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DIVISORS OF THE GAUSSIAN INTEGERS IN NORM GROUP Ef,

The divisor function in norm group E; is investigated, where the set E; is a multiplicative
subgroup in the multiplicative group of classes of residues modulo p™ over Z[i]. The asymp-
totic formula is obtained.
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INTRODUCTION. Let A, B be two infinite sets of positive numbers. We define
generalized function of divisors

TaB(n) =#{(a,b) e AxBlab=n},(n €N).

Usually study a behavior in average the function 7o (n), i. e. construct an
asymptotic formula for > _ 7a g (n). In the case A = B = N we have the clas-
sical Dirichlet problem of divisors. In works of Smith and Subbarao [5], Nowak
[3], Varbanec and Zarzycki [6] was investigated the case A = N, B = B (bg,q) :=
{b e N|b=by (mod q)}. In the sequel came to be consider other sets A and B.

Varbanec and Zarzycki [7], Varbanec [8], Nowak [4] generalized this problem on
the case of sets A, B, which define as the sets of all positive integers each of which is
norm of integer ideal in finite extension of field Q.

In the present paper we will consider a generalized function of divisors over the
ring of Gaussian integers determined in this way:

for every w € Z[i] we put

T(w;ETJ[): Z 1,
J |w
de B

where E;f := {a € Z[i] IN (o) = 1 (modp™)}, (p = 3 (mod4), p is prime).
The set E; is a multiplicative subgroup in the multiplicative group of classes of
residues modulo p"over Z[].

AUXILIARY ARGUMENTS. Throughout the paper, «,3 and ~y(also with a subscript)
denote Gaussian integers; N (), Sp () are a norm (respectively, a trace) of a, i. e.
N (@) = |al?, Sp(a) = 2Re (a).

We denote by G = Zl[i] = {a +bieC |a,b €Zi* = 71} and Gp» (respectively,G:
an additive group of residue classes (respectively, a multiplicative group of reduced
residue classes) modulo p™ over G.

Let dp, 0 be the Gaussian rationales (i. e. dp, § € Q[é]) not necessarily integers
and let m be a rational integer (i. e. m € Z). For Res > 1 we consider the following
series

n
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e4miargw i w
in(sibod = D Faare W
weG

w#—éo

The function ¢, (s;00,0) accepts an analytic extending on all complex plane and
calls the Hecke zeta-function.
Lemma 1. The Hecke zeta-function (,, (s;dg,0) has the functional equation

7T (2]|m| + 8) G (5:00,0) = 7~ =D (2|m| + 1 — 8) G (1 — 53 —6,80) ¢~ mi5p(609)

(here ¢ is a complexly-conjugate with §).

Moreover, (, (s;00,0) is an entire function if m # 0 or m = 0 and 0 is not a
Gaussian integer. For m =0 and 6 € G, (, (8;d0,0) is a holomorphic function except
at s = 1, where it has a simple pole with a residue .

For the proof in case (p, (s;0,0) see [1]. The proof in other cases is similar.

Corollary. (,(0;d0,0) = 0 if dp is not a Gaussian integer.

Lemma 2. Let a € E. Then for every €, 0 < ¢ < % any T > 1 in the rectangle

R={-e< Res<1l+¢|Ims|<T}

we have

2 o ghmiare( 3 +9)
(s =1)7 |G (5:0,0) ( G (5; 1770) — X peB ) )| T
=0 (72 (2 +1) (22 +m?+10)")
where 0 = %7;;7”), o = Res.
From now on B denote the set {0, £ 1, +i}.
A constant in symbol “O” is absolute.
Proof. This assertion follows at once from estimates for

(8 — 1)2 Cm (3;0,0) (:m (5; pO:NQ) _ Z e4miarg(p%+5) (N (;:L +B))S

BeB

on vertical legs of the rectangle R and the Phragmen—Lindelof theorem.
|
Lemma 3. Let € Q(¢),N (dp) < 1. Then (o (s; dg,0) has the following in the
Laurent expansion

Co (5:80,0) = Sf—l +ay (d0) + a1 (8) (5 — 1) + ...,

where

ao(éo) =

7wy + 4L (1,x4) if do € G,
w42 (1) +O (g OV (o ) ) i 60 € Q@) 6 # G 7

is the Euler’s constant, x4 is non-principal character modulo 4.
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Proof. For o = 0 we have (o(s; 0,0) = 4&(s)L(s,x4),

where £(s) is the Riemann zeta-function, L(s, x4) is the Dirichlet zeta-function
with non-principal character modulo 4.

Hence,

ap (8o) = my +4L" (1,x4) -
Since a residue of (y (s;99,0) does not depends at g, do # 0, we may write
ao (do) — a (0) = lim (o (s;00,0) — Co (s50,0)) =

) —
o lim {1 —
= Jim { wEr T NE)-1 (<N<50+ﬁ>>g Wo))s) *

1
+ 2 N8> ((N(éo%))'“ b <N(B))S)} BN
— 1 L 7 s
Now + 2N@)=1 NGorm ~ 4T N2 NEoNE)

At last, if we observe that for N (8) — oo

T N(B)N (B +do)

‘N N (8 + do)
N (B + o)

we obtain the assertion of Lemma.

| |
Corollary.
o y° 2
res {CO (s;0,0) Co (s; p”’0> s} =mylogy + co (a,p™) y (3)
where
co (ap™) =m (ZﬁeB NE=0) +2m (v —3) + 8L (1,x4) — 4+ @

(v ()

Lemma 4. For every € > 0 and T' — oo the following assertion has place

4m1 arg -y

ST |G (5:2.0) = L etmiers(@tn) (N (a + ) ™| ds =
o)
=0 (Nm)

with the O-constant depending only on €.
Lemma 5. Let a, ag, b, by be complex-valued functions over the ring of Gaussian
integers,|ag (w)|, [bo (w)] < 1. Let
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Bwy= Y ()
0eG
b(d) =w

and let A (w) B (w) << N (w), € > 0.
Let us assume for o,y € G and Res > 1

fwyay) = > A (w1) B (w2)
wg’z oz_(modfy)

=Y fwsay) N (w)™".

Then forc 2 1+4+¢, T > 1,1 < N (v) < 2 we have

ZN(w)gx f (w; ayy) =
= ST [F(9) = Saep Bla+ B1) N7* (a4 B9) X, A (w) N (w)~*| Zds+

1
+2 s Bla+87) X peqA(w) +0 (azCHET1 (¢ —1)* min {17 x % }) n

1
+0 ( ””1/2+ 10gT>
N 2(y)

()
where
x
B = N =01}, =<qw(a) |N(w) < ———— ».
BIN () =0.1},060) = {wl@) [V () < -5 |
The proofs of Lemma 4 and 5 are similar to proofs of Lemmas 6 and in [8].
MAIN RESULTS. We denote
T(m) (w; E;f) — Z e4miargw _ e4miargw (0) (,w EJr) 4mlargw (U),E;Lr) )
a € EfF
alw

First we prove the following statement.
Theorem 1. Let p be a prime rational number, p = 3 (mod4). For any positive
integer n the asymptotic formula

2 T log T
S nwyen T (w5 Bf) = o (G 2L 2B,
1
_’_47;92 i"‘;l (bo (Ro) + v+ L' (1,x4)) + O (.T /2+e logT> +

of(es)'2)
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holds, where the parameter by (o) determine in (?7?)

_J 1ifm=0
Fm T 0ifm#£0

a parameter by (Xo) determine in (9) (see the bellow).
Proof. For m = 0 we use Lemma 5 with a (w) = b(w) = w, ap (w) =1

1ifweES
bo(w):{ gelse

For Res > 1 and « € E;" we have:
P20 (5;0,0) Co (s; ;,0) = Z ™ (w; a,E:{) N (w)™*,
w

where

T(w;a,E:[) = Z 1.

w = Wwi1wa
wy = a(p")
a € EfF

Hence, by (5),

ZN(w)gw T (’LU, avE:b_) -
_ 1 c+iT CO (87070) |:p—2n5<0 ( 7pn7 ) ZﬁEB (O[ + 5pn)*5j| L;ds—'_

27mi Je—iT (6)

1
2
+ZBZQ a)1+0<61)2m1n{1,<p§n) }) —|—O< /2+E _"logT>

In order to estimate the integral in (6) we take ¢ = 143 and use the residual theorem.
Thus Lemmas 1 and 2 give

P [ G0 (5:0.0) [Go (55.0) = S N+ 807 (58) 2 =
res{Co( ) {Co( 85 s )ZBN<;;L+5)_T (pg)l}Jr

+f11//22+lT Co (5;0,0) [Co ( 8 o ) - ZBeBN(O‘Jrﬁp")_S} (,%) S

+0 (z13e—1p=2n) Jro((l,pfzn)%ﬁ) (27)

Applying Cauchy inequality in an integral in (?7?), we obtain

I =

i G (5:00) {co( 5:2.0) = S N (& +5)s} () %<

1
1 T S\ 2 (1T _ons o
a2 (f2 o (530,0)? %) (ffm ‘p "% Co (3;17’0) — Xb Natar

1

2|ds||> 2
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Since (o (s;0,0) = 4£ (s) L (s,x4) we infer

1 1
bt ds T at\* (" dt’
/ G0 (5:0,0)2 191 o / € (s)[* = / IL(syxa)|' = | <<log’T
%—iT || 1 t 1 13

(we use estimates of mean value for fourth moment of £ (s) and L (s,x4), see [2]).
Moreover, Lemma 4 gives

3+l «@ | s| e
—2ns il o n\—s
A PG ( pn,0> ZB:N(aH?p )7 R << e
Therefore,
1/ —n+ere s+eqlte, —n
I<<x2p TF << z2TeT T ep™ ™,
We take
1 1
r_) w2 ifpr<a’
- 1/ T 1/
xz4p 2 4f pt >x /3
Hence,

ZN (w)y<z T (w; o, E) =

_reS{CO(S 0,0) [co( 52, )—ZBN(;;M)T (p)1}+

1
+Z,8€B Zweﬂ(a) 1+0 (JZ /2+3€p—n) . (8)
But we have
e\
Y Y tew X S N@ran " +0 | (5) (©)
acEl BEBweQ(a) acEf B

x® 1
;EE?{@(S)gW}_W:ﬂ;?W (7)

res {C (s;0,0) Co ( S; o ,O) p—2”“; } =

e (et + (F 2 +0) ®

1 1 s
X acEt [Ef P ( ReEt X (™) ¢( )) i}

where E is the group of characters forE;.
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o) = 3 e R e B
weG

e (%) = { %p2_1 if X = Xo is the principal character from EA’,T,
0 else.

_api—1 L L xa) log p*
1 2 T Lxe -1

Hence,

51 {ZO‘EEI CO (S’ 0’0) CO (8; 1%’0) p—QnS%‘”‘} _

o< (10)
= mptloloss 4 m 2HL (b (Ro) + v + L (1xa)
1_
In the case m # 0 the proofs follows by analogous if we take T = (xp~2")? >,

Well known lemma of Vinogradov on approximation of characteristic function of
segment A C [0,1) by truncated Fourie series gives the main result our paper.
1
Theorem 2. For p" < 22 and (¢y — ¢1) < (zp~2") 2te
totic formula

S (wiEY) = (M AR c(a,pw) (2 = 1)+0 (217¢).

n 2n
aeEi p p p ackE,

p1rarg ws ez
N(w)<z

the following asymp-

holds.

The constant in symbol “O” depends only on €, ¢ > 0.

Concluding remark. The Theorem 2 establishes that the divisor function is an
Gaussian integers with divisors from the norm group E;.

ConcLUSION. The divisor function in norm group E}! was investigated. The
asymptotic formula is obtained.
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Padosa A. C.
J1bHUKY T'AYCOBUX YMCEJ HA HOPMEHII MIArpyHI E;

Pesrome

Posrisimaerses byHKIS TUIBHUKIB Ha HOpMemiit marpym B, me muoxmma B — mymsrn-
IUIKATUBHA MIArPyNIa MyJbTUILIKATUBHOI IPyNH KJaciB JnIKiB Moxymio puas Z[i]. Tloby-
JIOBaHa aCUMIITOTHYHA (POPMYJIa.

Karouosi crosa:  2aycosi wucaa, Gynkuis diavHukis, aCuMNmMoOmusHa Gopmyaa.

Padosa A. C.
JIEMUTEN TAYCCOBBIX YUCEJ HA HOPMEHHO! HOArPYHIE E

Pesrome

PaccmarpuBaercs: DyHKIH JeJuTesieil Ha HopMeHHoi noarpymme E | rie muoxkectso E —
MYJIBTATILTAKATABHAS TTOTPYTIa MyIbTAILINKATABHON TPYTIIIBI KJIACCOB BLIYETOR TI0 MOJLYJTIO
p" maz Z[i]. [Tocrpoena acumnrornyaeckas dbopMyIa.

Kaouesvie caosa: 2ayccosv wucaa, Gyrxyua deaumeneti, aCuMnmMomuseckas Gopmyaa.



