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Introduction. Methods for solving nonstationary boundary value problems
can be divided into direct methods which basis includes the separation of variables
method, method of sources (Green’s function method), method of integral transforms,
approximate methods and numerical methods.

The scheme proposed in this article belongs to the direct methods for solv-
ing boundary value problems. In the basis of this scheme is the concept of quasi-
derivatives [10] that lets to bypass the problem of multiplication of generalized func-
tions.

First of all a mixed problem for the heat equation with piecewise continuous
coefficients by the general boundary conditions of the first kind [11] was solved.

The general boundary value problems for hyperbolic equation with piecewise con-
tinuous on spatial variable coefficients and right parts was considered in [7].

This article examines the general first boundary value problem for a hyperbolic
type equation with piecewise constant coefficients and 𝛿 - singularities. With the use
of the reduction method solving of such a problem is reduced to finding a solution
of the stationary inhomogeneous boundary value problem with the initial boundary
conditions and the mixed problem with the zero boundary conditions for an inhomo-
geneous equation.

Main Results

1. Main designations, formulation of the problem and supporting state-
ments. Let 𝐼 be an open interval of the real axis R, [𝑥0;𝑥𝑛] ⊂ 𝐼 – segment of the
real axis; 0 = 𝑥0 < 𝑥1 < 𝑥2 < . . . < 𝑥𝑖−1 < 𝑥𝑖 < 𝑥𝑖+1 . . . < 𝑥𝑛−1 < 𝑥𝑛 = 𝑙 – arbitrary
partition of the segment [𝑥0;𝑥𝑛] of the real axis 𝑂𝑥 into 𝑛 parts.
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Let’s declare the main designations:
𝜃𝑖 – characteristic function of the interval [𝑥𝑖;𝑥𝑖+1), that is

𝜃𝑖 (𝑥) =

⎧⎨⎩ 1, 𝑥 ∈ [𝑥𝑖, 𝑥𝑖+1) ,

0, 𝑥 /∈ [𝑥𝑖, 𝑥𝑖+1) ,
𝑖 = 0, 𝑛− 1.

Remark 1. Let 𝑎1𝑖, 𝑎2𝑖, 𝑖 = 0, 𝑛− 1 be real numbers. If 𝑎1 =
𝑛−1∑︀
𝑖=0

𝑎1𝑖𝜃𝑖, 𝑎2 =

𝑛−1∑︀
𝑖=0

𝑎2𝑖𝜃𝑖, then 𝑎1 · 𝑎2 =
𝑛−1∑︀
𝑖=0

𝑎1𝑖 · 𝑎2𝑖𝜃𝑖. In particular, if 𝑎 =
𝑛−1∑︀
𝑖=0

𝑎𝑖𝜃𝑖, then 1
𝑎 =

𝑛−1∑︀
𝑖=0

𝑎−1
𝑖 𝜃𝑖.

Let’s declare 𝐵𝑉 +
𝑙𝑜𝑐(𝐼) as a class of continuous from the right functions, locally

bounded on I variation [2].
Let 𝑚𝑖, 𝑖 = 0, 𝑛− 1,𝑀𝑖, 𝑖 = 1, 𝑛− 1, 𝜆𝑖, 𝑖 = 0, 𝑛− 1 be positive real numbers, 𝑔𝑖,

𝑖 = 0, 𝑛− 1, 𝑠𝑖, 𝑖 = 1, 𝑛− 1 – real numbers and 𝛿𝑖 = 𝛿𝑖(𝑥− 𝑥𝑖) – 𝛿 - Dirac’s function
with a carrier at the point 𝑥 = 𝑥𝑖 ∈ 𝐼. Let’s define

𝑚(𝑥) =
𝑛−1∑︀
𝑖=0

𝑚𝑖𝜃𝑖 +
𝑛−1∑︀
𝑖=1

𝑀𝑖𝛿(𝑥− 𝑥𝑖); 𝜆(𝑥) =
𝑛−1∑︀
𝑖=0

𝜆𝑖𝜃𝑖;

𝑓(𝑥) = 𝑔(𝑥) + 𝑠(𝑥) =
𝑛−1∑︀
𝑖=0

𝑔𝑖𝜃𝑖 +
𝑛−1∑︀
𝑖=1

𝑠𝑖𝛿𝑖(𝑥− 𝑥𝑖).

Note that if 𝑀(𝑥) is an antiderivative for 𝑚(𝑥), then 𝑚(𝑥)
𝑑𝑒𝑓
= 𝑀 ′(𝑥). We assume

here, that the function𝑀(𝑥) is extended arbitrarily (for example, zero) on the interval
𝐼/[𝑥0;𝑥𝑛].

Let’s examine the general first boundary value problem for a hyperbolic type
equation

𝑚(𝑥)
𝜕2𝑢

𝜕𝑡2
=

𝜕

𝜕𝑥

(︂
𝜆(𝑥)

𝜕𝑢

𝜕𝑥

)︂
+ 𝑓(𝑥), 𝑥 ∈ (𝑥0;𝑥𝑛), 𝑡 ∈ (0;+∞), (1)

with the boundary conditions⎧⎨⎩ 𝑢(𝑥0, 𝑡) = 𝜓0(𝑡),

𝑢(𝑥𝑛, 𝑡) = 𝜓𝑛(𝑡),
𝑡 ∈ [0; +∞) (2)

and the initial conditions⎧⎨⎩ 𝑢(𝑥, 0) = 𝜙0(𝑥),

𝜕𝑢
𝜕𝑡 (𝑥, 0) = 𝜙1(𝑥),

𝑥 ∈ [𝑥0;𝑥𝑛], (3)

where 𝜓0(𝑡), 𝜓𝑛(𝑡)∈𝐶2(0;+∞), 𝜙0(𝑥), 𝜙1(𝑥) are piecewise continuous on (𝑥0;𝑥𝑛).
The method of reduction for finding a solution of the problem is described in

detail in [1, 12] for example. In accordance with this method we can find a solution
to the problem as a sum of two functions

𝑢(𝑥, 𝑡) = 𝑤(𝑥, 𝑡) + 𝑣(𝑥, 𝑡). (4)
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Let’s choose one of the functions for example 𝑤(𝑥, 𝑡) in a particular method, then
the 𝑣(𝑥, 𝑡) function will be defined clearly.

2. Building the function 𝑤(𝑥, 𝑡). Let’s define a function 𝑤(𝑥, 𝑡) as a solution
of a boundary value problem

(𝜆(𝑥)𝑤𝑥
′)𝑥

′
= −𝑓(𝑥) (5)⎧⎨⎩ 𝑤(𝑥0, 𝑡) = 𝜓0(𝑡),

𝑤(𝑥𝑛, 𝑡) = 𝜓𝑛(𝑡),
𝑡 ∈ [0; +∞). (6)

Note that a variable 𝑡 is considered as a parameter here.
In the basis of the solving method of the problem (5), (6) is the concept of quasi-

derivatives [9].

Let’s introduce the vectors 𝑊 =

⎛⎝ 𝑤

𝑤[1]

⎞⎠, where 𝑤[1] = 𝜆𝑤𝑥
′, 𝐺 =

⎛⎝ 0

−𝑔(𝑥)

⎞⎠,

𝑆𝑖 =

⎛⎝ 0

−𝑠𝑖

⎞⎠, 𝑆 =
𝑛−1∑︀
𝑖=1

𝑆𝑖 · 𝛿𝑖. Using these definitions, the quasi-differential equation

(5) simplifies to the equivalent system of differential equations of the first order

𝑊 𝑥
′
=

⎛⎝0 1
𝜆(𝑥)

0 0

⎞⎠ ·𝑊 +𝐺+ 𝑆. (7)

As a solution of the system (7) we take a vector function 𝑊 (𝑥, 𝑡) that belongs
to the 𝐵𝑉 +

𝑙𝑜𝑐(𝐼) class by the 𝑥 variable and fulfills the system (7) in a generalized
sense [9].

Boundary conditions (6) can be written down in vector form

𝑃 ·𝑊 (𝑥0, 𝑡) +𝑄 ·𝑊 (𝑥𝑛, 𝑡) = Γ (𝑡) , (8)

where 𝑃 =

⎛⎝1 0

0 0

⎞⎠, 𝑄 =

⎛⎝0 0

1 0

⎞⎠, Γ (𝑡) =

⎛⎝𝜓0(𝑡)

𝜓𝑛(𝑡)

⎞⎠.

Let 𝑤𝑖(𝑥, 𝑡), 𝑤
[1]
𝑖 (𝑥, 𝑡) and 𝑔𝑖(𝑥) be defined on the interval [𝑥𝑖;𝑥𝑖+1). Let’s define

𝑤(𝑥, 𝑡) =

𝑛−1∑︁
𝑖=0

𝑤𝑖(𝑥, 𝑡)𝜃𝑖. (9)

On the [𝑥𝑖;𝑥𝑖+1) interval the system (7) is represented as⎛⎝ 𝑤𝑖

𝑤
[1]
𝑖

⎞⎠
𝑥

′

=

⎛⎝0 1
𝜆𝑖

0 0

⎞⎠⎛⎝ 𝑤𝑖

𝑤
[1]
𝑖

⎞⎠+

⎛⎝ 0

−𝑔𝑖

⎞⎠+

⎛⎝ 0

−𝑠𝑖

⎞⎠ , (10)

where 𝑠0
𝑑𝑒𝑓
= 0.
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Let’s examine a homogeneous system that corresponds to the system (10)⎛⎝ 𝑤𝑖

𝑤
[1]
𝑖

⎞⎠
𝑥

′

=

⎛⎝0 1
𝜆𝑖

0 0

⎞⎠⎛⎝ 𝑤𝑖

𝑤
[1]
𝑖

⎞⎠ .

The Cauchy matrix 𝐵𝑖(𝑥, 𝑠) of such a system is represented as

𝐵𝑖(𝑥, 𝑠) =

⎛⎝1 𝑏𝑖(𝑥, 𝑠)

0 1

⎞⎠ , (11)

where 𝑏𝑖(𝑥, 𝑠) =
𝑥∫︀
𝑠

1
𝜆𝑖
𝑑𝑧 = 𝑥−𝑠

𝜆𝑖
.

Let’s define (for an arbitrary 𝑘 ≥ 𝑖)

𝐵(𝑥𝑘, 𝑥𝑖)
𝑑𝑒𝑓
= 𝐵𝑘−1(𝑥𝑘, 𝑥𝑘−1) ·𝐵𝑘−2(𝑥𝑘−1, 𝑥𝑘−2) · . . . ·𝐵𝑖(𝑥𝑖+1, 𝑥𝑖). (12)

The structure (11) of the matrices 𝐵𝑖 (𝑥, 𝑠) allows us to define the structure of
the matrix (12)

𝐵(𝑥𝑘, 𝑥𝑖) =

⎛⎜⎝1
𝑘−1∑︀
𝑚=𝑖

𝑥𝑚+1−𝑥𝑚

𝜆𝑚

0 1

⎞⎟⎠ ,

besides that 𝐵(𝑥𝑘, 𝑥𝑘)
𝑑𝑒𝑓
= 𝐸, where 𝐸 is an identity matrix.

The solution of the system (10) on the interval [𝑥𝑖;𝑥𝑖+1) is

𝑊 𝑖(𝑥, 𝑡) = 𝐵𝑖(𝑥, 𝑥𝑖) · 𝑃 𝑖 +
𝑥∫︁

𝑥𝑖

𝐵𝑖(𝑥, 𝑠) ·𝐺𝑖(𝑠) 𝑑𝑠 =

= 𝐵𝑖(𝑥, 𝑥𝑖) · 𝑃 𝑖 +

⎛⎝−𝑔𝑖 (𝑥−𝑥𝑖)
2

2𝜆𝑖

−𝑔𝑖(𝑥− 𝑥𝑖)

⎞⎠ , (13)

where 𝑃 𝑖 is a yet unknown vector [11].
Similarly on the interval [𝑥𝑖−1;𝑥𝑖)

𝑊 𝑖−1(𝑥, 𝑡) = 𝐵𝑖−1(𝑥, 𝑥𝑖−1) · 𝑃 𝑖−1 +

𝑥∫︁
𝑥𝑖−1

𝐵𝑖−1(𝑥, 𝑠) ·𝐺𝑖−1(𝑠) 𝑑𝑠 =

= 𝐵𝑖−1(𝑥, 𝑥𝑖−1) · 𝑃 𝑖−1 +

⎛⎝ −𝑔𝑖−1
(𝑥−𝑥𝑖−1)

2

2𝜆𝑖−1

−𝑔𝑖−1(𝑥− 𝑥𝑖−1)

⎞⎠ .

At the point 𝑥 = 𝑥𝑖 the conjugation condition has to be fulfilled that is
𝑊 𝑖(𝑥𝑖, 𝑡) =𝑊 𝑖−1(𝑥𝑖, 𝑡) + 𝑆𝑖 [13]. As a result we get a recurrence relation

𝑃 𝑖 = 𝐵𝑖−1(𝑥𝑖, 𝑥𝑖−1) · 𝑃 𝑖−1 +

𝑥𝑖∫︁
𝑥𝑖−1

𝐵𝑖−1(𝑥𝑖, 𝑠) ·𝐺𝑖−1(𝑠) 𝑑𝑠+ 𝑆𝑖. (14)
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By the method of mathematical induction from (14) the following is received

𝑃 𝑖 = 𝐵(𝑥𝑖, 𝑥0) · 𝑃 0 +

𝑖∑︁
𝑘=0

𝐵(𝑥𝑖, 𝑥𝑘)𝑍𝑘, (15)

where 𝑍𝑘 =
𝑥𝑘∫︀

𝑥𝑘−1

𝐵𝑘−1(𝑥𝑘, 𝑠) ·𝐺𝑘−1(𝑠) 𝑑𝑠 + 𝑆𝑘 =

⎛⎝ −𝑔𝑘−1
(𝑥𝑘−𝑥𝑘−1)

2

2𝜆𝑘−1

−𝑔𝑘−1(𝑥𝑘 − 𝑥𝑘−1)

⎞⎠ +

⎛⎝ 0

−𝑠𝑘

⎞⎠,

𝑘 = 1, 𝑛− 1, note that 𝑍0
𝑑𝑒𝑓
= 0, 𝑆𝑛

𝑑𝑒𝑓
= 0; 𝑃 0 is the initial (unknown) vector.

In order to find 𝑃 0 the boundary conditions (8) should be used, where we define

𝑊 (𝑥0, 𝑡)
𝑑𝑒𝑓
= 𝑃 0,

𝑊 (𝑥𝑛, 𝑡)
𝑑𝑒𝑓
= 𝑊𝑛−1(𝑥𝑛, 𝑡) = 𝐵𝑛−1(𝑥𝑛, 𝑥𝑛−1)𝑃𝑛−1 +

𝑥𝑛∫︀
𝑥𝑛−1

𝐵𝑛−1(𝑥𝑛, 𝑠) ·𝐺𝑛−1(𝑠) 𝑑𝑠 =

= 𝐵𝑛−1(𝑥𝑛, 𝑥𝑛−1)𝐵(𝑥𝑛−1, 𝑥0)𝑃 0 +𝐵𝑛−1(𝑥𝑛, 𝑥𝑛−1)
𝑛−1∑︀
𝑘=1

𝐵(𝑥𝑛−1, 𝑥𝑘)𝑍𝑘+

+
𝑥𝑛∫︀

𝑥𝑛−1

𝐵𝑛−1(𝑥𝑛, 𝑠) ·𝐺𝑛−1(𝑠) 𝑑𝑠 = 𝐵(𝑥𝑛, 𝑥0)𝑃 0 +
𝑛∑︀
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)𝑍𝑘.

Then [𝑃 +𝑄𝐵(𝑥𝑛, 𝑥0)]𝑃 0 +𝑄
𝑛∑︀
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)𝑍𝑘 = Γ, and as a result

𝑃 0 = [𝑃 +𝑄 ·𝐵(𝑥𝑛, 𝑥0)]
−1 ·

(︃
Γ−𝑄

𝑛∑︁
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)𝑍𝑘

)︃
. (16)

Let’s evaluate

[𝑃 +𝑄 ·𝐵(𝑥𝑛, 𝑥0)]
−1

=

⎡⎢⎣
⎛⎝1 0

0 0

⎞⎠+

⎛⎝0 0

1 0

⎞⎠ ·

⎛⎜⎝1
𝑛−1∑︀
𝑚=0

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

0 1

⎞⎟⎠
⎤⎥⎦
−1

=

=

⎛⎝ 1 0

− 1
𝜎𝑛

1
𝜎𝑛

⎞⎠, where 𝜎𝑛 =
𝑛−1∑︀
𝑚=0

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚) =
𝑛−1∑︀
𝑚=0

𝑥𝑚+1−𝑥𝑚

𝜆𝑚
, 𝜎0

𝑑𝑒𝑓
= 0;

Γ−𝑄

𝑛∑︁
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)𝑍𝑘 =

⎛⎝𝜓0(𝑡)

𝜓𝑛(𝑡)

⎞⎠−

⎛⎝0 0

1 0

⎞⎠×

×
𝑛∑︁
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)

⎛⎜⎝ 𝑥𝑘∫︁
𝑥𝑘−1

𝐵𝑘−1(𝑥𝑘, 𝑠) ·𝐺𝑘−1(𝑠) 𝑑𝑠+ 𝑆𝑘

⎞⎟⎠. (17)

Let’s write down the right side part (17) in a matrix form

𝑥𝑘∫︀
𝑥𝑘−1

𝐵𝑘−1(𝑥𝑘, 𝑠) ·𝐺𝑘−1(𝑠) 𝑑𝑠+ 𝑆𝑘 =
𝑥𝑘∫︀

𝑥𝑘−1

⎛⎝1 𝑏𝑘−1(𝑥𝑘, 𝑠)

0 1

⎞⎠ ·

⎛⎝ 0

−𝑔𝑘−1

⎞⎠ 𝑑𝑠+

+

⎛⎝ 0

−𝑠𝑘

⎞⎠ =

⎛⎜⎜⎝−
𝑥𝑘∫︀

𝑥𝑘−1

𝑏𝑘−1(𝑥𝑘, 𝑠) · 𝑔𝑘−1 𝑑𝑠

−
𝑥𝑘∫︀

𝑥𝑘−1

𝑔𝑘−1 𝑑𝑠− 𝑠𝑘

⎞⎟⎟⎠ 𝑑𝑒𝑓
=

⎛⎝ 𝐼𝑘−1(𝑥𝑘)

𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

⎞⎠ = 𝑍𝑘;
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𝑛∑︀
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)

⎛⎝ 𝐼𝑘−1(𝑥𝑘)

𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

⎞⎠ =
𝑛∑︀
𝑘=1

⎛⎜⎝1
𝑛−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

0 1

⎞⎟⎠×

×

⎛⎝ 𝐼𝑘−1(𝑥𝑘)

𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

⎞⎠ =

⎛⎜⎜⎝
𝑛∑︀
𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘) ·

𝑛−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂
𝑛∑︀
𝑘=1

(︁
𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

)︁
⎞⎟⎟⎠.

Thus, we receive

Γ−𝑄

𝑛∑︁
𝑘=1

𝐵(𝑥𝑛, 𝑥𝑘)𝑍𝑘 =

⎛⎝𝜓0(𝑡)

𝜓𝑛(𝑡)

⎞⎠−

⎛⎝0 0

1 0

⎞⎠×

×

⎛⎜⎜⎝
𝑛∑︀
𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘) ·

𝑛−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂
𝑛∑︀
𝑘=1

(︁
𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

)︁
⎞⎟⎟⎠ =

=

⎛⎜⎝ 𝜓0(𝑡)

𝜓𝑛(𝑡)−
𝑛∑︀
𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘) ·

𝑛−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂⎞⎟⎠ . (18)

Let’s substitute (18) to (16)

𝑃 0 =

⎛⎝ 1 0

− 1
𝜎𝑛

1
𝜎𝑛

⎞⎠×

×

⎛⎜⎝ 𝜓0(𝑡)

𝜓𝑛(𝑡)−
𝑛∑︀
𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘) ·

𝑛−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂⎞⎟⎠ =

=

⎛⎜⎝ 𝜓0(𝑡)

𝜓𝑛(𝑡)−𝜓0(𝑡)
𝜎𝑛

− 1
𝜎𝑛

𝑛∑︀
𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘) ·

𝑛−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂⎞⎟⎠ . (19)

Based on the formulas (13), (15), (19), after performed transformations an image
of the vector function 𝑊 𝑖(𝑥, 𝑡) on the interval [𝑥𝑖;𝑥𝑖+1) is received

𝑊 𝑖(𝑥, 𝑡) = 𝐵𝑖(𝑥, 𝑥𝑖) ·

(︃
𝐵(𝑥𝑖, 𝑥0) · 𝑃 0 +

𝑖∑︁
𝑘=1

𝐵(𝑥𝑖, 𝑥𝑘)𝑍𝑘

)︃
+

𝑥∫︁
𝑥𝑖

𝐵𝑖(𝑥, 𝑠) ·𝐺𝑖(𝑠) 𝑑𝑠 =

=

⎛⎝1 𝑏𝑖(𝑥, 𝑥𝑖)

0 1

⎞⎠·

⎛⎝1 𝜎𝑖

0 1

⎞⎠·𝑃 0+

⎛⎝1 𝑏𝑖(𝑥, 𝑥𝑖)

0 1

⎞⎠·
𝑖∑︁

𝑘=1

⎛⎜⎝1
𝑖−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

0 1

⎞⎟⎠𝑍𝑘+
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+

𝑥∫︁
𝑥𝑖

⎛⎝1 𝑏𝑖(𝑥, 𝑠)

0 1

⎞⎠ ·𝐺𝑖(𝑠) 𝑑𝑠 =

⎛⎝1 𝑏𝑖(𝑥, 𝑥𝑖) + 𝜎𝑖

0 1

⎞⎠ · 𝑃 0+

+

⎛⎝1 𝑏𝑖(𝑥, 𝑥𝑖)

0 1

⎞⎠ ·

⎛⎜⎜⎝
𝑖∑︀

𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘)

𝑖−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂
𝑖∑︀

𝑘=1

(︁
𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

)︁
⎞⎟⎟⎠+

+

⎛⎜⎜⎝−
𝑥∫︀
𝑥𝑖

𝑏𝑖(𝑥, 𝑠) · 𝑔𝑖 𝑑𝑠

−
𝑥∫︀
𝑥𝑖

𝑔𝑖𝑑𝑠

⎞⎟⎟⎠ =

⎛⎝1 𝑏𝑖(𝑥, 𝑥𝑖) + 𝜎𝑖

0 1

⎞⎠ · 𝑃 0+

+

⎛⎜⎜⎝
𝑖∑︀

𝑘=1

(︂
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘)

𝑖−1∑︀
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︂
𝑖∑︀

𝑘=1

(︁
𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

)︁
+ 𝐼

[1]
𝑖 (𝑥)

⎞⎟⎟⎠+

+

⎛⎜⎝𝑏𝑖(𝑥, 𝑥𝑖)
𝑖∑︀

𝑘=1

(︁
𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

)︁
+ 𝐼𝑖(𝑥)

0

⎞⎟⎠ . (20)

The first coordinate of the vector 𝑊 𝑖(𝑥, 𝑡) in (20) is indeed the searched function
𝑤𝑖(𝑥, 𝑡). Therefore

𝑤𝑖(𝑥, 𝑡) = 𝜓0(𝑡) + (𝑏𝑖(𝑥, 𝑥𝑖) + 𝜎𝑖) ·
𝜓𝑛(𝑡)− 𝜓0(𝑡)

𝜎𝑛
− 1

𝜎𝑛
(𝑏𝑖(𝑥, 𝑥𝑖) + 𝜎𝑖)×

×

(︃
𝑛∑︁
𝑘=1

(︃
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘)

𝑛−1∑︁
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︃)︃
+

+

𝑖∑︁
𝑘=1

(︃
𝐼𝑘−1(𝑥𝑘) + (𝐼

[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘)

𝑖−1∑︁
𝑚=𝑘

𝑏𝑚(𝑥𝑚+1, 𝑥𝑚)

)︃
+

+𝑏𝑖(𝑥, 𝑥𝑖)

𝑖∑︁
𝑘=1

(︁
𝐼
[1]
𝑘−1(𝑥𝑘)− 𝑠𝑘

)︁
+ 𝐼𝑖(𝑥). (21)

By substituting the expression (21) into (9), the solution on the whole interval
[𝑥0;𝑥𝑛] is received.

3. Building the function 𝑣(𝑥, 𝑡).
Let’s write down a mixed problem for the function 𝑣(𝑥, 𝑡). Substituting (4) into

(1) and considering that the function 𝑤(𝑥, 𝑡) fulfills (5), an inhomogeneous equation
is received

𝑚(𝑥)
𝜕2𝑣

𝜕𝑡2
− 𝜕

𝜕𝑥

(︂
𝜆(𝑥)

𝜕𝑣

𝜕𝑥

)︂
= −𝑚(𝑥)

𝜕2𝑤

𝜕𝑡2
, 𝑥 ∈ (𝑥0;𝑥𝑛), 𝑡 ∈ (0;+∞). (22)
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Let’s substitute (4) into the initial conditions (3). Initial conditions for the func-
tion 𝑣(𝑥, 𝑡) are received ⎧⎨⎩ 𝑣(𝑥, 0) = Φ0(𝑥),

𝜕𝑣
𝜕𝑡 (𝑥, 0) = Φ1(𝑥),

𝑥 ∈ [𝑥0;𝑥𝑛], (23)

where Φ0(𝑥)
𝑑𝑒𝑓
= 𝜙0(𝑥)− 𝑤(𝑥, 0), Φ1(𝑥)

𝑑𝑒𝑓
= 𝜙1(𝑥)− 𝜕𝑤

𝜕𝑡 (𝑥, 0).
Since the function 𝑤(𝑥, 𝑡) fulfills the boundary conditions (6), then from (4) the

boundary conditions for the function 𝑣(𝑥, 𝑡) will be the following⎧⎨⎩ 𝑣(𝑥0, 𝑡) = 0,

𝑣(𝑥𝑛, 𝑡) = 0,
𝑡 ∈ [0; +∞). (24)

Therefore under the condition that the solution 𝑤(𝑥, 𝑡) of the problem (5), (6) is
known, the function 𝑣(𝑥, 𝑡) is the solution of the mixed problem (22)-(24).

4. The Fourier method and the eigenvalue problem.
4.1. Expansion by eigenfunctions.

Let’s examine the corresponding homogeneous equation for the equation (22)

𝑚(𝑥)
𝜕2𝑣

𝜕𝑡2
=

𝜕

𝜕𝑥

(︂
𝜆(𝑥)

𝜕𝑣

𝜕𝑥

)︂
. (25)

Now let’s find its nontrivial solutions

𝑣(𝑥, 𝑡) = sin(𝜔𝑡+ 𝜀) ·𝑋(𝑥), (26)

where 𝜔 is a parameter, 𝜀 is a constant, 𝑋(𝑥) is a yet unknown function [1], that
fulfill the boundary conditions (24).

Let’s substitute (26) into the equation (25). Quasi-differential equation is received

(𝜆(𝑥)𝑋 ′(𝑥))
′
+ 𝜔2𝑚(𝑥)𝑋(𝑥) = 0. (27)

Let’s substitute (26) into the conditions (24). The following boundary conditions
are received

𝑋(𝑥0) = 0,

𝑋(𝑥𝑛) = 0.
(28)

As a solution of the equation (27) consider an absolutely continuous on the interval
[𝑥0;𝑥𝑛] function 𝑋(𝑥) that fulfills it in a generalized sense [9].

The problem (27), (28) is the eigenvalue problem. The properties of the eigenval-
ues 𝜔𝑘 and the eigenfunctions of the problem (27), (28) are described in detail in [8].
In particular, it is established that all eigenvalues 𝜔𝑘 > 0 [5]; eigenfunctions 𝑋𝑘(𝑥, 𝜔𝑘)
are orthogonal with the weight 𝑚(𝑥) = 𝑑𝑀(𝑥):

𝑥𝑛∫︁
𝑥0

𝑋𝑖(𝑥, 𝜔𝑖) ·𝑋𝑗(𝑥, 𝜔𝑗) 𝑑𝑀(𝑥) = 0, 𝑖 ̸= 𝑗
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‖𝑋𝑘‖2 =

𝑥𝑛∫︁
𝑥0

𝑋2
𝑘(𝑥, 𝜔𝑘) 𝑑𝑀(𝑥). (29)

If 𝐹 (𝑥) is an absolutely continuous function that has different analytical expres-
sions on each of the intervals [𝑥𝑖;𝑥𝑖+1), that is the function allows the image

𝐹 (𝑥) =

𝑛−1∑︁
𝑖=0

𝐹𝑖(𝑥) · 𝜃𝑖 (30)

on the interval [𝑥0;𝑥𝑛], then its expansion by the eigenfunctions 𝑋𝑘(𝑥, 𝜔𝑘) is the
following

𝐹 (𝑥) =

∞∑︁
𝑘=1

𝐹𝑘 ·𝑋𝑘(𝑥, 𝜔𝑘),

where the Fourier coefficients 𝐹𝑘 are computed by the formulas

𝐹𝑘 =
1

‖𝑋𝑘‖2
·
𝑥𝑛∫︁
𝑥0

𝐹 (𝑥) ·𝑋𝑘(𝑥, 𝜔𝑘) 𝑑𝑀(𝑥). (31)

Integration of the function 𝐹 (𝑥) is performed as the Riemann-Stieltjes integral
with respect to the 𝑚(𝑥),

𝑥𝑛∫︁
𝑥0

𝐹 (𝑥) 𝑑𝑀(𝑥)
𝑑𝑒𝑓
=

𝑛−1∑︁
𝑖=0

𝑚𝑖

𝑥𝑖+1∫︁
𝑥𝑖

𝐹𝑖(𝑥) 𝑑𝑥+

𝑛−1∑︁
𝑖=1

𝑀𝑖 · 𝐹𝑖(𝑥𝑖).

Functions of the type (30) are integrated the following way [9]: if

𝐹1(𝑥) =

𝑛−1∑︁
𝑖=0

𝐹1𝑖(𝑥) · 𝜃𝑖, 𝐹2(𝑥) =

𝑛−1∑︁
𝑖=0

𝐹2𝑖(𝑥) · 𝜃𝑖,

then
𝑥𝑛∫︁
𝑥0

𝐹1(𝑥) · 𝐹2(𝑥) 𝑑𝑀(𝑥) =

𝑛−1∑︁
𝑖=0

𝑚1𝑖 ·𝑚2𝑖

𝑥𝑖+1∫︁
𝑥𝑖

𝐹1𝑖(𝑥) · 𝐹2𝑖(𝑥) 𝑑𝑥+

+

𝑛−1∑︁
𝑖=1

𝑀1𝑖 ·𝑀2𝑖 · 𝐹1𝑖(𝑥𝑖) · 𝐹2𝑖(𝑥𝑖), (32)

‖𝐹𝑘‖2 =

𝑥𝑛∫︁
𝑥0

𝐹 2
𝑘 (𝑥) 𝑑𝑀(𝑥) =

𝑛−1∑︁
𝑖=0

𝑚2
𝑘𝑖

𝑥𝑖+1∫︁
𝑥𝑖

𝐹 2
𝑘𝑖(𝑥)𝑑𝑥+

+

𝑛−1∑︁
𝑖=1

𝑀2
𝑘𝑖 · 𝐹 2

𝑘𝑖(𝑥𝑖), 𝑘 ≥ 1 . (33)

The expression (32) is the dot product of the functions 𝐹1(𝑥) and 𝐹2(𝑥). The
expression (33) is the norm square of the function 𝐹𝑘(𝑥).
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Let’s define

𝑋𝑘(𝑥, 𝜔𝑘) =

𝑛−1∑︁
𝑖=0

𝑋𝑘𝑖(𝑥, 𝜔𝑘) · 𝜃𝑖. (34)

Then for the Fourier coefficients 𝐹𝑘 and for the 𝑋𝑘(𝑥) from the (31) and (29) the
following is received

𝐹𝑘 =
1

‖𝑋𝑘‖2

⎛⎝𝑛−1∑︁
𝑖=0

𝑚𝑖

𝑥𝑖+1∫︁
𝑥𝑖

𝐹𝑖(𝑥) ·𝑋𝑘𝑖(𝑥, 𝜔𝑘)𝑑𝑥+

𝑛−1∑︁
𝑖=1

𝑀𝑖 · 𝐹𝑖(𝑥𝑖) ·𝑋𝑘𝑖(𝑥𝑖, 𝜔𝑘)

⎞⎠ ,

‖𝑋𝑘‖2 =

𝑛−1∑︁
𝑖=0

𝑚2
𝑘𝑖

𝑥𝑖+1∫︁
𝑥𝑖

𝑋2
𝑘𝑖(𝑥, 𝜔𝑘)𝑑𝑥+

𝑛−1∑︁
𝑖=1

𝑀2
𝑘𝑖 ·𝑋2

𝑘𝑖(𝑥𝑖, 𝜔𝑘).

4.2. Constructional approach to building eigenfunctions.

Let’s introduce a quasi-derivative𝑋 [1]𝑑𝑒𝑓= 𝜆𝑋 ′, a vector𝑋 =

⎛⎝ 𝑋

𝑋 [1]

⎞⎠ and matrices

𝐴𝑘 =

⎛⎝ 0 1
𝜆𝑘

−𝑚𝑘 𝜔
2 0

⎞⎠, 𝐶𝑘 =

⎛⎝ 0 0

−𝑀𝑘 𝜔
2 0

⎞⎠. Now let’s reduce a quasi-differential

equation (27) to the system of the first order differential equations

𝑋
′
=

(︃
𝑛−1∑︁
𝑘=0

𝐴𝑘𝜃𝑘 +

𝑛−1∑︁
𝑘=1

𝐶𝑘𝛿(𝑥− 𝑥𝑘)

)︃
·𝑋. (35)

Similarly to the paragraph 2.2, the solution of the system (35) is considered to
be a vector function 𝑋(𝑥, 𝜔) ∈ 𝐵𝑉 +

𝑙𝑜𝑐(𝐼) that fulfills it in a sense of the theory of
generalized functions.

Let’s write down the corresponding system on the interval [𝑥𝑖, 𝑥𝑖+1) in a following
way

𝑋
′
𝑖 = (𝐴𝑖 + 𝐶𝑖𝛿𝑖) ·𝑋𝑖, 𝑖 = 0, 𝑛− 1.

It is known [9] that the jump of the system’s solution at the point 𝑥 = 𝑥𝑖 is
Δ𝑋𝑖(𝑥𝑖) = 𝐶𝑖 𝑋𝑖−1(𝑥𝑖).

This gives an opportunity to reduce the problem to the equivalent problem of the
system of impulsive differential equations [6]

𝑋
′
=

𝑛−1∑︁
𝑘=0

𝐴𝑘𝜃𝑘 ·𝑋, (36)

𝑋𝑖(𝑥𝑖)−𝑋𝑖−1(𝑥𝑖) = 𝐶𝑖 𝑋𝑖−1(𝑥𝑖)

and the following boundary conditions

𝑃𝑋(𝑥0) +𝑄𝑋(𝑥𝑛) = 0. (37)

The system is examined in detail in [9]. Let’s note the main properties of the
system:
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∙ this system is proper (namely, it is clearly defined in a sense of the theory of
generalized functions), because the following condition is valid

𝐶2
𝑘 =

⎛⎝ 0 0

−𝑀𝑘 𝜔
2 0

⎞⎠2

=

⎛⎝0 0

0 0

⎞⎠ ;

∙ the fundamental matrix (analog of the Cauchy matrix on the whole interval [𝑥0;𝑥𝑛])
has the following structure

̃︀𝐵(𝑥, 𝑥0, 𝜔)
𝑑𝑒𝑓
=

𝑛−1∑︁
𝑖=0

̃︀𝐵𝑖(𝑥, 𝑥𝑖, 𝜔) · ̃︀𝐵(𝑥𝑖, 𝑥0, 𝜔) · 𝜃𝑖, (38)

where ̃︀𝐵(𝑥𝑖, 𝑥0, 𝜔)
𝑑𝑒𝑓
=

𝑖∏︀
𝑗=0

̃︀𝐶𝑗 · ̃︀𝐵𝑖−𝑗(𝑥𝑖−𝑗+1, 𝑥𝑖−𝑗 , 𝜔), ̃︀𝐶𝑖 = (𝐸 + 𝐶𝑖), 𝑖 = 1, 𝑛− 1,

̃︀𝐵(𝑥𝑖, 𝑥𝑖, 𝜔)
𝑑𝑒𝑓
= 𝐸.

With a direct verification let’s ascertain that the Cauchy matrix ̃︀𝐵𝑖(𝑥, 𝑠, 𝜔) of the
system (36) on the interval [𝑥𝑖;𝑥𝑖+1) is the following

̃︀𝐵𝑖(𝑥, 𝑠, 𝜔) =
⎛⎝ cos𝛼𝑖(𝑥− 𝑠) sin𝛼𝑖(𝑥−𝑠)

𝜆𝑖𝛼𝑖

−𝜆𝑖𝛼𝑖 sin𝛼𝑖(𝑥− 𝑠) cos𝛼𝑖(𝑥− 𝑠)

⎞⎠, where 𝛼𝑖 = 𝜔
√︁

𝑚𝑖

𝜆𝑖
.

Let’s define

̃︀𝐵(𝑥𝑛, 𝑥0, 𝜔)
𝑑𝑒𝑓
=

⎛⎝𝑏11(𝜔) 𝑏12(𝜔)

𝑏21(𝜔) 𝑏22(𝜔)

⎞⎠ . (39)

The nontrivial solution 𝑋(𝑥, 𝜔) of the system (35) can be found as

𝑋(𝑥, 𝜔) = ̃︀𝐵(𝑥, 𝑥0, 𝜔) · 𝐶, where 𝐶 =

⎛⎝𝐶1

𝐶2

⎞⎠ is some nonzero vector.

The vector function 𝑋(𝑥, 𝜔) has to fulfill the boundary conditions (37). That is[︁
𝑃 · ̃︀𝐵(𝑥0, 𝑥0, 𝜔) +𝑄 · ̃︀𝐵(𝑥𝑛, 𝑥0, 𝜔)

]︁
· 𝐶 = 0,

taking into consideration that ̃︀𝐵(𝑥0, 𝑥0, 𝜔) = 𝐸, the following equation is received[︁
𝑃 +𝑄 · ̃︀𝐵(𝑥𝑛, 𝑥0, 𝜔)

]︁
· 𝐶 = 0. (40)

In order for the nonzero vector 𝐶 to exist the validity of the following condition
is necessary and sufficient

det
[︁
𝑃 +𝑄 · ̃︀𝐵(𝑥𝑛, 𝑥0, 𝜔)

]︁
= 0. (41)

Let’s concretize the left part of the characteristic equation (41), taking into con-
sideration the matrices 𝑃 , 𝑄 and (39)

det
[︁
𝑃 +𝑄 · ̃︀𝐵(𝑥𝑛, 𝑥0, 𝜔)

]︁
= det

⎡⎣⎛⎝1 0

0 0

⎞⎠+

⎛⎝0 0

1 0

⎞⎠ ·

⎛⎝𝑏11(𝜔) 𝑏12(𝜔)

𝑏21(𝜔) 𝑏22(𝜔)

⎞⎠⎤⎦ =



The total first boundary value problem 97

= det

⎡⎣⎛⎝ 1 0

𝑏11(𝜔) 𝑏12(𝜔)

⎞⎠⎤⎦ = 𝑏12(𝜔).

Let’s make the following proposition.

Remark 2. Characteristic equation of the eigenvalue problem is the following

𝑏12(𝜔) = 0. (42)

As known [8], the roots 𝜔𝑘 of the characteristic equation (42), that are also eigen-
values of the problem (27), (28), are positive and different.

In order to find the nonzero vector 𝐶 let’s substitute 𝜔𝑘 with 𝜔 into the equation
(40). Then the following vectorial equality is received⎛⎝ 1 0

𝑏11(𝜔𝑘) 𝑏12(𝜔𝑘)

⎞⎠ ·

⎛⎝𝐶1

𝐶2

⎞⎠ =

⎛⎝0

0

⎞⎠ ,

that is equivalent to the system of equations⎧⎨⎩ 𝐶1 = 0,

𝑏11(𝜔𝑘) · 𝐶1 + 𝑏12(𝜔𝑘) · 𝐶2 = 0.
(43)

Since the determinant of this system 𝑏12(𝜔) = 0, then the system (43) has the
following solutions 𝐶1 = 0, 𝐶2 ∈ R∖{0}. By introducing, for example 𝐶2 = 1,

𝐶 =

⎛⎝0

1

⎞⎠ is received. Note, that the vector 𝐶 doesn’t depend on 𝜔𝑘. Let 𝑋𝑘(𝑥, 𝜔𝑘)

be a nontrivial eigenvector that corresponds to the value of 𝜔𝑘.

Remark 3. The eigenvectors of the system of differential equations (35) with
boundary conditions (37) have the following structure

𝑋𝑘(𝑥, 𝜔𝑘) = ̃︀𝐵(𝑥, 𝑥0, 𝜔𝑘) ·

⎛⎝0

1

⎞⎠ , 𝑘 ∈ N.

Cosequence 1. The eigenfunctions 𝑋𝑘(𝑥, 𝜔𝑘) as the first coordinates of the
eigenvectors 𝑋𝑘(𝑥, 𝜔𝑘) can be written down as

𝑋𝑘(𝑥, 𝜔𝑘) =
(︁
1 0

)︁
· ̃︀𝐵(𝑥, 𝑥0, 𝜔𝑘) ·

⎛⎝0

1

⎞⎠ , 𝑘 = 1, 2, 3, . . . . (44)

In particular, since the 𝑋𝑘(𝑥, 𝜔𝑘) is (34), then from (38) and (44) follows that

𝑋𝑘𝑖(𝑥, 𝜔𝑘) =
(︁
1 0

)︁
· ̃︀𝐵𝑖(𝑥, 𝑥𝑖, 𝜔𝑘) · ̃︀𝐵(𝑥𝑖, 𝑥0, 𝜔𝑘) ·

⎛⎝0

1

⎞⎠ , 𝑖 = 0, 𝑛− 1. (45)
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5. Building a solution to the mixed problem (22) - (24). In order to solve
the problem (22) - (24) let’s apply the eigenfunctions method [12], what means that
the problem’s solution can be found in a following form

𝑣(𝑥, 𝑡) =

∞∑︁
𝑘=1

𝑇𝑘(𝑡) ·𝑋𝑘(𝑥, 𝜔𝑘), (46)

where 𝑇𝑘(𝑡) are unknown functions that will be later defined.

Since 𝜕2𝑤
𝜕𝑡2 is in the right side of equation (22) let’s expand it into the Fourier

series by the eigenfunctions 𝑋𝑘(𝑥, 𝜔𝑘) of the boundary problem (27), (28)

𝜕2𝑤

𝜕𝑡2
=

∞∑︁
𝑘=1

𝑤𝑘(𝑡) ·𝑋𝑘(𝑥, 𝜔𝑘). (47)

Substituting (46) into the equation (22) and considering (47), the following equa-
tion is received

𝑚(𝑥) ·
∞∑︁
𝑘=1

𝑇𝑘
′′(𝑡) ·𝑋𝑘(𝑥, 𝜔𝑘) =

∞∑︁
𝑘=1

𝑇𝑘(𝑡) ·
(︀
𝜆(𝑥)𝑋𝑘

′(𝑥, 𝜔𝑘)
)︀′−

−𝑚(𝑥) ·
∞∑︁
𝑘=1

𝑤𝑘(𝑡) ·𝑋𝑘(𝑥, 𝜔𝑘).

Considering that the eigenfunctions 𝑋𝑘(𝑥, 𝜔𝑘) satisfy the equation (27), we get
an equality

𝑚(𝑥) ·
∞∑︁
𝑘=1

𝑇𝑘
′′ (𝑡) ·𝑋𝑘(𝑥, 𝜔𝑘) = −𝑚(𝑥)

∞∑︁
𝑘=1

𝜔2
𝑘 ·𝑋𝑘(𝑥, 𝜔𝑘)𝑇𝑘(𝑡)−

−𝑚(𝑥) ·
∞∑︁
𝑘=1

𝑤𝑘(𝑡) ·𝑋𝑘(𝑥, 𝜔𝑘),

∞∑︁
𝑘=1

[︀
𝑇𝑘

′′(𝑡) + 𝜔2
𝑘 · 𝑇𝑘(𝑡) + 𝑤𝑘(𝑡)

]︀
·𝑚(𝑥) ·𝑋𝑘(𝑥, 𝜔𝑘) = 0. (48)

Let’s multiply the right and left parts (48) by 𝑋𝑗(𝑥, 𝜔𝑗) and integrate by the
variable 𝑥 on the interval [𝑥0;𝑥𝑛). Considering the eigenfunctions’ orthogonality we
get each of the differential equations

𝑇𝑘
′′(𝑡) + 𝜔2

𝑘 · 𝑇𝑘(𝑡) = −𝑤𝑘(𝑡), 𝑘 = 1, 2, 3, . . . . (49)

The general solution of each of the differential equations (49) is

𝑇𝑘(𝑡) = 𝑎𝑘 cos𝜔𝑘𝑡+ 𝑑𝑘 sin𝜔𝑘𝑡−
1

𝜔𝑘

𝑡∫︁
0

sin𝜔𝑘(𝑡− 𝑠) · 𝑤𝑘(𝑠) 𝑑𝑠, (50)

where 𝑎𝑘, 𝑑𝑘 are unknown constants [3].
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Let’s declare 𝐼(𝑡) = 1
𝜔𝑘

𝑡∫︀
0

sin𝜔𝑘(𝑡− 𝑠) · 𝑤𝑘(𝑠) 𝑑𝑠. Note that 𝐼(0) = 0,

𝐼 ′𝑡(0) = 0 [4].
In order to find the constants 𝑎𝑘, 𝑑𝑘 let’s expand the right parts of the initial

conditions (23) into the Fourier series by the eigenfunctions 𝑋𝑘(𝑥, 𝜔𝑘)

Φ0(𝑥) =

∞∑︁
𝑘=1

Φ0𝑘 ·𝑋𝑘(𝑥, 𝜔𝑘), (51)

Φ1(𝑥) =

∞∑︁
𝑘=1

Φ1𝑘 ·𝑋𝑘(𝑥, 𝜔𝑘), (52)

where Φ0𝑘, Φ1𝑘 are the corresponding Fourier coefficients.
From (50) follows that

𝑇𝑘(0) = 𝑎𝑘, (53)

𝑇𝑘
′(𝑡) = −𝑎𝑘𝜔𝑘 sin𝜔𝑘𝑡+ 𝑑𝑘𝜔𝑘 cos𝜔𝑘𝑡− 𝐼𝑡

′(𝑡),

so
𝑇𝑘

′(0) = 𝑑𝑘𝜔𝑘. (54)

Taking into account (46), (51) and the first condition in (23) the following is

received:
∞∑︀
𝑘=1

𝑇𝑘(0) ·𝑋𝑘(𝑥, 𝜔𝑘) =
∞∑︀
𝑘=1

Φ0𝑘 ·𝑋𝑘(𝑥, 𝜔𝑘). Now using (53) we receive

𝑇𝑘(0) = 𝑎𝑘 = Φ0𝑘.

Analogically from (46), (52) and the second condition in (23)
∞∑︀
𝑘=1

𝑇𝑘
′(0) ·𝑋𝑘(𝑥, 𝜔𝑘) =

∞∑︀
𝑘=1

Φ1𝑘 ·𝑋𝑘(𝑥, 𝜔𝑘) is received. Using (54) we find

𝑇𝑘
′(0) = 𝑑𝑘𝜔𝑘 = Φ1𝑘 or 𝑑𝑘 =

Φ1𝑘

𝜔𝑘
.

Thus, finally a solution of the mixed problem (22) - (24) is received in a form of
the series

𝑣(𝑥, 𝑡) =

∞∑︁
𝑘=1

⎡⎣Φ0𝑘 cos𝜔𝑘𝑡+
Φ1𝑘

𝜔𝑘
sin𝜔𝑘𝑡−

1

𝜔𝑘

𝑡∫︁
0

sin𝜔𝑘(𝑡− 𝑠) · 𝑤𝑘(𝑠) 𝑑𝑠

⎤⎦𝑋𝑘(𝑥, 𝜔𝑘).

Considering (34) and that 𝑣(𝑥, 𝑡) =
𝑛−1∑︀
𝑖=0

𝑣𝑖(𝑥, 𝑡) · 𝜃𝑖, where 𝑣𝑖(𝑥, 𝑡) are defined on

the interval [𝑥𝑖;𝑥𝑖+1), we receive

𝑣𝑖(𝑥, 𝑡) =

∞∑︁
𝑘=1

⎡⎣Φ0𝑘 cos𝜔𝑘𝑡+
Φ1𝑘

𝜔𝑘
sin𝜔𝑘𝑡−

1

𝜔𝑘

𝑡∫︁
0

sin𝜔𝑘(𝑡− 𝑠) · 𝑤𝑘(𝑠) 𝑑𝑠

⎤⎦×
×𝑋𝑘𝑖(𝑥, 𝜔𝑘), (55)
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where the functions 𝑋𝑘𝑖(𝑥, 𝜔𝑘) are computed by the formula (45).
Considering (21), (55) the solution of the problem (1)-(3) is received

𝑢(𝑥, 𝑡) =

𝑛−1∑︁
𝑖=0

[𝑤𝑖(𝑥, 𝑡) + 𝑣𝑖(𝑥, 𝑡)] · 𝜃𝑖.

Conclusion. The expansion by the eigenfunctions theorem is adapted for the
case of differential equations with piecewise constant (by the spatial variable) coeffi-
cients.

Explicit formulas for finding the solution and its quasi-derivatives for any partial
interval of the main interval that are valid for arbitrary finite numbers of the first
type break points of the earlier referred coefficients are received.

This scheme of problem examination was considered in a case of rectangular
Cartesian coordinate system. However, it remains valid in a case of any curvilinear
orthogonal coordinates. The advantage of this method is a possibility to examine the
problem on each breakdown segment and then using the matrix calculation to write
down an analytical expression of the solution. Such an approach allows the use of
software tools for solving the problem.

The received results have a direct application to applied problems.
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Тацiй Р. М., Чмир О. Ю., Карабин О. О.
Перша дискретно–неперервна крайова задача для рiвняння гiперболiчного
типу з кусково - сталими коефiцiєнтами та 𝛿-особливостями

Резюме

Вперше запропоновано та обґрунтовано нову формальну схему розв’язування загальної
першої крайової задачi для рiвняння гiперболiчного типу з кусково–сталими коефiцiєн-
тами та 𝛿-особливостями. В основу схеми розв’язування покладено концепцiю квазiпо-
хiдних, сучасну теорiю систем лiнiйних диференцiальних рiвнянь, а також класичний
метод Фур’є та метод редукцiї. Перевагою методу є можливiсть розглянути задачу на
кожному вiдрiзку розбиття, а потiм за допомогою матричного числення записати ана-
лiтичний вираз розв’язку. Такий пiдхiд дозволяє застосовувати програмнi засоби до
процесу вирiшення задачi та графiчної iлюстрацiї розв’язку.
Ключовi слова: квазiдиференцiальне рiвняння, крайова задача, матриця Кошi, фун-
кцiя Дiрака, задача на власнi значення, метод Фур’є та метод власних функцiй .

Таций Р.М., Чмырь О.Ю., Карабин О.О.
Первая дискретно–непрерывная краевая задача для уравнения гиперболи-
ческого типа с кусочно–постоянными коэффициентами и 𝛿–особенностями

Резюме

Впервые предложена и обоснована новая формальная схема решения общей первой
краевой задачи для уравнения гиперболического типа с кусочно–постоянными коэффи-
циентами и 𝛿-особенностями. В основе схемы решения лежит концепция квазипроиз-
водных, современная теория систем линейных дифференциальных уравнений, а также
классический метод Фурье и метод редукции. Преимуществом метода является возмож-
ность рассмотреть задачу на каждом отрезке разбиения, а затем на основании матрич-
ного исчисления объединить полученные решения. Такой подход позволяет применить
программные средства к процессу разрешения задачи и графической иллюстрации ре-
шения.
Ключевые слова: квазидифференциальное уравнение, краевая задача, матрица Коши,
функция Дирака, задача на собственные значения, метод Фурье и метод собственных
функций .
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