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In the interval [a,+oo[, the sublinear differential equations of order n > 2 are considered.

A solution of such equation is called proper if it is not identically equal to zero in any
neighbourhood of +oco. The proper solution is called oscillatory if it changes its sign in
any neighbourhood of +00. We say that the equation has property A if every its proper
solution for n even is oscillatory, and for n odd either oscillatory or monotone and vanishing
at infinity together with their derivatives up to order n — 1, inclusive.

To investigate oscillatory properties of the above-mentioned equations the sets
Mup([a, +oo] xR) and Mgus([a, +00[ XR) of sublinear with respect to the second argument
continuous functions f : [a,+0o[ XR — R are introduced (see Definitions 1 and 2).

In the case when f € Myup([a, +00[ XR), for the differential equation

W™ (t) = f(t,ulr(1)))

the criterion of the existence of property A and in the case when f € Msub([a, ~+oo[ xR) the
criterion of oscillation of all proper solutions are established.
As an example, the delay differential equation

u”(t) = p(t) [In(1 + u(r(t)))]" sgn(u(7 (1))
is considered, where p is a positive constant, while p : [a, +oo[—] — 00, 0] and 7 : [a, +o0[ =
[1,4o0[ are continuous functions. It is stated that if n is even, or n is odd and

(1)

limsup —= < 1,
t—too b
then for all proper solutions of that equation to be oscillatory, it is necessary and sufficient

that the equality
“+oo

[ @) p(e)dt = —o
be satisfied.
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INTRODUCTION. The problem on the oscillation of solutions of nonautonomous
ordinary differential and functional differential equations has long been attracting the
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attention of mathematicians and is the subject of numerous studies (see, e.g., [1-18]
and the references therein). Nevertheless, this problem for some classes of sublinear
equations still remains unsolved. The results of the present paper fill up to some
extent the existing gap.

On the infinite interval [a, +00o[ consider the differential equation

ul™ (1) = f(t,u(r(t)), (1)

where n > 2, a > 1, while f : [a,+oo[ xR = R and 7 : [a, +oo[— R are continuous
functions such that

ft,x)x <0 for t > a, z€R, (2)
< > i = .
1<7(t) <t for t>a, t_l}gloor(t) +o0 (3)

Let to > a. The n-times continuously differentiable function w : [tg, +00[ — R is
said to be a solution of equation (1) defined on the interval [tg, +o00[ if there
exists a continuous function wug :| — 00, t] such that

u™(t) = f(t,w(u)(r(t)) for t > to,

where

w(u)(t) = {u(t) for t > to,

ug(t) for t < to.

A solution u of equation (1) defined on some infinite interval [tg, +oo[ C [a, +00[
is said to be proper if it is not identically equal to zero in any neighborhood of +oo.
A proper solution u : [tg, +00[ = R of equation (1) is said to be:

e oscillatory if it changes its sign in any neighbourhood of +0o and nonoscil-
latory, otherwise;

e Kneser solution if there exists t; > tg such that
(=)D (t)u(t) > 0 for t > ty;

e vanishing at infinity if
lim w(t) =0.
t——+oo

Following [16], we say that equation (1) has property A if every its proper
solution for n even is oscillatory, and for n odd either is oscillatory or is vanishing at
infinity Kneser solution.

Besides these definitions generally accepted in the oscillation theory, we apply
also the following two definitions.

Definition 1. The function f : [a,+oo[xR — R belongs to the set
Msup([a, +00[ XR) if there exist numbers A € [0,1[, 1o > 0, 7 > 1 and a nonde-
creasing function § :10,79] —0,1] such that

[f(E ) = 0(l2DIf @, 2)| for t>a, 2y >0, |x| <[yl < ro,
I () < rlal M F(L )] for > a, wy >0, [yl > [a] > ro.
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Definition 2. The function f : [a,400o[xR — R belongs to the set
Mup(la, +00o[ XR) if there exist numbers A €]0,1[ and r > 1 such that

I F @)l < rlal T f(t )] for t>a, 2y >0,y > .

The oscillatory criteria below deal with the cases, where

f € Myup([a, +00[ xR), (4)
or
f € Msup([a, +o00o[ XR). (5)
In both cases we have
lim f(t,z) =0.

|| —+o00 X

Consequently, equation (1) is sublinear.
The above-considered classes of sublinear equations contain, for example, the
equations

ut (t) =Y pr(8) (1+ [u(r(£)) " [u(r(£) | sen(u(r (1)), (6)
k=1
ul™ () = p(t) [In (1 + [u(r()])]" sen(u(r (1)), (7)
M (t) = p(t) exp (= [u(r(t)]) [u(r (&))" sen(u(T (1)), (8)
where py, : [a, +o0[ —=]—00,0] (k=1,...,m), p: [a,+0o0o[—=]—00,0] and T : [a, +oc0[ —
R are continuous functions, while Ag, ux (k=1,...,m) and p are constants.

Theorem 1. Let conditions (2)—(4) be fulfilled. Then equation (1) has property
A if and only if the equalities

“+oo +oo
/ t" Y f(t, x)| dt = 400, / ’f(t, [T(t)]"_lx) ’ dt = +oo for x #0 (9)

hold.

Remark 1. According to condition (4) the equality

+o00o
/ F(t, [F(O)]" )| dt = +o0 for z # 0 (10)

implies the equality

—+oo
/ t" 7 f(t, x)| dt = +oo for |z| = 1o

a
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for some sufficiently large rg > 0. However, the equality

+oo
/ "M f(t @) dt = +oo for x #£0
does not follow from (10). Consequently, in Theorem 1 condition (9) cannot be

replaced by condition (10).
As an example, consider the case, where

f(t,x)
g(t)x for |z| <1
= Lo+ (el =Dla(8] exp(e)] ()l -1 sgnz for 1<lel <2 1y
o®) 1+ (2l - Dlg®)]exp(®)] " +r0) (D) semz for o] >2.

where A €]0, 1], and g : [a, +00[— ] —00,0] and h : [a, +00[ — | — 00, 0] are continuous
functions. Then condition (9) is equivalent to the condition

+o0 +oo
/ t"Lg(t) dt = —o0, /[T(t)](”_l))‘h(t) dt = —o0, (12)

whereas condition (10) is equivalent to the condition

“+oo

/ (O] "D h(t) dt = —oc.

a

Remark 2. If the function f is of form (11), then, by Theorem 1, equation (1)
has property A if and only if equalities (12) hold.

From the above theorem, for equations (6)—(8) we have the following corollaries.
Corollary 1. Let
Me >0, pe+de<l (k=1,...,m)

and condition (3) hold. Then equation (6) has property A if and only if

/Oo<i +/ 1D (g + e )pr(t )) dt = —o0. (13)
a k= a

Corollary 2. Let i > 0 and condition (3) hold. Then equation (7) has property
A if and only if
+oo

[ o p) e = —x. (14)

a
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Corollary 3. Let u > 0 and condition (3) hold. Then equation (8) has property
A if and only if

+oo

/ ()% exp (= alr (6] )p(t) dt = —oo for x #0. (15)

a

Remark 3. If .
n—
lim inf w >0
t—+o00 Int

and the function
po(t) = [r(®)]' " In ([r(H)] "~ V#|p(1)])
is nondecreasing, then (15) is fulfilled if and only if

li = .
Jm, po(t) = oo
The following theorem is specific for differential equations with delay and concerns
the case where the function 7 satisfies the condition
7(t)

m 7(t) = +oo, limsup—= < 1. (16)

li
t—+o0 t—+o0o

1<7(t) <t for t>a,
Theorem 2. Let n be odd and conditions (2), (5) and (16) be fulfilled. Then
every proper solution of equation (1) is oscillatory if and only if equality (10) holds.

Unlike the oscillation theorems of Chanturia—Koplatadze [17], Theorems 1 and 2
cover the case, where

=0 for any £ > 0,

or
lim |z|"f(t,z) =0 for any ~ > 0.
|| —=+o00
From Theorem 2, just as from Theorem 1, follow new oscillation criteria for equa-
tions (6)—(8).
Corollary 4. Let n be odd,
O< e <1, pp+X <1 (k=1,...,m),

and condition (16) be fulfilled. Then every proper solution of equation (6) is oscillatory
if and only if equality (13) holds.

Corollary 5. Let n be odd,
O<pu<l, (17)
and condition (16) be fulfilled. Then every proper solution of equation (7) is oscillatory
if and only if equality (14) holds.

Corollary 6. Let n be odd and conditions (16), (17) be fulfilled. Then every
proper solution of equation (8) is oscillatory if and only if equality (15) holds.
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Kizypaose 1., Kieypadse T.
KPUTEPIIT OCHMJIAIT AJIs1 CYBJIIHIMHUX AUPEPEHIIAJIBHUX PIBHSAHD 13 3ATI3HEHHSIM

Pesrome

Posrusiiaerbes cybuiniiine audepeHnianbae piBHSHHS HOPAAKY 1 > 2 Ha iHTepBadl [a, +00].
Po3B’s130K Takoro piBHSAHHS HA3WBAETHCS TPABUIBHUM, SIKITIO BiH HE JIOPIBHIOE HYJIEBi B OyIb-
AKOMY OKOJIi 4+00. [IpaBuyibHMil PO3B’I30K HABUBAETHCS OCIMIIOIOYNM, SIKIIO BiH 3MIHIOE CBii
3HaK B Oy/b-sikoMy OKOJli +00. KazaTumeMmo, 110 piBHSIHHSI BOJIOIIE BJIACTUBICTIO A, SIKIIO
KOXKHWH f10T0 MPaBUIBLHII PO3B’A30K JJIsi TAPHOTO 1 € OCIIAIIOI0YNM, & JJIsi HeIIAPHOTO 1. abo
OCITUJTIOIOYNM, a0 TAKUM, II[0 MOHOTOHHO HAOIMKAETHCS 10 HYJIs HA HECKIHYEHHOCTI Pa3oM
i3 cBOIMUM MOXiAHUMU 710 N — 1-r0 MOPSIAKY BKJIIOYHO.

To6 mocaiguTu OCUMJIANIAHI BJACTUBOCTI TAKUX PIBHSIHB, BBOAATBCS J(BI MHOXKUHU —
Mup([a, +00] XR) 1a Mys([a, +0o] XxR) — cybuiHifiHEX 3a JpyrUM apryMeHTOM Herepeps-
nux byskii f : [a, +0o] xR — R.

Y Bunazxy, komu f € Mgy, ([a, +oo[ XR), mia qudepenmiansbaoro piBHAHHS

W™ (t) = f(tulr (1))

OTpUMAaHO KpuTepiil icHyBaHHs BiaactuBocti A, a myist Bunajky, Koiu f € Mgy ([a, +0o[ XR),
OTPUMAHO KPHUTEPIil OCHUJIAI] yCiX MPaBUIBHUX PO3B’SI3KiB.
B sxocti mpuktagy posrisiHyTO IudepeHIiiagbHe PiBHSAHHS i3 3aIi3HEHHIM

u(t) = p(t) [In(1 + Ju(r(t))])]" sgn(u(r (1)),

JIe /i € TIO3UTUBHOIO KOHCTAHTOIO, P : [a, +0o[—] — 00,0] Ta T : [a,+oo[— [1,+o0[ € Heme-
pepBHnMu dyHKIisSME. CTBEP/KY€EThCs, 1110, SIKIIO 7 IapHe abo n HelmapHe Ta OHOYACHO

. (¢

lim sup Q <1,

t—too
TO ISt TOTO, MO0 yCi MpaBUIbHI PO3B’SI3KM PIBHSHHS OyJiM OCITUIIOIOUYNMEI, HEOOXiMHO 1 70~
CTaTHHO BUKOHAHHS PIBHOCTI

Karomo6i caosa: Qugeperuiansvhe PieHAHHA i3 3aNi3HEHHAM, HEABMOHOMHE, CYOAIHITHE, NPA-
BUALHUT P03 A30K, 0CUUNMOI0MUT PO36 A30K, eaacmusicms A, kKpumepit ocyusAuil .

Kueypadse U., Kueypadse T.
KPUTEPUI OCHUIIIALIMA OJ1s1 CYBJIUHENHBIX JUOPEPEHIIMAJIBHBIX YPABHEHHUI C 3A-
TTA3/IbIBAHUEM

Pesrome

Paccmarpusaercsa cybiuneitnoe quddepenuaabHoe ypaBHEHNE IOPsIKa 1L > 2 Ha HHTEepBa-
ae [a, +ool. Pemenne Takoro ypaBHeHUsT HA3BIBAETCS IPABUJIBHBIM, €CJIA OHO HE PABHO HYJIIO
B 11060i1 okpecTHOCTH +00. [IpaBnibHOe pelleHre HA3bIBAETCs OCIMILIUPYIONIUM, €CIA OHO
MeHsIeT CBOi 3HaK B J1I060it oKpecTHOCTH +00. Bysiem rosoputs, ypaBHeHue obagaer CBOii-
CTBOM A, eCJii KaxKJ[0€ ero IPaBUIbHOE PEIIeHHe JJIs YeTHOIO N SIBJISIETCS OCIMIIIUPYIOIIHAM,
a JyIs HEYEeTHOIO 1 JIM6O OCHUJUIUPYIONMM, 00 CTPEMSIIUMCS K HYJIIO Ha GECKOHEUHOCTH
BMeCTE CO CBOMMHM IIPOM3BOJIHBIMU JI0 7 — 1-I'0 MOPSIZIKAa BKIFOUUTEIBHO.
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0GBl HCCIE[0BATE OCIHIIALIMONHEIC CBOHCTBA TAKHX yPABHEHHI, BBONATCS [IBa MHO-
kectBa — Moup([a, +00[ XR) 1 Msus([a, +00[ XxR) — cybanHefHBIX 110 BTOPOMY apryMeHTy
HenpepbIBHLIX QyHKIWH f : [a, +00[ XR — R.

B cayuae, korma f € Msus([a, +00[ XR), miua auddepeHnnaasHoro ypasHeHus

u™ () = f(t,ulr(t)))

MOJTyYeH KPUTEPHil BBINOJHEHUs yciaoBusa A, a qys caydas, korma f € Mgy([a, +0o] XR),
TIOJTyYeH KPUTEPHUil OCHUJIAIAN BCEX MPABUIILHBIX DEIeHU.
B kagecTBe npuMepa paccMOTpeHo uddepeHIaIbHOe yPABHEHNE C 3aI1a3/[bIBAHAEM

u(t) = p(t) [In(L + [u(r ()] sgn(u(r (1)),

rJie (i — IOJIOXKUTEJIbHAS KOHCTAHTa, P : [a, +00[ =] —00,0] u 7 : [a, +oo[ — [1, +-00[ siBistroT-
Cs1 HEIIPEPBIBHBIMU (DYHKITUSIMHA. Y TBEPKIAETCH, UTO, €CJIU JINOO N IETHOE, TUOO N HEUIEeTHOE
¥ OJTHOBPEMEHHO

. T(t

lim sup Q <1,

t—+oo b

TO JjIsl TOTO, 9TOOBI BCE MPAaBUILHBIE DEIEHUs] YPABHEHUsT OBLIN OCIUJIIUPYIONUMU, HEOD-
XOIAUMO U JIOCTATOYHO BBIIIOJIHEHUSA PAaBEHCTBA

“+oo
/ [In(r(¥))]"p(t) dt = —oo.

Karoueswie crosa: duddeperyuanrvroe ypasHeHue ¢ 3ana3duneanuem, Hea8mMoOHOMHOE, CYbau-
Hetinoe, NPasUAbHOE PEWEHUE, OCUUMAUPYIOULEE PeweHue, c60tlicmeo A, kpumeputi 0CuuNIA-
UuY



