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The problem of the stress state of a rectangular elastic domain is investigated and solved
exactly. With the help of Fourier transformation the one-dimensional vector boundry prob-
lem in the transformation‘s domain is obtained. The components of the unknows vector are
the displacement transformations. The problem is solved exactly with the methods of the
matrix differential calculations, the fundamental solution matrix is constructed in the form
of the contour integral, which is found using the residue theorem. The constructed vector is
inversed by the corresponding formulas of inverse Fourier series. The numerical investigation
of the stress in dependence of the external loading value and domain‘s size is presented.
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1. INTRODUCTION

The problem of a rectangular domain stress estimation is not a new one,
nevertheless a lot of unsolved issues remain. This problem was considered and
solved in the different statements important to the engeneering applications as
with the help of analytical methods so and with numerical ones. To the last di-
rection one can reference the papers, where the boundary element-free method
(BEFM) was applied to two dimensional problems of elasticity. This method
is a direct numerical method which combines the boundary integral equation
method and an improved moving least-square approximation. This method, as
it was stated at [1], gives the higher computational accuracy. Another popular
solving methods are well known finite element methods. For example, at [2]
the discussion of the condition‘s type necessary for the penalty methods to pro-
vide a basis for the stable and convergent finite element schemes is proposed.
In paper [3| was considered the mixed finite element (for short MFE) approx-
imation of a stress-displacement system derived from the Hellinger-Reissner
variational principle for the linear elasticity problem. Many benefits of the
numerical methods can be attributed by their existence at many numerical
software applications, easy for using by the engineers.

But if one need to provide the calculation of the stress at the rectangular
domain in the neighborhood of the angular points, the numerical methods
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lose their efficiency as it is known. These points of the boundary condition
changing cause the stress with a special order of a singularity. To take these
singularities in the considaration, to propose the method which solve a problem
for a rectangular domain with regard of such singularities existence, one must
use the analytical approaches [4].

The world known papers of Konrat‘ev and Maz‘ya [5; 6| are connected with
the investigation of singularities at the angular points of an elastic domain.
Also the well known paper 7] was one of the pioneer papers in this direction.
The solution of the plane thermoelasticity problem for a rectangular domain
was constructed with the help of new solving method. This method permits
the construction of an analytical solution, corresponding to Saint-Venan prin-
ciple in the form of trigonometric series expansion using orthogonal set of the
eigenfunctions and associated functions. These investigations were successfully
continued by |[§].

In paper [9] a simple method to solve a static, plane boundary value
problem of elasticity for an isotropic rectangular region was introduced. The
method is based on finite Fourier transform transfering the biharmonic equa-
tion to a nonhomogeneous ordinary differential equation of the fourth order.
Another analytical method of the plane two dimensional problem solving for
a rectangular domain was proposed at the papers Prof G. Popov [10; 11]|. At
the paper [12] the method of solving the plane mixed boundary value problem
of elasticity on a rectangular domain was proposed. The problem of current
paper is solved exactly with the method of the matrix differential calculations,
this method was succesfully applied in the paper [13]. The constructed vec-
tor in transform‘s domain is inversed by the corresponding formulas of inverse
Fourier transform, so the displacements exspressions are found in the form of
Fourier series. The numerical investigation of the stress in dependence on the
external loading value and domain‘s size is presented.

The novelty of the presented paper is in the application of the new approach
[14] to the solving of the elasticity problem for a rectangular domain. The stress
state of a domain was investigated depending on a load properties and domain
size.

1. Statement of the problem.

The elastic rectangular domain 0 < x < a, 0 < y < b (G is a shear modulus,
w is a Poison‘s coefficient, F is a Young’s modulus) meets a load at the upper
face of the domain

Uy(va) = —p(:U), T:ch(va) =0 (1)

The lower base conditions are fulfilled at the bottom edge:

uy(x,0) =0, Tpy(z,0) =0 (2)
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The left and the right side are conditions of ideal contact

UI(O’ y) =0, Txy(07 y) =0
us(a,y) =0, Tayla,y) =0 3)

It is required to estimate the stress state of the rectangular domain 0 < x <
a, 0 < y < b satisfying the boudnary conditions (1)-(3) and the equilibrium
equations [15]

U”(x, y) + U**(x,y)+uo(U//(x,y) + V/*(m,y)) =0

1"

V(@) + V** (2, y)+r0(V** (2,y) + U (2,y)) = 0 (4)

Here the denotes are taken U(z,y) = uz(x,y), V(z,y) = uy(z,y),

’ of(z, of (z,
Fayy) =200 pr(a,y) = 200 g = L
2. The problem solving
The Fourier's transforms are applied to the equations (4) with the scheme

Un(y)\ _ [ (Ulz,y) *sin(an) _mm
(i) = [ (e oty e n =7 ®)
It leads to the homogeneous system of the ordinary differential equations
in the transform‘s domain

‘ —

Up, (y) + (—a2 — p002)Un(y) — poan Vi, (y) =

1"

0
Vi, () (1 + po) = a2 Va(y) + poanUp (y) = 0 (6)
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Boundary conditions (1), (2) are reformulated in the terms of the displace-
ments

U, (0)
an Vi (b) — Uqla(b)

0, V,(0)=0
. (2G + NV, (b) 4+ AanUn(b) = 0 (7)

where \ = %, pn = [y p(x) cos(anz)de.

To formulate the vector boundary state problem the vectors and matrices

are introduced
1 0 0 —Qmy o
A - B = n
(0 1+ MO) ’ (Moan 0 ) ’

o- (). suo-(15)

n

1 0 0 —ap

D1:<0 (2G+)\))’ El:(anA 0 )
ne(10). 50 1)
fl = <_2)n>a f2 = <8)

With the help of the introduced matrices, the differential operator of the second
order is constructed

Ly(Zn(y)) = AZ,(y) + BZ,(y) + CZy(y) (8)

The vector boundary problem in the transform‘s domain is formulated with
the help of the introduced operator (8)

La(Zn(y)) =0
Ui(Zn(y) = fi, 1=1,2 (9)
Here Uy(Z,(y)) = DiZ,(y) + EiZn(y), b1 =0, by=1b

To solve this vector boundary problem the fundamental solution matrix
Y (y) is constructed. To found it firstly the matrix ef¥I (where I the unit matrix
) must be substituted into the equation (9). From the equality La(ef¥I) =
M (€)esY one can derive the M (&) matrix

&~ Ot% - MOO‘% —{anfio
@ (G e b ) o

The fundamental solution is found with help of formula Y (y) = 5 ¢, €M ~1(£)d¢

[16]. The calculation of the integral requires to know all poles of the under
integral function. To do it the determinant of the matrix M (&) was found

detM(€) = (1 + p10) (€ — an)?(€ + an)?
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After contour integration procedure the two linear independent solutions of
the matrix equation were derived

2mi

Y(y) = m Z Res[e®M~(€)], (N — number of poles)
Y(y) = T o (Yo(y) + Yai(y))
Yo(y) = e (yanpo +2 4 o Y o

4o, —YQn o —yamfio + 2+ po

e Y (yan —2 — po —y oo )
Yi(y) = 11

1) dowy, < Yaun fo —YQnfto — 2 — flo (11)

The solution of homogeneous vector equation was constructed

zuw =y (G ) + vat) (1) (12)

Applying the boundary conditions U;(Z,(y)) = fi, i = 1,2 one obtains the
linear algebraic system from which the constants C;, ¢ = 1,4 can be found

C1e“m (2602 11y + 20 10 + 200,) + Coe®m? (2002 11y — 200, )+
—}—C’ge_a”b(—Qbozi,ug + 20, + 2a00) + C’4e—a"b(2baiuo +2a,) =0

C1e°mP(—=2Gba? j1g — 2Ganpio + 2 ) + Coe® P (—2Gba’ jig + (2G + N)20u,)+
+C3e~ b (—2GbA2 gy + 2Gan g — 2 ) + C1e®P(2Gba2 g + (2G + N)2ay,) =
= _pn4an(1 + ,U,())

C1 (20, + 2anp0) + Co(—2a,) + C3(20u, + 2ap0) + C4(2a,) =0

C2(2 4 po) + C4(—=2 — po) =0

The application of the inverse Furier's formula finalizes the stated problem‘s
solution

2 o
Z Un(y)sinapz, V(z,y)= Vi . Z Vo(y) cosanz (13)
n=1

The last step is to find the term Vj(y) as a special case, which can be
derived from the boundary problem:

"

Vo(y)=0, 0<y<bd
Vo(b) = —po/(2G +A),  Vo(0) =0 (14)
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After it (15) solving the formulas (14) are rewritten at the form:
_2% - _ —DPoy 2 &
Ulz,y) = p Z Un(y)sinapz, V(v,y) = @G+ Na + " Z Vi (y) cos ayx
n=1 n=1
(15)

2. Numerical results.

There are presented some numerical results for different loads and domain
size.

Displasments U(x,y) and V (z,y) are shown at the Fig. 1-4 correspondigly
for the external load p(z) = (z — 2.5)%2. At the Fig. 1, Fig. 3 and Fig. 2,
Fig. 4 the displacements are presented for the 0 < x < 5, 0 <y < 6 and
0<ax<10, 0<y <15 correspondigly.

Fig. 1. U(z,vy) Fig. 2. U(x,y)

It can be seen that with the increasing of the domain size the value of the
displacements increasing too. Distribution pattern of the displacements are
changed, which can be seen on Fig. 1 and Fig. 2. for the displacement U(z,y)
and on Fig. 3, Fig. 4 for the displacement V' (z,y).
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Fig. 7. oy(x,y) Fig. 8. oy(z,y)

Stresses o;(x,y) and oy(x,y) are shown at the Fig. 5-8 correspondigly
for the external load p(z) = (x — 2.5)%2. At the Fig. 5, Fig. 7 and Fig.
6, Fig. 8 the stresses are presented for the 0 < z < 5, 0 < y < 6 and
0<ax<10, 0<y<15 correspondigly.

One can see that the changes are similar to the displacement‘s changes.

Investigation was also made for the another external load function, but

in this paper they are not presented because of the similar pattern of the
dependencies.

2. CONCLUSION

The proposed method was applied to solve the boundary stress state prob-
lem of the elastic rectangular domain. The exact solution of the stated problem
was derived. The displacments and stersses were investigateted for the different
domain sizes and external load functions.

The future development is to solve the stress state problem for the rectan-
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gular domain with the boundary conditions of the first main elasticity problem.

Hootcunenxos O. B.
HANIPY>KEHUI1 CTAH NPSIMOKYTHOI MMPYYKHOI OBJIACTI

Pesrome

Y zamponoHoBaHiit pobOTi jocIipKeHa i po3B‘sA3aHa 3a/a4a PO HAIPYXKEHUH CTaH MPSIMO-
KyTHOI TIpy»KHOI 06JiacTi. 3a JIOMOMOTOI0 IHTErpaJibHOTO mepeTBopeHHst Pyp’e B mpocTopi
TpaHncHOPMAHT OTPUMAaHA OJHOBAMIpDHA BEKTODHA KpaiioBa 3ajada. KOMIOHEHTH IIyKaHO-
ro BekTopa € TpaHcdopMmaHTu nepemimenb. OTpuMmana KpaiioBa 3ajada pO3B‘s3aHa TO-
9HO 34 JIOMOMOTOI0 METO/Y MAaTPUYHOrO JudepeHIliaJbHOr0 YHUC/IeHHs, (DYHIaMEHTATbHUN
PO3B’sI30K IPECTABIECHUN AK iHTerpaJj Mo 3aMKHYTOMY KOHTYDPY, SKHil, B CBOIO depry, OyB
3HAIEHUN 3 BUKOPUCTAHHSAM Teopemu npo jumku. Orpumana asrebpaldyHa cucreMa Bill-
HOCHO HeBimomMux KoedilieHTiB Oy/1a po3B’s3aHa IJISXOM BHUKOpPHUCTaHHS Meroxy Kpamepa.
OcraTouni po3paxyHKOBi OPMYJIU s IOJIsI TIEPEMIIIEHb 1 HAIIPYKEHb 106y I0BAHI IIJISXOM
3acTocyBaHHs obepHeHOTO neperBopenuss Pyp’e. JlocaizkeHo MoJst IepeMileHb Ta HaIpy-
JK€Hb JIJIs PI3HUX BU/IIB HABAHTAYKEHHS 1 PO3MIPIB MPSIMOKYTHOI 00JIacTi.

Karowosi caosa: miwana 3a0a4a npyscrocmi, mownull po3e‘a3ok, Npamokymma obaacmo,
eexmophra kpatiosa 3adaua, Gyroamenmanivha MamMpuys.

Iooswcunenxos A. B.
HAINIPSI>KEHHOE COCTOSIHUE MPSIMOYI'OJIBHOM YIIPYTOI OBJIACTHU

Pesrome

B npemyioxkenHoit pabore uccieoBaHa M pelleHa 3a/ada O HAIPSI?)KEHHOM COCTOSTHHU IIPsi-
MOYTOJIBHOM yrpyroit obstactu. C MOMOIBIO HHTErPAJIBLHOTO mpeobpazoBanus Pypbe B mpo-
cTpaHCTBe TpaHC(MOPMAHT I0JIyYeHa OJIHOMEPHAs BEKTOPHAs KpaeBas 3a/a4da. KOMIOHEeHThI
BEKTOpa TPEJCTABJISIOT coboi TpancdopMaHThl cMmerneHuit. [losyduennast kpaeBasi 3aada
peleHa TOYHO € TMOMOIBIO METO/Ia MATPUIHOTO IuddepeHnnaIbHOr0 NCIUCIeHNsT, DYHIA-
MEHTAJIbHOE PEIIeHre MPEJCTaBJIEeHO B BUJI€ MHTErPaJia 110 3aMKHYTOMY KOHTYDY, KOTOPBIi
B CBOIO Otepe/ib ObLI Haii/IeH UCIOIb3ys TeopeMy O Bblderax. llonmydennas asrebpandeckast
CHCTeMa OTHOCUTEIBHO HEM3BECTHBIX KO3 MUIMEHTOB, ObLIa PEIleHa Iy TEM HCIOIb30BaHUsT
merozna Kpamepa. OkoH4aresbHble pacdeTHbie (DOPMYJIBI JIJIs1 TIOJIsl CMEIIEHU 1 HAIIPSI2KEHU
MIOCTPOEHBI ITyTEeM TIpUMeHeHUsT 0OpaTHOro npeobpasosanus Pypoe. [IpeacraBiensl anciien-
HbIE UCCJIEIOBAHIS TIOJIsT CMEIEHUsT U HAIPSIZKEHU JIJIs1 PA3HBIX BUIOB HATPY3KN U Pa3MEPOB
NPSIMOYTOJIbHOM 00J1aCTH.

Kaoueswie caoga: cmewannas 3a0ada ynpyeocmu, mMowHoe Pewenue, NPpamMoyzosoHad 00-
AGCTDL, BEKMOPHAA KPAELBAA 3a0a4a, PHYHIAMEHMAALHAA MAMPUYA.
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