1,𝛼2, 𝛼3) = F3[𝑤
±
𝑘

] ∈ ℑ′(R3) we obtain the following matrix equation

B+W+ = B−W− + F0,W±
𝑗 , F

0
𝑗 ∈ ℑ′(R3), 𝑗 = 1, 4. (7)

W± = {W±
𝑘 }

4
𝑘=1, B± = D[±0,−𝑖𝛼1,− 𝑖𝛼2,−𝑖𝛼3],

F0
𝑗 = {𝛿𝑘4𝑒𝑖𝛼1𝑥0+𝑖𝛼2𝑦0+𝑖𝛼3𝑧0}4𝑘=1,

D[±0,−𝑖𝛼1,− 𝑖𝛼2,−𝑖𝛼3] =

⎛⎜⎜⎜⎜⎝
𝜆−1
1,± 0 0 (−𝑖𝛼1)

0 𝜆−1
1,± 0 (−𝑖𝛼2)

0 0 𝜆−1
3,± (−𝑖𝛼3)

(−𝑖𝛼1) (−𝑖𝛼2) (−𝑖𝛼3) 0

⎞⎟⎟⎟⎟⎠ .

Function 𝑤±
𝑘𝑗

∈ ℑ′(R3
±) admit an analytical representation [22,26,27] on the

variable 𝛼3, therefore, matrix equation (1.7) is a boundary condition for the
matrix Riemann problem in the variable 𝛼3.
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Given the properties of generalized functions and applying the methodology
of [10-14,26,27], the boundary conditions (1.7) can be written as

B±W± = F±,W±, F± ∈ ℑ′(R3), (8)

where

F±
𝑗 = {𝑓±

𝑘 }
𝑘=1,4

, 𝑓±
𝑘 = 𝜃(±𝑧0)𝑒

±
0 𝛿𝑘4 ∓

1

2
𝜒𝑘,

𝜒 = {𝜒𝑘}𝑘=1,4 ∈ ℑ′(R2), 𝜒𝑘 = 0, 𝑘 = 1, 2.

𝜒𝑘(𝛼1, 𝛼2)− unknown functions from ℑ′(R2) for determine of which, we use
conditions (7) in Fourier transforms.

Directly from equations (1.8) we obtain W± = B−1
± F±, where B−1

± ={︁
𝑏*,±𝑘

}︁
𝑘=1,4

. After applying the inverse Fourier transform, the components of

the vectors w± = {𝑤±
𝑘 }𝑘=1,4

= F−1
3 [W±] will be presented as:

𝑤+
1 = (𝑥−𝑥0)

2𝑟 {𝜃(𝑧0)(
𝑚+

11(𝑟
2
0+(𝜉+𝑛 |𝑧−𝑧0|)

2
)
−1/2

(𝜉+𝑛 |𝑧−𝑧0|+
√︁

𝑟20+(𝜉+𝑛 |𝑧−𝑧0|)
2
)
− 𝑚+

12(𝑟
2
0+(𝜉+0 (𝑧+𝑧0))

2
)
−1/2

(𝜉+0 |𝑧+𝑧0|+
√︁

𝑟20+(𝜉+0 (𝑧+𝑧0))
2
)
)+

+𝜃(−𝑧0)
𝑚+

13(𝑟
2
0+(𝜉−0 𝑧0−𝜉+0 𝑧)

2
)
−1/2

(|𝜉−0 𝑧0−𝜉+0 𝑧|+
√︁

𝑟20+(𝜉−0 𝑧0−𝜉+0 𝑧)
2
)
},

𝑤−
1 = (𝑥−𝑥0)

2𝑟 {𝜃(−𝑧0)(
𝑚−

11(𝑟
2
0+(𝜉−𝑛 |𝑧−𝑧0|)

2
)
−1/2

(𝜉−𝑛 |𝑧−𝑧0|+
√︁

𝑟20+(𝜉−𝑛 |𝑧−𝑧0|)
2
)
− 𝑚−

12(𝑟
2
0+(𝜉−0 (𝑧+𝑧0))

2
)
−1/2

(𝜉−0 |𝑧+𝑧0|+
√︁

𝑟20+(𝜉−0 (𝑧+𝑧0))
2
)
)−

−𝜃(𝑧0)
𝑚−

13(𝑟
2
0+(𝜉−0 𝑧−𝜉+0 𝑧0)

2
)
−1/2

(|𝜉−0 𝑧−𝜉+0 𝑧0|+
√︁

𝑟20+(𝜉−0 𝑧−𝜉+0 𝑧0)
2
)
},

𝑤+
2 = (𝑦−𝑦0)

2𝑟 {𝜃(𝑧0)(
𝑚+

11(𝑟
2
0+(𝜉+𝑛 |𝑧−𝑧0|)

2
)
−1/2

(𝜉+𝑛 |𝑧−𝑧0|+
√︁

𝑟20+(𝜉+𝑛 |𝑧−𝑧0|)
2
)
− 𝑚+

12(𝑟
2
0+(𝜉+0 (𝑧+𝑧0))

2
)
−1/2

(𝜉+0 |𝑧+𝑧0|+
√︁

𝑟20+(𝜉+0 (𝑧+𝑧0))
2
)
)+

+𝜃(−𝑧0)
𝑚+

13(𝑟
2
0+(𝜉−0 𝑧0−𝜉+0 𝑧)

2
)
−1/2

(|𝜉−0 𝑧0−𝜉+0 𝑧|+
√︁

𝑟20+(𝜉−0 𝑧0−𝜉+0 𝑧)
2
)
},

𝑤−
2 = (𝑦−𝑦0)

2𝑟 {𝜃(−𝑧0)(
𝑚−

11(𝑟
2
0+(𝜉−𝑛 |𝑧−𝑧0|)

2
)
−1/2

(𝜉−𝑛 |𝑧−𝑧0|+
√︁

𝑟20+(𝜉−𝑛 |𝑧−𝑧0|)
2
)
− 𝑚−

12(𝑟
2
0+(𝜉−0 (𝑧+𝑧0))

2
)
−1/2

(𝜉−0 |𝑧+𝑧0|+
√︁

𝑟20+(𝜉−0 (𝑧+𝑧0))
2
)
)−

−𝜃(𝑧0)
𝑚−

13(𝑟
2
0+(𝜉−0 𝑧−𝜉+0 𝑧0)

2
)
−1/2

(|𝜉−0 𝑧−𝜉+0 𝑧0|+
√︁

𝑟20+(𝜉−0 𝑧−𝜉+0 𝑧0)
2
)
},

𝑤+
3 = {𝜃(𝑧0)(𝑚

+
21

sign(𝑧−𝑧0)𝜉
+
0 |𝑧−𝑧0|

(𝑟20+(𝜉+0 |𝑧−𝑧0|)
2
)
3/2 − 𝑚+

22𝜉
+
0 (𝑧+𝑧0)

(𝑟20+(𝜉+0 (𝑧+𝑧0))
2
)
3/2 )−

−𝜃(−𝑧0)
𝑚+

23|𝜉
+
0 𝑧−𝜉−0 𝑧0|

(𝑟20+(𝜉+0 𝑧−𝜉−0 𝑧0)
2
)
3/2 },
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𝑤−
3 = {𝜃(−𝑧0)(𝑚

−
21

sign(𝑧−𝑧0)𝜉
−
0 |𝑧−𝑧0|

(𝑟20+(𝜉−0 |𝑧−𝑧0|)
2
)
3/2 − 𝑚+

22𝜉
+
0 (𝑧+𝑧0)

(𝑟20+(𝜉−0 (𝑧+𝑧0))
2
)
3/2 )+

+𝜃(−𝑧0)
𝑚−

23|𝜉
+
0 𝑧0−𝜉−0 𝑟𝑧|

(𝑟20+(𝜉+0 𝑧0−𝜉−0 𝑟𝑧)
2
)
3/2 },

𝑤+
4 = {𝜃(𝑧0)(

𝑚+
31√︁

𝑟20+(𝜉+0 |𝑧−𝑧0|)
2
− 𝑚+

32√︁
𝑟20+(𝜉+0 (𝑧+𝑧0))

2
)+

+𝜃(−𝑧0)
𝑚+

33√︁
𝑟20+(𝜉+0 𝑧−𝜉−0 𝑧0)

2
},

𝑤−
4 = {𝜃(−𝑧0)(

𝑚−
31√︁

𝑟20+(𝜉−0 |𝑧−𝑧0|)
2

+
𝑚−

32√︁
𝑟20+(𝜉−0 (𝑧+𝑧0))

2
)−

−𝜃(𝑧0)
𝑚−

33√︁
𝑟20+(𝜉−0 𝑧−𝜉+0 𝑧0)

2
},

where

𝑚±
11 =

𝜆±
1

𝜉±0
, 𝑚±

12 = 𝜆±
1 (𝜆±

3 𝑚
±
1 ± 𝑚±

2

𝜉±0
), 𝑚±

13 = 𝜆±
1 (𝜆±

3 𝑚
∓
1 ± 𝑚∓

2

𝜉±0
),

𝑚±
21 = 1, 𝑚±

22 =
𝜆±
1 𝜆

+
3

𝜉±0
𝑚±

1 ± 𝜆±
3 𝑚

±
2 , 𝑚±

23 =
𝜆±
1 𝜆

+
3

𝜉±0
𝑚∓

1 ± 𝜆±
3 𝑚

∓
2

𝑚±
31 =

1

𝜆±
3 𝜉

±
0

, 𝑚±
32 = 𝜆±

3 𝑚
±
1 ± 𝑚±

2

𝜉±0
, 𝑚±

33 = 𝜆±
3 𝑚

∓
1 +

𝑚∓
2

𝜉±0
Sought temperature 𝑇 we get like this 𝑇 = 𝑤4 *𝑄.
3. Construction of a fundamental solution to the problem of

thermoelasticity. We apply to the matrix equation (2) the operator of the
three-dimensional Fourier transform F3 iз ℑ′(R3), given the following repre-
sentation for vector components v: 𝑣𝑘 = 𝜃(𝑧)𝑣𝑘 + 𝜃(−𝑧)𝑣𝑘 = 𝑣+

𝑘
+ 𝑣−

𝑘
, were

𝑣±
𝑘

∈ ℑ′(R3
±), R3

± = R2 × R±. Then, considering the conditions (3) and the
results of [10-14,26,27], with respect to V±

𝑘 (𝛼1,𝛼2, 𝛼3) = F3[𝑣
±
𝑘

] ∈ ℑ′(R3)

and also that the functions V±
𝑘

∈ ℑ′(R3
±) admit an analytical representation

[22,26,27] in the variable 𝛼3 we obtain the following matrix equation

M±V
± = F±,W±, F± ∈ ℑ′(R3), (9)

where

M± = D[±0,−𝑖𝛼1,− 𝑖𝛼2,−𝑖𝛼3], F±
𝑗 = {𝑓±

𝑘 }
𝑘=1,4

,

𝑓±
𝑘 = ∓1

2
𝜒𝑘, 𝑘 = 1, 9, 𝑘 ̸= 3, 4, 5,

𝑓±
𝑘 = 𝛽±

𝑘−2𝑇
± ∓ 1

2
𝜒𝑘, 𝑘 = 3, 4, 5,

𝜒 = {𝜒𝑘}𝑘=1,4 ∈ ℑ′(R2), 𝜒𝑘 = 0, 𝑘 = 4, 5, 9
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𝜒𝑘(𝛼1, 𝛼2)− unknown functions from ℑ′(R2) for determine which, we need to
use conditions (3) after the Fourier-transformed.

We represent the sought functions as

V±
7𝑗 = −(−𝑖𝛼2)Ψ

±
1𝑗 − (−𝑖𝛼1)Ψ

±
2𝑗 ,V

±
8𝑗 = (−𝑖𝛼1)Ψ

±
1𝑗 − (−𝑖𝛼2)Ψ

±
2𝑗 , (10)

V±
5𝑗 = −(−𝑖𝛼2)Υ

±
1𝑗 − (−𝑖𝛼1)Υ

±
2𝑗 ,V

±
4𝑗 = (−𝑖𝛼1)Υ

±
1𝑗 − (−𝑖𝛼2)Υ

±
2𝑗 , (11)

where Ψ±
𝑘 ,Υ

±
𝑘 (𝑘 = 1, 2) new unknown functions, then matrix equation (9)

can be separated into two independent equations

L±V
(1),± = F±

1 ,G±V
(2),± = F±

2 . (12)

where we use the notation

V(1),± = {V
(1),±
𝑘 }

𝑘=1,2
= {Υ±

1𝑗 ,Ψ
±
1𝑗},

V(2),± = {V
(2),±
𝑘 }

𝑘=1,4
= {W±

3𝑗 ,T
±
2𝑗 ,Ψ

±
2𝑗 ,W

±
9𝑗},

F±
𝑗1 =

{︁
(−𝑖𝛼2)𝑓

±
1𝑗 − (−𝑖𝛼1)𝑓

±
2𝑗 , (−𝑖𝛼2)𝑓

±
7𝑗 − (−𝑖𝛼1)𝑓

±
8𝑗

}︁
, 𝑟2 = 𝛼2

1 + 𝛼2
2,

F±
𝑗2 =

{︁
𝑓±
3𝑗 , (−𝑖𝛼1)𝑓

±
1𝑗 + (−𝑖𝛼2)𝑓

±
2𝑗 , (−𝑖𝛼2)𝑓

±
8𝑗 + (−𝑖𝛼1)𝑓

±
7𝑗 , 𝑓

±
6𝑗

}︁
,

G± = {𝑔±𝑘𝑗}𝑘,𝑗=1,4
, 𝑔±11 = 𝑔±44 = (−𝑖𝛼3), 𝑔

±
12 = 𝑟2, 𝑔±22 = 𝑔±33 = (−𝑖𝛼3)𝑟

2,

𝑔±𝑘𝑗 = 𝑔±𝑗𝑘 = 0, 𝑘 = 1, 2, 𝑗 = 3, 4,

𝑔±21 = −𝑐±13
𝑐±33

𝑔±12, 𝑔±23 = − �̄�±13 + 𝑐±13
2

𝑐±33
𝑟4, 𝑔±32 = − 1

𝑐±44
𝑔±12,

𝑔±34 = −𝑔±12, 𝑔±41 = − 1

𝑐±33
, 𝑔±43 =

𝑐±13
𝑐±33

𝑔±12, L± = {𝑙±𝑘𝑗}𝑘,𝑗=1,2
,

𝑙±11 = (−𝑖𝛼3)𝑟
−2, 𝑙±22 = (−𝑖𝛼3)𝑟

2, 𝑙±21 = −𝑟2/𝑐±44, 𝑙±21 = −𝑐66𝑟
4,

Directly from equations (12) we obtain V(1),± = L−1
± F±

𝑗1, V
(2),± = G−1

± F±
𝑗2,

were L−1
± =

{︁
𝑙*,±𝑘𝑗

}︁
𝑘,𝑗=1,2

, G−1
± =

{︁
𝑔*,±𝑘𝑗

}︁
𝑖,𝑗=1,4

. Further, using representations
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(11), (12) after applying the inverse Fourier transform, we obtain:

𝜎3 = −
3∑︁

𝑛=1

⎛⎝ 𝑅0
1,𝑛√︀

𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2
− 𝜔1,𝑛√︁

𝑟20 + (
⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2

⎞⎠
+

2∑︁
𝑛=1

3∑︁
𝑚=1

𝛼1,𝑛,𝑚√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)2
,

𝜎4 = (𝑦 − 𝑦0)

{︃
3∑︁

𝑛=1

𝑅0
2,𝑛(𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2)

−1/2(︁
𝜉𝑛 |𝑧 − 𝑧0| +

√︁
𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2

)︁
−

3∑︁
𝑛=1

𝜔2,𝑛(𝑟20 + (
⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2
)
−1/2

(︁⌢

𝜉𝑛 |𝑧| +
⌣

𝜉 0 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2
)︁

−
2∑︁

𝑛=1

3∑︁
𝑚=1

𝛼2,𝑛,𝑚(𝑟20 + (
⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)
2
)
−1/2

(
⌢

𝜉𝑛 |𝑧| +
⌣

𝜉𝑚 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)2)

}︃
,

𝜎5 = (𝑥− 𝑥0)

{︃
3∑︁

𝑛=1

𝑅0
2,𝑛(𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2)−1/2

(𝜉𝑛 |𝑧 − 𝑧0| +
√︀

𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2)

−
3∑︁

𝑛=1

𝜔2,𝑛(𝑟20 + (
⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2)−1/2

(
⌢

𝜉𝑛 |𝑧| +
⌣

𝜉 0 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2)

−
2∑︁

𝑛=1

3∑︁
𝑚=1

𝛼2,𝑛,𝑚(𝑟20 + (
⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)
2)−1/2

(
⌢

𝜉𝑛 |𝑧| +
⌣

𝜉𝑚 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)2)

}︃
,

𝑢1 = (𝑥− 𝑥0)

{︃
3∑︁

𝑛=1

𝑅0
3,𝑛(︁

𝜉𝑛 |𝑧 − 𝑧0| +
√︀

𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2
)︁

−
3∑︁

𝑛=1

𝜔3,𝑛(︁⌢

𝜉𝑛 |𝑧| +
⌣

𝜉 0 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2
)︁

−
2∑︁

𝑛=1

3∑︁
𝑚=1

𝛼3,𝑛,𝑚(︁⌢

𝜉𝑛 |𝑧| +
⌣

𝜉𝑚 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)2
)︁
}︃
,

𝑢2 = (𝑦 − 𝑦0)

{︃
3∑︁

𝑛=1

𝑅0
3,𝑛

(𝜉𝑛 |𝑧 − 𝑧0| +
√︁
𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2)
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−
3∑︁

𝑛=1

𝜔3,𝑛

(
⌢

𝜉𝑛 |𝑧| +
⌣

𝜉 0 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2
)

−
2∑︁

𝑛=1

3∑︁
𝑚=1

𝛼3,𝑛,𝑚

(
⌢

𝜉𝑛 |𝑧| +
⌣

𝜉𝑚 |𝑧0| +

√︁
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)
2
)

}︃
,

𝑢3 = −
3∑︁

𝑛=1

𝑅0
4,𝑛

(︂
ln

𝑐

2
+ ln

(︁
|𝑧 − 𝑧0| 𝜉+𝑛 +

√︁
𝑟20 + (𝜉𝑛 |𝑧 − 𝑧0|)2

)︁)︂

+

3∑︁
𝑛=1

𝜔4,𝑛

(︂
ln

𝑐

2
+ ln

(︁
(
⌢

𝜉𝑛 |𝑧| +
⌣

𝜉 0 |𝑧0|) +

√︂
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉 0𝑧0)
2)︁)︂

+
2∑︁

𝑛=1

3∑︁
𝑚=1

𝛼4,𝑛,𝑚

(︂
ln

𝑐

2
+ ln((

⌢

𝜉𝑛 |𝑧| +
⌣

𝜉𝑚 |𝑧0|) +

√︂
𝑟20 + (

⌢

𝜉𝑛𝑧 +
⌣

𝜉𝑚𝑧0)
2
)

)︂
,

were
𝑞±𝑗 (𝛼3, 𝑟) = 𝑔*,±𝑗2 (𝛼3, 𝑟)𝛾±1 𝑟

2 + 𝑔*,±𝑗4 (𝛼3, 𝑟)𝛾±2 , 𝑗 = 1, 4

𝑅0,+
1,𝑛 =

𝑞+1 (−𝑖𝜉+𝑛 , 1)𝜏++(−𝑖𝜉+𝑛 , 1)

𝜉+𝑛 ℎ
+
𝑛

, �̄�0,+
1,𝑛 =

𝑞+1 (𝑖𝜉+𝑛 , 1)𝜏++(𝑖𝜉+𝑛 , 1)

𝜉+𝑛 ℎ
+
𝑛

𝜏++(𝛼3, 𝑟) = (−𝑖𝛼3)𝜆
+
3 𝑚

+
1 − 𝑟𝑚+

2 , 𝜏
−+(𝛼3, 𝑟) = (−𝑖𝛼3)𝜆

−
3 𝑚

+
1 − 𝑟𝑚+

2 ,

𝜏+−(𝛼3, 𝑟) = (−𝑖𝛼3)𝜆
+
3 𝑚

−
1 − 𝑟𝑚−

2 , 𝛽
−+
1,𝑛 =

𝑞−1 (𝑖𝜉±𝑛 , 1)𝜏−+(𝑖𝜉−𝑛 , 1)

𝜉−𝑛 ℎ
−
𝑛

,

𝛽+−
1,𝑛 =

𝑞+1 (−𝑖𝜉+𝑛 , 1)𝜏+−(−𝑖𝜉+𝑛 , 1)

𝜉+𝑛 ℎ
+
𝑛

, 𝛽++
𝑗,𝑛 =

𝑞+𝑗 (−𝑖𝜉+𝑛 , 1)𝜏++(−𝑖𝜉𝑛, 1)

𝜉+𝑛 ℎ
+
𝑛

, 𝑗 = 1, 4

ℎ±𝑛 =
3∏︁

𝑙=1,𝑙 ̸=𝑛

(𝜉±𝑛 )
2 − (𝜉±𝑙 )

2
, 𝜏−−(𝛼3, 𝑟) = (−𝑖𝛼3)𝜆

−
3 𝑚

−
1 − 𝑟𝑚−

2 ,

𝛽−−
1,𝑛 =

𝑞−1 (𝑖𝜉−𝑛 , 1)𝜏−−(𝑖𝜉−𝑛 , 1)

𝜉−𝑛 ℎ
−
𝑛

, 𝑅±
𝑗,𝑘 =

2∑︁
𝑛=1

𝑅*,+
𝑗,𝑘,𝑛, 𝛽

±±
𝑗 =

3∑︁
𝑛=1

𝛽±±
𝑗,𝑛 ,

𝛽±∓
𝑗 =

3∑︁
𝑛=1

𝛽±∓
𝑗,𝑛 ,A−1

0 = {𝑎*𝑘𝑗}𝑘,𝑗=1,4
,A0 = {𝑎𝑘,𝑗}𝑘,𝑗=1,4 = N+ + N̄−,

N± = {𝑅±
𝑗,𝑘}𝑘,𝑗=1,4

, 𝛼+
𝑗,𝑚 =

4∑︁
𝑘=1

𝑎*𝑗𝑘�̄�
0,+
𝑘,𝑛 , 𝛼

−
𝑗,𝑚 =

4∑︁
𝑘=1

𝑎*𝑗𝑘𝑅
0,−
𝑘,𝑚,

𝜇+
𝑗 =

4∑︁
𝑘=1

𝑎*𝑗𝑘𝛽
+
𝑘 , 𝜇

−
𝑗 =

4∑︁
𝑘=1

𝑎*𝑗𝑘𝛽
−
𝑘 , 𝛽

+
𝑗 = 𝛽++

𝑗 + 𝛽−+
𝑗 , 𝛽−

𝑗 = 𝛽−−
𝑗 + 𝛽+−

𝑗
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𝛼++
𝑗,𝑛,𝑚 =

4∑︁
𝑘=1

𝑅*,+
𝑗,𝑘,𝑛𝛼

+
𝑘,𝑚, 𝛼+−

𝑗,𝑛,𝑚 =

4∑︁
𝑘=1

𝑅*,+
𝑗,𝑘,𝑛𝛼

+
𝑘,𝑚, 𝜇++

𝑗 =

4∑︁
𝑘=1

𝑅*,+
𝑗,𝑘,𝑛𝜇

+
𝑗 ,

𝜇+−
𝑗,𝑛 =

4∑︁
𝑘=1

𝑅*,+
𝑗,𝑘,𝑛𝜇

−
𝑗 , 𝑛 = 1, 2, 𝜇+−

𝑗,𝑛 = 0, 𝑛 = 3, 𝛼−−
𝑗,𝑛,𝑚 =

4∑︁
𝑘=1

𝑅*,−−
𝑗,𝑘,𝑛 𝛼

+
𝑘,𝑚,

𝛼−+
𝑗,𝑛,𝑚 =

4∑︁
𝑘=1

𝑅*,−
𝑗,𝑘,𝑛𝛼

+
𝑘,𝑚, 𝜇−−

𝑗,𝑛 =

4∑︁
𝑘=1

𝑅*,−
𝑗,𝑘,𝑛𝜇

−
𝑗 , 𝜇

−+
𝑗,𝑛 =

4∑︁
𝑘=1

𝑅*,−
𝑗,𝑘,𝑛𝜇

+
𝑗 , 𝑛 = 1, 2,

𝜇−−
𝑗,𝑛 = 𝜇−+

𝑗,𝑛 = 0, 𝑛 = 3, �̃�±±
𝑗,𝑛 = 𝛽±±

𝑗,𝑛 − 𝜇±±
𝑗,𝑛 , �̃�±∓

𝑗,𝑛 = 𝛽±∓
𝑗,𝑛 − 𝜇±∓

𝑗,𝑛 ,

⌢

𝑅
0,+

𝑗,𝑛 = 𝜃(𝑧 − 𝑧0)𝑅
0,+
𝑗,𝑛 + 𝜃(𝑧0 − 𝑧)�̄�0,+

𝑗,𝑛 ,
⌣

𝑅
0,−
𝑗,𝑛 = 𝜃(𝑧 − 𝑧0)𝑅

0,−
𝑗,𝑛 + 𝜃(𝑧0 − 𝑧)�̄�0,−

𝑗,𝑛

𝜔𝑗,𝑛 = −𝜃(𝑧, 𝑧0)�̃�
++
1,𝑛 + 𝜃(𝑧,−𝑧0)�̃�

+−
1,𝑛 + 𝜃(−𝑧, 𝑧0)�̃�

−+
1,𝑛 − 𝜃(−𝑧,−𝑧0)�̃�

−−
1,𝑛

𝛼𝑗,𝑛,𝑚 = 𝜃(𝑧, 𝑧0)𝛼
++
𝑗,𝑚,𝑛 − 𝜃(𝑧,−𝑧0)𝛼

+−
𝑗,𝑚,𝑛 + 𝜃(−𝑧,−𝑧0)𝛼

−−
𝑗,𝑚,𝑛 − 𝜃(−𝑧, 𝑧0)𝛼

−+
𝑗,𝑚,𝑛

⌢

𝜉𝑛 = 𝜃(𝑧, 𝑧0)𝜉
+
𝑛 − 𝜃(𝑧,−𝑧0)𝜉

+
𝑛 + 𝜃(−𝑧,−𝑧0)𝜉

−
𝑛 − 𝜃(−𝑧, 𝑧0)𝜉

−
𝑛 ;

⌢

𝜉 0 = 𝜃(𝑧, 𝑧0)𝜉
+
0 − 𝜃(𝑧,−𝑧0)𝜉

+
0 + 𝜃(−𝑧,−𝑧0)𝜉

−
0 − 𝜃(−𝑧, 𝑧0)𝜉

−
0 ;

⌣

𝜉𝑚 = 𝜃(𝑧, 𝑧0)𝜉
+
𝑚 − 𝜃(𝑧,−𝑧0)𝜉

−
𝑚 + 𝜃(−𝑧,−𝑧0)𝜉

−
𝑚 − 𝜃(−𝑧, 𝑧0)𝜉

+
𝑚;

𝜉𝑛 = 𝜃(𝑧)𝜃(𝑧0)𝜉
+
𝑛 + 𝜃(−𝑧)𝜃(−𝑧0)𝜉

−
𝑛 , 𝑅

0
𝑗,𝑛 = 𝜃(𝑧, 𝑧0)

⌢

𝑅
0,+

1,𝑛 + 𝜃(−𝑧,−𝑧0)
⌣

𝑅
0,−
1,𝑛 ,

4. Stress and displacement fields in the plane of connection of
half-spaces. Putting 𝑧 = 0 in the fundamental solutions, we obtain the
distribution of normal and tangential stresses and displacements in the plane
of connection of half-spaces in the presence of heat sources.

𝜎3(𝑥, 𝑦) = −
3∑︀

𝑛=1

𝑅0
1,𝑛√

𝑟20+(𝜉𝑛𝑧0)
2

+ 𝜔1√︂
𝑟20+(

⌣
𝜉 0𝑧0)

2
+

3∑︀
𝑛=1

𝛼1,𝑛√︂
𝑟20+(

⌣
𝜉 𝑛𝑧0)

2
,

𝜎4(𝑥, 𝑦) = (𝑦 − 𝑦0){
3∑︀

𝑛=1

𝑅0
2,𝑛(𝑟

2
0+(𝜉𝑛𝑧0)

2)
−1/2

(𝜉𝑛|𝑧0|+
√

𝑟20+(𝜉𝑛𝑧0)
2)

− 𝜔2(𝑟20+(
⌣
𝜉 0𝑧0)

2

)
−1/2

(
⌣
𝜉 0|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 0𝑧0)

2

)

−

−
3∑︀

𝑛=1

𝛼2,𝑛(𝑟20+(
⌣
𝜉 𝑛𝑧0)

2

)
−1/2

(
⌣
𝜉 𝑛|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 𝑛𝑧0)

2

)

},
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𝜎5(𝑥, 𝑦) = (𝑥− 𝑥0){
3∑︀

𝑛=1

𝑅0
2,𝑛(𝑟

2
0+(𝜉𝑛𝑧0)

2)
−1/2

(𝜉𝑛|𝑧0|+
√

𝑟20+(𝜉𝑛𝑧0)
2)

− 𝜔2(𝑟20+(
⌣
𝜉 0𝑧0)

2

)
−1/2

(
⌣
𝜉 0|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 0𝑧0)

2

)

−

−
3∑︀

𝑛=1

𝛼2,𝑛(𝑟20+(
⌣
𝜉 𝑛𝑧0)

2

)
−1/2

(
⌣
𝜉 𝑛|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 𝑛𝑧0)

2

)

},

𝑢1(𝑥, 𝑦) = (𝑥− 𝑥0){
3∑︀

𝑛=1

𝑅0
3,𝑛

(𝜉𝑛|𝑧0|+
√

𝑟20+(𝜉𝑛𝑧0)
2)

− 𝜔3

(
⌣
𝜉 0|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 0𝑧0)

2

)

−

−
3∑︀

𝑛=1

𝛼3,𝑛

(
⌣
𝜉 𝑛|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 𝑛𝑧0)

2

)

},

𝑢2(𝑥, 𝑦) = (𝑦 − 𝑦0){
3∑︀

𝑛=1

𝑅0
3,𝑛

(𝜉𝑛|𝑧0|+
√

𝑟20+(𝜉𝑛𝑧0)
2)

− 𝜔3

(
⌣
𝜉 0|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 0𝑧0)

2

)

−

−
3∑︀

𝑛=1

𝛼3,𝑛

(
⌣
𝜉 𝑛|𝑧0|+

√︂
𝑟20+(

⌣
𝜉 𝑛𝑧0)

2

)

},

𝑢3(𝑥, 𝑦) = −
3∑︀

𝑛=1
𝑅0

4,𝑛(ln 𝑐
2 + ln(|𝑧0| 𝜉+𝑛 +

√︁
𝑟20 + (𝜉𝑛𝑧0)

2)))+

+𝜔4(ln
𝑐
2 + ln((

⌣

𝜉 0 |𝑧0|) +

√︁
𝑟20 + (

⌣

𝜉 0𝑧0)
2
))+

+
3∑︀

𝑛=1
𝛼4,𝑛(ln 𝑐

2 + ln((
⌣

𝜉𝑛 |𝑧0|) +

√︁
𝑟20 + (

⌣

𝜉𝑛𝑧0)
2
)).

5. Discussion and numerical results. Numerical investigations of
the temperature distribution were carried out depending on the thermophysi-
cal properties of materials. Figures 1-4 show the temperature distribution in
the 𝑍0𝑌 plane depending on for some combinations of transversely isotropic
materials. In particular, for zinc 𝑍𝑛 : (𝜆+

1 = 115, 𝜆+
3 = 117, /0) - ma-

terial m1; Cadmium Cd : (𝜆−
1 = 93, 𝜆−

3 = 94, /0) - material m2; alu-
minum oxide Al2𝑂3 : (𝜆+

1 = 25𝜆+
3 = 30/0) - m3 material; magnesium

Mg:(𝜆−
1 = 156, 𝜆−

3 = 157, /0) - material m4, and in the presence of two heat
sources of the same power 𝑄 = 105

3. Conclusion

The problem of constructing fundamental solutions to the thermoelasticity
problem for a piecewise-homogeneous transversely isotropic space is reduced
to the matrix Riemann problem in the space of generalized slow growth func-
tions.As a result of the solution of which, were obtained expressions in explicit



The fundamental solution of the problem of thermoelasticity 27

Fig.1 m1-m2 Fig.2 m2-m4

Fig.3 m2-m3 Fig.4 m1-m3

form for the components of the vector of the fundamental solution of the heat
conduction problem, as well as simple representations for the components of
the stress tensor and the displacement vector in plane of connection of trans-
versely isotropic elastic half-spaces containing concentrated stationary heat
sources. The temperature distribution is investigated depending on the ther-
mophysical characteristics of the half-space materials.

Кривий О. Ф., Морoзов Ю. О.
Фундаментальнi розв’язки задачi термопружностi для кусково-однорiдного
трансверсально-iзотропного пружного простору

Резюме
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Проблема побудови фундаментальних розв’язкiв задачi термопружностi для кусково-
однорiдного трансверсально-iзотропного простору зведена до матричної задачi Рiмана
в просторi узагальнених функцiй повiльного зростання. В результатi розв’язування якої
отримано в явному виглядi вирази для компонент вектора фундаментального розв’язку
задачi теплопровiдностi, а також простi подання для компонент тензора напружень i
вектора перемiщень у площинi з’єднання трансверсально-iзотропних пружних пiвпро-
сторiв, якi мiстять зосередженi стацiонарнi джерелi тепла. Дослiджено розподiл темпе-
ратури в залежностi вiд теплофiзичних характеристик матерiалiв пiвпросторiв.
Ключовi слова: фундаментальнi розв’язки, матрична задача Рiмана, трансверсально-
iзотропний неоднорiдний простiр, узагальненi функцiї.

Кривой A. Ф., Морозов Ю. A.
Фундаментальные решения задач термоупругости для кусочно-однородной
трансверсально-изотропной упругого пространства

Резюме

Проблема построения фундаментальных решений задачи термоупругости для кусочно-
однородной трансверсально-изотропного пространства сведена к матричной задачи
Римана в пространстве обобщенных функций медленного роста. В результате решения
которой получено в явном виде выражения для компонент вектора фундаментального
решении задачи теплопроводности, а также простые представления для компонент
тензора напряжений и вектора перемещений в плоскости соединения трансверсально-
изотропных упругих полупространств, содержащих сосредоточенные стационарные
источнике тепла. Исследовано распределение температуры в зависимости от теплофи-
зических характеристик материалов полупространств.
Ключевые слова: фундаментальные решения, матричная задача Римана, трансверсально-
изотропное неоднородное пространство, обобщенные функции.
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