
Researches in Mathematics and Mechanics. – 2018. – V. 23, Is. 2(32). – P. 118–127

UDC 517.926

S. A. Shchogolev
I. I. Mechnikov Odesa National University

ON THE STRUCTURE OF THE FUNDAMENTAL MATRIX OF THE
LINEAR HOMOGENEOUS DIFFERENTIAL SYSTEM OF THE
SPECIAL KIND

For the linear homogeneous differenrial system, whose coefficients are represented as an

absolutely and uniformly convergent Fourier-series with slowly varying coefficients and fre-

quency, the kind of the fundamental matrix are established by the condidtion of the some

resonance relations.

MSC: 34A30, 34C25.

Key words: linear differential systems, fundamental matrix, Fourier series.

DOI: 10.18524/2519–206x.2018.2(32).149709.

Introduction. In the theory of linear systems of differential equations is well
known the Floquet-Lyapunov theorem [1]. The fundamental matrix 𝑋p𝑡q of the linear
homogeneous system

𝑑𝑥

𝑑𝑡
“ 𝐴p𝑡q𝑥, 𝑡 P R, p1q

where 𝐴p𝑡q – is a continuous 𝑇 -periodic matrix, has a kind:

𝑋p𝑡q “ 𝐹 p𝑡q 𝑒𝑡𝐾 ,

where 𝐹 p𝑡q – is a 𝑇 -periodic matrix, and 𝐾 – is a constant matrix.
There exists many analogues of this theorem for the linear systems of different

types, for example, for the systems with quasiperiodic coefficients [2], for the countable
systems of differential equations [3], for the differential equations in the Banach spaces
[4] and other.

The purpose of this paper is to obtain the kind of the fundamental matrix of
the linear systems of the differential equations whose coefficients are represented as
an absolutely and uniformly convergent Fourier-series with slowly varying coefficients
and frequency by the condition of the some resonance relations.

Notation. Let 𝐺p𝜀0q “ t𝑡,𝜀 : 0 ă 𝜀 ă 𝜀0, ´ 𝐿𝜀
´1 ď 𝑡 ď 𝐿𝜀´1, 0 ă 𝐿 ă `8u.

Definition 1. We say, that a function 𝑝p𝑡,𝜀q belongs to a class 𝑆0p𝑚; 𝜀0q
(𝑚 P NY t0u), if

1) 𝑝 : 𝐺p𝜀0q Ñ C, 2) 𝑝p𝑡,𝜀q P 𝐶𝑚p𝐺p𝜀0qq with respect 𝑡;
3) 𝑑𝑘𝑝p𝑡,𝜀q{𝑑𝑡𝑘 “ 𝜀𝑘𝑝˚𝑘p𝑡,𝜀q p0 ď 𝑘 ď 𝑚q,

}𝑝}𝑆0p𝑚;𝜀0q
𝑑𝑒𝑓
“

𝑚
ÿ

𝑘“0

sup
𝐺p𝜀0q

|𝑝˚𝑘p𝑡,𝜀q| ă `8.

Under the slowly varying function we mean the function of the class 𝑆0p𝑚; 𝜀0q.
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Definition 2. We say, that a function 𝑓p𝑡,𝜀,𝜃p𝑡,𝜀qq belongs to a class 𝐹0p𝑚; 𝜀0; 𝜃q
p𝑚 P NY t0uq, if this function can be represented as:

𝑓p𝑡,𝜀,𝜃p𝑡,𝜀qq “
8
ÿ

𝑛“´8

𝑓𝑛p𝑡,𝜀q exp p𝑖𝑛𝜃p𝑡,𝜀qq,

and:
1) 𝑓𝑛p𝑡,𝜀q P 𝑆0p𝑚; 𝜀0q;
2)

}𝑓}𝐹0p𝑚;𝜀0;𝜃q
𝑑𝑒𝑓
“

8
ÿ

𝑛“´8

}𝑓𝑛}𝑆0p𝑚;𝜀0q ă `8,

3) 𝜃p𝑡,𝜀q “
𝑡́

0

𝜙p𝜏,𝜀q𝑑𝜏 , 𝜙p𝑡,𝜀q P R`, 𝜙p𝑡,𝜀q P 𝑆0p𝑚; 𝜀0q, inf
𝐺p𝜀0q

𝜙p𝑡,𝜀q “ 𝜙0 ą 0.

State some properties of the functions of the classes 𝑆0p𝑚; 𝜀0q, 𝐹0p𝑚; 𝜀0; 𝜃q (the
proofs are given in [5]). Let 𝑘 “ const, 𝑝,𝑞 P 𝑆0p𝑚; 𝜀0q, 𝑢,𝑣 P 𝐹0p𝑚; 𝜀0; 𝜃q. Then 𝑘𝑝,
𝑝˘𝑞, 𝑝𝑞 belongs to the class 𝑆0p𝑚; 𝜀0q, 𝑘𝑢, 𝑢˘𝑣, 𝑢𝑣 belongs to the class 𝐹0p𝑚; 𝜀0; 𝜃q,
and

1) }𝑘𝑝}𝑆0p𝑚;𝜀0q “ |𝑘| ¨ }𝑝}𝑆0p𝑚;𝜀0q.
2) }𝑝˘ 𝑞}𝑆0p𝑚;𝜀0q ď }𝑝}𝑆0p𝑚;𝜀0q ` }𝑞}𝑆0p𝑚,𝜀0q.
3) }𝑝𝑞}𝑆0p𝑚;𝜀0q ď 2𝑚}𝑝}𝑆0p𝑚;𝜀0q}𝑞}𝑆0p𝑚;𝜀0q.
4) }𝑘𝑢}𝐹0p𝑚;𝜀0;𝜃q “ |𝑘| ¨ }𝑢}𝐹0p𝑚;𝜀0;𝜃q.
5) }𝑢˘ 𝑣}𝐹0p𝑚;𝜀0;𝜃q ď }𝑢}𝐹0p𝑚;𝜀0;𝜃q ` }𝑣}𝐹0p𝑚;𝜀0;𝜃q.
6) }𝑢𝑣}𝐹0p𝑚;𝜀0;𝜃q ď 2𝑚}𝑢}𝐹0p𝑚;𝜀0;𝜃q ¨ }𝑣}𝐹0p𝑚;𝜀0;𝜃q.
Definition 3. We say, that a vector-function 𝑎p𝑡,𝜀q “ colonp𝑎1p𝑡,𝜀q, . . . ,𝑎𝑁 p𝑡,𝜀qq

belongs to a class 𝑆1p𝑚; 𝜀0q, if 𝑎𝑗p𝑡,𝜀q P 𝑆0p𝑚; 𝜀0q p𝑗 “ 1,𝑁q. We say, that a matrix-
function 𝐴p𝑡,𝜀q “ p𝑎𝑗𝑘p𝑡,𝜀qq𝑗,𝑘“1,𝑁 belongs to a class 𝑆2p𝑚; 𝜀0q, if 𝑎𝑗𝑘p𝑡,𝜀q P 𝑆0p𝑚; 𝜀0q

p𝑗,𝑘 “ 1,𝑁q.
We define the norms:

}𝑎p𝑡,𝜀q}𝑆1p𝑚;𝜀0q “ max
1ď𝑗ď𝑁

}𝑎𝑗p𝑡,𝜀q}𝑆0p𝑚;𝜀0q,

}𝐴p𝑡,𝜀q}𝑆2p𝑚;𝜀0q “ max
1ď𝑗ď𝑁

𝑁
ÿ

𝑘“1

}𝑎𝑗𝑘p𝑡,𝜀q}𝑆0p𝑚;𝜀0q.

Definition 4. We say, that a vector-function 𝑏p𝑡,𝜀,𝜃q “ colonp𝑏1p𝑡,𝜀,𝜃q, . . . ,𝑏𝑁 p𝑡,𝜀,𝜃qq
belongs to a class 𝐹1p𝑚; 𝜀0; 𝜃q, if 𝑏𝑗p𝑡,𝜀,𝜃q P 𝐹0p𝑚; 𝜀0; 𝜃q p𝑗 “ 1,𝑁q. We say, that
a matrix-function 𝐵p𝑡,𝜀,𝜃q “ p𝑏𝑗𝑘p𝑡,𝜀,𝜃qq𝑗,𝑘“1,𝑁 belongs to a class 𝐹2p𝑚; 𝜀0; 𝜃q, if

𝑏𝑗𝑘p𝑡,𝜀,𝜃q P 𝐹0p𝑚; 𝜀0; 𝜃q p𝑗,𝑘 “ 1,𝑁q.
We define the norms:

}𝑏p𝑡,𝜀,𝜃q}𝐹1p𝑚;𝜀0;𝜃q “ max
1ď𝑗ď𝑁

}𝑏𝑗p𝑡,𝜀,𝜃q}𝐹0p𝑚;𝜀0;𝜃q,

}𝐵p𝑡,𝜀,𝜃q}𝐹2p𝑚;𝜀0;𝜃q “ max
1ď𝑗ď𝑁

𝑁
ÿ

𝑘“1

}𝑏𝑗𝑘p𝑡,𝜀,𝜃q}𝐹0p𝑚;𝜀0;𝜃q.
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Thus, the matrix 𝐵p𝑡,𝜀,𝜃q has a kind:

𝐵p𝑡,𝜀,𝜃q “
8
ÿ

𝑛“´8

𝐵𝑛p𝑡,𝜀q expp𝑖𝑛𝜃p𝑡,𝜀qq,

where 𝐵𝑛p𝑡,𝜀q P 𝑆2p𝑚; 𝜀0q, and

}𝐵p𝑡,𝜀,𝜃q}𝐹2p𝑚;𝜀0;𝜃q ď

8
ÿ

𝑛“´8

}𝐵𝑛p𝑡,𝜀q}𝑆2p𝑚;𝜀0q.

It is easy to obtain, that, if 𝐴,𝐵 P 𝐹2p𝑚; 𝜀0; 𝜃q, then 𝐴𝐵 P 𝐹2p𝑚; 𝜀; 𝜃q, and

}𝐴𝐵}𝐹2p𝑚;𝜀0;𝜃q ď 2𝑚}𝐴}𝐹2p𝑚;𝜀0;𝜃q ¨ }𝐵}𝐹2p𝑚;𝜀0;𝜃q. p2q

For 𝐴p𝑡,𝜀,𝜃q P 𝐹2p𝑚; 𝜀0; 𝜃q we denote:

Γ𝑛r𝐴s “
1

2𝜋

2𝜋ˆ

0

𝐴p𝑡,𝜀,𝜃q expp´𝑖𝑛𝜃q𝑑𝜃 p𝑛 P Zq.

Main Results

1. Statement of the problem. We consider the next system of differential
equations:

𝑑𝑥

𝑑𝑡
“ pΛp𝑡,𝜀q ` 𝜀𝑃 p𝑡,𝜀,𝜃qq𝑥, p3q

where 𝜀 P p0,𝜀0q, Λp𝑡,𝜀q “ diagp𝜆1p𝑡,𝜀q, . . . ,𝜆𝑁 p𝑡,𝜀qq P 𝑆2p𝑚; 𝜀0q,
𝑃 p𝑡,𝜀,𝜃q P 𝐹2p𝑚; 𝜀0; 𝜃q.

We study the problem about the structure of fundamental matrix of the system
(3).

2. Auxiliary results. Consider the linear homogeneous system:

𝑑𝑥

𝑑𝑡
“ 𝜀𝐴p𝑡,𝜀q𝑥, p4q

where 𝜀 P p0,𝜀0q, 𝐴p𝑡,𝜀q “ p𝑎𝑗𝑘p𝑡,𝜀qq𝑗,𝑘“1,𝑁 P 𝑆2p𝑚; 𝜀0q. Then there exists the ma-
trizant 𝑋p𝑡,𝜀q of the system (4).

Lemma 1. If 𝑋p𝑡,𝜀q – is the matrizant of the system (4), then 𝑋p𝑡,𝜀q, 𝑋´1p𝑡,𝜀q
belongs to the class 𝑆2p𝑚; 𝜀0q.

Proof. The matrix 𝑋p𝑡,𝜀q – is satisfied to matrix integral equation:

𝑋p𝑡,𝜀q “ 𝐸 ` 𝜀

𝑡ˆ

0

𝐴p𝜏,𝜀q𝑋p𝜏,𝜀q𝑑𝜏, p5q

where 𝐸 – the unit matrix of order 𝑁 .
We used the Euclid norm:

}𝐴p𝑡,𝜀q} “

g

f

f

e

𝑁
ÿ

𝑗“1

𝑁
ÿ

𝑘“1

|𝑎𝑗𝑘p𝑡,𝜀q|2.
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Based on (5) we obtain:

}𝑋p𝑡,𝜀q} ď
?
𝑁 ` 𝜀

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

𝑡ˆ

0

}𝐴p𝜏,𝜀q} ¨ }𝑋p𝜏,𝜀q}𝑑𝜏

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

By virtue generalized Gronwall-Bellman Lemma [3, pp. 25–27] we have:

}𝑋p𝑡,𝜀q} ď
?
𝑁 exp

¨

˝𝜀

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

𝑡ˆ

0

}𝐴p𝜏,𝜀q}𝑑𝜏

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˛

‚.

Hence

sup
𝐺p𝜀0q

}𝑋p𝑡,𝜀q} ď
?
𝑁 exp

˜

𝐿 ¨ sup
𝐺p𝜀0q

}𝐴p𝑡,𝜀q}

¸

. p6q

We have:
𝑑𝑋p𝑡,𝜀q

𝑑𝑡
“ 𝜀𝐴p𝑡,𝜀q𝑋p𝑡,𝜀q. p7q

Differentiating the identity (7) p𝑚 ´ 1q times, we obtain, that 𝑋p𝑡,𝜀q belongs to the
class 𝑆2p𝑚; 𝜀0q.

Further we have:

𝑑p𝑋´1p𝑡,𝜀qq

𝑑𝑡
“ ´𝜀𝑋´1p𝑡,𝜀q𝐴p𝑡,𝜀q, 𝑋´1p0,𝜀q “ 𝐸. p8q

Then the matrix 𝑋´1p𝑡,𝜀q is satisfied to integral equation:

𝑋´1p𝑡,𝜀q “ 𝐸 ´ 𝜀

𝑡ˆ

0

𝑋´1p𝜏,𝜀q𝐴p𝜏,𝜀q𝑑𝜏. p9q

Hence

}𝑋´1p𝑡,𝜀q} ď
?
𝑁 ` 𝜀

ˇ

ˇ

ˇ

ˇ

ˆ 𝑡

0

}𝑋´1p𝜏,𝜀q} ¨ }𝐴p𝜏,𝜀q}𝑑𝜏

ˇ

ˇ

ˇ

ˇ

,

and by virtue the same generalized Gronwall-Bellman Lemma:

}𝑋´1p𝑡,𝜀q} ď
?
𝑁 exp

¨

˝𝜀

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

𝑡ˆ

0

}𝐴p𝜏,𝜀q}𝑑𝜏

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˛

‚.

Differentiating the identity (8) p𝑚´1q times, we obtain, that 𝑋´1p𝑡,𝜀q belongs to the
class 𝑆2p𝑚; 𝜀0q also.

Lemma 1 are proved.

Lemma 2. Let we have the matrix equation

𝑑𝑋

𝑑𝑡
“ 𝜀𝐴p𝑡,𝜀,𝜃q, p10q
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where 𝜀 P p0,𝜀0q, 𝐴p𝑡,𝜀,𝜃q P 𝐹2p𝑚; 𝜀0; 𝜃q. Then there exists the solution 𝑋p𝑡,𝜀,𝜃q of the
equation (10), which belongs to the class 𝐹2p𝑚; 𝜀0; 𝜃q, and there exists 𝐾 P p0,`8q,
which not depending from 𝐴p𝑡,𝜀,𝜃q, such, that

}𝑋p𝑡,𝜀,𝜃q}𝐹2p𝑚;𝜀0;𝜃q ď 𝐾}𝐴p𝑡,𝜀,𝜃q}𝐹2p𝑚;𝜀0;𝜃q. p11q

Proof. We represent the matrix 𝐴p𝑡,𝜀,𝜃q in a form:

𝐴p𝑡,𝜀,𝜃q “
8
ÿ

𝑛“´8

𝐴𝑛p𝑡,𝜀q expp𝑖𝑛𝜃q,

where 𝐴𝑛p𝑡,𝜀q P 𝑆2p𝑚; 𝜀0q p𝑛 P Zq. We seek the solution of the equation (10) in a
form:

𝑋 “

8
ÿ

𝑛“´8

𝑋𝑛p𝑡,𝜀q expp𝑖𝑛𝜃q, p12q

where p𝑁 ˆ𝑁q-matrices 𝑋𝑛 p𝑛 P Zq must be defined. Then we have:

𝑑𝑋𝑛

𝑑𝑡
“ ´𝑖𝑛𝜙p𝑡,𝜀q𝑋𝑛 ` 𝜀𝐴𝑛p𝑡,𝜀q, 𝑛 P Z.

In case 𝑛 “ 0 we have:
𝑑𝑋0

𝑑𝑡
“ 𝜀𝐴0p𝑡,𝜀q. p13q

Consider the next solution of the equation (13):

𝑋0p𝑡,𝜀q “ 𝜀

𝑡ˆ

0

𝐴0p𝜏,𝜀q𝑑𝜏. p14q

Obviously, this solution belongs to the class 𝑆2p𝑚; 𝜀0q, and there exists
𝐾0 P p0,`8q such, that

}𝑋0p𝑡,𝜀q}𝑆2p𝑚;𝜀0q ď 𝐾0}𝐴0p𝑡,𝜀q}𝑆2p𝑚;𝜀0q. p15q

In case 𝑛 ‰ 0 we state:

𝑋𝑛 “ 𝜀𝑒´𝑖𝑛𝜃p𝑡,𝜀q

¨

˝𝐶𝑛p𝜀q `

𝑡ˆ

0

𝐴𝑛p𝜏,𝜀q𝑒
𝑖𝑛𝜃p𝜏,𝜀q𝑑𝜏

˛

‚, p16q

where matrices 𝐶𝑛p𝜀q are defined by formulas:

𝐶𝑛p𝜀q “
ř𝑚´1

𝑗“0 p´1q
𝑗 𝐷𝑗

p𝐴𝑛p𝑡,𝜀qq
p𝑖𝑛q𝑗`1𝜙p𝑡,𝜀q

ˇ

ˇ

ˇ

𝑡“0
,

and operators 𝐷𝑗 are defined by the formulas:

𝐷p𝑈q “
𝑑

𝑑𝑡

ˆ

𝑈p𝑡,𝜀q

𝜙p𝑡,𝜀q

˙

, 𝐷𝑗p𝑈q “ 𝐷p𝐷𝑗´1p𝑈qq, 𝐷0p𝑈q “ 𝑈.
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We apply to the integral in (16) the 𝑚-fold integration by the parts. We obtain:

𝑋𝑛 “ 𝜀
𝑚´1
ÿ

𝑗“0

p´1q𝑗
𝐷𝑗p𝐴𝑛p𝑡,𝜀qq

p𝑖𝑛q𝑗`1𝜙p𝑡,𝜀q
` 𝜀p´1q𝑚

𝑒´𝑖𝑛𝜃p𝑡,𝜀q

p𝑖𝑛q𝑚

𝑡ˆ

0

𝐷𝑚p𝐴𝑛p𝜏,𝜀qq𝑒
𝑖𝑛𝜃p𝜏,𝜀q𝑑𝜏.

Hence

𝑑𝑋𝑛

𝑑𝑡
“ 𝜀

𝑚´2
ÿ

𝑗“0

p´1q𝑗
𝐷𝑗`1p𝐴𝑛p𝑡,𝜀qq

p𝑖𝑛q𝑗`1
`

`𝜀p´1q𝑚
𝜙p𝑡,𝜀q𝑒´𝑖𝑛𝜃p𝑡,𝜀q

p𝑖𝑛q𝑚

𝑡ˆ

0

𝐷𝑚p𝐴𝑛p𝜏,𝜀qq𝑒
𝑖𝑛𝜃p𝜏,𝜀q𝑑𝜏, p17q

𝐷𝑘

ˆ

𝑑𝑋𝑛

𝑑𝑡

˙

“ 𝜀
𝑚´𝑘´1
ÿ

𝑗“0

p´1q𝑗
𝐷𝑗`𝑘`1p𝐴𝑛p𝑡,𝜀qq

p𝑖𝑛q𝑗`1
`

`𝜀p´1q𝑚´𝑘´1𝜙p𝑡,𝜀q𝑒
´𝑖𝑛𝜃p𝑡,𝜀q

p𝑖𝑛q𝑚´𝑘´1

𝑡ˆ

0

𝐷𝑚p𝐴𝑛p𝜏,𝜀qq𝑒
𝑖𝑛𝜃p𝜏,𝜀q𝑑𝜏, 𝑘 “ 1,𝑚´ 1, p18q

Since 𝐴𝑛p𝑡,𝜀q P 𝑆2p𝑚; 𝜀0q, then 𝐷
𝑘p𝐴𝑛p𝑡,𝜀qq “ 𝜀𝑘𝑉𝑛𝑘p𝑡,𝜀q, where 𝑉𝑛𝑘p𝑡,𝜀q P 𝑆2p𝑚 ´

𝑘; 𝜀0q p𝑘 “ 0,𝑚q, and

𝑚
ÿ

𝑘“0

8
ÿ

𝑛“´8

sup
𝐺p𝜀0q

}𝑉𝑛𝑘p𝑡,𝜀q}𝑆2p𝑚´𝑘;𝜀0q ă ` 8. p19q

Based on (17), (18), (19) we can state, that 𝑋𝑛p𝑡,𝜀q belongs to the class 𝑆2p𝑚; 𝜀0q
p𝑛 P Zq, and

8
ÿ

𝑛“´8

}𝑋𝑛p𝑡,𝜀q}𝑆2p𝑚;𝜀0q ă ` 8,

therefore the matrix-function, which defined the formula (12), belongs to the class
𝐹2p𝑚; 𝜀0; 𝜃q, and there exists 𝐾 P p0,`8q, which not depending from 𝐴p𝑡,𝜀,𝜃q, such,
that holds unequality (11).

Lemma 2 are proved.
3. Principal result.
Theorem 1. Let the system (3) such, that:

inf
𝐺p𝜀0q

|Rep𝜆𝑗p𝑡,𝜀q ´ 𝜆𝑘p𝑡,𝜀q| ě 𝛾 ą 0 p𝑗 ‰ 𝑘q,

and 𝑚 ě 1. Then there exists 𝜀˚ P p0,𝜀0q such, that forall 𝜀 P p0,𝜀
˚q there exists the

fundamental matrix 𝑋p1qp𝑡,𝜀,𝜃q of the system (3), whih has a kind

𝑋p1qp𝑡,𝜀,𝜃q “ 𝑅p1qp𝑡,𝜀,𝜃q exp

¨

˝

𝑡ˆ

0

Λp1qp𝜏,𝜀q𝑑𝜏

˛

‚,
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where 𝑅p1qp𝑡,𝜀,𝜃q P 𝐹2p𝑚 ´ 1; 𝜀˚; 𝜃q, Λp1qp𝑡,𝜀q – the diagonal matrix, belonging to the
class 𝑆p𝑚´ 1; 𝜀˚q.

This statement is a consequence of the Principal Result of the paper [6].
Theorem 2. Let the system (3) such, that

Λp𝑡,𝜀q “ 𝑖𝜙p𝑡,𝜀q𝐽,

where 𝜙p𝑡,𝜀q – is the function in the Definition 2, 𝐽 “ diagp𝑛1, . . . ,𝑛𝑁 q, 𝑛𝑗 P Z
p𝑗 “ 1,𝑁q, and 𝑚 ě 1. Then there exists 𝜀˚˚ P p0,𝜀0q such, that for all 𝜀 P p0,𝜀˚˚q
there exists fundamental matrix 𝑋p2qp𝑡,𝜀,𝜃q of the system (3), which has a kind:

𝑋p2qp𝑡,𝜀,𝜃p𝑡,𝜀qq “ expp𝑖𝜃p𝑡,𝜀q𝐽q𝑅p2qp𝑡,𝜀,𝜃p𝑡,𝜀qq,

where 𝑅p2qp𝑡,𝜀,𝜃p𝑡,𝜀qq P 𝐹2p𝑚´ 1; 𝜀˚˚; 𝜃q.
Proof. We make a substitution in the system (3):

𝑥 “ expp𝑖𝜃p𝑡,𝜀q𝐽q𝑦, p20q

where 𝑦 – a new unknown 𝑁 -dimensional vector. We obtain:

𝑑𝑦

𝑑𝑡
“ 𝜀𝑄p𝑡,𝜀,𝜃q𝑦, p21q

where𝑄p𝑡,𝜀,𝜃0 “ expp´𝑖𝜃p𝑡,𝜀q𝐽q𝑃 p𝑡,𝜀,𝜃q expp𝑖𝜃p𝑡,𝜀q𝐽q belongs to the class 𝐹2p𝑚; 𝜀0; 𝜃q.
Now in the system (21) we make a substitution:

𝑦 “ p𝐸 ` 𝜀Φp𝑡,𝜀,𝜃qq𝑧, p22q

where the matrix Φ are defined from the equation:

𝜙p𝑡,𝜀q
BΦ

B𝜃
“ 𝑄p𝑡,𝜀,𝜃q ´ 𝑈p𝑡,𝜀q, p23q

in which 𝑈p𝑡,𝜀q “ Γ0r𝑄p𝑡,𝜀,𝜃qs. Then

Φp𝑡,𝜀,𝜃q “
8
ÿ

𝑛“´8
p𝑛‰0q

Γ𝑛r𝑄p𝑡,𝜀,𝜃qs

𝑖𝑛𝜙p𝑡,𝜀q
expp𝑖𝑛𝜃q P 𝐹2p𝑚; 𝜀0; 𝜃q.

As a result of the substitution (22) we obtain:

𝑑𝑧

𝑑𝑡
“ 𝜀p𝑈p𝑡,𝜀q ` 𝜀𝑉 p𝑡,𝜀,𝜃qq𝑧, p24q

where the matrix 𝑉 are defined from the equation:

p𝐸 ` 𝜀Φp𝑡,𝜀,𝜃qq𝑉 “ 𝑄p𝑡,𝜀,𝜃qΦp𝑡,𝜀,𝜃q ´ Φp𝑡,𝜀,𝜃q𝑈p𝑡,𝜀q ´
1

𝜀

BΦp𝑡,𝜀,𝜃q

B𝑡
. p25q

The matrix 1
𝜀
BΦ
B𝑡 belongs to the class 𝐹2p𝑚´1; 𝜀0; 𝜃q, then there exists 𝜀2 P p0,𝜀0q

such, that for all 𝜀 P p0,𝜀2q the equation (25) are solved with respect 𝑉 , anf 𝑉 p𝑡,𝜀,𝜃q
belongs to the class 𝐹2p𝑚´ 1; 𝜀2; 𝜃0q.
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Together with the system (24) we consider a truncated system:

𝑑𝑧p0q

𝑑𝑡
“ 𝜀𝑈p𝑡,𝜀q𝑧p0q. p26q

Continuity of the matrix 𝑈p𝑡,𝜀q with respect 𝑡 for all 𝜀 P p0,𝜀0q guarantees the existence
of the matrizant 𝑍p0qp𝑡,𝜀q of the system (25), and by virtue the Lemma 1 𝑍p0qp𝑡,𝜀q,
p𝑍p0qp𝑡,𝜀qq´1 belongs to the class 𝑆2p𝑚´ 1; 𝜀0q.

We make in the system (24) the substitution:

𝑧 “ 𝑍p0qp𝑡,𝜀q𝜉, p27q

where 𝜉 – the new unknown vector. We obtain:

𝑑𝜉

𝑑𝑡
“ 𝜀2𝑊 p𝑡,𝜀,𝜃q𝜉, p28q

where 𝑊 “ p𝑍p0qp𝑡,𝜀qq´1𝑉 p𝑡,𝜀,𝜃q𝑍p0qp𝑡,𝜀qq P 𝐹2p𝑚´ 1; 𝜀2; 𝜃q.
Now we show that there exists the substitution

𝜉 “ p𝐸 ` 𝜀Ψp𝑡,𝜀,𝜃qq𝜂, p29q

where Ψ P 𝐹2p𝑚´ 1; 𝜀3; 𝜃q p𝜀3 P p0,𝜀2qq, which leads the system (28) to the system:

𝑑𝜂

𝑑𝑡
“ 𝑂𝜂, p30q

where 𝑂 – the null p𝑁ˆ𝑁q-matrix. Really, we define the matrix Ψ from the equation:

𝑑Ψ

𝑑𝑡
“ 𝜀𝑊 p𝑡,𝜀,𝜃q ` 𝜀2𝑊 p𝑡,𝜀,𝜃qΨ. p31q

Consider the truncated equation:

𝑑Ψp0q

𝑑𝑡
“ 𝜀𝑊 p𝑡,𝜀,𝜃q. p32q

By virtue Lemma 2 this equation has a solution Ψp0qp𝑡,𝜀,𝜃q P 𝐹2p𝑚´ 1; 𝜀2; 𝜃q.
We construct the process of successive approximations, usef as initial approxima-

tion Ψp0qp𝑡,𝜀,𝜃q, and the subsequent approximations defining as a solutions from the
class 𝐹2p𝑚´ 1; 𝜀2; 𝜃q of the matrix-equations:

𝑑Ψp𝑘`1q

𝑑𝑡
“ 𝜀𝑊 p𝑡,𝜀,𝜃q ` 𝜀2𝑊 p𝑡,𝜀,𝜃qΨp𝑘q, 𝑘 “ 0,1,2, . . . , p33q

Each of theese solutions exists by virtue Lemma 2. Then we have:

𝑑pΨp𝑘`1q ´Ψp𝑘qq

𝑑𝑡
“ 𝜀2𝑊 p𝑡,𝜀,𝜃qpΨp𝑘q ´Ψp𝑘´1qq, 𝑘 “ 1,2, . . . , p34q

By virtue Lemma 2 and unequality (2) we obtain:

}Ψp𝑘`1q ´Ψp𝑘q}𝐹2p𝑚´1;𝜀2;𝜃q ď 𝜀2𝑚´1𝐾}Ψp𝑘q ´Ψp𝑘´1q}𝐹2p𝑚´1;𝜀2;𝜃q, 𝑘 “ 1,2, . . .
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(𝐾 are defined in the Lemma 2), therefore the convergence of the process (33) are
guaranteed by the unequality 0 ă 𝜀 ă 𝜀3, where 𝜀32

𝑚´1𝐾 ă 1. As a result of the
process (33) we obtain the solution Ψp𝑡,𝜀,𝜃q, belongs to the class 𝐹2p𝑚´ 1; 𝜀3; 𝜃q, of
the equation (31).

The matrizant of the system (30) is 𝐸. Thus, by virtue (20), (22), (27), (29) we
obtain, that the fundamental matrix of the system (3) has a kind:

𝑋p2qp𝑡,𝜀,𝜃q “ expp𝑖𝜃p𝑡,𝜀q𝐽qp𝐸 ` 𝜀Φp𝑡,𝜀,𝜃qq𝑍p0qp𝑡,𝜀qp𝐸 ` 𝜀Ψp𝑡,𝜀,𝜃qq,

and the Theorem 2 are proved.

Remark 1. In the sence of the condidtion of the Theorem 2 we say, that we have
a resonance case.

Conclusion. Thus, the kind of the fundamental matrix of the linear homoge-
neous systems of the differential equations, whose coefficients are represented as an
absolutely and uniformly convergent Fourier-series with slowly varying coefficients
and frequency, are obtained in some resonance case.

References

1. Yakubovich, V. A., and Starzhinskiy, V. M. 1972, Lineynyie differentsialnyie urav-
neniya s periodicheskimi koefficientami i ih prilozheniya [The linear differential equations
with periodic coefficients and their applications], M.: Nauka, 720 p.

2. Shtokalo, I. Z. 1960, Lineynyie differentsialnyie uravneniya s peremennymi koefficien-
tami [The linear differential equations with variable coefficients], K.: Izd-vo AN USSR,
76 p.

3. Samoylenko, A. M., and Teplinskiy, Yu. V. 1993, Schyotnyie sistemyi differentsial-
nyih uravneniy [Countable systems of differential equations], K.: IM NAN Ukrainyi, 308
p.

4. Daletskiy, Yu. L., and Kreyn, M. G. 1970, Ustoychivost resheniy differentsialnyih
uravneniy v banahovom prostranstve [The stability of solutions of differential equations
in Banach spaces], M.: Nauka, 536 p.

5. Shchogolev S. A. 2012, Deyaki zadachi teoryi kolyvanj dlya diferetsialnyih sistem, yaki
mistyatj povilno zminni parametryi [The some problems of the theory of oscillations for
the differential systems, containing slowly varying parameters]. – Manuscript. – The
thesis for obtaining the scientific degree of Doctor of physical and mathematical sciencies.
Kyiv Taras Shevcenko National University, 290 p.

6. Shchogolev S. A. 2018 The analogue of the Floquet-Lyapunov Theorem for the linear
differential systems of the special kind. Researches in Mathematics and Mechanics, V.23,
Is 1(31), 149-156.

Щоголев С. А.
Про структуру фундаментальної матрицi лiнiйної однорiдної диференцiальної
системи спецiального вигляду

Резюме

Для лiнiйної однорiдної диференцiальної системи, коефiцiєнти якої зображуванi абсо-
лютно та рiвномiрно збiжними рядами Фур’є з повiльно змiнними коефiцiєнтами та
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частотою, встановлено вигляд фундаментальної матрицi за умови виконання певних
резонансних спiввiдношень.
Ключовi слова: лiнiйнi диференцiальнi системи, фундаментальна матриця, ряди Фур’є.

Щёголев С. А.
О структуре фундаментальной матрицы линейной однородной дифференци-
альной системы специального вида

Резюме

Для линейной однородной дифференциальной системы, коэффицииенты которой пред-
ставимы абсолютно и равномерно сходящимися рядами Фурье с медленно меняющими-
ся коэффициентами и частотой, установлен вид фундаментальной матрицы при условии
выполнения некоторых резонансных соотношений.
Ключевые слова: линейные дифференциальные системы, фундаментальная матрица,
ряды Фурье.


