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TORSION PROBLEM FOR AN ELASTIC TWICE-TRUNCATED
CONE

The problem of an elastic twice-truncated cone wave field estimation is investigated in case
of steady state torsional oscillations. The G. Ya. Popov integral transform with regard to
an angular coordinate is applied. Thus reducing the original problem to one-dimensional
boundary value problem in the transform’s domain. The Green’s function is build for one-
dimensional boundary value problem. With it’s help the solution of one-dimensional problem
is constructed in an explicit form. The G. Ya. Popov inverse transformation helped to derive
the solution in original domain in form of an infinite sum. With it’s help dependence of the
eigenfrequencies from the cone’s geometric parameters is investigated. Stress field was found
with the use of asymptotic procedure. Comparison plots are build for different opening
angles.
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INTRODUCTION. An important problem widely common in engineering practice is
to determine the dynamic stress state of a cone under the impact of a non-stationary
load. A particularly important point is the ability to calculate the eigenfrequen-
cies required to evaluate the dynamic stability of the constructions. It is possible
to do with help of the initial boundary value problems apparatus of mathematical
physics. The solving of the initial boundary value problems for cone-shaped elastic
bodies is not a new problem, however, there are many unresolved issues. In [1], the
three-dimensional Green’s function for a transverse-isotropic thermoelastic cone with
a stable heat source on the vertex is derived. In [2] the problem of equilibrium for
a semi-infinite transverse-isotropic three-dimensional elastic cone under the antisym-
metric force at its vertex, is considered. In [3], the solution of the problem for a
half-infinite elastic cone is constructed under the concentrated force applied at it’s
vertex at a certain distance from it. In [4] the problem of deriving the displacement
and the stress fields of a semi-infinite isotropic elastic cone under mixed boundary
conditions on the surface of the cone is considered. In [5] one found a solution in
quadratures for the linear problem of the dynamic theory of elasticity with respect
to the deformation of an infinite elastic homogeneous isotropic space caused by the
rotation of an absolutely rigid circular cone with an uneven lateral surface. In [6],
problems were solved on the stress-strain state of an elastic cone of variable thick-
ness in a three-dimensional formulation using both analytical methods and numerical
approaches. In [7] an axisymmetric problem of tensile of a cone under the action of
concentrated load is considered in view of large deformations. The exact solution of
the torsion problem of an elastic conically-layered cone is obtained in [8]. In [9] the

Received 31.03.2019 © Mysov K. D., 2019



66 Mysov K. D.

solution for semi-infinite elastic cone with help of Papkovycha-Neybera functions is
derived and analyzed stress distribution in the length of their attenuation. In [10]
a numerical method for constructing eigenfunctions for arbitrary conical bodies with
smooth and non-smooth lateral surfaces is considered. In [11] the method of distri-
bution of variables yields an effective solution of various boundary thermoelasticity
problems for a hollow endless cone. The dynamic problem of instability of a sur-
face of a finite circular anisotropic cone with an arbitrary aperture in the form of a
hexagonal single crystal is considered in [12]. In [13], a study was made of the stress
intensity factor near a spherical crack inside a semi-infinite cone under a compression
load applied to the vertex of a cone. The question of steady-state oscillations of an
elastic infinite cone under the action of a concentrated oscillating force added at the
vertex of a cone is solved in [14]. The problem of torsion of an elastic cone, weakened
by a spherical crack under the action of the shock moment, added to the vertex, is
considered in [15].

Problem statement for finite cones adds some complexity when studying the sim-
ilar problems. For example, in [16] the influence of wave propagation in an elastic
truncated cone is experimentally investigated. The problem of determining the non-
stationary wave field of an elastic truncated cone, taking into account its own weight,
is investigated in [17]. In [18] the stressed state of the inhomogeneous thin truncated
hollow cone is investigated. In [19] obtained an exact solution of the problem of tor-
sion of a truncated hollow cone. In [20] an exact solution of the torsion problem of
an elastic truncated layered cone is found in static formulation.

Much less often, similar problems are considered for a twice-truncated elastic
cones. This is explained by the mathematical difficulties caused by the geometry of
the problem. A thick-walled twice-truncated cone from two-dimensional, functionally
graded materials exposed to the combined load is considered at [21]. In [22] the stress
state of a twice-truncated cone resting on a rigid base of the lateral surface under a
uniform load applied at a larger base is investigated. An axisymmetric problem for
a twice-truncated anisotropic cone is solved in [23] with the help of the straight lines
method for three-dimensional elasticity equations. The general solution for axisym-
metric boundary value prob-lems for a twice-truncated cone is derived in [24]. More
complicated, an axially mixed problem for a twice-truncated hollow cone under its
own weight was con-sidered in [25]. Significantly less problems are confirmed with
an investigation of the dynamic field of conical bodies. An axisymmetric dynamic
problem for a twice truncated dynamic cone first was considered at [26], but a lot of
unresolved questions connected with eigenvalues investigation still remain.

MAIN RESULTS

1. Statement of the problem. The twice truncated elastic cone is considered
in the spherical coordinate system a < r <b,—¢ <0 <, -7 < p < 7.

The problem is stated in case of steady-state oscillations, thus for all mechanical
characteristic representation f(r,0,¢,t) = et f(r,0, ) take place, where w is the
steady state frequency, factor e’ will be omitted in next formulas.

The cone surface a < r < b,0 =), —7 < p < 7 is loaded

79w|9:1/) = F(r), (1)

where F(r) = 1/r? is given load.
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The upper spherical face of the cone r = b, —1) < 0 < ¢, —7 < ¢ < 7 is fixed

wl,—, =0, (2)

where w(r, 0) = uy (r,0) the only nonzero displacement in this problem statement.
The bottom spherical face of the cone r = a,—¢ < 0 < ¢,—71 < p < 7 is free
from stress

Tre |r=a =0. (3)

One need find the displacement to satisfy the boundary conditions (1)-(3) and
the torsion equation

(sin Ow*®) Yo 2. @)

2, I\
rrw) + - -
() sin 6 sin?6
where w® = W, w' = W, q = % is the wave number and ¢ = /€ is the

P
shear wave speed, p is density and G is the shear modulus.

Fig. 1. Geometry of the problem

2. Deriving the basis solutions of a one dimension boundary problem.
The integral G. Ya. Popov transform [27] is applied to problem (1)-(4)

»
wi(r) = /sin 0P, (cosf)w(r,6)dd (5)
0

with inverse transform formula

>, P (cos 0)wy(r)

w(r,0) = Z Vi

, (6)
= ||PL (cos )|’

where P, (cosf) ia associated Legendre’s function of the first kind, v, are the
roots of the transcendental equation

OP) (cosf)

— 1 —
50 ctgw P, (cosv) =0 (7)

=




68 Mysov K. D.

Thus, a one-dimensional boundary value problem is received in the transform’s
domain:

(rzw’k)/ — vk (v + 1) wi, — 2Pwp = —rF(r) siny P}, (cos 6)
wk|r:b =0 (8)
Tk”P‘r:a = <w;€ - r_lwk)‘r:a =0

It’s basis solution system {Woy (), U1x ()} [28] has next form

Woi (1) = () Wa, (ar,ab) A
Vi (r) = (2)* (=30~ Wa, (qa, qr) A" + W3, (ga,qr)) A" ©
Ay = —3a7'Wy, (qa,qb) + W3, (qa, gb)

where

Wi (z,y) = Ji (2) Y (y) — T (y) Y ()
W (2,) = 'k (2) Ve (y) — J () Vi (2)

where J, (z) and Y}, (z) are Bessel’s functions of the first and second kind respec-
tively.
The solution of boundary value problem (8) is constructed in form

(10)

b
wMﬂ=/R@M%m®%, (1)

where R(&) is a right part of differential equation in (8) and Gy, (r,§) is Green’s
function [28].
3. Green’s function deriving. Green’s function is constructed in next form

G (1.€) = ag (&) Yor (1) + a1 ()T (r),a < r < & (12)
7 bo (&) Wor (1) + b1 () W1k (r), € <7 <b

where a;(§), b;(€) i = 0,1 are unknown constants found from four defining prop-
erties of Green’s function.

ap(§) =0, b1 (§) =0
auoszwﬁ 13)
bo (6) = €55

§(&) = Wor (§) Yor (§) — Yok (§) 1k (£)

Thus, Green S funCllon beCOIne
v (5)‘111 ( ) a r 5
n 6(5) - < <

U1k (§)Yor(r)
3(8)

Gk (7", 5) = 572 (14)
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Considering basis solutions (9) one can obtain next form of green function

Fr (&)
q ,a <1< §
G (r,6) = A (15)
2&7‘ Fk(T§ £<7‘<b
where Ay is known from (9) and
3 _
Fi(§,r) = Wi, (g€, qb) X <—2a Wi, (qa, qr) + W3, (qa,qr)> (16)

4. The final calculation formulas construction. G. Ya. Popov inverse
integral transform is applied to (11). Thus, solution can be written in next form

P} (cos0) P}, (cos1) b 26
Z “ :

wy, (r,0) = smw §2G (r,€) dE, (17)
H . (cos0) H

where

_ L(g”) ,a<r<¢&
6= ntias o1 oy (18)

Next is shown asymptotic procedure which is used to find behavior of sum in (17).

Let fr(k) be the function for which Fy(x) it’s asymptotic form when k is big
enough. An infinite sum can be represented in form of two addends >~ fi (z) =
ZQLO fe (@) 4+ 3= N1 Jr (), where N is big enough. In second addend function can
be replaced with it’s asymptotic representation. Thus sum can be rewritten in next
form

9] 00 N
Y o fel@) =Y Fe(@)+ > (f (@) + fo (z) (19)

k=0 k=1 k=1

After applying this procedure to displacement one can differentiate them to receive
unknown stress.

5. Numeric results discussion. From the point of view of mechanical appli-
cations, one of the most important goals is to find the eigenfrequencies. The solving
of the transcendental equation is required

o[l ((2 %) () - (248). o

k=0

where

Wi (z,y) = Jer (2) Vi (y) — Ji () Yesa (2) . (21)
The following input parameters were selected for the calculation: N =5, G =
4551010 g/em/s?, p=8.92g/cm?, a = 10cm, b = 3a, ¢ = 2.26 - 10° cm/s.
For three different cone angles 1 = 15°,45°, 75° the first five eigenfrequencies are
shown in Table 1.
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G Qi
15° 1.534381498 | 3.287793796 | 5.213091256 | 7.179694419 | 9.160953572
45° 1.534381498 | 3.287793796 | 4.633579360 | 5.213091256 | 6.196233245
75° 1.534381498 | 3.204860521 | 3.287793796 | 4.578468556 | 4.589225785
Table 1. Eigenfrequencies dependence from cone’s opening angle
2w;l
Here Q; = — and [ =b—a.

T
In Table 2 one can see how changing the cone size influences the values of first
eigenfrequencies (1) = 45°).

b 1.5a 3a 10a

921

2a

1.202871561 | 1.321210018 | 1.534381498 | 2.139666391

Table 2. Eigenfrequencies dependence from cone’s linear size

In Fig. 2 one can see values 7, = w where 0 < 6§ < ¢ and wy = w (r, )
where a < r < b for the two cone angles ¢ = 45° and ¥ = 75°.
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Fig. 2. The values of stress and displacement for opening angles 45° and 75°.

CoNCLUSION. The explicit formulae for stress and displacement fields of an elastic
twice truncated cone under dynamic torsion are derived in this paper. The dependen-
cies of the eigenfrequencies on cones geometric parameters was stated. Comparison
of eigenfrequencies was made to the results in [26]. In case when load is applied on
the lateral surface, the first eigenfrequencies are lower than ones when load is applied
through an overlay to bottom face. The proposed approach can be used in case when
an elastic twice-truncated cone is weakened by a spherical crack.
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Mucos K. JI.
IIPOBJIEMA KPYYEHH$ EJIACTUYHOI'O JIBIYU-YCIYEHHOI'O KOHYCA

Pesrome

HocnimkeHo 3a1a4y BU3HAYEHHSI XBUJILOBOTO IOJIsT TIPYKHOTO JIBi4i-3pi3aHOro KOHycCa y BU-
MajIKy BCTAHOBJIEHUX KOJIMBAHL. 3aCTOCOBYEThCs iHTerpasibHe neperBopennst . f. Ilomosa,
BIJIHOCHO KyTOBOI KOOpJAUHATU. TaKUM YUHOM, BUXiHA 3a/1a49a 3BOJUTHCS IO OJIHOBUMipHOT
KpaitoBol 3aza4i B obusracti Tpanchopmant. Oyukuis ['pina mobymoBana st 0JHOBUMIPHOI
KpaitoBol 3azadi. 3 i1 JOMOMOrow PO3B’S30K OJHOBUMIPHOI mpobsemu moOyI0BAaHO TOYHO.
Ob6epuene neperBopenns: . ¢1. TTomosa jornomoryio orpuMaT po3B’si30K B OPUTiHAJIBHOMY
mpocTopi y popMi HECKIHYEHHOT CyMH. 3 HOro JOMOMOIOI0 JOCJIiI?KEHa, 3aJI€XKHICTh BJIACHUX
9aCcTOT BiJl TEOMETPUYHUX MTOKA3HUKIB KOHyca. [loste Hanpykens OyJi0 3HANIEHO 3a TOITOMO-
roI0 aCUMIITOTUYHOI porieaypu. I'padiku mopiBHsIHHSA T00Y/10BaH] JJisl Pi3HUX KYTiB OTBOPY.
Karouosi caosa:  06iuu-3pidanuti KOHYC, 6CMAHOBAEHHT KOAUBAHHA, IHMEZPAALHE NEPEMEO-
penna I. 4. Ilonosa, eaacni wacmomu, xeuavose nose, pymnryia I'pina .

Mwuicos K. JI.
IIPOBJIEMA KPYYEHUSA DJIACTUYHOI'O JIBAYK/IbI-YCEYEHHOT'O KOHYCA

Pesrome

WccnenoBana 3amada onpe/ieieHUsI BOJHOBOIO IOJIsL YIIPYTOrO JIBasKJIbI-yCEIEHHOIO KOHYCa
B CJIy4Yae yCTAHOBUBINUXCs KoJsiebauwmit. [Ipumensiercs muarerpanbaoe mpeobpasosanue . 4.
TTonoBa oTHOCUTENBLHO YII0BO# KOOpAMHATHI. TakuM 06pa3oM MCXOIHAs 3a/1a9a CBOJUTHC K
OJTHOMEPHOM KpaeBoil 3ajiade B obsactu Tpancdopmant. Pyukius ['prHa mocTpoeHa Jjist ol-
HOMEPHOI1 KpaeBoii 3aja4e. C ee HIOMOIIBIO PEIlleHre OJJHOMEPHON KPAeBOil 3a/1a491 IOCTPOEHO
touHo. O6parnoe npeobpaszosanue I'. Z. ITomoBa moMorio moyyIuTh pelieHne B IPOCTPAH-
CTBe OpUruHaJIoB B popme GeckoHeIHON cyMMBbI. C ero IOMOIIbIO MUCCJIEI0BAHA 3aBUCUMOCTh
COOCTBEHHBIX YaCTOT OT T€OMETPUYECKUX MMOKa3areseit konyca. [lose Hanpsizkennit ObLTIO 10~
CTPOEHO C HOMOIIBIO ACUMIITOTHIECKON HPOIEeAypbl. ['paduku cpaBHEHUI TOCTPOEHBI JIJIsk
Pa3HBIX YIJVIOB PACTBOPA.

Karoueswie crosa: 06astcdovi-yceuentnili KOHYC, YCMAHOBUSUUECA KOACOAHUA, UHMELPANDHOE
npeobpasosanue I. H. Ilonosa, cobcmeennvie wacmomot, 60anosoe noae, dyrnxyus I'puna .
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