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For the linear homogeneous differenrial system, whose coefficients are represented as an
absolutely and uniformly convergent Fourier-series with slowly varying coefficients and fre-
quency, the kind of the fundamental matrix are established by the condidtion of the some
resonance relations.
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INTRODUCTION. In the theory of linear systems of differential equations is well
known the Floquet-Lyapunov theorem [1]. The fundamental matrix X (¢) of the linear
homogeneous system

dx
i A(t)x, t e R, (1)

where A(t) — is a continuous T-periodic matrix, has a kind:

where F'(t) — is a T-periodic matrix, and K — is a constant matrix.

There exists many analogues of this theorem for the linear systems of different
types, for example, for the systems with quasiperiodic coefficients [2], for the countable
systems of differential equations [3], for the differential equations in the Banach spaces
[4] and other.

The purpose of this paper is to obtain the kind of the fundamental matrix of
the linear systems of the differential equations whose coefficients are represented as
an absolutely and uniformly convergent Fourier-series with slowly varying coefficients
and frequency by the condition of the some resonance relations.

NOTATION. Let G(gg) = {t,e: 0 <e<eg, —Le ' <t<Le',0<L < +w0}.

Definition 1. We say, that a function p(t,e) belongs to a class Sy(m;eg)
(meNu{0}), if

1) p: G(ep) — C, 2) p(t,e) € C™(G(ep)) with respect t;

3) d¥p(t.c) di* = pf(t.c) (0 < k< m),

m
def
[Dllsy(mico) = D, sup [p(t,e)| < +o0.
k=0 G(c0)

Under the slowly varying function we mean the function of the class So(m;eq).
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Definition 2. We say, that a function f(t¢,e,0(t,e)) belongs to a class Fy(m;eq;0)
(m e N u {0}), if this function can be represented as:

f(teb(te)) = Z fn(t.€) exp (inb(t.g)),

n=—a

and:
1) fn(t75) € SO(m§ EO);
2)

0
def
HfHFg(m;eo;H) = Z ”anSo(m;Eo) <+,

n=—0o

t
3) O(te) = [ p(re)dr, p(te) € R, p(t,e) € So(m;eo), Giznf)go(t,s) = g > 0.
0 €0

State some properties of the functions of the classes Sy(m;eo), Fo(m;eo;0) (the
proofs are given in [5]). Let k = const, p,q € So(m;eq), u,v € Fy(m;eg;0). Then kp,
p =+ q, pg belongs to the class So(m;eg), ku, u v, uv belongs to the class Fy(m;eq;0),
and

1) “kp”So(m;eo) = |k‘ : “pHSo(m;so)-

2) “p * q”Sa(m;eo) < Hp”So(m;eo) + HqHSo(M,EU)'

3) ”quSo(m;Eo) < QmeHSo(m;ao)HqHSo(m;ao)'

4) |kul 7o (mieos0 |k| ] 7y (mseo:0) -

5) ”U T UHFU (m; 60,0) HuHFo(m €050 + HUHFO(m;EO;O)-

6) ||UUHF0 (micoi0) S 2" HuHFo m,soﬂ ’ ”U“Fo(m;so;G)'

Definition 3. We say, that a vector-function a(t,e) = colon(ay (¢,e),...,an(t.€))
belongs to a class S1(m;ep), if a;(t,e) € So(m;e0) (j = 1,N). We say, that a matrix-
function A(t.e) = (a;x(t.€)); v belongs to a class Sa(m;eo), if aji(t.e) € So(m;eo)
(jvk = m)

We define the norms:

Ha(t76)|lsl(m;50) = 12;1)3\7 Ha’j (t75>”So(m;€o)a

N
HA(t 8)”Sz(m i€0) T maX 2 Ha]k tE)HSo(m €0)"

Definition 4. We say, that a vector-function b(¢,e,8) = colon(b; (¢,e,0), ... by (t,,0))
belongs to a class Fy(m;eo; ), if b;(t,e,0) € Fo(m;eo;6) (j = 1,N). We say, that
a matrix-function B(t.e,0) = (bjr(t.€,0)); 75 belongs to a class Fy(m;eo;6), if
bjk(tagaa) € FO(mv 50;0) (jvk = 17 )

We define the norms:

Hb(t,s,@) HF1 (mse0;0) — 12;353\{ Hb] (t7€70)||F0(m;50;0)a

N
| B(t,e e)HFz(m ie0i0) = ma<X Z b (t,e 9)HF0 (mieg0:0)-
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Thus, the matrix B(t,e,0) has a kind:

B(te0) = i By, (te) exp(inf(t.e)),

n a0

where B, (t,e) € Sa(m;ep), and

0

”B(tvgve)HFz(m;eo;@)< Z ||Bn(t35)HS2(m;50)‘

n=—0u

It is easy to obtain, that, if A,B € Fy(m;eq;0), then AB € Fy(m;e;0), and

”AB”Fz(m;Eo;9) < QmHAHFz(m;so;G) : HBHF2(M;80;9)' (2)
For A(t,e,0) € Fy(m;ep;0) we denote:

2T

T, [A] = % / A(t,e.0) exp(—ind)dd  (n e 7).
0

MAIN RESULTS
1. Statement of the problem. We consider the next system of differential

equations:
dx

i
where ¢ € (0,e0), A(t,e) = diag(\ (¢,€), ..., AN (t,€)) € Sa(m;eq),
P(t,e,0) € Fa(m;eq; 0).

We study the problem about the structure of fundamental matrix of the system

(A(te) +eP(tef))z, (3)

(3).
2. Auxiliary results. Consider the linear homogeneous system:
d
di; — cA(te)a, (4)

where € € (0,60), A(t.€) = (ajr(t,€)); s—1w € S2(m;c0). Then there exists the ma-
trizant X (t,) of the system (4).

Lemma 1. If X (t,) - is the matrizant of the system (4), then X (t,e), X 1(t,)
belongs to the class Sa(m;eg).

Proof. The matrix X (t,£) — is satisfied to matrix integral equation:

X(te)=E+ €/A(T,€)X(T,€)d7', (5)
0

where E — the unit matrix of order N.
We used the Euclid norm:

N
2 lag(te)l.

k=1

[Ate)l =

=

Il
—

J
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Based on (5) we obtain:
¢
|X(te)| < VN +¢ /lIA(Tﬁ)H X (re)|dr|.
0
By virtue generalized Gronwall-Bellman Lemma [3, pp. 25-27] we have:

t
IX(te)] < VNexp € / |A(r.e)|dr
0

Hence
sup | X(te)| < VN exp <L~ sup [A(t.e) I> : (6)
G(E(}) €0
We have:
X
d Cg’e) — AL X (Le). (7)

Differentiating the identity (7) (m — 1) times, we obtain, that X (¢,e) belongs to the
class Sa(m;ep).
Further we have:
dX " (te))

p” = —eX (te)A(te), X '(0,e)=FE. (8)

Then the matrix X ~1(¢,e) is satisfied to integral equation:

Xl(te) = B—¢ / X~1(re)A(re)dr. ()
0

Hence

t
X~ (te)| < VN +¢ /O | X7 (re)l - |A(re)]dr],

and by virtue the same generalized Gronwall-Bellman Lemma:
t
Xt < VN exp (| [ lA(re)lar
0

Differentiating the identity (8) (m — 1) times, we obtain, that X ~!(¢,¢) belongs to the
class Sa(m;eq) also.

Lemma 1 are proved.

Lemma 2. Let we have the matrix equation

dX

E = 5A(t,€79)7 (10)



122 Shchogolev S. A.

where € € (0,eq), A(t,e,0) € Fo(m;eo;0). Then there exists the solution X (t,e,0) of the
equation (10), which belongs to the class Fa(m;eo;0), and there exists K € (0, + o),
which not depending from A(t,e,0), such, that

HX(tﬁve)HFz(m;so;G) < KHA(tagve)HFz(m;EmG)' (11>

Proof. We represent the matrix A(t,e,0) in a form:

A(t,e,0) = i Ay (t,e) exp(inb),

n=—ao

where A, (t,e) € Sa(m;eo) (n € Z). We seek the solution of the equation (10) in a
form:

X = ) Xu(te)exp(ind), (12)

n=—0

where (N x N)-matrices X,, (n € Z) must be defined. Then we have:

dX,
dtn = —inp(t,e) X, + cAn(te), nel.
In case n = 0 we have: Ax
dTO = cAo(t.e). (13)

Consider the next solution of the equation (13):
t
Xo(te) = E/Ao(T,E)dT. (14)
0
Obviously, this solution belongs to the class Sa(m;eg), and there exists
Ky € (0, + o) such, that

1 X0 (t,€) | 55 (mse0) < Kol Ao(t,e) s, (mseo)- (15)

In case n # 0 we state:

t
X, = e ™m0 [ O () +/An(7',€)€m0(T’E)dT ) (16)
0

where matrices Cy,(¢) are defined by formulas:

m—1 i DI (A, (t,
Cole) = 75 (1Y sty |y

and operators D7 are defined by the formulas:

<>—i(sz,zwm—ijmm,D%0—U
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We apply to the integral in (16) the m-fold integration by the parts. We obtain:

m—1 —
(t E)) m € lne(t E m nf(r
Xn 3 Z m +E(_1) ( D (’7’ 5)) 0( E)dT
7=0 ’
Hence
an _ gm_2 -1 ij+1(An(ta€))
@A (in)i+1
0(t,e) p
t —inf(t, .
re(-1ym ’5()1,2)7” / D™ (A (r,2))e™ ) dr, (17)
0
pe ((3Xa _ em_k_l (—1 j DI (A (te))
dt = (in)i+1
m—k—1 90 —zna(t ) an(T,E) T 1
+e(—1) Gy dr, k=1m—1, (18)
0

Since A, (t, ) € Sy(m;ep), then DF(A,(t,e)) = e*Vyr(t,e), where Vyi(t,e) € Sa(m —
k;e0) (k= 0,m), and

m o0
Z Z bup H‘/;Lk tE)HSQ (m—k;eo0) <+ . (19)
k=0n=—00

Based on (17), (18), (19) we can state, that X, (¢,e) belongs to the class Sa(m;eg)
(neZ), and

0

2 HXn(tvg)Hsz(m;Eo) <+ ©,

n=—0uo

therefore the matrix-function, which defined the formula (12), belongs to the class
Fs(m;ep;0), and there exists K € (0, + o), which not depending from A(t,e,8), such,
that holds unequality (11).

Lemma 2 are proved.

3. Principal result.

Theorem 1. Let the system (3) such, that:

inf [Re(;(t,e) = Ar(tie)[ =7 >0 (5 #k),
G(Eg

and m = 1. Then there exists €* € (0,e9) such, that forall € € (0,e*) there exists the
fundamental matriz X (t.e,0) of the system (3), whih has a kind

t
XD (te,0) = RV (t,e,0) exp / AV (re)dr |,
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where RV (t,,0) € Fo(m — 1;¢*;0), AV (t,e) — the diagonal matriz, belonging to the
class S(m — 1;€*).
This statement is a consequence of the Principal Result of the paper [6].
Theorem 2. Let the system (3) such, that

A(t,E) = isﬁ(tﬁ)l
where ¢(t,e) — is the function in the Definition 2, J = diag(ni,...,ny), nj € Z

(j = 1,N), and m = 1. Then there exists e** € (0,eq) such, that for all € € (0,e**)
there exists fundamental matriz X (t,e,0) of the system (3), which has a kind:

X (te,0(te)) = exp(if(t,e)J)RP (t,e,0(t¢)),

where R (t,e,0(t,€)) € Fy(m — 1;%%:0).
Proof. We make a substitution in the system (3):

x = exp(i6(t,e)J)y, (20)

where y — a new unknown N-dimensional vector. We obtain:

d
L = Q(te)y, (21)
where Q(t,e,00 = exp(—i0(t,e)J)P(t,e,0) exp(if(t,c)J) belongs to the class Fy(m;eg; 6).
Now in the system (21) we make a substitution:
y=(E+e®(teb))z, (22)

where the matrix ® are defined from the equation:

@(t,e)% = Q(t,e,0) —Ulte), (23)

in which U(t,e) = T'o[Q(t,¢,0)]. Then

(n#0)

exp(inf) € Fo(m;ep; ).

As a result of the substitution (22) we obtain:

d
d;j = c(U(te) + eV(te )z, (24)
where the matrix V are defined from the equation:

- é&@(t,e,@). 25)

(E +e®(te,0)V = Q(t,e,0)P(t,e,0) — (t,e,0)U(t,e) pn

The matrix %%—‘f belongs to the class Fa(m — 1;9; ), then there exists €5 € (0,&¢)
such, that for all € € (0,e2) the equation (25) are solved with respect V', anf V(t,¢,0)
belongs to the class Fy(m — 1;e2;60).
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Together with the system (24) we consider a truncated system:

d=0)

pra eU(t,e)2. (26)

Continuity of the matrix U (¢,e) with respect ¢ for all € € (0,e() guarantees the existence
of the matrizant Z(®)(t.e) of the system (25), and by virtue the Lemma 1 Z(©)(t¢),
(ZO(t,£))~! belongs to the class Sa(m — 1;&¢).

We make in the system (24) the substitution:

2= ZO(te), (27)

where £ — the new unknown vector. We obtain:

s _

2
dt =€ W(t3530)§7 (28)

where W = (ZO)(t,e)) "'V (t,£,0)Z) (t,e)) € Fo(m — 1;¢2;0).
Now we show that there exists the substitution

§=(E+e¥(te0))n, (29)
where ¥ € Fy(m — 1;e3;0) (e3 € (0,2)), which leads the system (28) to the system:

dn
pri On, (30)

where O — the null (N x N)-matrix. Really, we define the matrix ¥ from the equation:
dv

i eW (te,0) + W (te,0)V. (31)
Consider the truncated equation:
dv©)
T eW (te,0). (32)

By virtue Lemma 2 this equation has a solution W(9(t..0) € Fy(m — 1;£9;6).

We construct the process of successive approximations, usef as initial approxima-
tion (0 (t.e,0), and the subsequent approximations defining as a solutions from the
class Fao(m — 1;e2;0) of the matrix-equations:

d\If(]H'l)
dt

= eW(teh) +2W(te) ™ k=012,..., (33)

Each of theese solutions exists by virtue Lemma 2. Then we have:

d(Uk+1) _ g(k)
dt

= W (te,0)(¥H w0y =19 (34)

By virtue Lemma 2 and unequality (2) we obtain:

|‘\Il(k+1) - \IJ(k) HFz(m—l;sQ;O) < EQm_lKH\I’(k) - \Il(k_l)HFz(m—l;52;0)7 k= 172a v
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(K are defined in the Lemma 2), therefore the convergence of the process (33) are
guaranteed by the unequality 0 < £ < 3, where 32" 'K < 1. As a result of the
process (33) we obtain the solution ¥(¢,e,8), belongs to the class Fa(m — 1;£3;6), of
the equation (31).

The matrizant of the system (30) is E. Thus, by virtue (20), (22), (27), (29) we
obtain, that the fundamental matrix of the system (3) has a kind:

X®(te,0) = exp(if(t,e)J)(E + e®(t,e,0)) 2O (t,e)(E + e¥(t,e,0)),
and the Theorem 2 are proved.

Remark 1. In the sence of the condidtion of the Theorem 2 we say, that we have
a resonance case.

CONCLUSION. Thus, the kind of the fundamental matrix of the linear homoge-
neous systems of the differential equations, whose coefficients are represented as an
absolutely and uniformly convergent Fourier-series with slowly varying coefficients
and frequency, are obtained in some resonance case.
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IJozones C. A.
IIPO CTPYKTYPY OVHAAMEHTAJIBHOI MATPULII JIIHIMHOI OJHOPIJIHOI JIU®EPEHIIAJIbHOT
CUCTEMU CIIELIAJILHOT'O BUIJIALY

Pesrome

st miniiinol ogHOPiMHOL MudepeHIialbHOl cucTeMu, KOeMIIieHTH Kol 300paKyBaHi abco-
JIIOTHO Ta piBHOMIpHO 30ikHMME psisamMu Pyp’e 3 mOBiIBHO 3MiHHMMHK KoedinieHTaMu Ta
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YacTOTOI0, BCTAHOBJIEHO BUIVISA (PYHIAMEHTAJIbHOI MaTPHII 34 yMOBU BUKOHAHHS IEBHUX
PE30HAHCHUX CIIiBBi/IHOIIEHD.
Karouo06i caosa: Ainiting dugepernyianvhi cucmemu, Gyrnoamenmarvra mampuys, padu Pyp’e.

II[ézones C. A.
O CTPYKTYPE ®VHIAMEHTAJIbHON MATPUIIBI JIMHENHON OJTHOPO/IHOU JUPPEPEHIIU-
AJIbHOII CUCTEMBI CHEIUAJILHOTO BUJIA

Pesrome

st muneitno#t ogHOpPOIHOM auddepeHIMaIbHONR CHCTEMBI, KoM MUITUNEHTHI KOTOPOI TPe/I-
CTaBUMbI a0COJIIOTHO U PABHOMEPHO CXOoadAmmmucs psigamMu Oypbe ¢ MeJJIeHHO MEHSIOIUMU-
cs KoabdUIMEeHTaAMY U 9aCTOTOMR, yCTAaHOBJIEH BU, (DYHIAMEHTAILHON MATPUIIBI IIPHU yCJIOBUN
BBINIOJTHEHUS] HEKOTOPBIX PE30HAHCHBIX COOTHOIIEHMIA.

Karouesvie caosa: aunetinve dupdepenyuarvhoie cucmemovl, GyHOGMEHMANOHAL MAMPUYE,
padv. Pypoe.



