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DIVISORS OF THE GAUSSIAN INTEGERS IN NORM GROUP E+
𝑁

The divisor function in norm group E+
𝑛 is investigated, where the set E+

𝑛 is a multiplicative

subgroup in the multiplicative group of classes of residues modulo 𝑝𝑛 over Z[𝑖]. The asymp-

totic formula is obtained.
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Introduction. Let A, B be two infinite sets of positive numbers. We define
generalized function of divisors

𝜏A,B (𝑛) = # {(𝑎,𝑏) ∈ A× B |𝑎𝑏 = 𝑛} , (𝑛 ∈ N) .

Usually study a behavior in average the function 𝜏A,B (𝑛), i. e. construct an
asymptotic formula for

∑︀
𝑛6𝑥 𝜏A,B (𝑛). In the case A = B = N we have the clas-

sical Dirichlet problem of divisors. In works of Smith and Subbarao [5], Nowak
[3], Varbanec and Zarzycki [6] was investigated the case A = N, B = B (𝑏0,𝑞) :=
{𝑏 ∈ N |𝑏 ≡ 𝑏0 (𝑚𝑜𝑑 𝑞)}. In the sequel came to be consider other sets A and B.

Varbanec and Zarzycki [7], Varbanec [8], Nowak [4] generalized this problem on
the case of sets A, B, which define as the sets of all positive integers each of which is
norm of integer ideal in finite extension of field Q.

In the present paper we will consider a generalized function of divisors over the
ring of Gaussian integers determined in this way:

for every 𝑤 ∈ Z[𝑖] we put

𝜏
(︀
𝑤;𝐸+

𝑛

)︀
=

∑︁
𝛿 |𝑤
𝛿 ∈ 𝐸+

𝑛

1,

where 𝐸+
𝑛 := {𝛼 ∈ Z[𝑖] |N(𝛼) ≡ 1 (𝑚𝑜𝑑𝑝𝑛)}, (𝑝 ≡ 3 (𝑚𝑜𝑑4), 𝑝 is prime).

The set 𝐸+
𝑛 is a multiplicative subgroup in the multiplicative group of classes of

residues modulo 𝑝𝑛over Z[𝑖].

Auxiliary arguments. Throughout the paper, 𝛼,𝛽 and 𝛾(also with a subscript)
denote Gaussian integers; N (𝛼), 𝑆𝑝 (𝛼) are a norm (respectively, a trace) of 𝛼, i. e.

N (𝛼) = |𝛼|2, 𝑆𝑝 (𝛼) = 2𝑅𝑒 (𝛼).
We denote by𝐺 = Z[𝑖] =

{︀
𝑎+ 𝑏𝑖 ∈ C

⃒⃒
𝑎,𝑏 ∈ Z,𝑖2 = −1

}︀
and𝐺𝑝𝑛 (respectively,𝐺*

𝑝𝑛
)

an additive group of residue classes (respectively, a multiplicative group of reduced
residue classes) modulo 𝑝𝑛 over 𝐺.

Let 𝛿0, 𝛿 be the Gaussian rationales (i. e. 𝛿0, 𝛿 ∈ Q[𝑖]) not necessarily integers
and let 𝑚 be a rational integer (i. e. 𝑚 ∈ Z). For 𝑅𝑒𝑠 > 1 we consider the following
series
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𝜁𝑚 (𝑠; 𝛿0,𝛿) =
∑︁

𝑤 ∈ 𝐺
𝑤 ̸= −𝛿0

𝑒4𝑚𝑖 arg𝑤

𝑁 (𝑤 + 𝛿0)
𝑠 𝑒
𝜋𝑖𝑆𝑝(𝛿𝑤) (1)

The function 𝜁𝑚 (𝑠; 𝛿0,𝛿) accepts an analytic extending on all complex plane and
calls the Hecke zeta-function.

Lemma 1. The Hecke zeta-function 𝜁𝑚 (𝑠; 𝛿0,𝛿) has the functional equation

𝜋−𝑠Γ (2 |𝑚|+ 𝑠) 𝜁𝑚 (𝑠; 𝛿0,𝛿) = 𝜋−(1−𝑠)Γ (2 |𝑚|+ 1− 𝑠) 𝜁𝑚 (1− 𝑠;−𝛿,𝛿0) 𝑒−𝜋𝑖𝑆𝑝(𝛿0𝛿)

(here 𝛿 is a complexly-conjugate with 𝛿).
Moreover, 𝜁𝑚 (𝑠; 𝛿0,𝛿) is an entire function if 𝑚 ̸= 0 or 𝑚 = 0 and 𝛿 is not a

Gaussian integer. For 𝑚 = 0 and 𝛿 ∈ 𝐺, 𝜁𝑚 (𝑠; 𝛿0,𝛿) is a holomorphic function except
at 𝑠 = 1, where it has a simple pole with a residue 𝜋.

For the proof in case 𝜁𝑚 (𝑠; 0,0) see [1]. The proof in other cases is similar.
Corollary. 𝜁0 (0; 𝛿0,𝛿) = 0 if 𝛿0 is not a Gaussian integer.
Lemma 2. Let 𝛼 ∈ 𝐸+

𝑛 . Then for every 𝜀, 0 < 𝜀 < 1
2 any 𝑇 > 1 in the rectangle

𝑅 = {−𝜀 6 𝑅𝑒𝑠 6 1 + 𝜀, |𝐼𝑚𝑠| 6 𝑇}
we have

(𝑠− 1)
2

[︂
𝜁𝑚 (𝑠; 0,0)

(︂
𝜁𝑚

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀
𝛽∈B

𝑒
4𝑚𝑖 arg( 𝛼

𝑝𝑛
+𝛽)

(𝑁( 𝛼
𝑝𝑛 +𝛽))

𝑠

)︂]︂
=

= O
(︁
𝜀−2

(︀
𝑡2 + 1

)︀ (︀
𝑡2 +𝑚2 + 10

)︀𝜃)︁ (2)

where 𝜃 = (1+𝜀)(1+𝜀−𝜎)
1+2𝜀 , 𝜎 = 𝑅𝑒𝑠.

From now on B denote the set {0, ± 1, ± 𝑖}.
A constant in symbol “O” is absolute.
Proof. This assertion follows at once from estimates for

(𝑠− 1)
2

⎡⎣𝜁𝑚 (𝑠; 0,0)

⎛⎝𝜁𝑚(︂𝑠; 𝛼
𝑝𝑛
,0

)︂
−
∑︁
𝛽∈B

𝑒4𝑚𝑖 arg(
𝛼
𝑝𝑛 +𝛽)

(︂
𝑁

(︂
𝛼

𝑝𝑛
+ 𝛽

)︂)︂𝑠⎞⎠⎤⎦
on vertical legs of the rectangle 𝑅 and the Phragmen–Lindelof theorem.

�
Lemma 3. Let 𝛿 ∈ Q (𝑖),𝑁 (𝛿0) < 1. Then 𝜁0 (𝑠; 𝛿0, 0) has the following in the

Laurent expansion

𝜁0 (𝑠; 𝛿0,0) =
𝜋

𝑠− 1
+ 𝑎

′

0 (𝛿0) + 𝑎1 (𝛿0) (𝑠− 1) + ...,

where

𝑎0(𝛿0) =

⎧⎨⎩ 𝜋𝛾 + 4𝐿′ (1,𝜒4) 𝑖𝑓 𝛿0 ∈ 𝐺,

𝜋𝛾 + 4𝐿′ (1,𝜒0) + O

(︂
min
𝛽∈B

(𝑁 (𝛿0 + 𝛽))
−1

)︂
𝑖𝑓 𝛿0 ∈ Q (𝑖) , 𝛿0 /∈ 𝐺;

𝛾

is the Euler’s constant, 𝜒4 is non-principal character modulo 4.
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Proof. For 𝛿0 = 0 we have 𝜁0(𝑠; 0,0) = 4𝜉(𝑠)𝐿(𝑠,𝜒4),
where 𝜉(𝑠) is the Riemann zeta-function, 𝐿(𝑠, 𝜒4) is the Dirichlet zeta-function

with non-principal character modulo 4.
Hence,

𝑎0 (𝛿0) = 𝜋𝛾 + 4𝐿′ (1,𝜒4) .

Since a residue of 𝜁0 (𝑠; 𝛿0,0) does not depends at 𝛿0, 𝛿0 ̸= 0, we may write

𝑎0 (𝛿0)− 𝑎 (0) = lim (𝜁0 (𝑠; 𝛿0,0)− 𝜁0 (𝑠; 0,0)) =

= lim
𝑠→1±0

{︁
1

(𝑁(𝛿0))
𝑠 +

∑︀
𝑁(𝛽)=1

(︁
1

(𝑁(𝛿0+𝛽))
𝑠 − 1

(𝑁(𝛽0))
𝑠

)︁
+

+
∑︀
𝑁(𝛽)>2

(︁
1

(𝑁(𝛿0+𝛽))
𝑠 − 1

(𝑁(𝛽))𝑠

)︁}︁
=

= 1
𝑁(𝛿0)

+
∑︀
𝑁(𝛽)=1

1
𝑁(𝛿0+𝛽)

− 4 +
∑︀
𝑁(𝛽)>2

𝑁(𝛽)−𝑁(𝛽+𝛿0)
𝑁(𝛽)𝑁(𝛽+𝛿0)

At last, if we observe that for 𝑁 (𝛽) → ∞

⃒⃒⃒⃒
𝑁 (𝛽)−𝑁 (𝛽 + 𝛿0)

𝑁 (𝛽)𝑁 (𝛽 + 𝛿0)

⃒⃒⃒⃒
6

𝑐 |𝛿0| · |𝛽|
𝑁 (𝛽)𝑁 (𝛽 + 𝛿0)

= O

(︂
𝑁 (𝛿)

1/2𝑁 (𝛽)
−3/2

)︂
we obtain the assertion of Lemma.

�
Corollary.

𝑟𝑒𝑠
𝑠=1

{︂
𝜁0 (𝑠; 0,0) 𝜁0

(︂
𝑠;
𝛼

𝑝𝑛
,0

)︂
𝑦𝑠

𝑠

}︂
= 𝜋2𝑦 log 𝑦 + 𝑐0 (𝛼,𝑝

𝑛) 𝑦 (3)

where

𝑐0 (𝛼,𝑝
𝑛) = 𝜋

(︂∑︀
𝛽∈B

1

𝑁( 𝛼
𝑝𝑛 +𝛽)

+ 2𝜋
(︀
𝛾 − 1

2

)︀
+ 8𝐿′ (1,𝜒4)− 4+

+O
(︁
𝑁

1
2

(︁
𝛼
𝑝𝑛

)︁)︁ (4)

Lemma 4. For every 𝜀 > 0 and 𝑇 → ∞ the following assertion has place

´ 𝑇
−𝑇

⃒⃒⃒
𝑒4𝑚𝑖 arg 𝛾

𝑁(𝛾)𝑠 𝜁𝑚

(︁
𝑠; 𝛼𝛾 ,0

)︁
−
∑︀

B 𝑒
4𝑚𝑖 arg(𝛼+𝛽𝛾) (𝑁 (𝛼+ 𝛽𝛾))

−𝑠
⃒⃒⃒
𝑑𝑠 =

= O

(︂
(𝑇 2+𝑚2)

1
2
+𝜀

𝑁(𝛾)1−𝜀

)︂
with the O-constant depending only on 𝜀.
Lemma 5. Let 𝑎, 𝑎0, 𝑏, 𝑏0 be complex-valued functions over the ring of Gaussian

integers,|𝑎0 (𝑤)| , |𝑏0 (𝑤)| ≤ 1. Let

𝐴 (𝑤) =
∑︁

𝛿 ∈ 𝐺
𝑎 (𝛿) = 𝑤

𝑎0 (𝛿)
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𝐵 (𝑤) =
∑︁

𝛿 ∈ 𝐺
𝑏 (𝛿) = 𝑤

𝑏0 (𝛿)

and let 𝐴 (𝑤) ,B (𝑤) << 𝑁 (𝑤)
𝜀
, 𝜀 > 0.

Let us assume for 𝛼,𝛾 ∈ 𝐺 and 𝑅𝑒𝑠 > 1

𝑓 (𝑤;𝛼,𝛾) =
∑︁

𝑤1,𝑤2 = 𝑤
𝑤2 ≡ 𝛼 (𝑚𝑜𝑑𝛾)

𝐴 (𝑤1) B (𝑤2)

𝐹 (𝑠) =
∑︁
𝑤

𝑓 (𝑤;𝛼,𝛾)𝑁 (𝑤)
−𝑠
.

Then for 𝑐 > 1 + 𝜀, 𝑇 > 1, 1 < 𝑁 (𝛾) 6 𝑥 we have

∑︀
𝑁(𝑤)6𝑥 𝑓 (𝑤;𝛼,𝛾) =

= 1
2𝜋𝑖

´ 𝑐+𝑖𝑇
𝑐−𝑖𝑇

[︁
𝐹 (𝑠)−

∑︀
𝛽∈B B (𝛼+ 𝛽𝛾)𝑁−𝑠 (𝛼+ 𝛽𝛾)

∑︀
𝑤 A(𝑤)𝑁 (𝑤)

−𝑠
]︁
𝑥𝑠

𝑠 𝑑𝑠+

+
∑︀
𝛽∈B B (𝛼+ 𝛽𝛾)

∑︀
𝑤∈Ω A(𝑤) + O

(︃
𝑥𝑐+2𝜀𝑇−1 (𝑐− 1)

2
min

{︃
1, 𝑥

1
/2

𝑁(𝛾)
3
/2

}︃)︃
+

+O

(︃
𝑥
1
/2+𝜀

𝑁
1
/2(𝛾)

log 𝑇

)︃
(5)

where

B = {𝛽 |𝑁 (𝛽) = 0,1} ,Ω(𝛼) =
{︂
𝑤(𝛼)

⃒⃒⃒⃒
𝑁 (𝑤) ≤ 𝑥

𝑁 (𝛼+ 𝛽𝛾)

}︂
.

The proofs of Lemma 4 and 5 are similar to proofs of Lemmas 6 and in [8].

Main Results. We denote

𝜏 (𝑚)
(︀
𝑤;𝐸+

𝑛

)︀
:=

∑︁
𝛼 ∈ 𝐸+

𝑛

𝛼 |𝑤

𝑒4𝑚𝑖 arg𝑤 = 𝑒4𝑚𝑖 arg𝑤𝜏 (0)
(︀
𝑤;𝐸+

𝑛

)︀
= 𝑒4𝑚𝑖 arg𝑤𝜏

(︀
𝑤;𝐸+

𝑛

)︀
.

First we prove the following statement.
Theorem 1. Let 𝑝 be a prime rational number, 𝑝 ≡ 3 (𝑚𝑜𝑑4). For any positive

integer n the asymptotic formula∑︀
𝑁(𝑤)6𝑥 𝜏

(𝑚) (𝑤;𝐸+
𝑛 ) = 𝜀𝑚

(︁
𝜋2

2
𝑝+1
𝑝

𝑥 log 𝑥
𝑝𝑛 +

+ 𝜋𝑥
4𝑝𝑛

𝑝+1
𝑝 (𝑏0 (�̃�0) + 𝛾 + 𝐿′ (1,𝜒4)) +𝑂

(︂
𝑥
1/2+𝜀 log 𝑇

)︂
+

+𝑂

(︂(︁
𝑇 2+𝑚2

𝑇 2

)︁ 1
2

𝑝−𝑛𝑥
1
2

)︂)︂
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holds, where the parameter 𝑏0 (�̃�0) determine in (??)

𝜀𝑚 =

{︂
1 𝑖𝑓 𝑚 = 0
0 𝑖𝑓 𝑚 ̸= 0

.

a parameter 𝑏0 (�̃�0) determine in (9) (see the bellow).
Proof. For 𝑚 = 0 we use Lemma 5 with 𝑎 (𝑤) = 𝑏 (𝑤) = 𝑤, 𝑎0 (𝑤) = 1

𝑏0 (𝑤) =

{︂
1 𝑖𝑓 𝑤 ∈ 𝐸+

𝑛

0 𝑒𝑙𝑠𝑒

For 𝑅𝑒𝑠 > 1 and 𝛼 ∈ 𝐸+
𝑛 we have:

𝑝−2𝑛𝑠𝜁0 (𝑠; 0,0) 𝜁0

(︂
𝑠;
𝛼

𝑝𝑛
,0

)︂
=
∑︁
𝑤

𝜏*
(︀
𝑤;𝛼,𝐸+

𝑛

)︀
𝑁 (𝑤)

−𝑠
,

where

𝜏
(︀
𝑤;𝛼,𝐸+

𝑛

)︀
=

∑︁
𝑤 = 𝑤1𝑤2

𝑤2 ≡ 𝛼 (𝑝𝑛)
𝛼 ∈ 𝐸+

𝑛

1.

Hence, by (5),∑︀
𝑁(𝑤)6𝑥 𝜏 (𝑤;𝛼,𝐸

+
𝑛 ) =

= 1
2𝜋𝑖

´ 𝑐+𝑖𝑇
𝑐−𝑖𝑇

𝜁0 (𝑠; 0,0)
[︁
𝑝−2𝑛𝑠𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀
𝛽∈B𝑁 (𝛼+ 𝛽𝑝𝑛)

−𝑠
]︁
𝑥𝑠

𝑠 𝑑𝑠+

+
∑︀

B

∑︀
Ω(𝛼) 1 + O

(︃
𝑥𝑐−2𝜀

𝑇 (𝑐−1)2
min

{︃
1,
(︁

𝑥
𝑝3𝑛

)︁1/2}︃)︃
+O

(︂
𝑥
1/2+𝜀𝑝−𝑛 log 𝑇

)︂
.

(6)

In order to estimate the integral in (6) we take 𝑐 = 1+3𝜀 and use the residual theorem.
Thus Lemmas 1 and 2 give

1
2𝜋𝑖

´ 𝑐+𝑖𝑇
𝑐−𝑖𝑇 𝜁0 (𝑠; 0,0)

[︁
𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀
𝛽∈B𝑁 (𝛼+ 𝛽𝑝𝑛)

−𝑠
]︁ (︁

𝑥
𝑝2𝑛

)︁𝑠
𝑑𝑠
𝑠 =

= 𝑟𝑒𝑠
𝑠=1

{︂
𝜁0 (𝑠)

[︂
𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀

B𝑁
(︁
𝛼
𝑝𝑛 + 𝛽

)︁−𝑠]︂(︁
𝑥
𝑝2𝑛

)︁𝑠
1
𝑠

}︂
+

+
´ 1/2+𝑖𝑇
1/2−𝑖𝑇

𝜁0 (𝑠; 0,0)
[︁
𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀
𝛽∈B𝑁 (𝛼+ 𝛽𝑝𝑛)

−𝑠
]︁ (︁

𝑥
𝑝2𝑛

)︁𝑠
𝑑𝑠
𝑠 +

+O
(︀
𝑥1+3𝜀𝑇−1𝑝−2𝑛

)︀
+O

(︁(︀
𝑥𝑝−2𝑛

)︀ 1
2+𝜀
)︁

(??)

Applying Cauchy inequality in an integral in (??), we obtain

𝐼 =

⃒⃒⃒⃒´ 1
2+𝑖𝑇
1
2−𝑖𝑇

𝜁0 (𝑠; 0,0)

[︂
𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀

B𝑁
(︁
𝛼
𝑝𝑛 + 𝛽

)︁−𝑠]︂(︁
𝑥
𝑝2𝑛

)︁𝑠
𝑑𝑠
𝑠

⃒⃒⃒⃒
6

6 𝑥
1/2
(︁´ 1

2+𝑖𝑇
1
2−𝑖𝑇

|𝜁0 (𝑠; 0,0)|2 𝑑𝑠𝑠
)︁1/2(︂´ 1

2+𝑖𝑇
1
2−𝑖𝑇

⃒⃒⃒
𝑝−2𝑛𝑠𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
−
∑︀

B
1

𝑁(𝛼+𝛽𝑝𝑛)

⃒⃒⃒2 |𝑑𝑠|
|𝑠|

)︂1/2
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Since 𝜁0 (𝑠; 0,0) = 4𝜉 (𝑠)𝐿 (𝑠,𝜒4) we infer

ˆ 1
2+𝑖𝑇

1
2−𝑖𝑇

|𝜁0 (𝑠; 0,0)|2
|𝑑𝑠|
|𝑠|

<<

(︃ˆ 𝑇

1

|𝜉 (𝑠)|4 𝑑𝑡
𝑡

)︃ 1
2
(︃ˆ 𝑇

1

|𝐿 (𝑠,𝜒4)|4
𝑑𝑡

𝑡

)︃ 1
2

<< log5 𝑇

(we use estimates of mean value for fourth moment of 𝜉 (𝑠) and 𝐿 (𝑠,𝜒4), see [2]).
Moreover, Lemma 4 gives

ˆ 1
2+𝑖𝑇

1
2−𝑖𝑇

⃒⃒⃒⃒
⃒𝑝−2𝑛𝑠𝜁0

(︂
𝑠;
𝛼

𝑝𝑛
,0

)︂
−
∑︁
B

𝑁 (𝛼+ 𝛽𝑝𝑛)
−𝑠

⃒⃒⃒⃒
⃒
2
|𝑑𝑠|
|𝑠|

<<
𝑇 𝜀

𝑝2𝑛(1−𝜀)

Therefore,

𝐼 << 𝑥
1/2𝑝−𝑛+𝜀𝑇 𝜀 << 𝑥

1
2+𝜀𝑇 1+𝜀𝑝−𝑛.

We take

𝑇 =

⎧⎨⎩ 𝑥
1/2 𝑖𝑓 𝑝𝑛 ≤ 𝑥

1/3

𝑥
1/4𝑝

𝑛/2 𝑖𝑓 𝑝𝑛 > 𝑥
1/3

.

Hence,

∑︀
𝑁(𝑤)≤𝑥 𝜏 (𝑤;𝛼,𝐸

+
𝑛 ) =

= 𝑟𝑒𝑠
𝑠=1

{︂
𝜁0 (𝑠; 0,0)

[︂
𝜁0

(︁
𝑠; 𝛼𝛾 ,0

)︁
−
∑︀

B𝑁
(︁
𝛼
𝑝𝑛 + 𝛽

)︁−𝑠]︂(︁
𝑥
𝑝2𝑛

)︁𝑠
1
𝑠

}︂
+

+
∑︀
𝛽∈B

∑︀
𝑤∈Ω(𝛼) 1 + O

(︂
𝑥
1/2+3𝜀𝑝−𝑛

)︂
. (8)

But we have

∑︁
𝛼∈E+

𝑛

∑︁
𝛽∈B

∑︁
𝑤∈Ω(𝛼)

1 = 𝜋𝑥
∑︁
𝛼∈E+

𝑛

∑︁
B

𝑁 (𝛼+ 𝛽𝑝𝑛)
−1

+O

⎛⎝(︂ 𝑥

𝑁 (𝛼)

)︂1/3⎞⎠ (6)

∑︁
𝛼

𝑟𝑒𝑠
𝑠=1

{︃
−𝜁0 (𝑠)

∑︁
B

𝑥𝑠

𝑠𝑁 (𝛼+ 𝛽𝑝𝑛)

}︃
= −𝜋𝑥

∑︁
𝛼

∑︁
B

1

𝑁 (𝛼+ 𝛽𝑝𝑛)
(7)

∑︀
𝛼 𝑟𝑒𝑠𝑠=1

{︁
𝜁0 (𝑠; 0,0) 𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
𝑝−2𝑛𝑠 𝑥𝑠

𝑠

}︁
=

= 𝑟𝑒𝑠
𝑠=1

[︁(︁
𝜋
4

1
𝑠−1 +

(︀
𝜋𝛾
4 + 𝐿′ (1,𝜒4) + ...

)︀)︁
×

×
∑︀
𝛼∈𝐸+

𝑛

1

|𝐸+
𝑛 |

1
𝑝2𝑛𝑠

(︁∑︀
�̂�∈�̂�+

𝑛
�̂�
(︀
𝛼−1

)︀
𝜁 (𝑠,�̂�)

)︁
𝑥𝑠

𝑠

]︂ (8)

where Ê+
𝑛 is the group of characters forE+

𝑛 .
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𝜁 (𝑠,�̂�) =
∑︁
𝑤∈𝐺

�̃� (𝑤)

𝑁 (𝑤)
𝑠 , �̃� ∈ �̂�+

𝑛 .

𝜁 (𝑠,�̂�) =
𝜀 (�̂�)

𝑠− 1
+ 𝑏0 (�̂�) + 𝑏1 (�̂�) (𝑠− 1) + ...

𝜀 (�̃�) =

{︃
𝜋
4
𝑝2−1
𝑝2 𝑖𝑓 �̃� = �̃�0 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟 𝑓𝑟𝑜𝑚 �̂�+

𝑛 ;

0 𝑒𝑙𝑠𝑒.

𝑏0 (�̃�0) =
𝜋

4

𝑝2 − 1

𝑝2

(︂
𝛾 +

𝐿′ (1,𝜒4)

𝐿 (1,𝜒4)
+

log 𝑝2

𝑝2 − 1

)︂
(9)

Hence,

𝑟𝑒𝑠
𝑠=1

{︁∑︀
𝛼∈𝐸+

𝑛
𝜁0 (𝑠; 0,0) 𝜁0

(︁
𝑠; 𝛼𝑝𝑛 ,0

)︁
𝑝−2𝑛𝑠 𝑥𝑠

𝑠

}︁
=

= 𝜋2

2
𝑝+1
𝑝

𝑥 log 𝑥
𝑝𝑛 + 𝜋𝑥

4𝑝𝑛
𝑝+1
𝑝 (𝑏0 (�̃�0) + 𝛾 + 𝐿′ (1,𝜒4))

(10)

�
In the case 𝑚 ̸= 0 the proofs follows by analogous if we take 𝑇 =

(︀
𝑥𝑝−2𝑛

)︀ 1
2−2𝜀

.
Well known lemma of Vinogradov on approximation of characteristic function of

segment Δ ⊂ [0,1) by truncated Fourie series gives the main result our paper.

Theorem 2. For 𝑝𝑛 ≪ 𝑥
1
2−𝜀 and (𝜑2 − 𝜑1) ≪

(︀
𝑥𝑝−2𝑛

)︀− 1
2+𝜀 the following asymp-

totic formula

∑︁
𝛼∈E+

𝑛
𝜙16arg𝑤6𝜙2

𝑁(𝑤)6𝑥

𝜏
(︀
𝑤;𝛼,E+

𝑛

)︀
=

(︃
𝜋2𝑥 log 𝑥

𝑝𝑛
· 𝑝+ 1

𝑝
+

𝑥

𝑝2𝑛

∑︁
𝛼∈E𝑛

𝑐 (𝛼,𝑝𝑛)

)︃
(𝜙2 − 𝜙1)+O

(︁
𝑥

1
2+𝜀
)︁
.

holds.
The constant in symbol “O” depends only on 𝜀, 𝜀 > 0.
Concluding remark. The Theorem 2 establishes that the divisor function is an

Gaussian integers with divisors from the norm group E+
𝑛 .

Conclusion. The divisor function in norm group E+
𝑛 was investigated. The

asymptotic formula is obtained.
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Дiльники Гаусових чисел на норменiй пiдгрупi E+

𝑛

Резюме

Розглядається функцiя дiльникiв на норменiй пiдгрупi E+
𝑛 , де множина E+

𝑛 − мульти-
плiкативна пiдгрупа мультиплiкативної групи класiв лишкiв модулю 𝑝𝑛над Z[𝑖]. Побу-
дована асимптотична формула.
Ключовi слова: гаусовi числа, функцiя дiльникiв, асимптотична формула.

Радова А. С.
Делители Гауссовых чисел на норменной подгруппе E+

𝑛

Резюме

Рассматривается функция делителей на норменной подгруппе E+
𝑛 , где множество E+

𝑛 −
мультипликативная подгруппа мультипликативной группы классов вычетов по модулю
𝑝𝑛 над Z[𝑖]. Построена асимптотическая формула.
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