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THE ANALOGUE OF THE FLOQUET-LYAPUNOV THEOREM FOR
THE LINEAR DIFFERENTIAL SYSTEMS OF THE SPECIAL KIND

The analogue of the well known in the theory of the linear differential systems Floquet’s—
Lyapunov’s theorem are constructed by the certain condidtions for the linear differential
system, whose coefficients are represented as an absolutely and uniformly convergent Fourier-
series with slowly varying coefficients and frequency.
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INTRODUCTION. In the theory of linear systems of differential equations is well
known the Floquet-Lyapunov theorem [1]. The fundamental matrix X (t) of the linear
homogeneous system

dz
— = A(t)z, t e R, 1
= Al (1)
where A(t) — is a continuous T-periodic matrix, has a kind:
X(t) = F(t) '™, (2)

where F'(t) — is a T-periodic matrix, and K — is a constant matrix.

There exists many analogues of this theorem for the linear systems of different
types, for example, for the systems with quasiperiodic coefficients [2], for the countable
systems of differential equations [3], for the differential equations in the Banach spaces
[4] and other.

The purpose of this paper is to obtain of analogue of Floquet-Lyapunov theorem
for the linear systems of differential equations whose coefficients are represented as
an absolutely and uniformly convergent Fourier-series with slowly varying coefficients
and frequency. Here we make substantial use of the results of our paper [5].

NOTATION. Let G(gg) = {t,e: 0<e<eg, —Le ! <t<Le !, 0< L < +oo}.
Definition 1. We say, that a function p(t,e) belong to class S(m;eo)

(m e NU{0}), if
1) p: G(gg) = C, 2) p(t,e) € C™(G(ep)) with respect ¢;

3) d¥p(t,e)/dt* = kpi(t,e) (0 < k < m),

m
def
||pHS(7rL;EU) = Z sup ‘p;;(t,€)‘ < +o0.
k=0 G(£0)

Under the slowly varying function we mean a function of class S(m;eg).
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Definition 2. We say, that a function f(¢,e,6(t,<)) belong to class F(m;eo;6)
(m € NU {0}), if this function can be represented as:

f(t,e,0(t,¢€)) = Z fn(t,€) exp (inb(t,€)),

n—=—oo

and:
1) fu(t,e) € S(mseo);
2)

def
£l F(micoi0) = [ fnlls(miea) < +00,

n=—oo

t
3) O(t,e) = [@(r,e)dr, p(t,e) € RT, p(t,e) € S(m;eo), Gi(nf)go(t,s) = g > 0.
0 €0

State some properties of functions of classes S(m;eq), F(m;eo;0) (the proofs are
given in [6]). Let k = const, p,q € S(m;ep), u,v € F(m;ep;6). Then kp, p £ ¢, pq
belongs to class S(m;eg), ku, u + v, uv belongs to class F(m;eg; ), and

1) 1kpllsmse) = K] - [Pl s(miz0);
2) [P £ alls(mieo) < 1Plls(mieo) + lalls(m,e0):

3) Hpq”S(m;eo) < 2me”S(m;so)HqHS(m;eo);

4) ||kull Pmieo:0) = K| - [[ull F(mseo:0)3

5) |lu=+ UHF(m;Eo;e) < ”“HF(m;so;@) + HUHF(m;Eo;(’);

6) ”uv”F(m;ao;Q) < 2mHu”F(m;Eo;0) ! ||UHF(W;EQ;9);

7) let w € F(m;eg;8), and the function f(t,e,0,u) belongs to class F(m;eq;6)
with respect ¢, ¢, 6 and analytic with respect u, if |u| < r, means

f(t,e,0,u) katsﬂ

where fi(t,e,0) € F(m;ep;6). Then by the condition
2™ | ul| p(myeos0) < T0 < T

the function f(¢,¢,0,u) belongs to class F(m;ep;0), and

oo

||f(t7€707u)||F(m;80;9) < Z ka(t,e’;‘, o)HF(m;EO;@)T(I)C'
k=0

Particularly, all polynomies with respect u with the coefficients from F(m;eg;6),
functions exp u, sinu, cosu belongs to class F(m;eq;6). For function exp u we have:

|| eXpuHF(m;so;O) < 2™ €xXp (2m||uHF(m;ag;9)) .

Statement of the Problem. We consider the next system of differential equa-
tions:

dl‘j

dt

N
= A](t7€)$] +:uzpjk(t7€70)mk‘7 .] = 17 ) (3)
k=1
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where Aj(ta 5) € S(m;50)7 pjk(t,f‘:,o) € F(m750a9) (]7k = 13N)7 e (07N’0) - R,
We study the problem about the structure of fundamental system of solutions
zjk(t,e, 1) (J, k=1, N) of system (3).

AUXILIARY ARGUMENTS.
Lemma 1. Let the function

f(t,e,0(t ) Z fn(t,€) exp(inb(t,€))

n—=—oo
(n#0)

belongs to class F(m — 1;e0;0). Then the function
t
x(t,e,0(t,€)) s/fraGTsd
0

belongs to class F(m — 1;e0;0) also, and there exists K; € (0,400), that does not
depend on the function f, such, that

||1}(t,€, G)HF(mfl;eo;H) < Kle(taEa 9)||F(m71;60;9)‘

The proof are given in the paper [5].
Lemma 2. Let we have the linear nonhomogeneous first-order differential equa-
tion:

dx

dt
where A(t,e) € S(m;eo), u(t,e,0) € F(m—1;e9;0). Let holds the condition |Re(t, €)]
Yo > 0. Then equation (4) has a particularly solution x(t,e,0(t,€)) € F(m —1;e0;0),
and there exists Ko € (0,+00), that does not depend on the function u(t,e,0), such
that

= At )z + eu(t,e,0(t, €)), (4)

Y

Ky

Hx(mgae)”F(mfl;so;G) o Hu( G)HF(mfl;so;O)' (5)

The proof are given in the paper [7].
Lemma 3. Let the system (3) such, that

[Re(A;(t,€) = Ae(t,€))] =1 >0, (5 # k). (6)

Then there exists 1 € (0, po), such, that for all u € (0, u1) there exists the Lyapunov’s
transformation of kind

N
vy =y +n Y C(te,0,n)yk, j=1,N, (7)
k=1

where Y, € F(m — 1;¢0;0), reducing the system (3) to kind:

N

= (Nj(t€) + p(t, e, )y + pe > vkt €,0, wyx, j =1, N, (8)
k=1

dy;
dt
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where u; € S(m;eo), vjr € F(m —1;e0;0) (j,k=1,N).

The proof are given in the paper [5].

Lemma 4. Let holds the condidtion (6). Then there exists ps € (0,u1) (11
are defined in Lemma 3) such, that for all p € (0, us) there exists the Lyapunov’s
transformaion of kind

N

yi=z+pY Grte,0,p)z, j=1N, )
k=1

where qji; € F(m — 1;¢0;0), reducing the system (8) to the pure diagonal form:

5
dt

= dj(tvsaevu)zjv ] = 17N7 (10)

where
dj = )‘j (tv 5) + pug (t’ & N) + pev;; (t7 £, 0, .u“)+
N
+ue > viklt,e, 0, w)ar;(t,,0,1), j=1,N. (11)

k=1
(k#37)

Proof. We make in the system (8) the substitution (9) and using the condidtion of
diagonality of transformed system. We obtain the next system of differential equations
for coefficients g;:

d .
% = ()‘j(tvs) - Ak(tvg) + /u‘(uj(tagalu) - uk(t>€,ﬂ))) qjk+

+pe (vj;(t,e,0, 1) — vk (t,e,0, 1) gk + evjr(t, €, 0, p)+

+M5 Z ’Ujs(t55797:u’)qsk - /’1‘2€qjk Z vks(t,6597u)QSk7
= =1
(S;j~sl¢k) (i#k)

jk=T,N, j #k (12)
It is easy to see, that the system (12) is divided into N independent (N —1)-order
subsystems.
Together with the system (12) we consider the linear nonhomogeneous system:
da! )
Tjt = ()‘j (t.e) = Au(t,e) + :u(uj (t,e,p) — uk(t e, 1)) 4k +
+Evjk(t7630ﬂu’)v jak:]-vaj?ék (13)
We denote u*(p) = max lluj(t,e, 1) — ur(t, €, )|l s(mseo- We choose a parameter p so
2

small that pu*(p) < 1. Then

[Re (Aj(t,€) = Ak(t €) + puluy(t e, p) — un(tie, m))| =y — pu(p) > 0. (14)

The system (13) is a set of N(N — 1) independent linear nonhomogeneous equa-
tions each of which has form (4). By virtue unequality (14) each of which theese
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equations is satisfied to condidtions of Lemma 2. Therefore the system (13) has a

particular solution qj(g) (t,e,0,u) € F(m — 1;€0;0), and there exists K3 € (0,400)

such, that

0) Ks (0)

||qk HF(m—l;eo;G) S o MU*(M) Hq]k ||F(m—1;€0;0) (J7k - 1’7’ ‘77& k) (15)

We seek the solution from class F'(m — 1;¢¢;60) of system (12) by the method of
successive approximations, defifning the initial approximation qﬁ) (t,e,0,u) (4,k =
1,N; j # k), and the subsequent approximations defining as solutions from class
F(m — 1;&0; 6) of the linear nonhomogeneous systems:

dgl ,
L = (N(t8) = At e) gl (1,2, 1) = un(t 2, 0)) @i

e (v35(t,2,0, 18) — vii(t, 2,0, 12)) ¢y

tpe Y wsltie, 0.0 = pPeql) S vka(tie 0, 1) g,
(S#Syil#k) (iii)

jk=1,N, j#k v=0,1,2,... . (16)

+ SUjk(t, &, 97 /’L)—i_

We denote V = max lVjk |l F(m—1;056)- Then by (15):
Js

K3V

m(j,kilaf\];j#k) (17)

0
g | p(m—1:00:0) <
‘We denote
0
Q= {a € Flm=1i20:0) ¢ gz =43 |00y <1 }-

where p € (0, +00).

Using techniques contraction mapping principle [8] it is easy to show that for
sufficiently small values of p all approximations qj(.l,;) (v =0,1,2,...) belongs to Q.
And process (16) is convergent to solution from class F'(m — 1;€¢;60) of the system
(12).

Lemma 4 are proved.

MAIN RESULTS.

Theorem. Let for the system (3) the condition (6) is holds. Then there exists
w3 € (0, uo) such, that for all p € (0, us) the system (3) has a fundamental system of
solutions of kind:

t

Tjk = ’I‘jk(t,(‘f,a,ﬂ) exp /O’j(S,E,’LL)dS ) ]7k = laN (18)
0

(j — the number of solution, k — the number of component), where r;(t,e,0, 1) €
F(m —1;¢e0;0), 0j(t,e,u) € S(m — 1;¢¢).
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Proof. The fundamental system of solutions (FSS) of the system (10) has a kind:
¢

Zjk :5fexp /dj(s,e,t?(s,s),u)ds , L, k=1,N
0

(19)

(j — the number of solution, k¥ — the number of component, 5}“ — the symbol of
Kronecker). By virtue (9) FSS of system (8) has a kind:

t

Yik = %k(t75305u) exp /dj(57579(535)aﬂ)d5 ) ]7k = 17Na

(20)
0

where ¢, = 5;“ +(1- (ﬁ-“)/iqj;€ (j — the number of solution, k& — the number of compo-
nent). By virtue (7) FSS of system (3) has a kind:

N t
Tjk = (Z wkz(t,e,ﬂ,u)fij(t,s,(%u)) exp /dj(3a5»9(5a5)aﬂ)d5 . Jok=1,N,
1=1 0

(21)
where 1, = 65 + i (1 are defined in Lemma 3).
Consider:

t t

[ stozi0s.20 s = [ Ay.2) sz s

0 0

t
b [ 05(5.2,005.2), ),
0

where w; = vj; + Zivzl Yiegr; € F(m — 1;60;6). We represent the functions w; as
wj = wj(t, e, pu) +w;(t,e,0, 1), where

2m
_ 1
w;(t,ﬁ,ﬂ) = ’(Uj(t76,9,/i) = %/wj(tvgvgvu)dg € S(m - 1;50)’
0

Accordingly w; € F(m — 1;e0;6), and w;(t,e,0, 1) = 0. Then

t

/()‘j(575> + puj(s, e, pn) —i—,uaw;(s,s,u)) X
0

t
exp /dj(s,a,H(s,e),,u)ds = exp
0

X exp (,ue /01t @j(s,e,G(s,e),u)ds) . (22)

By virtue Lemma 1 we concluding, that

t

s/ﬁj(s,s,ﬁ(s,s),u)ds € F(m—1;e0;0) (j =1,N).
0
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It follows by virtue the property 7) of functions from class F'(m;ep; ), that

t
05(t.2,0.) = exp (e [ (0,2005.2), s ) € Plon — Ti20s0) (G = TN, (23)
0

By virtue (21), (22), (23) we obtain the statement of the Theorem.
Obviously, the formula (18) is an analogue of Floquet-Lyapunov theorem for the
systems of kind (3).

CONCLUSION. Thus, the analogue of the Floquet-Lyapunov theorem, well known
in the theory of linear homogeneous systems of the differential equations, are obtained
for the linear homogeneous systems, whose coefficients are represented as an absolutely
and uniformly convergent Fourier-series with slowly varying coefficients and frequency.
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IJozones C. A.
Anajior TEOPEMU PIOKE—JISATIVHOBA /151 JITHIMHUX JU®EPEHIIATBHUX CUCTEM CIIE-
IAJILHOT'O BUTJISITY

Pesrome

AmnaJjior no6pe Bimomol B Teopil JHIAHNX mudepeHIiaIbHIX CACTEM 3 MTEePIOTUIHUMH KO-
dimientamu Teopemu Poke—JIanyHoBa mobymoBaHO 3a MEBHUX YMOB I JIHIWHOL gude-
peHItiaabHOI cUCTeMH, KOeMIIiEHTH K0T 300parkyBaHi abCOJIIOTHO Ta PIBHOMIPHO 30i1KHUMM
psimamu Pyp’e 3 MOBITBHO 3MIHHUME KOeDIIIEHTAMEI Ta IaCTOTOIO.

Karowosi crosa:  atniting dudepenuianvri cucmemu, padu Pyp’e, noisvno 3aminni napame-
mpu.

Iézones C. A.
AHAJIOT TEOPEMBI OJIOKE—JIATIYHOBA /sl JIMHENHBIX JUOGPEPEHIIMAJILHBIX CUCTEM
CHELMAJILHOTO BU/JIA

Pesrome

AHaJjior XOpoIo U3BECTHOW B T€OpUU JUHEHHBIX auddepeHnmua bHbIX CACTEM C TIePUOIMYe-
ckuMHu Koddduimentamu TeopeMmbl Pitoke—JIamyHOBa TOCTPOEH HPHU ONMPEIETEHHBIX YCIIO-
BUSX JJIs JIMHEAHON muddepernuaabaoi cucreMbl, K03(MMUIUMEHTBI KOTOPOi IPeICTaBUMbI
abCoOJIIOTHO U PaBHOMEPHO cxomammmucs pagamu Oypbe ¢ MeIJIeHHO MEHSIOIUMUCT KO3h-
dunueHTaMu ¥ 9aCTOTOA.

Karouesvie caosa: aunetinve duddeperyuanvroie cucmemvt, padv. Pypve, MEOAEHHO MEHA-
TOWUECA NAPAMEMPYL.



